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NON-LIPSCHITZIAN CONDITION

WEIYIN FEI AND DENGFENG XIA

School of Mathematics and Physics, Anhui Polytechnic University
Wuhu, Anhui, P. R. China, 241000

ABSTRACT. This paper makes a research into a class of stochastic set differential equations
(SSDEs) disturbed by I-dimensional Brownian motion with non-Lipschitzian coefficients. The solu-
tions of SSDEs are set-valued stochastic processes. Thus, the existence and uniqueness of solutions
to SSDEs with non-Lipschitzian coefficients is first proven. And their continuous dependence on
initial conditions and a stability property are then investigated. The main mathematical tool is the

Bihari’s inequality.
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1. INTRODUCTION

The investigations of dynamic systems have been extensively developed, in con-
nection with, among other things, set differential equations which were started in
1969 by De Blasi and lervolino [10]. The evidence of set differential equations for
such areas as control theory, differential inclusions and fuzzy differential equations
can be found in [9, 11, 12, 19, 22, 23, 24, 36, 40|, and references therein. The set
differential equations are explored in [8, 14, 38]. One of the main advantages of in-
vestigating deterministic set differential equations is that they can be used as a tool
for studying properties of solutions of differential inclusions. On the other hand, the
set-valued random processes were first introduced by Van Cutsem [41]. Since then the
subject has attracted the interest of many mathematicians and further contributions
are made from both the theoretical and applied viewpoints (see e.g. [5, 7, 15, 37, 42]).
In [28, 30, 31, 35], the set valued random differential equations are explored. The
strong solution of Itd type set-valued stochastic differential equation is analyzed in
[25].

However, although there exists enormous literature where attempts have been
made to investigate stochastic differential inclusions (see e.g. [1, 2, 3, 4, 6, 20, 21,

32, 34], and references therein), it seems, as far as we know, that the problem of
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the existence and uniqueness of solutions to the SSDEs hasn’t still been solved well.
Recently, in [28], a kind of the SDDEs disturbed by Wiener processes is investigated,
where under the Lipschitzian condition the existence and uniqueness of solutions to
the SSDEs is proven. Moreover, in our current paper, under the non-Lipschitzian
condition the existence and uniqueness of solutions the SSDEs driven by Wiener
processes as well as other typical properties are studied. The mathematical tool
employed in the paper is the notion of the set-valued stochastic integral, which is
studied in [16, 18, 26, 27, 28, 33]. By using the Bihari inequality (see e.g. [13, 29]) we
prove the existence and uniqueness of solutions to the SSDEs. The work presented
here extends results obtained both for deterministic and for random set differential

equations.

The paper is organized as follows. Section 2 gives an appropriate framework
on a set-valued analysis within which the notion of a set valued stochastic integral is
given. In order to prove the existence and uniqueness for the SSDEs, the properties of
the set valued stochastic integral are provided. The existence and uniqueness of set-
valued solutions to the SSDEs disturbed by Wiener processes is proven in Sections 3.
Moreover, the continuous dependence of the solutions for SSDEs on initial conditions

and a stability property are discussed. Finally, the conclusions are made in Section 4.

2. PRELIMINARIES

Let K(R?) be the family of all nonempty compact and convex subsets of R?. In
K(RY), we define the Hausdorff metric dy of two sets A, B € K(RY) as follows

diy = max (335 inf = s it o — b||) .

Throughout this paper, let (€2, 4, P) be complete probability space. A x By is
a product o-field of Q x R. M(Q, A; K(R?)) denotes the family of .A-measurable
multifunctions with values in R?. A multifunction FF € M(Q, A; K(R?)) is said
to be LP-integrably bounded, p > 1, if there exists h € LP(Q, A, P;R,) such that
IF|Il < h a.s., where

Al :== du(A,{0}) = suIA? la|| for A € IC(Rd).
ac
Let us denote
LP(Q, A, P;K(RY) = {F € M(Q, A KRY) : [|F|]| € LP(2, A, P; Ry}

Let T € (0,00) and denote I := [0,7]. Let (2, A,{Ai}icr, P) be a complete,
filtered probability space where the sub-o-field family (A;,t € I) of A satisfies the
usual conditions. We call X : I x Q — K(R?) a set-valued stochastic process, if
for every t € I a mapping X(¢,-) = X(t) : Q@ — K(R%) is a set-valued random
variable. If X : I x Q — K(R?) is {A;}1es-adapted and measurable, then it will be
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called nonanticipating. Equivalently, the set-valued process X is nonanticipating if
and only if X is measurable with respect to the o-algebra N, which is defined as

follows
N ={AeB(I)® A: A" € A, for every t € I},

where A" = {w: (t,w) € A} for t € I.
Let p > 1 and LP(I x Q, N;R?) denote the set of all nonanticipating R%-valued
stochastic processes {h(t)}c; such that E (fOT ||h(s)||pds) < 00. A set-valued sto-

chastic process X is called LP-integrably bounded, if there exists a real-valued sto-
chastic process h € LP(I x Q,N;R) such that

11X (¢, w)||| < hlt,w) for aa. (t,w) € I x Q.

By LP(I x Q,N;K(R%)) we denote the set of nonanticipating and LP-integrably
bounded set-valued stochastic processes. Let X € LY(I x Q,N;K(R%)). For such
X and a fixed t € I, by the Fubini Theorem, we can define the Aumann’s integral
fo (s,w)ds, for w € Q. Obviously, for every ¢t € I and w € € the Aumann integral
fo X (s,w)ds belongs to K(R?) (see e.g. [15, 19]).

We say that a set-valued stochastic process X is dg-continuous, if almost all its
trajectories, i.e. the mappings X (,w) : I — K(R?) are dy-continuous functions. It is
easy to know that if X € £P(I x Q,N;K(R?)), then the set-valued stochastic process
f(f X(s)ds is dy-continuous (see e.g. Corollary 1 in [28]).

For the integral fo s)ds we have the following proposition.

Proposition 2.1. Let p > 1. If X € LP(I x Q,N;K(RY)), then fo s)ds € LP(I X
Q,N; K(RY)).

Proof. Tt is easy to know that the Aumann integral fot X(s,w)ds is a set-valued
nonanticipating process. By the assumption we know that there exists a stochas-
tic process h € LP(I x Q,N;R,) with a property ||| X (t,w)||| < h(t,w) for almost all
(t,w) € I x Q. It follows by Holder inequality that

//dp (/Xswds {0}) P(dw)dt
/ / (/ (s u)>a{0}~)ds> P(dw)dt
<o [ ( [lcce i) pas
//hpswdsPdw)<oo

which shows X € LP(I x Q, N;K(R?)). Thus the proof is complete. O
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Proposition 2.2. Let p > 1. Assume that X,Y € LP(I x Q,N;K(RY)). Then for
every s,t € I and s <t it holds

B sw < / X(v / Y (o )dv) < (t— sy / B (X (0), Y (0)do.

Proof. For every s,t € I and s < t, by virtue of the Holder inequality we have

s o [ Yo

which easily shows the claim. Thus the proof is complete. O

We introduce the 1t6 type SSDEs driven by a Wiener process, which is slightly
different from those in [28]. Let {B(t)}+cr be a one-dimensional {A};c;-Brownian
motion defined on a complete probability space (€2, .4, P) with a filtration {A}ier
satisfying usual hypotheses. For X € L?(I x Q,N;R?), let fo s)dB(s) denote the
classical stochastic It6 integral (see e.g. [17, 39]). Also, the followmg property will be
useful in the context of SSDEs.

Proposition 2.3. (i) Let X € L*(IxQ,N;R?). Then the Ito type integral [, X (s)dB(s)
belongs to L*(I x Q,N;R?). (ii) For X € L2(I xQ,N;K(RY)),Y € L2 (I xQ,N;RY),
Vs <t e I we have

dy (/OtX(u)du—F/OtY(u)dB(u),/osX(u)dqu/OSY(u)dB(u))
= dy ( / X (u)du + / Y (w)dB(u), {0}) .

Proof. The claim (i) is obvious. For the claim (ii), similar to the discussion of Propo-

sition 2.4 (ii) in [13] we complete the proof. O

Due to the Doob inequality and the Ito isometry for the classical It6 integrals

(see e.g. [17]) we have the following property.

Proposition 2.4. Let X,Y € L*(I x Q, N Rd). Then for everyt € I

/XdB /Y()v

The following Bihari’ inequality (see e.g. [13, 29]) will be needed in next section.

sup
uE S t

<4E/ 1X(0) — Y ()| 2dv.



STOCHASTIC SET DIFFERENTIAL EQUATIONS 141

Lemma 2.5. Let r be Borel measurable, bounded nonnegative and left limit function

on I andc>0. Let K : Ry — Ry be a continuous nondecreasing function such that
K(u) >0 for all u > 0.

If p(t) is a continuous nonnegative nondecreasing function on I, then the inequal-
1ty
)< c+ / K(r Ydu(s), Vtel
implies that
r(t) < GTHG(c) + ult))
for allt € I such that
G(c) + u(t) € Dom(G™),

where

1
d
K@) v, u>0,

G~ is the inverse function of G.

3. EXISTENCE AND UNIQUENESS THEOREM OF SOLUTIONS TO
SSDEs

In this section, by { B(t) }+c; we denote an [-dimensional {.A4; };c;-Brownian motion
defined on (2, A, {A;}ier, P), | € N. The process B is defined as follows B =
(BY,...,BYT, where {B'(t)}ser, . . ., { B'(t) }1c; are the independent, one-dimensional

{A;}+e-Brownian motions.

Let us consider the following SSDE of It6 type:

(3.1) dX(6) "= F (6, X (0)dt + g(t, X (1)dB(t),  X(0) = a0,

with
f:IxQxKRY) — KR,
g:1xQxKRY) —RYx R
zo: Q — K(R?Y) being a set-valued random variable.

Since g = (g',...,¢") where g* : I x @ x K(RY) — R?¢ (k= 1,...,1), one can write
(3.1) as follows

(3.2) dX () "L f(t,X(t) dt+Zg (t, X (£))dB*(t), X(0) =" 2,

where ) denote the addition of d-dimensional vectors. One can observe that such

equations generalize the classical stochastic differential equations.

Definition 3.1. By a solution to the equation (3.1) or (3.2) we mean a set-valued
stochastic process X : I x  — K(RY) such that
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(i) X € L*(I x Q,N;K(R%)),
(ii) X is a dg-continuous set-valued stochastic process,
(iii) it holds

(3.3) I£'1x0+/st ds+Z/ (s, X (s))dB¥(s).

Moreover, a solution X : I x Q — K(R) to the equation (3.1) is said to be
unique, if X (¢) T4 Y (t), where Y : I x Q — K(RY) is any solution of (3.1).

In [28], the existence and uniqueness of solution to the SSDE driven by a Wiener
process is stated under the assumption that the coefficients f, g satisfy both the uni-
form Lipschitzian condition and the boundedness condition. In the present paper, we
will study the existence and uniqueness theorem under assumptions that the coeffi-
cients only satisfy a non-Lipschitzian condition and a boundedness condition, where
the disturbed term in (3.1) slightly differs from the one in [28].

Throughout this paper we will assume that f : I x Q x L(R%) — K(R?), ¢*
IxOxKRY) — R (k=1,...,1) satisfy: the mapping f : (I x Q) x C(R?) — K(R?)
is N x By, \ By,-measurable and ¢* : (I x Q) x L(R?) — R? is N ® By, \ B(RY)-
measurable.

We will give the non-Lipschitzian condition of coefficients of SSDE (3.1). Let us
first introduce the following hypotheses:

(H3.1) ¢ is an Ag-measurable set-valued random variable such that Ed% (g, {0}) < .
(H3.2) Both f(t,{0}) and g*(¢, {0}) are bounded, i.e.,

max{dy (f(t, {0}), {0}), lg"(t, {ODIP} < C, k=1,....1,

where C' is a constant.
(H3.3) The non-Lipschitzian condition, i.e., for Va,y € K(R9),

max{dy (f(t, ), f(t.y)), lg"(t, ) — g"(t, y)|*}
< CK(dy(z,y),  k=1,...1
with C' as in (H3 2). And K ( ) is a continuous increasing concave function on
R such that (i) f 7% = +oo; (ii) K(0) =0 and K(u) > 0, Vu > 0.
From the definition of K'(u) in (H3.3), we easily show that G(u) defined in Lemma
2.5 is strictly increasing, G(u) — —oo as u | 0 and G™*(u) — 0 as u — —oo0.

We state the following existence and uniqueness theorem of SSDE (3.1) or (3.3).

Theorem 3.2. Let (H3.1)-(H3.3) hold. Then there exists a unique solution X (t) to
equation (3.1), and

(3.4) Esupdy (X(t),{0}) < oo

tel
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Moreover

(3.5) lim Esup dg(Xa(t), X () = 0,

n—oo tel

where X, (t), t > 0 and n > 1, are defined as follows:

(3.6)  Xn(0) = o,

Xo(t) = X () st ds+2/ s))dB"(s)

1
if—<t§z+ L, i=0,1,...,
n

2>|@

ZX 1[,/n (i+1)/m)(t) being a simple function.

In order to prove the theorem, we need to prepare several lemmas. We notice
that (3.6) can be rewritten as

(3.7) X, (t) = 20 + /0 fs, Xu(s))ds + > /0 g" (s, Xn(s))dB"(s).

Lemma 3.3. Let (H3.1) hold. Assume that f(t,z) and g*(t,x) (k=1,...,1) satisfy
the linear growth condition, i.e., there exists a positive constant L such that for all
re K(RY),Vtel,

(3.8) max (d;(f(t, x),{0}), lg"(t, =)||*) < L(1 + d}(z,{0})) a.s
Then there ezists a C' > 0 such that

, Vn e N.

3| Q

Edy(Xa(t), Xa(t)) <

Proof. By virtue of the definition of X,,(t), we have X, (t) € £2(I x Q,N;K(R?)).
Thus, we have:

e the composition f(-,-, Xn(-,+)) : I x @ — K(R) is nonanticipating set-valued
stochastic process, and the composition g*(-, -, )?n(, ) I x Q — R? is nonan-
ticipating R?valued stochastic process,

e the composition f(-,-, Xn(-,-)) € L2(I x Q,N: K(RY), ¢*(-,-, Xn(-,-)) € LI x
QN;RY k=1,...,1,

e due to Propositions 2.1 and 2.3 that the process X,, defined as in (3.6) belongs
to L2(I x Q,N;K(RY)), and is dy-continuous.

In terms of Propositions 2.2 and 2.4, it follows from (3.7) and (3.8) that

E sup dy(Xa(s),{0})

0<s<t

< (142) | Ed%(x0,{0}) + E sup d%( /0 ) Flu, X (u))du, {0})

0<s<t
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S

+ZE sup || gk(U,Xn(u))dBk(u”P]

0<s<t 0

<(1+2) {Edz(ggo, {0}) +tL /t(1 + Ed%,(X,(u),{0}))du
AL / (14 B (R (), {0}))@]

t
<eiton / E sup &(Xo(s), {0})du,
0

0<s<u

where ¢; = (I+2)[Ed% (2o, {0})+T?L+4ILT], ca = (1+2)(T+41) L, the last inequality
is from the definition of the simple function )zn(t) Thus, by using Gronwall inequality,
we obtain

(3.9) E sup d5;(X,(s),{0}) < cie®, Vtel.
0<s<t

From Propositions 2.2-2.4, (3.8) and (3.9), we therefore have that, if 0 < s <t < T,
t—s f; %a
Edj(Xa(t), Xa(s))
t ! t
= BEd}, (/ fu, Xp(u))du + Z/ g"(u, X, (u))dB*(u), {0})
S k:]. S
t
< @+ 1) | Ba [ 10 Tt (o)
I 2
+> E ‘ ]

k=1
<(+1) [(t =) [ B (0, Kata), (0

s

/ 0" (1, () )dB* (1)

1
+4ZE/t
k=1 §

<(I+1)L {(t—s)/ (1+Ed§1()~(n(u),{0}))du+4z/ (1+Ed§{()zn(u),{0}))du]

g'f<u,f<n<u>>H2du]

<(+1)L l(t — )2+ Al(t — )+ (t — s+ 40) /t Ed2 (X, (u), {O})du}

< (I+1)L[T 44l + (T + 4l)ce™)(t — s) == C(t — 5) <

Thus, the required inequality follows by the definition of )zn(t) The proof is complete.
]

Lemma 3.4. Let (H3.1)-(H3.3) hold. Then we have

Esup d3; (Xom(t), X,(t)) — 0 as m,n — oo.
tel
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Proof. By the definition of K(u), we can choose two positive constants x and p such
that K(u) < k + pu,Vu > 0. From (H3.2), we obtain

dy (f(t,2),{0}) < 2(d(f(t, ), f(t.{0})) + d; (f (¢, {0}), {0}))
< 20K (d%(z, {0})) + 2C < 2Ck + 2C + 2Cpd? (z, {0}),

which shows that f(t,z) satisfies the linear growth condition (3.8). Similarly, ¢*(¢, x),
(k=1...,1), satisfy (3.8). Therefore, we have

E sup d3;(Xm(s), Xu(s))

0<s<t

— E sup d </08f(u,)?m(u))du+z/os gk(u,)?m(u))dB'f(u),/Osf(u,)?n(u))du

+ki [ gk<u,;zn<u>>d3k<u>>
<1+ZE02&V (f 100 Tty [ 10 %000
ki | e Souanta) ]
< (0t [ By (50 R S0, )

1—1—ZZ/ E|lg" (u, X (w))|?du := I, + L.
From (H3.3) and the concavity of the function K (u), we deduce

<300+ DB [ 16870 R0 £ X))
By Xon (), s X)) B s Xo(0), £ (1, o))}
<3014 1)TC /0 t [ BR(@(Ru(u), X))
B (X (), X, () + B (X,(w), Ko(w)))] du
3(1 4+ 1)TC / K(Bd(X (), Xon(u))
(B (X0, X)) + K (B (X ), Kaw)] du
which, from Lemma 3.3 and the function K () being increasing, shows that
C

I <3(1+1DT*C (K (-
m

) VK (%)) +3(14+1)TC /OtK(Ede(Xm(u),Xn(u)))du.
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Similarly, we have

B<12040) Y [ Bl Zonlw) - ¢ X))
(0 X (1) — 0, X )
(0 X 1) — ¢, ) P

<1201+ 01C [ (BRI (Fn), X (w0)
+EK (d2(Xon(u), Xn(w)))
+EK (A3 (Xo(0), X ()] du

o

<1040 [ KB (Fonfa), X))
+K(Edy(Xm(u), Xo(u)))
K (B3 (Xo(0), X0 (w)] du

Q)
3|

<12(1+1)ICT <K(E) + K(

)
+12(1+ 1)IC /0 t K(Ed% (X (u), Xp(w)))du.

Thus, we have

E sup d?{(Xm(s),Xn(s)) <L+

0<s<t

t
<O / K (B2 (Xon(u), X, ()
0
t
<™y G, / K(E sup d(Xo(s), Xu(s)))du,
0

)

where

)+ K(

S
3| Q

C™ = (3(1+DT?*C + 12(1 + DITC) (K(
Cy=3(14+1)TC+ 12(1 +1)IC.

Obviously, C{"" — 0 as m,n — oc.

By Bihari’s inequality (see Lemma 2.6), we have

E sup d3;(X,.(s), Xn(s)) < GTHG(CT™™) + Cqt), Vtel.

0<s<t

Due to the properties of the functions G and G, we deduce

G(C{"") + CoT — —o0 as m,n — oo,



STOCHASTIC SET DIFFERENTIAL EQUATIONS 147
from which we know

Esupd3;(Xm(s), Xu(s)) < GHG(CT™) + CoT) — 0 as m,n — oo.

sel

Hence, the proof is complete. O

We now can start to prove Theorem 3.2.

Proof of Theorem 3.2. From the definition of X, (t), Propositions 2.1 and 2.3 we
know that the process X,, defined as in (3.6) belongs to £L2(I x Q,N;K(R?)), and is

dg-continuous.

By Lemma 3.4, we know that X,,(t) is a Cauchy sequence in £2(I x Q, N; K(RY)).
Thus, there exists a X (¢,w) = X (t) such that X, (t) — IE! X(t) and (3.5) holds.

Observing that P-a.s. for every t € [ it holds
dy (X, (t,w), X(t,w)) = 0 asn — oo,
we deduce that X, (¢,-) : Q — K(RY) is an A;-measurable multifunction. Thus, X is a

continuous {A}c-adapted set-valued stochastic process, and hence nonanticipating.
As X, € LY x QN;K(RY), we know that for every fixed t € I the set-
valued random variable X, (t) € £L%(Q, A, P; K(RY)), which, from (3.9), implies that
Esupd?(X(t),{0}) < oco. Thus (3.4) holds. Further, EfOTd%[(X(t),{O})dt <
tel
T sup Ed? (X(t),{0}) < oo, which means that X € £2(I x Q,N;K(R?)).
tel

In what follows we shall show that X is a solution to equation (3.1). Since the
function K'(u) is increasing and concave, due to (H3.3), Propositions 2.2 and 2.4, we

have

2
(3.10) Eusel[lopt]d </ F(s, X, (s))ds / fs, X(s )

/0 “(s, X, (5))dBH(s) — / (s, X(s))dB"(s)

2

+ E sup
kZ:; u€e(0,t]

Esupd2</st ds/st )

u€l0,t]

+Esupd§{(/st /st )
u€e(0,t]

/0 (s, X, (5))dBH(s) — / "4 (s, Xa(s))dB(5)

2
+ZE sup

=1 u€e(0,t]

l u u 2
£30E s || [ g X (DB )~ [ M X (5B )

=1 u€(0,t] 0 0

E sup K(d%()zn(u),Xn(u)D

u€(0,s]

2t +4z>0/0t
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u€l0,s]

+E sup K (d%(Xn(u),X(u)))] ds

2T + 41) c/ (E sup & (Xo(u ),Xn(u))> ds

u€[0,s]

2(T+4Z)C'/O K (E sup d%(XAu),X(u))) ds

u€(0,s]

From Lemma 3.3 and the definition of X (t), we deduce I,, — 0. Hence, we have, for
Vtel,

Esupd2</st ds/st )—>O,
u€|0,t

/0 (s, X, (3))dBH(s) — / (s, X (s))dB(s)

Z E sup
i—1 uElo

2
— 0 as n — o0,

from which we can let n — oo in (3.6) to obtain that, for Vt € I,

t l t
X(t) =z + / f(s,X(s))ds+ Z/ g"(s, X (s))dB*(s).
0 o Jo

In other words, X () is a solution to equation (3.1).

Finally, we prove that X is strongly unique. Let us assume that X, Y : I x Q —
K(RY) are strong solutions to equations (3.1). Define £(t) = E sup d%(X (u),Y (u)).

u€(0,t]
From Propositions 2.2 and 2.4, we obtain

)2 s i ([ st X, [ 565, (5

/0 (s, X (3))dB*(s) — / (s, Y (s))dB" (s)

§t) < (1+1)

l

+ E sup
; u€e(0,t]

< (140 [t | B 06, ¥ 6

43" [ Blgts.X(5) —g'f<s,Y<s>>ds||2]

< (1+0)(T+4)HC /Ot EK (d3(X(s),Y(s))) ds

7

< (1+l)(T+4l)C’/OtE ( sup K (d%,(X(u),Y(u)))) ds

u€(0,s]

< (1+l)(T+4l)C/0tK (E sup diI(X(u),Y(u))> ds

u€(0,s]
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— (14 1)(T +4)C /K ds—C'1/K

By Bihari’s inequality (see Lemma 2.5), we have

£(t) < GTHG(0+) + Cit) =0, Vt >0,

I P1

which shows that X () Y (t). Thus, the proof is complete. O

4. STABILITY OF SOLUTIONS TO SSDEs

A stability of the solution with respect to initial value is a desired property. This
kind of stability ensures that in the case of replacement of xy by its approximate
value 19, the solution of equation with initial value y, does not differ much from the
solution of equation with initial value xy. We will show that such the property holds
for solutions of SSDEs. Let X, Y denote strong solutions to SSDEs
(4.1) dx(t) "= f(t X (1)dt + g(t, X (£)dB(t),  X(0) = o,

(4.2) dy () "= f(, Y (0)dt + (1, Y (0)dB(E), Y (0) = yo,

respectively.
Proposition 4.1. Assume that x,y0 € L*(Q, Ay, P;K(RY), and f : I x Q x
KRY) — KRY), ¢* : I x A x K(RY) — R (k =1,...,1) satisfy (H3.1)—(H3.3).

Then we have

E sup dj;(X(u),Y(u)) < GTHG(Cp)) + Cit), Vtel,

u€(0,t]
where Co = (2 + ) Ed%(zo, y0), Cy = (24 1)(T + 41)C. Especially, if zg = yo, then
X0 "Ly ).

Proof. Let us assume that X,Y : I x Q — K(R?) are solutions to the equations
(4.1) and (4.2), respectively. Define r(t) = E sup d%(X(u),Y (u)). Since K(u) is

u€(0,t]
increasing and concave, from Propositions 2.2 and 2.4 we obtain

r(t) < (2+1)

+ E sup
; u€e(0,t]

<(2+41) [Edzmyo) = B (f(s. X (), £(5, Y ()))ds

+4Z/0 E||9'€(87X(8))—gk(s,Y(S))llzdS]

Ed3 (w0, v0) + E sup dH</st ds/st )

u€e(0,t]
2]

/0 " (s, X (5))dB(s) / (s, Y (s))dB"(s)
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< (24 D) Ed2 (20, yo) + (2 + D)(T + 41)C /0 BK (d% (X (s),Y(s))) ds

< (24 1) Ed3 (20, o)

+ 2+ )T+ 4l)0/0t EK < sup d%(X(u),Y(u))) ds

u€(0,s]

< (24 ) Edy (0, yo)

+(2+l)(T+4l)C/OtK (E sup d;(X(u),Y(u))> ds

u€[0,s]
t t
= (2+ 1) Ed5 (20, y0) + (2 + (T + 4Z)C'/ K(r(s))ds := Cy + C4 / K(r(s))ds.
0 0
By Lemma 2.5 we have

r(t) < GHG(Cy) + Cit), Vt > 0.

If = Yo, then Cy = 0. By the properties of the functions G and G~!, we know
r(t) = 0 which shows that X () TLd Y (t). Thus, the proof is complete. O

The exponential stability of stochastic differential equation driven by semimartin-
gale is discussed in [29]. Now, the second kind of stability for strong solutions to
SSDEs which is stability with respect to the equation coefficients f, ¢g* (k= 1...,1)
is explored. We will show that if approximations f,, g, ..., ¢! of the coefficients
fs gl, R gl converge to the exact coefficients, then approximate solutions converge
to the solution of the equation with exact coefficients, too. Therefore, let X, X,

denote solutions of the following SSDEs

(4.3) dxX ) "E F, X @) dt + g(t, X()dB(t), X (0) = z,
(4.4) dX(t) " Fu(t, Xn(£)dt + gn(t, X (0))dB(E),  Xn(0) Z o,
respectively.

Proposition 4.2. Let zy € L2(Q, Ao, P; K(R?)), and f, fn : IXQxK(RY) — K(RY),
g gk I x Qx KRY - R (neN, k=1,...,1) satisfy (H3.1)-H(3.3). Assume
that for every x € K(RY) it holds

(4.5) I /0 & (fult, 2), F(2))dE — 0,

T
(4.6) E / 14 (6 2) — g ()]t — 0, k=1,....1,
0

as n — oo. Then, for the solutions X, X, : I x Q — K(R?) of the equations (4.3),
(4.4) we have
Esupd3; (X,(t), X(t)) = 0 asn — oo.

tel
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Proof. The solutions X to (4.3) and X, to (4.4) exist and are unique due to Theorem
3.2. By (H3.1)-H(3.3), Propositions 2.2 and 2.4 we deduce

vseu(gd2/fnsX ds/st ))ds)

<otk / By (5, Xal8)), Fuls, X (5))
18 [l X 55, X 6]

<207 [ BR( (). X())ds

L TE / o (fals, X (), £ (5. X (5)))ds),

and
B s / 65 (5, Xo(3))dBH(s) — / ¢ (s, X (5))dB* ()
< 8[E /||gnsX ~ g (s, X(s))|Pds

+E/O lgn(s, X (s)) — g"(s, X (s))|ds]
< 8[0/0 EK(d7(X,(s), X(s)))
+/0 Ellgh(s, X (s)) — g"(s, X (s))[ds],

from which, we have, for t € I,

E sup d3(X,(v), X (v))

vel0,t]
supd2(/fnsX /st )
ve[0,t

/0 g (5, Xo())dB*(s) / (s, X (3))dB¥(s)

l

E sup
ve(0,t]

|

k=1

<201 +1) lCT /t EK (d4(Xo(s), X (s))) ds
+T / B (ful(s, X (5)), £(s, X (s)))ds

+4iC /Ot EK (d%(Xo(s), X (s))) ds

1y / Ellgk (s, X(s)) — g*(s X () %ds
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2(1+1) lC(T + 41) /t EK (d3(Xa(s), X(s))) ds

iT / B (fuls, X (5)), £ (s, X (s)))ds
14y / Bllgt(s, X (s)) - gk<s,X<s>>H2ds]

C(T + 41) /OtK (E sup d%,(xn(v),X(v))> ds

v€|0,9]

<2(1+1)

+T / B (fuls, X (5)), £ (s, X (s)))ds
"> / E||g:z<s,X<s>>—gk<s,X<s>>||2ds]

=07+ 0, /OtK <E sup d%{(Xn(U),X(U))> ds,

v€|0,9]

where

CT=2(1+1) [T/O Ed3(fa(s, X(s)), f(s,X(s)))ds

Y [ Blokts. x5 - 'f<s,X<s>>r|2ds],

0

= 20(1 + (T + 41).
Again by Bihari’s inequality (see Lemma 2.5) we obtain

E sup dy(Xa(v), X (v)) < GTHG(CT) + CoT),

ve[0,T)

Hence, from assumptions (4.5) and (4.6), we know that C]" — 0 as n — oo, from which
we have G(C}) — —oo as n — oco. By the definition of G™!, we have G~ (G(C}) +

CyT) — 0 as n — oo. Hence, we prove immediately the claim. O

5. CONCLUSION

In real dynamic systems, we are often faced with random experiments whose
outcomes might be multi-valued. We analyze this phenomenon by using the set-
valued calculus. The stochastic set differential equations characterize a large class of
physically important dynamic systems which can be applied in such areas as control,
economics and finance, etc. In this paper, we discuss the behavior of solutions to
SSDEs disturbed by the Brownian motion with non-Lipschitzian coefficients. First,
the existence and uniqueness theorem of solutions to the SSDEs of It6 type is proven

by employing the well-known Cauchy-Maruyama approximation procedure (c.f. [29]).
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Second, the stability of solutions to the SSDEs is discussed. Main mathematical tool
is Bihari’s inequality. Moreover, the present case can be in future extended to the

SSDEs driven by one-dimensional continuous local martingales.
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