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ABSTRACT. We deal with a class of abstract second order evolution inclusions involving a non-
linear history-dependent operator. For this class we prove an existence and uniqueness result. The
proof is based on arguments of evolution inclusions with monotone operators and the Banach fixed
point theorem. We apply this result to prove the solvability of a class of second order hemivariational

inequalities with nonlinear memory term and, under an additional assumption, its unique solvability.
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1. INTRODUCTION

In this paper we study a class of evolution inclusions of second order in Banach
spaces. Our goal is to provide a new result of the existence and uniqueness of solutions.
The main feature of the inclusion under consideration is the presence of a memory
term (sometimes called a history-dependent operator) which allow for the applications
to hemivariational inequalities. The novelty consists in the fact that the memory term

in the inclusion is nonlinear.

The study is motivated by mechanical problems with multivalued boundary con-
tact conditions which can be described by the Clarke generalized gradients of non-
convex and nonsmooth energy functionals. These mechanical problems can be for-
mulated as hemivariational inequalities. They were introduced by Panagiotopoulos
in the early eighties (cf. Panagiotopoulos [16, 17]) as generalizations of variational
inequalities. For motivation and mathematical results on hemivariational inequali-
ties we refer to Panagiotopoulos [16, 17], Naniewicz and Panagiotopoulos [15] and
Migorski et al. [14]. We remark that today the theory of hemivariational inequalities
plays an important role in the analysis of nonlinear boundary value problems arising
in mechanics, physics and engineering sciences. For this reason the mathematical lit-
erature in this field is extensive, see for instance [2, 3, 15, 17, 9, 14] and the references
therein. A part of the progress in hemivariational inequalities was motivated by new

models involving nonconvex energy functions arising in contact mechanics.
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The present paper represents a continuation and an extension of [11] where an
abstract evolution inclusion of second order involving a linear Volterra-type integral
term was considered. The extension and introduction of a nonlinear memory term
is essential since in the applications to problems of mechanics one can study non-
linear constitutive laws which can be introduced to model the nonlinear viscoelastic

materials.

2. PRELIMINARIES

In this paper we use standard notation for the Lebesque and Sobolev spaces of
functions defined on a time interval [0, 7], T' > 0 with values in a Banach space F
with a norm || - |[g. The dual space to F is denoted by E* and (-, ) p«x g is the duality
pairing of E and E*. For a set U C E we define ||U||g = sup{||u||g | v € U}. The
notation L(FE, F') stands for the space of linear bounded operators defined on the

Banach space E with values in the Banach space F.

Let Q C R? be a bounded domain with a Lipschitz continuous boundary I' and
let I'c be a measurable part of I" such that I'c C I'. Let V be a closed subspace of
HY(Q;RY), Z = H°(Q;R?) where § € (1/2,1) and let H = L?(Q;R?). We denote by
(-,+) the duality pairing of V' and V*, by ||- ||, ||- ||z and || -|
V', H and V*, respectively. It is well known that V' C Z C H C Z* C V* continuously
and V C Z compactly. We introduce the trace operator v: Z — L*(I';R?) and its
adjoint v*: L?(I'; R?) — Z*. We also consider the spaces

v+ the norms on the spaces

V=L*0,T;V), Z=L*0,T;72), W={veV|v eV}

where v’ denotes the time derivative in the sense of vector-valued distributions.
'l

Endowed with the norm ||v|lyy = |[v|ly + ||V||y+=, the space W becomes a sepa-
rable, reflexive Banach space. We have W C V C Z C HC 2 C V*, where
H = L*(0,T;H), Z* = L*(0,T; Z*) and V* = L*(0,T;V*). Finally, for t € [0,T],
we denote by C(0,t; E) the space of continuous functions from [0,¢] to £, with the
norm ||v||c(otr) = Maxsepy [[v(s)]| - It is well known (cf. e.g. [21, 3]) that the space
W is embedded continuously in C'(0,7; H), i.e. every element of W, after a possi-
ble modification on a set of measure zero, has a unique continuous representative in

C(0,T; H).
Let h: E — R be a locally Lipschitz function. Then the generalized directional
derivative of h at € E in the direction v € E, denoted by h°(z;v), is defined by

h%(x;v) = limsup Iy + Av) = hly)
y—x, A0 A
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and the generalized gradient of h at x, denoted by 0h(x), is a subset of a dual space
E* given by

Oh(z) = {¢C € E* | h°(z;v) > (¢, v) o, for all v € E}.

A locally Lipschitz function h is called regular (in the sense of Clarke) at x € E if for
all v € E the one-sided directional derivative h/(z;v) exists and satisfies h%(z;v) =
h'(z;v) for all v € E. For properties of the generalized directional derivative and the

generalized gradient we refer to [1, 2, 14].

The following properties related to the generalized directional derivative and the

generalized gradient can be found in Theorem 2.3.10 of [1].

Proposition 2.1. Let X and Y be Banach spaces, A € L(Y,X) and let f: X — R
be a locally Lipschitz function. Then

(i) (foA)(z;2) < fo(Ax; Az) forz,z €Y,

(ii)) O(f o A)(x) C A*0f(Ax) forxz €Y,
where A* € L(X*,Y™) denotes the adjoint operator to A. If in addition either f or

—f is regular, then (1) and (ii) are replaced by the corresponding equalities.

3. EVOLUTION INCLUSION

In this section we state and prove a result on the existence and uniqueness of the

solution to an abstract second order evolution inclusion.

We consider the following evolution inclusion of second order of the following

form

(find u € V with «' € W such that
u”(t) + A(t,u'(t)) + Bu(t) + Su(t) +v* J(t,yu'(t)) > f(t)

(3.1) a.e. t € (0,7),

u(0) = up, u'(0) = vp.

\

In the study of problem (3.1) we need the following definition.

Definition 3.1. A function u € V is called a solution of (3.1) if and only if v’ € W
and there exists ¢ € Z* such that

u'(t) + A(t,u'(t)) + Bu(t) + Su(t) + ((t) = f(t) ae. t € (0,7T),
C(t) e v* (OJ(t,vu'(t))) ae. te (0,T),
u(0) = ug, u'(0) = vp.

We consider the following hypotheses on the data.
H(A): A:(0,T)xV — V*is such that
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(i) A(-,v) is measurable on (0,7T) for all v € V;
(ii) A(t,-) is strongly monotone i.e. (A(t,u) — A(t,v),u —v) > my|lu — v||* for all
u,v €V, ae te(0,T) with my > 0;
(iii) |JA(t,v)|]y+ < a(t) +b||v|| for allv € V, a.e. ¢ € (0,T) with a € L*(0,T), a > 0,
b > 0;
(iv) (A(t,v),v) > al|v|]* for all v € V, a.e. t € (0,T) with a > 0.

H(B): B:V — V*is a bounded, linear, monotone and symmetric operator, i.e.
e L(V, V"), (Bv,v) >0 for all v € V, (Bv,w) = (Bw,v) for all v, w € V.

B
H(S): &:V — V*issuch that

[Su(t) = Suz(t)[[v+ < Ls/o [ur(s) — ua(s)llv ds

for all uy, uy € V, a.e. t € (0,7) with Lg > 0.
H(J): J:(0,T) x L*(g; R%) — R is a functional such that
(i) J(-,v) is measurable for all v € L*(I'¢;RY) and J(-,0) € L*(0,T);
(i) J(t,-) is locally Lipschitz for a.e. t € (0,7);
(ili) [|0J(t,0)|lr2meray < o (1 + [Jv]lr2rorey) for all v € L2(Te; RY), ae. t € (0,T)

with ¢o > 0;
(iv) JO(t,v;—v) < do (1+ |[v]lz2roray) for all v € L*(Te;RY), ae. ¢ € (0,7) with
do > 0;

(V) (21 — 22, w1 — W) [2roray = —Maljwy — w2||%2(FC;Rd) for all z; € 0J(t,w;), w; €
L*(Te;RY), i =1,2, ae. t € (0,T) with my > 0.
(Ho)l fev*,UQGV,UQEH.
(Hy) : my > ma |[y]?, where [|v]] = [[7]| 2z c2me)).
We note that the condition stated in H(S) is satisfied for the operator §: V — V*
defined by

(3.2) (Sv)(t) = R(t, /Ot v(s)ds + vo) forall veV, ae te(0,7T),

where R: (0,7) x V' — V* is such that R(-,v) is measurable on (0,7) for all v € V/,
R(t,-) is a Lipschitz continuous operator for a.e. ¢t € (0,7") and vy € V. Moreover,

H(S) holds for the Volterra operator S: V — V* given by
t
(3.3) (Sv)(t) = / C(t—s)v(s)ds forall veV, ae. te(0,7),
0

where C' € L*>(0,T; L(V,V*)). Since for the operators (3.2) and (3.3), the current
value (Sv)(t) at t € (0,7) depends on the history of the values of v at the moments
s € (0,t), we refer to the operators of the form (3.2) or (3.3) as history—dependent
operators. In what follows, we extend this definition to all the operators §: V — V*
which satisfy condition H(S).
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Furthermore, let us observe that if the functional J is such that J(t,-) is convex
for a.e. t € (0,T), then its Clarke subdifferential coincides with the subdifferential in
the sense of convex analysis, in this case the hypotheses H(J)(v) holds with msy = 0,

and, in consequence, (H;) is trivially satisfied.

The result on the problem (3.1) is given by the following existence and uniqueness

theorem.

Theorem 3.2. Under hypotheses H(A), H(B), H(S), H(J), (Hy) and (Hy), the

problem (3.1) admits a unique solution.

Proof. The proof consists of two steps. First, given n € V*, we consider the following
evolution inclusion of second order without memory term
[ find u, € V with u; € W such that

Uy(t) + A(t,up (1) + Buy(t) + 77 0J(t, yuy(t) > f(t) —n(t)

34) a.e. t€(0,7)

L uy(0) = uo, u;(O) = 9.
Applying Proposition 15 in [8], it follows that the problem (3.4) has a unique solution.

Furthermore, by Proposition 9 of [8], the unique solution u,, € V satisfies the estimate

(3.5) lunllco.rivy + llugllw < QA+ Nluoll + lunlle + 1l + lInllv-)

with a positive constant c.

In the second step we use a fixed point theorem. To this end, we consider the
operator A: V* — V* defined by

(3.6) (An)(t) = (Su,)(t) for neV*, te (0,T),

where u, € V is the unique solution to (3.4). We check that the operator A is well
defined and it has a unique fixed point. Indeed, for n € V* by using H(S), we have

I(Su)Bllv- < (Sun)(t) — (SO v + [1(SO) (D)
< L / lag(s) v ds + 1(SO) @)y~ <

LsV/T|uy z20.6v) + 1(SO)(#) -

ve <

IA

for a.e. t € (0,7). Hence

T T
ol = [ @I de= [ 1w de <
T
= 2/0 (L?STH“nH%Z(O,t;v)—i-H(SO)(t)H%/*) dt <
< all+ )

with ¢; > 0. It is clear from (3.5) that the operator A takes vales in V*.
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In order to prove that the operator A has a unique fixed point, let 7y, 7, € V*,
and let u; = w,, and uy = u,, be the corresponding solutions to (3.4) such that u; € V
and u, € W for i = 1, 2. Thus, we have

(3.7) uy () + At,uy (1) + Bua(t) + Qi(t) = f(t) —m(t) ae te(0,T),
(3.8) uy(t) + A(t, up(t)) + Bua(t) + Go(t) = f(t) —m(t) ae t€(0,T),
(3.9  G) €770t yui(t), Glt) € v70J(tyuy(t) ae t €(0,T),

(3.10) u1(0) = u(0) = ug, uy(0) = un(0) = vo.

Subtracting (3.8) from (3.7), multiplying the result by w}(t) — u5(¢) and integrating
by parts with the initial conditions (3.10) we obtain, for all ¢ € [0, T

(3.11) % lua (8) — uay(0) |5 + /0 (A(s, ui(s)) = A(s, uy(s)), uy (s) — up(s)) ds+
+/0 (Bui(s) — Buy(s), uy(s) — us(s)) ds +/0 (Gi(s) = Cals), uy (s) — un(s)) ds =

-/ (1a(s) = m(s), ey (s) — w(s)) ds.

Next, from (3.9) we infer that (;(t) = v*z(t) with z;(t) € 0J(t,yu,(t)) for a.e.
t € (0,7) and i = 1, 2. Therefore, by using H(.J)(v), we have

/0 (G(5) — Gals). () — () ds =
= [[als) = 225070 ) = Dy s >

t
> mz/ lyui(s) = ()T me ds > —mzl|vll2/0 i (s) = ws(s) | ds

for all t € [0,7]. Employing in (3.11) the previous inequality, H(A)(ii) and the

following relation

/0 (Buy(s) — Bua(s), uj(s) — uy(s)) ds =

~+

/0 %<B(u1(8) — us(8)), ui(s) — ua(s)) ds =

(Bur(t) = us(t)), us(t) = ua(t)) > 0

N~ N~

for all t € [0, T, we get

1 / / ’ !/ !/
5 i (6) =l + C/ [l (s) — wa(s)* ds <

< [ I = - ls) — o) s
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for all ¢ € [0, T] with ¢ = m; — my]|7||> > 0. Hence

clluy = uallza vy < I = mllrzuv) vy — wollr2ev)

for all ¢t € [0, 7], which implies that
(3.12) Ju) — U2||L2 0,t;V) —||771 771||L2(0,t;V*)

for all t € [0,T]. Since uy, upy € HY(0,7;V) and V is reflexive, by Theorem 3.4.11
and Remark 3.4.9 of [3], we know that uy, ug € ACY%(0,T;V) and, using (3.10), we

have .
u;(t) = ug +/ w(s)ds for i=1,2.
0
Thus
t
(3.13) [ur (£) — w2 (B)]| < /0 i (s) — w(s)|| ds < VTIuy = bl 2ov)

for all t € [0,7]. From (3.12) and (3.13) we obtain

VT
(3.14) lur(t) — ua(t)]] < THnl — 2| 2(0,6v+) for all t € [0, 7.
On the other hand, from H(S) and (3.13), we deduce

. < I3 ( / hua(s) — sl - ds)2

L2T2
< 2 tllm — m2llL20,6v+)

[(Am)(#) = (Ane) (D))

and
e = [IA(Am) (1) — A(An2) ()[[3

<Ih / 1(Am)(s) — (Ano)(s)][2- ds

1(A"00)(2) — (M%) (2)]

LY T5 t2

< S lhm =l

V*
for all t € [0,T]. Reiterating this inequality & times, we obtain
L2kT2k+1 tk

[(AFnn) (1) = (M) ()7 < T I — 723+
L2kT3k+1 1 )
< T Im — nally-
for all t € [0,7]. Hence
L%+
k k Lsiz ™
A" — APy < Tk \/7”771 772“1;

Therefore, we deduce that for k sufficiently large, the operator A* is a contraction
on V*. Hence, there exists a unique n* € V* such that n* = Afp*. It is clear that
AF(An*) = A(A*n*) = An*, so An* is also a fixed point of A¥. By the uniqueness of
fixed point of A*, we have n* = An*. Thus n* € V* is the unique fixed point of the
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operator A. Finally, it is clear that w,- is a solution to (3.1), which concludes the

existence part of the theorem.

The uniqueness part is a consequence of the fixed point of A. Namely, let u € V*
with u' € W be a solution to (3.1) and define the element n € V* by

n(t) = (Su)(t) forall ¢t e [0,T].

It follows that u is the solution to the problem (3.4) and by the uniqueness of solutions
o (3.4), we obtain v = u,. This implies An = 1 and by the uniqueness of the fixed

point of A we obtain 1 = n*, so u = u,+, which concludes the proof. O

We conclude this section with a remark that existence results on evolution inclu-
sions of the form (3.1) with the multivalued Clarke subdifferential operator depending

on both u and its derivative u’ can be found in [10, 9, 14].

4. HEMIVARIATIONAL INEQUALITY

In this section we apply Theorem 3.2 in the study of a class of second order

hemivariational inequalities. The problem we are interested in is formulated as follows

( find u € V with «/ € W such that

(u'(t) + A(t, v/ (t)) + Bu(t) + Su(t), v)+

(4.1) n / Ja, 0 (£);0) dD = (F(E), )

) for all v € V and a.e. t € (0,7),

u(0) = ug, u'(0) = vo.

\

In the study of (4.1) we need the following hypothesis.
(j): j:Tex(0,T) x R — R is such that

(i) j(-,-, &) is measurable for all £ € R and j(-,-,0) € L}(T'¢ x (0,T));
(ii) j(=,t,-) is locally Lipschitz for a.e. (z,t) € I'c x (0,T);
(iil) 9j(z,t,&)| < (1 + ||€]|ga) for all € € RY, ace. (z,t) € T x (0,T) with ¢ > 0;
) 0z, t, & =€) < d(1+ ||€|[ga) for all € € R, ace. (z,t) € T x (0,T) with d > 0;
) (= 12,61 — E)ra > —mal|&y — &[Ra for all m; € Jj(x,t,&), & € RY, ae.
(2,t) € To x (0,T), i = 1, 2 with ms > 0,

(iv

(v

where j° and 9 denote the directional derivative and the Clarke generalized gradient
of j(x,t,-), respectively.
We consider the functional J: (0,T) x L*(T'¢; R?) — R defined by

(4.2) J(t,v) = / jlx,t,v(x))dl for a.e. t € (0,T) and v € L*(T¢; RY).
Te

We have the following result on the properties of the functional (4.2).
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Proposition 4.1. Under the hypothesis H(j), the functional J given by (4.2) satisfies
H(J), and for allu, v € L*(T¢; R?), we have
(1.3 Ptuio) < [P ta@io@)r,

Te
where J°(t,u;v) denotes the directional derivative of J(t,-) at a pointu € L*(T¢; R9)
in the direction v € L*(Tc; R?).

Proof. The conditions H(J)(i)——(iii) and (4.3) follow from H(j)(i)——(iii) (analo-
gously as in Lemma 3 in [8]). The sign condition H(.J)(iv) is a consequence of (4.3)
and H (j)(iv). For the proof of H(J)(v), consider z; € 8.J(t, w;) and w; € L?(I'c; RY),
for i = 1, 2. By the formula

dJ(t,v) C | 0j(x t,v(x))dl ae. te (0,T)and v € L*(Io; RY)

el
(cf. Theorem 2.7.5 of [1]), we have z;(z) € 0j(x,t,w;(x)) for a.e. (z,t) € 'c x (0,7,
i =1, 2. Therefore, using H(j)(v), we have

(Zl — Z9,W1 — wg)LQ(FC;Rd) = /F (Zl(.ilf) — z2(x),w1(x) — wg(l’))Rd dl’ Z

> —my [ fwale) — wa(o)]2 dF = —maljus = el e
|Ne]

We conclude that assumption H(J)(v) is satisfied, which completes the proof of the

proposition. ]

Combining Theorem 3.2 and Proposition 4.1 to obtain the following existence

result.

Corollary 4.2. Under the hypotheses H(A), H(B), H(C), H(j), (Ho) and (H,), the

hemivariational inequality (4.1) has at least a solution.

Proof. Let us denote by u the solution of the problem (3.1) with J given by (4.2).
Note that the existence and uniqueness of this solution is guaranteed by Theorem 3.2
and Proposition 4.1. Therefore, by Definition 3.1 we have u € V, v’ € W,

(4.4) u"(t) + A(t, /() + Bu(t) + Su(t) + ((t) = (1),
where ((t) = v*2(t) € Z* and z(t) € 0J(t,yu'(t)) for a.e. t € (0,7). The latter is

equivalent to

(4.5) (2(1), W) p2(reimey < JO (Y (1) w)

for all w € L*(T¢; RY) and a.e. ¢ € (0,T). We combine now (4.3)—(4.5) to obtain
(f(t) —u"(t) — A(t,u'(t)) — Bu(t) — Su(t),v) = (((t),v) z:xz =

= (z(t)a’yv)Lz(Fc;Rd) S Jo(t”yu/(t)vvv) S / jo(x,t,u/(t);v) dr.
Te
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forallv € V ae. t € (0,7). It follows from the last inequality that u is a solution
to (4.1), which concludes the proof. O

We complete the result of Corollary 4.2 with the following uniqueness result.

Corollary 4.3. Under the hypotheses of Corollary 4.2, if either j(z,t,-) or —j(x,t,-)
is regular for a.e. (x,t) € I'cx(0,T), then the hemivariational inequality (4.1) admits

a unique solution.

Proof. Let u be a solution to (4.1) obtained in Corollary 4.2. It is well known (cf.
[1, 2]) that if either j(z,t,-) or —j(x,t,-) is regular for a.e. (z,t) € I'c x (0,7, then
either J(t,-) or —J(t,-) is regular for a.e. t € (0,7"), respectively, and (4.3) holds
with equality. Therefore, using the equality in (4.3), we have

(W"(t) + A(t,u' (1) + Bu(t) + Sult) — f(1),v) + J°(t, yu/(t); yv) = 0
for all v € V and a.e. t € (0,7). From Proposition 2.1(i), we deduce

(1) = u"(8) = Alt, /(1) — Bu(t) — Su(t),v) < (J o) (t,u'(t);0)

for all v € V and a.e. t € (0,7"). Now, using the definition of the Clarke subdifferen-

tial, Proposition 2.1(ii) and the previous inequality, we have that
f(t) = u"(t) = A(t, u'(t)) — Bu(t) — Su(t) € 9(J o y)(t, u'(t)) = v"0J (¢, yu'(t))

fora.e. t € (0,7). This means that u is a solution to (3.1). The uniqueness of solution
to (4.1) follows now from the uniqueness part in Theorem 3.2. This concludes the

proof. O

We conclude this section with a remark on possible applications of Corollary 4.3
to problems of contact mechanics. Corollary 4.3 can be used to obtain a result on the
unique solvability of a dynamic viscoelastic frictional contact problem with a nonlinear
constitutive law involving a nonlinear memory term. An application of Corollary 4.3
to contact problem of viscoelasticity with a linear memory term can be found in
Migorski et al. [11]. The weak formulation of these mechanical problems leads to a
hemivariational inequality (4.1) for the displacement field. For recent results on the
theory of hemivariational inequalities we refer to [17, 15, 8, 14, 10, 9]. Applications of
evolution hemivariational inequalities to problems of contact mechanics can be found,
for instance, in [12, 13] while the results on modeling and analysis of contact problem

are contained in [5, 4, 6, 7, 18, 19, 20] and references therein.
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