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ABSTRACT. In this paper we formulate, for the first time in the literature, an optimal control
problem for self-adjoint ordinary differential operator equations in Hilbert spaces and derive neces-
sary conditions for optimal controls to this problem in an appropriate extended form the Pontryagin

Maximum Principle.

1. INTRODUCTION

This paper addresses the following controlled system governed by singular differ-

ential operator equations in Hilbert spaces:
(1.1) L = f(x,u,t), u(t) e U ae. tel=(a,b), —oo<a<b<oo,

where L is a self-adjoint extension of the minimal operator Ly (see Section 2) generated
by a formally self-adjoint differential expression [ and a positive weight function w

satisfying the equation
(1.2) lx = \wz on [

in the Hilbert space H = L*(I,w) of real-valued square integrable functions, where
u(-) is a measurable control action taking values from the given control set U, and

where the function f is real-valued. The inner product (-,-) and the norm || - || on H
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are defined, respectively, by
(@az) = [,

l]|* == I\%(t)Pw(t)dt-

In what follows we assume (cf. [5]) that the expression [ in (1.2) is of even order 2n

given in the form
n

lw) = 3 (1) )
i=0
with real-valued coefficients r; € C*[I] for all i = 0,...,n. Recall that the expression

[ is regular if the I is finite and
o o1, m0 € L(ILw),

i.e., these functions are integrable on the whole interval /. Otherwise [ is called
singular. Furthermore, the endpoint a is reqular if a > —occ and if r; 1,7, _q,..., 7 €
L((a, 8),w) for all 3 < b; otherwise a is singular. The regularity and singularity of
the other endpoint b is defined similarly. Observe that the expression [ is regular if

and only if both endpoints a and b have this property.

We now fix a point ¢ such that a < ¢ < b and consider the following optimal

control problem of the Mayer type for controlled equation (1.1):
(1.3) minimize Ju,x] = ¢(z(c)) over (u,z) € A.

Here the cost function ¢ is real-valued and the set A is the collections of admissible
pairs (u(:),z(-)) with measurable controls wu(-) satisfying the pointwise constraint
u(t) € U a.e. t € I and the corresponding solutions z(-) to (1.1) described by

(1.4) x(t) = /IK(t, ) f(z(T),u(r), 7)dr, tel,

see Section 2 for more details. If b is regular, we may take ¢ = b. Although any state
variable z must satisfy boundary conditions; being an element of D; see Section 2,
particularly Theorem 2.1). Since no additional constraints are imposed on z(-) at
t = b, problem (1.3) is labeled a free-endpoint problem of optimal control. Any
admissible pair (u,z) € A are called feasible solution to the control problem (1.3). A
feasible solution (u, ) is (globally) optimal for this problem if

Ju,z] < J[u,x]  whenever (u,x) € A.

Optimal control theory is a remarkable area of Applied Mathematics, which has
been developed for various classes of controlled systems governed by ordinary differ-

ential, functional differential, and partial differential equations and inclusions; see,
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e.g., [3, 4] with the vast bibliographies therein. However, we are not familiar with

any developments on optimal control of differential operator equations of type (1.1).

To proceed further, take an arbitrary admissible control u(-) and define the op-

erator I, on H by

(1.5) Fu(x) = (), ul), ).

The main goal of this paper is deriving necessary optimality conditions for a fixed
optimal solution (@(-), Z(+)) to problem (P). Involving this optimal pair and operator

(1.5), we impose the following standing assumptions:

(H1) F, maps H in to H and there exists an open set O C ‘H containing Z such that
the functions (z,u) — F,(z) and (z,u) — F!(z) are continuous on .4 and the
operators F! () are uniformly bounded for all admissible controls u.

(H2) For each admissible control u the operator F, is weakly continuous.

(H3) For each admissible control u the operator F, is monotone, i.e.,
(Fy(z1) — Fy(9), 1 — 22) < nllzy — 297, for all xy, x5 € H,

where 77 € R independent of u.
(H4) There exists a real number v > 7, assumed to be positive without loss of gener-
ality, such that
(Lz,z) > y||z||*> for any = € D,
where D is the domain of L to be defined in Section 2.
(H5) For every needle variation u (see Section 4) of @ on measurable sets I, C I of
measure € we have
|1F7u() — Fa(@)]| = o(e).
(H6) The function ¢ is Fréchet differentiable at the point z(c).
(H7) The control set U in (1.1) is a Souslin subset (i.e., a continuous image of a Borel

subset) of some Banach space.

To formulate the main result of this paper, we introduce the appropriate coun-

terpart of the Hamilton-Pontryagin function for system (1.1) defined by

(1.6) H(z,p,u,t) = (p+ P(p(x(c)) K(c, 1)) f 2, u, 1),

where P is a projection operator onto the range of Ly to be discussed in Section 2;

see particularly Lemma 2.2 therein.

Theorem 1.1 (Maximum Principle). Let (u(-),z(-)) be an optimal solution to prob-
lem (1.3) under the assumptions imposed in (H1)—(H7). Then there exists an adjoint
arc p € D such that

(1.7) H(3(t), p(t), 5(t), £) = max H(7(¢), p(t), u, ) ae t € 1,

uelU
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(1.8) L(p) = =V H(z(t), p(t),u(t),t) a.e.
and the following transversality condition is satisfied:

(1.9) [, )" = =@ (T(c))zi(c), i=1,....d,

where D is the domain of the operator L defined in Section 2), and where the functions

ri,t=1,...,d determine the domain D in the sense of Theorem 2.1.

The rest of the paper is organized as follows. In Section 2 we give a brief intro-
duction to the theory of self-adjoint differential operator equations, highlighting the
main landmarks that show remarkable features these systems have, which are largely
used in what follows. This is based is the seminal work by Akhiezer and Glazman [1],
Naimark [5], Weidmann [7], and Zettl [8], [9] among others.

In Section 3 we obtain new existence results for self-adjoint differential opera-
tor equations, which play a crucial role in the prove of the Maximum Principle of

Theorem 1.1 given in Section 4.

2. SELF-ADJOINT DIFFERENTIAL OPERATOR EQUATIONS

The expression [ in (1.2) generates various operators on H. Among these op-
erators we single out lie the minimal operator Ly, the mazimal operator L, and

self-adjoint operators L lying between. The maximal operator L is defined by

D=D(L): = {zeH: 20 M . 2=l c AC,.(I) and 212" € H},
L(z): = Il(x), z=€D,
where 2zl is the i®quasi-derivative related to { and given by
. d’
. = —x., 1=0,...,n—1,
dt'
o =
. n dtgn’_l d
P o -1
x : i T (x ) , ) ey T

Denote by AC),.(I) the set of real-valued functions, which are absolutely continuous
on every compact subinterval of I. Let Ly := L* with Dy := D(Lg), where L* is the
adjoint of L uniquely defined due to the fact that D is dense in H. It is shown in [5]
that Dy C D, that Dy is dense in ‘H, and that L§ = L, which implies in turn that L,

is a symmetric closed operator.

Pick an arbitrary complex number v with Im(r) # 0 and denote the range of
(Lo—vE) by R,, where E is the identity operator on H. The orthogonal complement
of cl R, in H is called the deficiency space of Ly corresponding to v and is denoted by
N,. Tt is shown in [5] that N, is the eigenspace of L corresponding to the eigenvalue
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v and that D is decomposed as
D =Dy + N, +N.
It is also shown in [5] that the equality
Dim (N,) = Dim (N;)

holds, where the dimension of NV,,, Dim (V,), is called the deficiency index of Ly on [
and is denoted by d. We have in fact that 0 < d < 2n.

A self-adjoint realization of the the equation (1.2) in H is any linear bounded

operator L satisfying the relationships
LocL=L"CL.

These self-adjoint realizations are distinguished from one another by their domains.

Naimark [5] established the following decomposition

(2.1) D =Dy + span{¢1, o, . ... ¢4}
of the domain of L via an arbitrary orthonormal basis
¢17¢27"'7¢d

in the deficiency space N, of Ly. Observe that D is always a 2d—dimensional extension
of Dy and that D is a d—dimensional extension of Dy. It follows furthermore that D

is a d—dimensional extension of D.

The fundamental Glazman-Krein-Naimark (GKN) Theorem [2] characterizes these

domains as follows.

Theorem 2.1 (GKN characterization of domains). Let d € N be the deficiency index
of Ly. A linear submanifold D of D is the domain of a self-adjoint extension L of Ly
with deficiency index d if and only if there exist functions x1, xo, ..., xq in D satisfying

the following conditions:

(1) z1,9,...,xq are linearly independent modulo Dy;
(ii) [z, 2] =0, i,j=1,2,...,d;
(iii) D={zeD:[r,z;).=0, i=12,...,d}

The bracket [-,-]% in Theorem 2.1 is called the Lagrange bracket and is defined for
any r,z € D and t € I by

(2.2) [z, 2] (t) = Z {x[i_l] (t)22r=il(t) — 2= () Ll ()}
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It is worth mentioning that the limits in (2.2) as t — a™ and as t — b~ exist and are
denoted, respectively, by

lim [z, 2] (1) = [2,2] (a),  lim [z, 2] (1) = [z, 2] (1).

t—a t—b—

We can also write the expression

[, 2]y = [, 2] (t1) = [, 2] (o)

and observe the validity of the Lagrange identity

b b
(2.3) / [(z)zdt —/ zl(z)dt = [z, 2)" for any ,z € D.

~ —1
Recall that the operator R, := (L — I/E) is known as the resolvent operator

of L with respect to the complex number v. It follows from assumption (H4) that the
mapping L is one-to-one and equals zero is a regular point of L. This implies that
the resolvent Ry = L' exists as a bounded operator defined on the whole space H.

Furthermore, it is an integral operator with the kernel K satisfying
/\K(T, P w(r)dr < oo and /|K(T, ) w(t)dt < oo.
I I
Thus for any function y € D we can be write

(2.4) y=Rof = /K(T, ) f(r)w(r)dr ae. tel,
I
where f is some element of H.
Next we define the projection operator P onto the range Ry of Ly. First observe
from the domain decomposition (2.1) that
H=R="Ry®RE,

where R is the range of L, and where Ry is the corresponding d—dimensional subspace
of H. Let {z}%, be an orthonormal basis of Rg, and let {z;}¢_, C D be such that

Lx; = z; for i = 1,...,d. It is clear that {z;}%, is linearly independent modulo Dj.
Finally, define P on H as

where @ is the projection onto Ry given by

(2.6) Q)= (yz)z  yeM.

)

By the fundamental Theorem 2.1, we may assume that

(2.7) D = Do+ span({zy1,z,...,24}).
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Take further g € H with Lz = ¢g. Then we have the equalities
ESL’ = Z‘/LL’O + Z Oéif/l’i = £$0 + Z&zi,
i=1 i=1

Lz =g = P(g) + Q(9).
Both elements Lxy and P(g) belong to Ry, while 3.7 | o,z and Q(g) belong to R

Since the sum in (2.1) is in fact a direct sum, it gives us therefore that

Lxzo = P(g) and Z a;z = Q(g).
i=1

We summarize our discussions in the following lemma, which justifies the well-posedness
of the projection operator P that appears in the construction of the Hamilton-

Pontryagin function (1.6) used in our main result.

Lemma 2.2. Let Lz = g with g € H, and let
T = x9+ Z oL with xq € Dy.
i=1

Then we have the representation of xo via the projection operator:

zo = Ro(P(9))-

3. EXISTENCE OF SOLUTIONS TO OPERATOR EQUATIONS

In this section we derive new results on the existence of solutions of the primal
operator equation (1.1) in the domain D and of the adjoint equation (1.8) in the do-
main D. Besides of their own independent interest, the results obtained are important

for the proof of our main Theorem 1.1 on the Maximum Principle.

We begin with the following lemma, which can be also seen as a consequence of
the existence result from [6, Theorem 15]. Although throughout the paper all the
assumptions (H1)—(H7) are imposed to hold, the reader can see from the proofs that

only parts of these assumptions are used in the results below.

Lemma 3.1. Equation (1.1) has at least one solution in D for any feasible control

Proof. By assumption (H2) the proof is complete if we show that there exists a p > 0
such that the inequality

(L(y) = Fu(y),y) > 0
holds for all y € D with ||y|| = p. To proceed, take y € D and then compute

(L(y) = Fu(y).y) = (L(y),y) — (Fuly) — F.(0),y) — (F.(0), ).
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Using assumption (H4) on L, assumption (H3) on F,, and the classical Cauchy-

Schwartz inequality give us

(Ly) = Fuly),y) = llyl® = allyll* = [£.0)Hyl
= (v =nllylP* = 17Oyl

Now choosing p > ||F,(0)||/(v —n) and taking into account that v > 7, we get
(L(y) = Fu(y).y) > 0 forally € D,

which completes the proof of the lemma. O

The result of Lemma 3.1 can be treated as the justification of controllability of

the primal differential operator system (1.1) with measurable controls.

The next lemma plays a crucial role in justifying the existence of solutions to
boundary value problem for the adjoint system (1.8), which is the main result of this

section; see Theorem 3.3 below.
Lemma 3.2. Let hy € 'H be such that

(hiz,2) < n||z||* for all z € H,

where n is taken from assumption (H3). Let d € N be the deficiency index of Ly,
and let the functions x4, ..., xq are taken from (2.7). Then for any hy € H and for

arbitrary real numbers o;,1 = 1,....,d, the equation

(Lx)(t) = hy(t)x(t) + hao(t), t € (a,b)
(3.1) Yo L

[z, 2], = o, i=1,...,d

admits a solution in the domain D.

Proof. Let {&1,...,&4} be a linearly independent set in D modulo D. Construct the
following quadratic matrix

[51, 361]2 [52, 361]2 s [&l, Il]z

[51,372]2 [52#72]2 [&l,ifz]z
A = . . t. .

e zdl (o mall o [eas )

and check that this matrix is invertible. Indeed, otherwise there exists a nonzero
vector u such that Au = 0. This gives
d

d d b
Z(fpifz ) :1Uj = [Zujgjaxi] =0,
j=1 “

=1 i=1
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and thus we arrive at the equality

4 b
[Zujfj,a:i] =0 foralli=1,...,d
j=1 "

implying by Theorem 2.1 that Z;l:l u;ié; € D. The latter contradicts the fact that

the functions &;,7 = 1,...,d, are linearly independent modulo D.

Using the invertibility of A™!, define 8= (B, ..., 3q) by
8= A"ta,

with @ = (@, ..., ay)" and choose # € D to be a solution of

(3.2) Li=Ma+ ) Bi(h& — L&) + hy.

-
I Mg
L

Then we see that the element

xT

d
T+ Z Bi&i
=1

is certainly a solution to (3.1). It remains to show that equation (3.2) admits a

solution in D. To proceed, we define the function
F(2) := hyz+ hy for any z € D,
where hs = Zle Bi (hix; — Lx;)+hs. The function F' is obviously weakly continuous,
and furthermore we have
(Lz — F(2),z) = (Lz—hyz—hs,2) = (Lz,2) — (h2,2) — (h3, 2)

> Azl = nllzl? = Nhsllll=l = (v =) [I211 = 2]l 2]]-
This ensures the existence of a solution to (3.1) in D by [6, Theorem 15] with
175
v=n
which completes the proof of this theorem. O

p >

Now we are ready to establish the existence of solutions to the adjoint system
(1.8), (1.9) in the required domain D.

Theorem 3.3 (existence of solutions to the adjoint system). The adjoint equation

(1.8) with the boundary conditions (1.9) admits a solution in D.

Proof. Let r € R, and let Q) be a neighborhood of Z from (H1). Taken any z € O and
observe from (H3) that

(Fa(@ + ra) — Fy(7),rz) < ezl
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Dividing by 7?2 both sides of this inequality and taking the limit as r — 0 give us
Fi(z — Iy
< lim a(T +rx) a()

r—0 r

@) <l
which yields, by the Fréchet differentiability of F, at z, that
(Fa(@)z,z) < gl
The latter estimate allows us to complete the proof of the theorem by putting there
hy = FL(z) and hy := P(¢(x(c))K(c,-))Fi(Z)

and applying finally Lemma 3.2. O

4. PROOF OF THE MAXIMUM PRINCIPLE

This section is devoted to the proof of our main result on the Maximum Principle
for optimal solutions to problem (1.3) under the standing assumption formulated in
Theorem 1.1. The proof is based on the results on the primal and adjoint opera-
tor equation presented in the previous sections and the optimal control techniques

developed below. We split the proof into several steps.

Given two feasible controls u(t),u(t) € U a.e. and taking the corresponding
solutions Z(-), z(-) of system (1.1) defined by (2.4), we write the increments
Au(t) : = wu(t) —a(t),
AZ(t): = x(t) — z(t),
AJlu]: = ¢(z(c) — o(x(c)).

The first lemma in this section justifies the increment formula for the cost functional

I

J needed in what follows.

Lemma 4.1. In the notation above we have the increment formula

AJla] = =(p+ P(Kc(), Auly(7)AT) — (p + P(K.(")), AuFu(T))

(4.1) +o(||AZ]]) + o(|AZ(c))),

where K is the kernel of the resolvent operator Ry, K. = ¢,(c)K(c,+), P is the
projection onto the range of Ly defined in (2.5), and

A Fy(Z) == Fyu(T) — Fa(2).

Proof. By (H6), the cost function ¢ is Fréchet differentiable at z(c); thus we have

(4.2) AJfu) = ¢(z(c)) — ¢(z(c)) = ¢ (2(c)) AZ(c) + o(|Az(c)]).
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If z; € D,i = 1,...,d, are the functions that determine L by Theorem 2.1), then

every © € D can be written as
d
r=x0+ Y B
i=1

with some g in Dy. For any arcs 2 € D and any p € D satisfy the primal and adjoint
systems (these solutions exist due to Lemma 3.1 and Theorem 3.3, respectively) we

have

d
[ 7x]z = [p,$o]Z+Zﬂi[p, SL’Z]Z
i=1

H

= $o(Z(c))zo(c) — oo (Z(c) [ +Zﬁm ]
= $o(Z(c))zo(c) — ¢p(Z(c))z(c).

This gives there the representation

(4.3) ¢0(2(c)Az(c) = ¢(%(c))ATo(c) — [p, Az,

Now using the Lagrange identity (2.3) and elementary transformations implies that

[p, AZ], = (Lp, Az) — (p, LAZ)
= (Lp, AZ) — (p, Fu(z) — Fy(T))
= (Lp, AZ) — (p, Fu(x) — Fa(x)) — (p, Fa() — Fa())
= (Lp, AT) — (p, AuFu(x)) — (p, F(T)AT) + o(||AZ])
= (Lp, Az) — (p, ( JAZ) — (p, Ay Fy(x) — Ay F5(T))

— (1, AuFu(7)) + of[| Az
= (Lp, Az) — (p, F5(2)AT) — (p, AuFiu()) — (p, Ak (2)AT) + o([|AZ]))
= (L = F(2))p, AT) — (p, AuFu(Z)) — (p, AuF3(2)AZ) + o[ AZ])).

Employing further the solution representation (2.4), we get

B (#(c)AZo(c) = dh(E(e)) (wo(c) — Fo(c)
— g [/ Ko ~ Fu(@) (s)w(s)ds

- / Ko(s)P(Fy(x) — Fa(z) + Fa(z) — Fa(®))(s)w(s)ds
- / Ko (s)P(AFy(z) + FL()AZ)(s)w(s)ds + o || AZ]|)

/K Z)AT + Ay Fy(z) — AyFo(7)



230 M. M. ALSHAHRANI, M. A. EL-GEBEILY, AND B. S. MORDUKHOVICH

+ A FL(T))(s)w(s)ds + o(||Az]])
/ K. (Z)AZ + AL FL(Z)AT + AL FR(T)) (s)w(s)ds + o | AZ|))

Ko(-), P(F'u(z)AT))
+<f<() P(AF(2)AT)) + (Ko(), P(AuFa(7)) + o || Az]))

= (Fi(2)P(K.()), Az))
+ (P(Ke(1)), AuF5(2)A) + (P(K.()), AuFa(1)) + of [ AZ]).

Substituting the obtained expressions for [p, AZ]? and ¢} (Z(c))AZ(c) into (4.3) yields

$0(Z(c)AZ(c) = (Fy(T) P(K.(-)), AT))
+ (P(K(-), Ay Fy(7)AT) + (P(K.(-)), AuFa(T))
— (L = F5(2)p, AT) + (p, A Fo (7)) + (p, AuF;(2)AZ) + o(||AZ])
= (—Lp+ Fi(z)p + I (2)P

(

)
(K.(-),AZ)) + (p+ P(K.(-), AuFy(T)AZ)
+ (p+ P(K.()), AF,

z)) + o([|Az])
Taking finally formula (4.2) into account, we arrive at

AJfa] = (=Lp+ Fy(@)p + Fi(2)P(Ko(), AT)) + (p + P(K(), AuF5(2)AT)
+p+ P(Ke(+), Auka(7)) + o([|AZ]]) + o(|AZ(c)])

and thus complete the proof of the lemma. O

Note that the derivation of the increment formula in Lemma 4.1 is different from
the usual way know in control theory (compare, i.e., [4, Lemma 6.43]) in the sense that
we take advantage of the well-developed theory of the differential operator equations
under consideration. The next two lemmas are designed to estimate the trajectory
increments in both functional Az and pointwise AZ(c) form by building a single

needle variation u(-) of the reference control u(-).

To proceed, fix a set I. C I of finite measure €, take a measurable mapping v
such that v(t) € U a.e. t € I, and define u(t),t € I, as follows:

) (), tel,
(4.4) u(t) = { alt), tel.

Lemma 4.2. Let Az = AZ(:) be the increment of () corresponding to the needle

variation (4.4) of u(-). Then we have the functional trajectory increment estimate
(4.5) |AZ]| = ofe).

Proof. The semi-boundedness assumption of the operator L in (H4) and the mono-

tonicity property of F, in (H3) lead us to the relationships
YIAZ|? < (LAZ, AZ)
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= (Fu(x) - Fal3), AT)
= (Fu(z) - Fu(7) + Fu(z) — Fa(T), Az)
= (Fu(z) — F,(2), AZ) + (A Fu(T), AZ)
< nllAZ|* + | A Fa (@) AZ].-
Employing further assumption (H5) ensures that
(v = Ml AZ]| < |AuFa(T)]| = ofe),
and thus we arrive at (4.5). O

Lemma 4.3. The following pointwise trajectory increment estimate holds:

Proof. By using the pointwise representation of the trajectory (1.4) corresponding to

the needle variation u(-), we have
—z(c)]

|AZ(c)| = |z(c)
_ /K _ Fy(®)(s)w(s)ds

zmﬂqmm&@—&&@wm®%

IN

K.(s)(AyFu(z))(s)w(s)ds| +

The second term of the above inequality can be split into

o= | [ Bats A (s)u(s)ds

)AL Fa(Z))(s)w(s)ds| .

Ie

V(ALFa(

Using further the assumed continuity of F(z) and Lemma 4.2 ensure the estimates

/IKC(S)Fé(fE)(S)Ax(S)w(S)dS < K@) AZ] < [ FL@)HAZ] = ofe),

which show in turn that

and thus justify our claim. O

Lemmas 4.2 and 4.3 enable us to rewrite the increment formula (4.1) of Lemma 4.1

as

(4.6)  AJ[a] = —(p+ P(K.(), AuFa(Z)) — (p+ P(K.(-)), A FL(Z)AZ) 4 o(e).
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Now all the ingredients required for the justification of the Maximum Principle
in Theorem 1.1 (namely, Lemmas 4.1, 4.2, and 4.3) are ready, and we can proceed

with the completion of the proof.

Completion of the proof of the Maximum Principle. Let (@, Z) be an optimal
solution to problem (1.3), and let p be the corresponding solution to the adjoint
system (1.8) satisfying the boundary/transversality conditions (1.9). Let us show
that the maximum condition (1.7) is also satisfied for (@, z). To proceed, we argue
by contradiction and suppose that there exists a set T' C I of positive measure such
that

H(z(t),p(t),u(t) < sup H(z(t),p(t),u(t)) > 0, tel.

uel
Following the proof of [4, Theorem 6.37] by using the theory of measurable selections

and taking into account assumption (H7), we conclude that there is a measurable

mapping v: T — U such that
(4.7) ALH(t) := H(z(t),p(t),v(t),t) — H(z,p(t),u(t),t) >0, teT.

Now let Ti, C I be a set of Lebesgue regular points of the function H on I. It is well
known that the set T} is of full measure on I. Taking any 7 € T and € > 0, consider

a needle variation of type (4.4) built by

o(t), tel =[r17+e N7y,

ult) = { alt), tel\l.

The increment formula for the cost functional (4.6) corresponding to @ and u gives

us

AJu] = — f:“ ALH (t)w(t)dt + f:“ ALEL(Z()AZ(t)w(t)dt. + o(e)
Assumption (H1) and Lemma 4.2 ensure that

/ AL (2() Az()w(B)dt = (o)
due to the estimate
[ Ao asttn < Ia @Az,
Since 7 is a Lebesgue regular point of A, H, we have
_ / A w(t)dt = —e [AH ()] + ofe),

which implies therefore that

AJfa] = —e [AH(T)] + o(e).
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This shows by (4.7) that AJ[u] < 0 along the above needle variation u(-) for all € > 0

sufficiently small, which contradicts the optimality of the reference control u(-) for

problem (1.3) and thus completes the proof of Theorem 1.1. O
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