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ABSTRACT. In this article, we establish the existence and uniqueness results for the positive
solutions to Sturm-Liouville boundary value problems of the nonlinear fractional differential equation
on the infinite interval. Our analysis rely on the well known fixed point theorems. Some known

results are generalized.

AMS (MOS) Subject Classification. 92D25, 34A37, 34K15

1. INTRODUCTION

Recently there has been a large number of papers concerning with the solvability
of the boundary value problems for the fractional differential equations, see the text
books [11,17,19] and the papers [1,3,7,10,12,13,15,18,21,23].

This paper is motivated by [23]. Zhao and Ge studied the following boundary

value problem for the fractional differential equations

Dgou(t) + f(t,u(t) =0, 0<t<oo,l<a<2,
(1.1) u(0) = 0,

limy_oo Dy '/ (t) =0,
by using the properties of the Green’s function of the corresponding BVP, together
with the Schauder fixed point theorem. It was proved that BVP (1.1) has at least

one positive solution.

Recently, Agarwal Benchohra, Hamani and Pinelas [1], Arara, Benchohra, Hamidji,
and Nieto [3] studied the existence of solutions of the following boundary value prob-

lem for fractional differential equation

Dgou(t) = f(t,u(t)), 0<t<oo,l<a<?2,
(12) u(0) = uo,

u is bounded on [0, o).
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Here D, is the Caputo fractional derivative of order o in [3] and the Riemann-

Liouville fractional derivative in [1].

One notes that the well known Sturm-Liouville BVP of the the ordinary differ-

ential equations is as follows:

u’(t) + f(t,u(t)) =0, te(0,00),
(1.3) au(t) — bu'(0) = 0,

where f(t,u) is continuous and nonnegative on [0,1] x [0,00), a > 0, b > 0, ¢ > 0
and d > 0 with ab+ cd + ab > 0. Such a problem was studied in [2,4-6,8,20,22]. This
problem has been generalized to the case of BVP on the half line see [14,15,16].

Motivated by above papers, in this paper, we discuss the existence and unique-
ness of the positive solutions to the Sturm-Liouville boundary value problems of the

nonlinear fractional differential equation of the form

Dg,u(t) + f(t,u(t)) =0, te(0,00),1<a<2,
(1.4) alim,_o t*~u(t) — b limy_o D u(t) = 0,

climt_mo DS_IU(T/> + dhmt_mo W%U(t) = 0,

where a,b,c,d € [0,00), D, ( D* for short ) is the Riemann-Liouville fractional
derivative of order o, and f (t, %z) defined on [0, 00) X [0,00) is nonnegative and
continuous and satisfies that for each r > 0 there exists ¢, € L'[0,00) such that
f <t, ﬁz) < ¢.(t) for every x € [0,7], where 6(t) = min {*~* t=}. We ob-
tain the results on the existence and uniqueness of the positive solutions about this

boundary-value problem by using the fixed point theorems.

2. PRELIMINARY RESULTS

For the convenience of the readers, we present here the necessary definitions from
the fractional calculus theory. These definitions and results can be found in the
literatures [11,17,19].

Definition 2.1. The Riemann-Liouville fractional integral of order a@ > 0 of a func-
tion f: (0,00) — R is given by
I )
I f(t :_/ t— )" f(s)ds,
0+ ( ) F(O&) 0 ( ) ( )

provided that the right-hand side exists.

Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 of a
continuous function f : (0,00) — R is given by

Do f) = — 4" /0( 1) o

P(?’L _ Oé) dtn—i—l t — s)oe—n-l-l )
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where n — 1 < a < n, provided that the right-hand side is point-wise defined on
(0, 00).

Definition 2.3. The Riemann-Liouville fractional integral of order o > 0 of a func-

tion f: (0,00) — R is given by
1 t
I8 f(t) = — [ (t—3s)*""f(s)d
810 = 57 [ (=9 (s
provided that the right-hand side exists.

Definition 2.4. The Riemann-Liouville fractional derivative of order a« > 0 of a

continuous function f : (0,00) — R is given by

1 dn+1 t f(S)
Dgf(t) = d
or f(1) T(n — a) din+! /0 (t — s)a—n+l 5
where n — 1 < a < n, provided that the right-hand side is point-wise defined on
(0, 00).

Lemma 2.5. Letn—1<a <n, ue C°0,00)(L'(0,00). Then
IS DS u(t) = u(t) + Cit® ™+ Cot® 2 4+ 4 Cpt™™™,
where C; € R, 1 =1,2,...n

Lemma 2.6. The relations

IS‘+I§+¢ [a:ﬁ% Do, Iy = ¢
are valid in following case
Ref3 >0, Re(a+ ) >0, ¢ € L1(0,00).
Lemma 2.7. Letn —1 < a <n, u e C°0,00) (| L*(0,00). Then
I8.Dg u(t) = u(t) + Crt® ' + Cot® 2 + -+ 4+ Cpt™™",
where C; € R, 1 =1,2,...n
Lemma 2.8. The relations
Ig+lg+‘ﬁ = I(()):ﬁ% D, Igy = ¢
are valid in following case
Re3 >0, Re(a+ ) >0, ¢ € Li(0,00).
Lemma 2.9. Suppose that a # 0,c+d # 0. Given h € C|0, 1], the unique solution of

Dg.u(t) + h(t) =0,0 < t < o0,
(2.1) alim gt~ *u(t) — b limy_o D tu(t) =0,
-1
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18

1
(2.2) u(t) = / G(t, s)h(s)ds,
0
where
—a(t—s)* 1 4at®* 1 4bl'(a)t> 2
al'(a S S t’
(2.3) Glt,s) = { % o

Proof. We may apply Lemma 2.7 to reduce BVP (2.1) to an equivalent integral equa-
tion

u(t) = — /Ot %h(s)ds + et et 2t € (0,1)

for some ¢; € R, i = 1,2. Note that I'(0) = co. We get

1 t (t _ s)a—l ta—l ta—2
_  u(t) = — h(s)d
) /0 Fa) @+ o) O T T e e
t t— 8)0!—1
t2ou(t) = —t2—a/ (7}1 d t
u(t) T (s)ds + c1t + ¢
and .
D> lu(t) = —/ h(s)ds + c1I'(a).
0
Since , ( ot
t—s)*" o
/0 Wh(S)dé’ S/(; h(S)dS < 00,
we get

lim /0 =) s = /0 " h(s)ds.

t—o00 14 to-1
From the boundary conditions in (2.1), since lim,_oI'(s) = oo, we get

acs — berT(a) = 0,
c (- /OOO h(s)ds+ch(0z)) +d (— /Ooo ﬁh(s)dstcl) 0.

It follows that . -
= —=—— h(s)ds,
" T(a) /0

and

Therefore, the unique solution of BVP (1.3) is

u(t) = — /0 %h(s)ds + IECE;) /0 " h(s)ds + btz_ /0 " h(s)ds

- /0 Gt $)h(s)ds.

Here G is defined by (2.3). Reciprocally, let u satisfy (2.2). Then

(t) =0,

: 2—« o : a—1 — : a—1 :
a%g%t u(t) —b Iltl_I)Iol D u(t) 07Ct1££10 Dy U(t)+dt1££lol+ta—1u
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furthermore, we have D§u(t) = —h(t). The proof is complete. O

Lemma 2.10. Suppose that a > 0,c+d # 0. Then

ta—l e ta—2
Git.s) < a + bl'(«)

< oT(a) , for all s,t € (0,00),

and

G(t,s) >0 for all s,t € (0,00).

Proof. One sees from (2.3) that

at®™t + bl (o)t 2

Glt,s) < al'(a)

On the other hand, we have from (2.3) that

{ —at® 1 4at® =14+l (a)t> 2 s St

a—1 (IF(OC) a—2 ’ ’
at*” 4l ()t + <

al'(a) Y =

bl (a)t>—2
- { o 111;;1(“06))ta 2<t

G(t,s) >
S.

A%

0.

The proof is completed. O
For our construction, we let

1
X = {x € C(0,00) : there exist the limits lim#* *u(t) and lim 71'(15)}
t—0 t—oo 1 4 to—1

Let 6(t) = min {27, W} One sees that § is continuous on [0, 00) and lim;_o 0(t) =
0, lim; ., 0(¢) = 0. For z € X, let

[zl = sup d()]u(t)].
0<t<oo
Then X is a Banach space. We seek solutions of BVP (1.3) that lie in the cone
P={ueX :u(t)>0, 0<t<oo}.

Suppose that 0 = bdl'(«) + ad + acl'(a) > 0. Define the operator T : P — P, by

/ G(t, s)f(s, u(s))ds.

Lemma 2.11. Let V ={x € X : ||z|| < 1}, 1 >0, and V; = {d(t)x(t) : x € V}. If
V1 is equicontinuous on any compact interval of (0,00) and equicontinuous at infinity

and zero point, then V is relative compact on X [16].
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Remark 2.12. V] is equicontinuous at infinity if and only if for all € > 0, there exists
v =wv(e) > 0 such that for all z € V| t1,t3 > v, it holds

z(t1) z(t2)

R

V1 is equicontinuous at zero if and only if for all € > 0, there exists v = v(e) > 0 such
that for all x € V', 0 < tq,t5 < v, it holds

7w (tr) — B3 a(ts)| <

Lemma 2.13. Suppose that a > 0,c+d # 0, f <t, %u) s continuous. Then T is

completely continuous.

Proof. We divide the proof into three steps.
Step 1. We prove that T" is continuous.
Let {y,} be a sequence such that y,, — y in X. Let

. max{sup ol Hyu}-
neN

ds < 2/00 or(s)ds
0

One sees that

[ b))

Then for t € [0,00), we have

SOIT)E) ~ (7))
(5, yn(s))ds — / SH)G(E, 5) (s, y(s))ds

IN

/ G(t, )| f(5,yn(s)) — F(5,y(s))|ds

AR 1:&2()@75&_2 (1 5779) = (#-577)

< e (t50m0)) = (05020

By the definitions of f, we have ||Ty, — Ty|| — 0 as n — oc.

IA

ds

ds.

Step 2. We prove that T maps bounded sets into bounded sets in X.

It suffices to show that for each [ > 0, there exists a positive number L > 0 such
that for each z € M = {y € X : ||y|| <[}, we have ||Ty|| < L. By the definition of
T, we get

s)N(Ty) )| = /OOO O(t)G(t,s)f (s, y(s))ds

VAN

[ a6t (555500000 )
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< [Tan™” jrb(”)“)ta_ f(s,ﬁas)y(s)) s

atal+bF o2
< sup 0(¢) /¢z

te(0,00)

It follows that

ate 1+bF )2
ITyll < swp 6(¢) / e

te(0,00)
for each y € {y € X : ||y|| <1}. Then T" maps bounded sets into bounded sets in X.
Step 3. We prove that 7" maps bounded sets into equicontinuous sets in X.

Firstly, we prove that 7' is equicontinuous on each compact interval of (0, 00).
Let t1,ty € [m,n] C (0,00) with t; <ty andy € M ={y € X : ||y|| <[}. We have

0(t)(Ty)(t1) — 6(t2)(Ty)(£2))]
/0 5(t1)G(t1,s)f(s,y(s))ds—/0 d(t2)G(ta, 8)f(s,y(s))ds

/OO |0(t1)G (t1, 8) — 0(t2)G(ta, 8)| f (s, ﬁé(s)y(s)) ds

IN

IN

/ 6()C(t1, 5) — 8(t2)G(ta, 5)| du(s)ds
/ 5(t)G 11, 5) — 8(t2)G(ta, )| du(s)ds
n / 5(t)G (11, 5) — 8(t2) Gt )| du(s)ds

. tl — S 6(t2)(t2 — S)Q_l]
= aF( ) ¢i1(s)ds
+/0 UV t2)t ] oi(s)ds
t1 t“‘ — §(ta)t572
+/0 @) oi1(s)ds

+ / 3()G (11, 5) — 3(t2) G2, 5)| ¢u(s)ds
| af§() 19 — §(£2)t Y] + BT () [t )22 — 8(t2)t 2]
+/ T(0) ¢i(s)ds
< ﬁ ; 10(t:) (81 — 8)* 7 = 3(t2) (t2 — 5)° 7| u(s)ds
N 6(t1tal tgtal / ol
AN )[5(t1)ta 2 5(to)t5 ™
+' i / ou(s)ds
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+2 sup o(t ts/ oi1(s)ds|ty — to|

te(0,00)
a+ bF

“aT(a) \5t1t“1 tgtgl\/ Pi((s

Since 0(t)G(t, s) is continuous on (0,00) x [0, 00) and there exist the limits

lim §(¢)G(t, s) and lim 6(¢)G(t, s),

t—0 t—oo

we get that the right-hand side of the above inequality tends to zero as t; — t».

Secondly, we prove that T' is equicontinuous at infinity. For y € M = {y € X :
[ly|l <1}, since

5(8)(Ty)(t) = /f6<t>a<t,s>f<s,y<s>>dss sup 8(t) % ”F )i / e

te(0,00)
we get
. ) o 1
lim 0(2)(Ty)(t) = lim ; WG(R s)f(s,y(s))ds =0

uniformly. Then for each € > 0 there is H > 0 such that

1
e T -

< €t1,to > H,ye M.

)

Hence T' is equicontinuous at infinity.

Lastly, we prove that T is equicontinuous at zero point. Fory € M = {y € X :
|yl < 1}, since

S()(Ty)(t) = /Oooa<t>a<t,s>f<s,y<s>>dss sup 5(1) “’F Lo / ou(s

te(0,00)

we get

lin 5(6)(T) (1) = Jim [ =G0, ) (5, y(s)ds = / " f (s y(s)ds

t—o00 0

uniformly. Then for each ¢ > 0 there is H > 0 such that
[t (Ty) (1) — 857 (Ty) ()| < e,t1,t2 > H,y € M.

Hence T is equicontinuous at zero point.

From above discussion, we see from Lemma 2.7 that T is completely continuous.
U

3. MAIN RESULTS

In this section, we prove the main results. It is supposed that f (t, 50 ) defined
on [0, 00) x [0, 00) is nonnegative and continuous and satisfies that for each r > 0 there

exists ¢, € L'[0, 00) such that f (t, 50 ) < ¢,(t) for all t € [0,00) and x € [0, r].
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Theorem 3.1. Suppose that a > 0,c+d # 0, f satisfies

o o)1)

Then BVP (1.3) has an unique positive solution if

(3.2) /0 ()00 2 Zrbg)o‘)sa_ ds < 1.

< a(t)|lu—v|,t €[0,00),u,v € [0,00).

Proof. We shall prove that under the assumptions (3.1) and (3.2), 7™ is a contraction
operator for n sufficiently large. Indeed, by the definition of G(t, s) for u,v € P, from

Lemma 2.10 and (3.1), we have the estimate

o()|(Tu)(t) — (Tv)(?)]

_ /0 T SG(t s) f(s,% (s)u(s)) _ f<s,$5(s)v(s)) ds
at®™? +bF(a
< o) o /0 o — o(s)|ds
at®™1 +bF(a I
< (1) @ /0 a(s)ds||u — vl|.
Hence
S(1)[(T?u)(t) — (T?v)(t)]
= /0 )G, s)|f(s, (Tu)(s)) — f(s,(Tv)(s))|ds
< sn¥= +bF ) /0 " ()8 5) = (Tv)(s)|ds
< 5@ “)F) ) /Oooa il “)(Z()O‘) /0 o(s)ds|[u — v||ds
— 5(t)ata _H)z()a ) /Oooa il —l—b(F()a) ds/oooa(s)ds||u—v||.

Similarly, one gets
SO(TPu)(t) — (T°v)(t)]
= /0 3()G(t,5)| f (s, (T*u)(s)) — f(s, (T%0)(s))lds

at®™ ' + bl ()t 2
al’(«)

</0°° o)) :rb(z()a)sa_2d5) 2 /Ooo a(s)ds|ju — v]].

By induction methods, we get

S(8)[(T™u)(t) — (T"v)(1)]
< 5 at ;Lrb(l;()a)t

< ()
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(/OOO a(s)é(s)asa_l :Fb(z()a>sa_2d$) . /000 a(s)ds||u — ||

ta—l bF ta—2
< sup spd L)
te(0,00) GF(O‘)

([ =) [y

It follows from (3.2) that for sufficiently large n we have

o as® !+ b0 (a)s* 2\
0 d
</ AP a) )
1
28Uy 0,00 O (1) LI [ () ds

Therefor, we get for such n that

<

mn n 1
17" = T[] < Sllu—ol].

Hence the contraction map principle implies that BVP (1.3) has an unique positive

solution. The proof is completed. O

Theorem 3.2. Suppose that a > 0,c+d > 0, f(t,u) satisfies f(t,0) # 0 fort € (0, 00)
and there exists B € L'[0,00) such that

(3.3)  0< lim f<t7$x) < :
) < lim max o R .
z—00 te[0,00) I‘B(t) SuptE(O,oo) 5(15)% fO B(S)dS

Then, BVP (1.3) has at least one positive solution.

Proof. 1t follows from (3.3) that there is M > 0 and H > 0 such that

1
0§M§M< tafllbr pr - ,t €0,00),2 > H.
rB(t) SUD;e(0,00) 5(t)% Jy B(s)ds

Let

It follows that B,C € L'[0,c0) and

0<f (t, %x) < MaB(t) + C(#),t € 0,00, 2 € [0, 00).

Choose R > 0 sufficiently large such that

at®™ ! + b ()t 2
R = sup 4(¢
) a)

oo 00 aafl @ a—2
M [ B(s)ds 5 C(8)ds supye(, o) 8(t) 2212

ate—1 a)te—2 00
1 — M Sup;e 9,00 5(t)% Jo B(s)ds

max / C(s)ds,
0
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—/OOOG(t,s)C(s)ds gR}.

It is easy to see that Bpg is a convex, bounded, and closed subset of the Banach space

X. For x € By, we have
d

at®” ! + b (a)t* 2 [
< R+ sup ot /C’sds.
te(0,00) ( ) af(a) 0 ( )

Let
BR:{ZL'EPI

IN

|||

x — /000 G(t,s)C(s)ds

/000 G(t,s)C(s)ds

< R—l—'

/000 G(t,s)C(s)ds

One sees that

—ct<f (v 5

ﬁx) —C(t) < MzB(t).

It follows that

f (t, %x) - C’(t)‘ < max{C(t), Mlz| B(t)}.

Hence the definition of R implies that

Tz — /1 G(t,s)C(s)ds

o 1
= tes[ggo)é(t) /0 G(t,s) (f (s, @5(8)1’(8)) - C’(t)) ds
< sup ooé(t)G(t, s)ymax {C(s), MB(s)d(s)|z(s)|}ds
te[0,00) J 0O
at®™t + bl ()2 [
< tes(zl’lo)o)é(t) T(a) /0 max {C(s), M B(s)d(s)|x(s)|}ds
< tesgp 5t )ata_1+bF()a)ta‘2
max{/ C(s)ds, M/ ds||xH}
< t68101p i(t) ot Zl“b(l:y() i max{/ooo(}'(s)ds
at®™t + bl (a)te2 [
M/ i g 50 [T |
<

So, we have T'Br C Bg. Since T is completely continuous, the Schauder fixed point
theorem assures that operator 7" has at least one fixed point in Br and then BVP

(1.3) has at least one positive solution. The proof is complete. 0
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Theorem 3.3. Suppose that a > 0,c+d > 0, f satisfies that

/ (t, ﬁx)\ < oty (jz]),t € [0, 00), € [0, 00)

with ¢ € LY0,1] and w € C(]0,0), [0,00)) nondecreasing. If there exists a constant
o > 0 such that

(3.4)

g

a—1 a)te—2 >
SUP;e(0,00) 5(t)¢fo s)dsw(o)

(3.5)

then, BVP (1.3) has at least one positive solution such that
(3.6) 0 <4§(t)z(t) < o,t€]0,00).

Proof. We consider the BVP of the form

Du(t) + A f(t,u(t)) =0, te(0,00),l<a<2,
(3.7) alim;_o t*~u(t) — b lim,_o DS u(t) = 0,

climt_,oo D8_1U(t) + dhmt_,oo H%U(t) = 0,
for 0 < A < 1. Solving BVP (3.7) is equivalent to solving the fixed point problem
x = Nlx.

Let
U={zeX:|lz|]| <o}

We claim that x # AT’z for all OU and A € (0,1). In fact, if = ATz for some z € OU
and A € (0,1), we have

z|[ = sup Xo(t)(Tz)(t)
te[0,00)
< sup §()(Tx)(?)
te[0,00)
= sw [ 8069 (s, a(s)ds
te[0,00) J0O
S — / S(HG(t,5)f (aia(s)x(s)) ds
te[0,00) J0 d(s)
w1+waw2
< s (1) e xCrere
te(0,00) )
a—1 F a—2
< sup 5()at +b ()t / o(s)dsw(o
te(0,00) )
So B .
o< sup 5()t _H)F )t / o(s)dsw(o
te(0,00)
It follows that
o
a—1 a—2 S 17
SuptE(O,m)é(t)%fo s)dsw(o)
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which contradicts with (3.5). Since T is completely continuous, by Schauder’s fixed
point theorem [3], we see that BVP (1.3) has at least one positive solution x such
that (3.6) holds. The proof is complete. O
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