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ABSTRACT. The existence of solutions of Discontinuous Quantum Stochastic Differential Inclu-
sions (QSDI) with upper semicontinuous coeflicients is our concerned in this work. A non commu-
tative generalization of Kakutani-Fan fixed point theorem is established in the work. By employing

this result, the existence of solution of upper semicontinuous QSDI is established.
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1. INTRODUCTION

The problem of existence of solutions of Lipschitzian quantum stochastic differen-
tial inclusions of Hudson and Parthasarathy quantum stochastic calculus formulation
was established in [7]. The properties of these solution sets were established in [3] and
[4]. The quantum stochastic calculus is driven by quantum stochastic processes called
annihilation, creation and gauge arising from quantum field operators. The multival-
ued generalization of this non commutative stochastic differential equation is essential
in the applications of quantum control theory, quantum evolution inclusions[9] and

differential equation with discontinuous coefficients.

For a classical differential equation with discontinuous coefficients the existence
of solutions was established via a multivalued regularization procedure [2]. This
multivalued regularization is upper semicontinuous. The existence of solutions of
upper semicontinuous differential inclusions in the classical setting was established
by using Kakutani fixed point approach [6] which is a multivalued generalization of
Schauder fixed point theorem. The aim of this work is to establish this result in
our non commutative setting. However, this result does not naturally transcends to
our upper semicontinuous quantum stochastic differential inclusions. In this work we
shall first establish a form of Kakutani-Fan fixed point theorem and then employ it to
prove the existence of solution of our quantum stochastic differential inclusions. Hence
we extend the existence of solution results in the literatures on quantum stochastic

differential inclusions [7], [8] and [10] to discontinuous case.
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The work shall be arranged as follows; in section 2 we state the definitions and
notations while section 3 shall be for results on the fixed point theorem and existence
of solutions of upper semicontinuous quantum stochastic differential inclusions via

this fixed point theorem.

2. PRELIMINARIES

2.1. Notations and Definitions. In what follows, if U is a topological space, we

denote by clos(U), the collection of all non-empty closed subsets of U.

To each pair (D, H) consisting of a pre-Hilbert space D and its completion H,
we associate the set Lt (D, H) of all linear maps x from D into H, with the property
that the domain of the operator adjoint contains D. The members of L} (D, H) are
densely-defined linear operators on H which do not necessarily leave D invariant and
Li(D,H) is a linear space when equipped with the usual notions of addition and
scalar multiplication.

To H corresponds a Hilbert space I'(H) called the boson Fock space determined
by H. A natural dense subset of I'(H) consists of linear space generated by the set
of exponential vectors(Guichardet, [11]) in I'(H) of the form

e(f) = Q. ren

n=0
where ®° f =1 and ®" f is the n-fold tensor product of f with itself for n > 1.

In what follows, D is some pre-Hilbert space whose completion is R and v is a
fixed Hilbert. L2(Ry) (resp. L2([0,1)), resp. L2([t,00)) t € Ry) is the space of square
integrable y-valued maps on R, (resp. [0, ), resp. [t,00)).

The inner product of the Hilbert space R @ I'(L2(R4)) will be denoted by (-, -)
and || - || the norm induced by (-, -). Let E, E; and E*, ¢ > 0 be linear spaces generated
by the exponential vectors in Fock spaces I'(L2(R.)), I'(L2([0,t))) and T'(L2([t, 00)))

respectively;
A= LE(DRE, R @ (L2 (R4)))
Ay = L (DK, R @ (L2([0,1)))) @ I'
Al =T, ® LE(E', T(L2([t,)))), t >0

where ® denotes algebraic tensor product and I; (resp. I*) denotes the identity map
on R @ I(L2([0,1)))) (resp. T(L2([t,00)))), t > 0. For every 1,& € DE define

|| z ||777§:| (77a37€> |> M A

then the family of seminorms

{Il'- llne: . & € DRE}
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generates a topology 7, weak topology. The completion of the locally convex spaces
(A, 70), (Ay, 7)) and (Af,7,,) are respectively denoted by A, A, and A,

We define the Hausdorff topology on clos(A) as follows: For z € A, M, N €

clos(A) and 7, ¢ € DRQE, define
pﬁﬁ(M>N) = max(éng(/\/l,/\/’), 5775(/\/7/\/1))

where
Spe(MUN) = sup dye(z, N) and
reM
dye(z,N) = ylgﬁfv | 2=y e -

The Hausdorff topology which shall be employed in what follows, denoted by, 7,
is generated by the family of pseudometrics {p,e(-) : 17,6 € DQE}. Moreover, if

M € clos(A), then || M ||, is defined by

| M [lne= pye(M,{0});
for arbitrary n,& € DRE. For A, B € clos(C) and x € C, a complex number, define
dz,B) = inf |z —y|

d(A, B) =supd(z, B)

€A

and p(A, B) = max(0(A, B), (B, A)).

Then p is a metric on clos(C) and induces a metric topology on the space. Let I C R,.
A stochastic process indexed by I is an A-valued measurable map on I. A stochastic
process X is called adapted if X (t) € A, for each t € I. We write Ad(A) for the set
of all adapted stochastic processes indexed by I.

Definition 2.1. A member X of Ad(A) is called

(i) weakly absolutely continuous if the map t — (n, X (t)£), t € I is absolutely contin-
uous for arbitrary n, £ € DRQE

(ii) locally absolutely p-integrable if | X (-) ||7; is Lebesgue -measurable and integrable
on [0,t) C I for each t € I and arbitrary n, £ € DQE.

We denote by Ad(A)yqc (resp. LY (A)) the set of all weakly, absolutely continuous

(resp. locally absolutely p-integrable) members of Ad(.A).

oo

Stochastic integrators: Let L3,

(R+) [resp. L3 joc(R+)] be the linear space of
all measurable, locally bounded functions from Ry to 7 [resp. to B(y), the Banach
space of bounded endomorphisms of 7]. If f € L35,.(Ry) and m € L) ,,.(R4), then
7 f is the member of L .(R,) given by (7 f)(t) = w(t)f(t), t € R,.

~,loc
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For f € L?Y(]R)Jr and ™ € L%?(W)’ZOC(RJF); the annihilation, creation and gauge
operators, a(f),a*(f) and A(r) in L5(D, T'(L2(R)4)) respectively, are defined as:

a(fle(g) = (f. 9)rz2r,)e(9)

W (Flels) = ey + ) o=

Amlelg) = 7-e(e” ) loms

g€ LA(R):

For arbitrary f € L35,.(Ry) and m € LOBS(V)JOC(RJF), they give rise to the operator-

valued maps Ay, A} and A, defined by:

Ar(t) = alfxjo)
AF(t) = a™ (fxou)
A,T(t) = )\(ﬂ-X[O’t))

t € R,, where x; denotes the indicator function of the Borel set I C R,. The
maps Ay, A;{ and A, are stochastic processes, called annihilation, creation and gauge
processes, respectively, when their values are identified with their amplifications on
R @ T(L2(Ry)). These are the stochastic integrators in Hudson and Parthasarathy

[12] formulation of boson quantum stochastic integration.

For processes p, ¢, u,v € L} _(A), the quantum stochastic integral:

/ (p(5)dAs(s) + a(s)dAL(s) + u(s)dAT(5) + v(s)ds), to,t € R,

to

is interpreted in the sense of Hudson-Parthasarathy[12]. The definition of Quantum

stochastic differential Inclusions follows as in [7]. A relation of the form

dX(t) € E(t, X(t))dA:(t) + F(t, X (t))dA(t)
(2.1) + G(t, X (t))dAS (t) + H(t, X(t))dt almost all t € I
X(to) = 29

is called Quantum stochastic differential inclusions(QSDI) with coefficients F, F, G, H

and initial data (to,zo). Equation(2.1) is understood in the integral form:

X(t) € xo+ / (E(s, X (s))dAx(s) + F(s, X (s))dAy(s)

to

+G(s, X (s))dAS (s) + H(s, X (s))ds), t € I
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called a stochastic integral inclusion with coefficients F, F,G, H and initial data

(to, zo). An equivalent form of (2.1) has been established in [7], Theorem 6.2 as:

(E)(t, ) (0, &) = {1, pap()p(t, ©)€) < p(t, x) € E(t,x)}
wE)(t,x)(n,§) = {(n,vs(t)q(t, x)§) : q(t,x) € F(t,2)}
(0G)(t, 2)(n, ) = {(n, oa(t)ult, 2)) - u(t, r) € G(t,x)}
(2.2) P(t,2)(n, &) = (nE)(t, 2)(n, &) + (VF)(t, x)(n, §)
+ (0G)(t, x)(n, §) + H(t, x)(n, €)

H(t, x)(n,€) = {o(t, 2)(n, &) : v(-, X())
is a selection of H(-, X(:))V X € L2 _(A)}

loc

Then Problem (2.1) is equivalent to

d
—(n, X(t)&) e P(t, X (¢t )
03 (0. X)) € Pt X(0)(1.6)
X(to) = 29
for arbitrary n,¢ € DRE, almost all ¢ € I. Hence the existence of solution of (2.1)

implies the existence of solution of (2.3) and vice-versa. As explained in [7], for the

map P,
P(t, 2)(n, &) # P(t, (n, 2€))

for some complex-valued multifunction P defined on I x C for t € I , T € .2(, n,§ €
DRE.

Definition 2.2. Let D C A be a non-empty bounded subset of A. For each n,§ €
DRE, sup,ep || © ||le< 00. We define the diameter of D with respect to 1,¢ € DRQE

by,

diam.(D) = sup ||z —y [l
z,yeD

Definition 2.3. For arbitrary 7, ¢ € DQE, let

Bye={DCA: sup ||z —y < oo}
z,yeD

Then the map: ay¢ : B,e — Ry, defined by

ane(D) =1inf{d > 0: D admits a finite cover by sets of diameter < d}, D € B,

is called (Kuratowski-)measure of non compactness.

The following are properties of oy, established in [5]

Proposition 2.4. Suppose e : Bye — R, then
(a) aue(D) =0 if and only if D is compact
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(b) cue is a seminorm, that is; for A > 0,

pe(AD) =| A | ae(D) and aye(Dy + Dy) < ape(Dy) + a(Dy)

(¢) D1 C Dy implies

e (D1) < age(D2), aye(D1 U Do) = max{aye(Dy), ape(Da)}

(d) ape(coD) = aye(D).

(€) cue is continuous with respect to the Hausdorff distance; that is
| ae(D1) — e (Da) [ < pre(D1, Do)
or arvitrary n, & € DRI where
bit D®E wh

pne(Dn, Do) = max{ sup dye(x, D), sup dye(z, Dl)}, Dy, Dy C Bye
z€Dy xz€D2
Definition 2.5. (a) Let vy, vy, ..., v, be an affinely independent set of n + 1 points

in a vector space E. The convex hull
{SL’ S EII:ZAZ'UZ',O S )\Z S 1,2)\2 = 1}
i=0 i=0

is called (closed)n-simplex and is denoted by vgv; . ..v,. The points vy, vy, ..., v, are
called the vertices of the simplex. For 0 < k <nand 0 < iy < i3 < -+ <1 <mn,
the k-simplex v; v;, ...v;, is a subset of the n-simplex vovy ... v,; it is called a k-
dimensional face(or simply k-face) of vov; ... v,. In addition , if y = >, Av; we let
x(y) ={i: A >0}

(b) A real-valued function ¢ on A is lower (resp. upper) semicontinuous if the set
{z € A: ¢(x) <A} (resp. {z € A: ¢(z) > A}) is closed in A for each X € R. If
(@ is a convex set in a vector space then a real-valued function ¢ on @ is said to be
quasiconcave (resp. quasiconvex) if {x € Q : ¢(x) > A} (resp. {z € Q : ¢p(x) < A\}) is
convex for each A € R

(c) Let K be a non empty set, and ® : K — 25 a multifunction, an element z € K is
said to be a fixed point of ® if x € ®(z).

(d) Let @ be a convex set in a vector space X, A a non-empty subset of @) and
F : A — 29 a multivalued map. The family {F(z) : © € A} is said to be a
KKM covering for @ if

co{r:x € N} C UF(x)

zeN

for any finite set N C A
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2.2. Preliminary results. In the Locally convex spaces, Schauder-Tychonoff fixed
point theorem is the generalization of Schauder fixed point theorem on Banach
spaces[13]. For the case of multifunctions, Kakutani fixed point theorem is the multi-
valued analogue of Schauder fixed point theorem and Kakutani-Fan fixed point theo-
rem is the generalization of Schauder-Tychonoff theorem|1]. The following theorems

due to Knaster, Kuratowski and Mazurkiewicz (KKM) shall be employed.
Theorem 2.6. [1] Let {Fy, ..., F,} be a family of n+1 closed subsets of an n-simplex
VU1 - . . Uy Suppose that for each 0 < k <n and 0 < iy < iy < --- <1 <n we have
VipViy - - - Uy, QEOUFil UUEk
Then .
() #0
i=0

The infinite dimensional version of the KKM theorem, Theorem 2.1, above is:

Theorem 2.7. [1] Let Q be a convez set in A, N a non-empty subset of Q, F : N —
29 a multivalued map and {F(z) : x € N'} a KKM covering for Q. If there exists an

a € N with F(a) compact, then

() Fa) #0

zeN

The following is a non commutative analogue of the Ky Fan’s minimax theorem,
as established in[1]

Theorem 2.8. Let K # 0, convexr and compact subset in A and ¢ a real-valued

function on the product space K x K satisfying the following conditions;

(2.4) for each fivred x € K, ¢(x,-) is lower semicontinuous on K and

(2.5) for each fized y € K, ¢(-,y) is quasiconcave on K
Then there exists y* € K with

o(x,y*) <sup@(z,z) for allz € K
zeK

(and therefore minye i sup,cx ¢(z,y) < sup,cx ¢(z,x))

Proof. Let A = sup,cx ¢(x, x). We may assume that A # co. For each x € K let

Fz)={y € K:¢(z,y) <A}
condition 2.4 guarantees that each F'(x) is closed and hence compact in K (note that
K is compact). We claim that {F(z) : x € K} is a KKM covering for K. If the claim
is true then Theorem 2.2 guarantees that (), F'(x) # 0. Take y* € (),cx () and

the proof is concluded.
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To prove the claim . Suppose it is not true. Then there exists {zy,...,z,} C K
and a; >0 (i =0,1,...,n) with > ja; = 1 such that

w = Zaixi € (UF(x,))/

This together with the definition of F'(x) yields
(2.6) o(x;, Z a;x;) = ¢(x;,w) > A\, fori=0,1,...,n
i=0

Finally (2.4) together with the quasiconcavity of ¢(-, w) guarantees that ¢(w, w) > A,

a contradiction. O

In the following result, we shall employ the notation: (x,g) to denote the duality
pairing for each g € A’ and = € A

Theorem 2.9. Let X : [ — .Z, @ a non-empty subset of.Z and ® : Q — 29
be upper semicontinuous with ®(X(t)) non-empty and bounded for each X(t) €
Q. Then for any g € .Z’(dual), the map ¢, : Q — R, defined by ¢ (Y (t)) =
SUD x (pyea(y (1)) [1e(X (), 9) is upper semicontinuous in the sense of real-valued func-

tion.

Proof. Fix yy € Q. Let € > 0 be given and let
€
U= {X (1) € Q11 (X(0), ) I< 5}

Notice that U, is an open neighbourhood of 0. Since ®(yo) + U. is an open set
containing ®(yy), it follows from the upper semicontinuity of ® at yo that there exists
a neighbourhood N(yg) of yo in @ with

P(Y(t)) C P(yo) + Ue for all Y(t) € N(yo)
Thus for each Y (t) € N(yy) we have that
¢g(Y(t)) = sup  Re(X(t),9) <  sup  Re(X(t),g)

X(t)e@(Y (1) X (£)e®(yo)+Ue
< sup Re(X(t),9)+ sup Re(X(t),q)
X(t)e®(yo) X (t)eU.
< Pg(yo) + €
therefore ¢, is upper semicontinuous. O

The following separation theorem shall be employed in what follows:

Theorem 2.10. [1] Suppose that A and B are disjoint, non-empty, convex sets in A.
If in addition A is compact and B is closed, then there exist f :€ A" and v € R with

max Ref(A) < v <inf Ref(B)
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3. MAIN RESULTS

Theorem 3.1. Suppose K # (), K C A is a conver and compact subset of ./T, such
that the following conditions hold:

(i) X(t) is a stochastic process; X : I — A such that X (t) € K,Vt € I

(ii) The map ® : K — 2K is upper semicontinuous with respect to a pair n,¢ € DRQE,
with ®(X (t)) a non-empty closed and convex subset of K for each X(t) € K. Then
there ezists a y(t) € K with y(t) € (y(t)).

Proof. Suppose that the result is not true, that is suppose y(t) € ®(y(t)) for such
y(t) € K. Now for each y(t) € K, Theorem 2.4 guarantees that there exists fy) € A
with

(3.1) Re(y(t), fym) —  sup  Re(X(t), fyu) > 0.
X(HED(y(®)

For each g € A, let
Vig) ={y(t) € K: Re(y(t),g) — sup (X(t),g) >0}
X(t)ed(y(t))

We observe that (3.1) ensures that K = J,.z V(¢g). In addition Theorem 2.2 im-
plies that V(g) is open in K. The compactness of K guarantees the existence of
G1,G2s -, gn € A with K = Ui, V(gi). Let {A1,..., A} be a partition of unity on
K subordinate to the covering {V(g1),...,V(g.)} (let V; = V(g;) for i —1,...,n),
that is Aq,..., A\, are continuous non negative real valued functions on K with \;
vanishing on K \ V; for each i = 1,...,n and Y ", \;(X(¢)) = 1 for all X(t) € K.
Therefore K is a non-empty,convex and compact subset of A. Let p: K xK —R
be given by

P(X(),y(t)) = Z Aiy () Re(y(t) — X(2), 9:)

For each X(t) € K ¢(X(t),-) is lower semicontinuous on K and for each y(t) €
K, XA € R the set, {X(t) € K : ¢(X(f),y(t)) > A} is convex, then by Ky Fan’s

minimax theorem (Theorem 2.5), there exists yo € K with
S(X (1), y0) <0, for all X(t) € K

that is,

(3.2) i Ai(yo)Re(yo — X (t),9;) <0 for all X(t) € K

i=1
Suppose that i € {1,2,...,n} is such that A\;(yo) > 0. Then y; € V(g;) (since \;
vanishes on K \ V;) and consequently,

Re(yo, 9;) > sup  Re(X(t),g:) > Re(xo, gi)
X(t)e®(yo)
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for all g € ®(yp) (that is, Re(yo — o, g;) > 0 for all xg € ®(yp)). Thus \;(yo)Re{yo —
xo, g;) > 0 whenever \;(yg) > 0 (fori =1,...,n) for all zy € ®(yp). Since \;(yo) > 0
for at least one i € {1,2,...,n}, it follows that

Z Ai(yo) Re{yo — o, gi) > 0

i=1
for all xy € ®(yp). This contradicts (3.2). Therefore the conclusion of the theorem is
true. U

Theorem 3.2. Assume that the maps E, F,G,H € L} (I x .Z)mvs andP: I x A —

9sesq(DEE)? , a sesquilinear form wvalued map with closed and convex values such that

a) t— P(t, X(t))(n,€&) has a measurable selection,

(

(b) X — P(t X(t)(n, &) is upper semicontinuous,

(¢) p(P(t, X (£)(1,€),{0}) < (&) (14 | X [lye) on I x A with ¢ € Li, (1),
(d)

d) llrnT_)OJr Oéng (IP (It x B)(n, f)) < k(t)aye(B) on I, where P(I,; x B)(n,§) =

(P(t, X (¢ (t.X) €L, x B}, L, = [t — 7.t + 7| NI for B € B¢, 1,6 € DRE
and k € LlOC(I). Then the quantum stochastic differential inclusion

@, X(0)6) € B X(0)0,€) X(t5) = 0 ac. on ]

has a solution on I.

Proof. It v € Ad(A)yee N L2 (A), by (a), for an arbitrary pair of 7, € D®E,
P(-,v(-))(n,€) has a measurable selection. That is there exists wye(-) € P(-,v(-))(n,€),
such that ¢ — wye(t) is measurable. By (c) we find that there exists v (t) and
o (t) = c(t)(1 + 91(t)). Now we define K as:

K = {0 € Ad(B)aue 1 L (A) : 0(t0) = 0, [ 0(6) e v(0) and
Io(t) = o(s) lne<| | va(rhdr | ¥n.€ € DsE)

Also, since wpe(-) € P(-,v(-))(n,§), there exists w : I — A such that wie(+) =
(n,w(-)E), for arbitrary 1, ¢ € DQE. Let K C K be defined as

K ={u€K: there exist v(-) € Ad(A)yae N L2, (A), wye(-)
— (,w()6) € B, o)) 8),
3.3 with .0(0)€) = {0706 + [ wne(s)ds)
and a multivalued map G : K — K defined by
Gl0) = {u & Ad(A)uue 1 L2(A) : (0:0(06) = (.208) + [ cne)s,

wie(-) = (n,w()€) € P(-,0(-))(n, )Vng € DYE}.
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G maps K into itself, since for any u € G(v); (n,u(t)E) = (n, zo€) + f(f whe(8)ds,

u(0) = 20, || u(t) [l < 61 (¢) and
| [ty [Cwglsras

G (ut) — u(s))€)
| [ ntorts
<\/ )1+ | () )~ |
< / ba(r)dr |

K is bounded and weakly-equicontinuous, since for any v € K; v € Ad(A)yeeNLZ (A,
t,s € I, given € > 0, there exists 6 > 0 such that || v(t)—v(s) ||,;¢< € whenever | t—s |<

. The weak equicontinuity follows by setting § = & where A\ = max ¢[s 4 | 12(7) |.
Moreover let ayeo(-) = aye(-) for Ad(A)wac N L2 (A and B( ) ={v(t) :v € B},
then e o(B) = max; aye(B(t)) for B CC K. Let Koy = K, Kpyy = convG(K,,) for
n > 0and I?Oo = ﬂn>0 I?n Then (I?n) is a decreasing sequence of closed convex sets.
To show that Ko is compact. Let pre.n(t) = ome(Kn(t)) and Yoen(t) = cge(G(K)(1)).
Yue.n 15 absolutely continuous with v,¢,,(0) = 0 and for 0 <t — 7 <t <T', we have

o) = enlt = 7) < (L[ anele)dss (.00 € FCo0) )0 € R )

Using
/t wne(s)ds € TeonvP (1, x Uy, . Kn(s))(n,§) for 7 < 7,
we obtain -
Cenlt) < Kty R

almost everywhere, from condition (c¢) and therefore

d
E%ﬁ(t) < K(t)pn a.e.

by letting 79 — 0+, since K, is equicontinuous. But (convA)(t) = convA(t), then

puan(t) < / K (s)pu(s)ds

hence p,,(t) — 0 uniformly, since (p,) is decreasing. Consequently, e o(Kx) =

2 and convex. We

max; oe(Koo(t)) = 0 that is Ko is compact with respect to 7%
also have IA(OO # (), since we may pick v, € IA(n and proceed in the same way to
get v,, — vy for some subsequence, hence v, € IA(OO. Now, G : IA(OO — 2R \ 0
and has convex values. If (u,) C G(v) then the corresponding (w,) has a weakly

convergent subsequence. Hence G(v) is also compact, moreover G |g_ has closed
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graph, hence G |k is Upper semicontinuous and therefore G has a fixed point in K,

by Kakutani-Fan fixed point theorem (Theorem 3.1).

Let ¢ € Ko be a fixed point of G. Then ¢ € Ad(A)yqe N L2 (A) and
t
(1. 0(06) = (1.206) + [ wael5)ds
0
But, wye(+) € P(+, 0(+))(n,&). Therefore,

9 o(t)€) = (n,w(t)E) € Pl o(t)) (1, €)

dt
and ¢(ty) = xg, a.e. t € I. Hence the fixed point of G is a solution of the problem
Fn, X ()€) € P(t, X (1)) (n,€) X (to) = zo a.e. on I. O
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