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ABSTRACT. A complex nonlinear nonstationary stochastic system of differential equations are
decomposed into nonlinear systems of stochastic perturbed and unperturbed differential equations.
Using this type of decomposition, the fundamental properties of solutions of nonlinear stochastic
unperturbed systems of differential equations are investigated. The fundamental properties are used
to find the representation of solution process of nonlinear stochastic perturbed system in terms of

solution process of nonlinear stochastic unperturbed system.
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1. INTRODUCTION

One of the most well known methods for investigating the nonlinear dynamic
processes in sciences and engineering is the method of nonlinear variation of constant
parameters [10, 11, 12, 14, 29].

Knowing the knowledge of the existence of solution process, the method of varia-
tion of parameters provides a very powerful tool for finding the solution representation
of systems of differential equations [10, 11, 12, 14, 29]. The idea is to decompose a
complex system of differential equations in to two parts in such a way that a system
of differential equations corresponding to the simpler part is either easily solvable
in a closed form or analytically analyzable. However, the over all complex system
of differential equations are neither easily solvable in a closed form nor analytically
analyzable [10, 11]. The method of variation of parameters provides a formula for a
solution to the complex system in terms of the solution process of simpler system of

differential equations.

In this paper, an attempt is made to find a representation of solutions of nonlinear
and nonstationary Ito6-Doob type stochastic system of differential equations in terms

of solutions processes of smoother system of It6-Doob type stochastic differentials.
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The organization is as follows: In section 2, the problem is formulated. In section 3,
several auxiliary results are established for unperturbed system of nonlinear [t6-Doob
type stochastic differential equations. In section 4, a variation of constants formula
is established. In section 5, examples are given to illustrate the usefulness of the
methods. The Developed results are a convenient tool in discussing the properties of

solutions of the perturbed system.

2. PROBLEM FORMULATION

Let us formulate a problem. We consider a mathematical description of a non-
linear dynamic phenomenon under randomly varying environmental perturbations
described by a complex system of nonlinear nonstationary It6-Doob type systems of

stochastic differential equations:

where y € R, c € C[J x R",R"|, ¥ € C[J x R", R**™], and C[J x R", R"| (C[J x
R™ R™™]) stands for a class of continuous functions defined on J x R"™ into R"
(R™™); n and m are positive integers ; and J = [to,tp + a) for some positive real
number a; xy is an n-dimensional random variable defined on a complete probability
space (0, F, P); w(t) = (wi(t),ws(t),...,wy,(t))? is an m-dimensional normalized
Wiener process with independent increments; zy and w(t) are mutually independent
for each t > t5. We decompose complex system of stochastic differential equations
(2.1) into two parts. The decomposition is based on the decomposition of its drift

and diffusion rate functions as follows:

c(t,y) = flt,y) + F(t.y)
and
S(ty) =olt,y) +T(ty)
where the rate functions f(¢,y) and o(t,y) are considered to be simpler form in the
sense of better structure and conceptually smooth. Thus, (2.1) can be rewritten as
(2.2)
dy = [f(t;y) + F(t,y)ldt +[o(t,y) + T(t, y)ldw(t)

The simpler form of mathematical model of dynamic process corresponding to
(2.2) is described by

de = f(t,x)dt + o(t,z)dw(t)
= f(t,x)dt+ >, o (t, x)dw(t), x(to) = xo.

Systems (2.2) and (2.3) are considered to be perturbed and unperturbed systems of

(2.3)

stochastic differential equations, respectively.
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Remark 2.1. In the absence of any reasonable decomposition of the type (2.2), it is
always possible to consider the above decompositions with F'(t,y) = c(t,y) — f(t,y)
and Y(t,y) = X(t,y) — o(t,y) for any suitable choice of rate functions f(¢,y) and

o(t,y).

3. AUXILIARY RESULTS

Our main objective is to develop the variation of constants formula with respect
to (2.3) and its perturbed system (2.2). For this purpose, first we investigate the
[t6-Doob stochastic partial differentials of solution process (t, to, xo) of unperturbed

system (2.3) with respect to initial conditions (¢, x¢).

In the following, under certain smoothness assumption on the rate functions of
unperturbed stochastic system of differential equations (2.3), we establish the second
order differentials of the solution process of (2.3) with respect to (to,zo). In this
section, by recalling the existence of differential of solution process of unperturbed
system of stochastic differential equations with respect to initial state, we first es-
tablish the existence of second order differential with respect to xq. Moreover, as
the byproduct, we show that the differentials satisfy Ito-Doob type of stochastic non

homogeneous matrix differential equation.

Lemma 3.1. Assume that o and f in (2.3) are twice continuously differentiable with
respect to x for fived t, and f.. , 0. are bounded with respect to x. Furthermore, the

initial value problem (2.3) has a unique solution process x(t, to, xo) existing fort > t.
Then

2

——®(t, 10, 20) = Wfb’(t,to,xo)

(3.1) o -

exists, and is the solution of the following Ito-Doob type nonhomogeneous stochastic

matriz differential equation:
(3.2) dY = [H(t,to, z0)Y + P(t) dt+z (t,to, 20)Y +Q()]dwy(t),  Y(to) =0;

where the nxn matrices H(t,ty, 7o) = fo(t, x(t, to, 7)) and T (t, o, z0) = oL (¢, x(t, to, o))

are continuous,;

02
P(t) = (a . ®Z<I> (t,to, zo)e )@(t,to,xo);

2
Q(t) = <§2 ®Z®tto,xo )@(t,to,xo),

O(to, o, xo) is the n X n identity matriz and ® is the tensor product of two matrices.
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Proof. From the assumptions of the lemma, we conclude that ®(¢, to, zo) = %x(t, to, o)
exists and is the solution of the [to-Doob type stochastic matrix differential equations

along the solution process x(t, to, zo) of (2.3)[11, 23]:
(33) dY = H(t, to, ZL’Q)Ydt + F(t, t(), l’o)Yd’LU(t), Y(to) = Inxn-

In the following, we show that %x(t,to,xo) exists and it satisfies the stochastic
differential equation (3.2). For this purpose, we consider the following: For small
A >0, let Azg =Y, ey ; where e = (0,0,...,1,...,0)” whose k-th component is
1. Moreover, let ®(t, \) = O(t, to, xo+Axg) and O(t) = P(t, to, x0) be solutions of (3.3)
through (to, zo + Azg) and (to, zo), respectively, and x(t, \) = x(t, to, o + Axg) and
x(t) = z(t, to, xo) be solutions of (2.3) through (¢, zo + Azg) and (g, zo) respectively.

Under the assumptions of Lemma 3.1 and applying Lemma 6.1[11], we conclude that

(3.4) /l\ln% O (t, A) = ®(t) uniformly on J.
We set
(3.5) AD(t,N) = D(t, ) — P(¢), Ad(tg, A) = 0.

Let R(0) = %f(t, x(t, to, xo +0Azg)) with 0 < 6 < 1. From the assumptions, we note

that R is continuously differentiable with respect to €, and hence

d
@R(Q) = foa(t, x(t, o, w0 + 0Ax0)) @ (D(t, 1, 10 + 0Ax)Amp).

By integrating both sides of (3.6) with respect to 6 over an interval [0,1], we have

(3.6)

1
R(l) — R(O) = / fxx(t, [L’(t, t(), xo + QAZL'Q)) X (@(t, to, To + QAZL'Q)AZE())CZQ
0
This together with the fact that R(1) = 2 f(¢,z(¢, A)) and R(0) = 2 f(t,z(t)) yields

Sl ) = o (1 2(0) = (1, 0), 900, ),

where
1

(3.7) J(t,z(t, ), D(t, \)) :/ fua(t, x(t, to, To+0AZY))R(D(2, to, xo+0Az)Axy)dl
0

Similarly, by setting
"9
Za_ (t, 2(t, to, 2o + O0AZy))

and using the continuous differentiability of G with respect to 6 and chain rule, we

have

(38) %G(e) ZUim(t,l’(t,to,Io —|—¢9ALE‘0)) (029 ((I)(t,to,.flf(] +‘9ALEO)ASL’0)
=1
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By integrating both sides of (3.8) with respect to 6 over an interval [0,1], we get
Z / (2t to, 70 + OAT0)) ® (B(E, to, 0 + BATe) Adig)db.

This together with the fact that G(1) = 3", 20'(¢, z(t,\)) and G(0) = Y-, 20'(t, z(¢))
yields

Z 30— t,a(t,\) — (%al(t,x(t))] = > At a(t,\), (£, V),

where

1
(3.9) Al(t, z(t), D(t, A)):/ ol (t,x(t, to, 20 +0A20)) @ (P (2, to, T +0AT) Azg)dh.
0

Note that the integrals in (3.7) and (3.9) are cauchy-Riemann integrals. Using the
hypotheses of the Lemma, n xn matrices J(t, z(t, \), ®(¢, \)) and Al(t, z(¢, \), ®(¢, \))
are continuous in (t,z,A) for [ = 1,2,3,...,m. Furthermore, from (3.7), (3.9) and

the bounded convergence theorem[24], we obtain

J(t,z(t,N), ®(t,N))

(3.10) lim ’ s = faalt, x(t, to, ) Zcb (t,to, z0)er)
and
AVt z(t, N, D(E, N -
a1y MEENLON) o) @ (3 0t o))
k=1

From (3.5), using the fact that ®(¢, A) and ®(¢) are solutions of (3.3), we obtain
d(®(t,\) — ®(t)) = dP(t,\) — dd(t)

= fu(t,x(t, N)D(t, \)dt + i ol (¢, 2(t, N)O(t, \)dwy(t)

=1

= [fx(t z(t, A)@(t, A) — falt, z(1))D(¢)]dt
(3.12) +Z (t,2(t, \)B(t, \) — ol (£, () B ()] duwy ().

By adding and subtracting f,(t,z(¢))®(t, \)dt and Y ol (¢, x(t))®(t, \)dw,(t) in
(3.12), we obtain

d(®(t,A) = @) = [falt, x(t, ), A) — fult, (£)) (2, A)
+e(t,2(8) R (8 A) — fa(t, 2(2))D( )]dt

+[zm: ol (t, z(t, X)) D(t, N)dw,(t Za (t, 2(£))®(t, \)dw(t)
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—i—Za (t, () D(t, \)dw,(t ZO’ (t, z(t))P(t)dw,(t)]
= [f:v(t 2(1))(B(t, A) — &(1)) + (fm(tvx(tv A)) = falt, x(2))) (2, A)]dt
+Z O(t,A) — @(1))

+(%(t7 w(t, N) — oy (t, 2 (1)) R(t, )] dw(t).
This, together with (3.7), (3.9) and the definitions of A®(¢,\) in (3.5), yields

R VA () et G RIULILR LR O

}:pgux@»A¢fA)+A(“““§%®@A»@@Aﬂmw@y

(3.14)

From (3.10) and (3.11), system (3.2) can be considered as the nominal system
corresponding to (3.13) with initial data Y'(¢y) = 0. It is obvious that the initial
value problem (3.13) satisfies all the hypothesis of Lemma 6.1 [11], and hence by its

application, we have

AdD(t, A
(3.15) ;iné % = Y'(t) uniformly on J,
where Y (¢) is the solution process of (3.13). Because of (3.4) and ( 5), we note that
f M)(t’\ in (3.13) is equlvalent to 5= 32 @(t, to, o). Thus 3 <I>(t to, To) is the

solution process of (3.2). Moreover, -2-®(t, to,zo) 8x2x(t,t0,xo). O
0

the limit o
) Dxo

Example 3.1. Let us consider a scalar nonlinear unperturbed stochastic differential

equation:
(3.16) dx = ax(p — z)dt + fzdw(t), x(tg) =
where o, 3 and p are any constant. Find zZ-z(t, o, 7o) and 7 2x(t to, o).

Solution: We note that f(t,z) = az(p — z) and o(t,x) = [z are continuously
differentiable with respect to z. In fact & f(t,z) = a(p — 2z), aa—;zf(t,x) = —2auw,
2o(t,x) =, and & 2 5(t, ) = 0. The closed form solution of (3.16) is

t -1
x@%mﬁz@@%ﬂf+@/@@@%ﬂ,
to
where ®(t,ty) = exp[—(ap — 13%)(t —to) — B(w(t) —w(ty))]. The partial derivative of
solution processes x(t,to, ro) with respect to xg is

(I)(ta tO)
x(tv th II}'(]) = £
81’0 (@(t, to) + axg LO (I)(t, S)d8)2

(3.17)
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and

52 —2a®(t, tp) (t,s)ds
5(t, o, o) = . ft

3.18 — —
(3.18) Oxj (®(t,t) +axoft (t,s)ds)3

Moreover, aa—;x(t, to, To) satisfies the following matrix differential equation:
0

(3.19) ay = ||alp—2[@(t to)zg* +a /t a(t,s)ds| )]

to

XY — 2a®%(t, ty)|dt + BY dw(t), Y (ty) = 0;

The following result shows the existence of partial differential of solution process
of (2.3) with respect to ty.

Lemma 3.2. Let us assume that all the hypothesis of Lemma 3.1 be satisfied. Let
x(t,to, xo) be the solution process of (2.3) existing fort > ty. Then

8t0$(t, th ZI}'(])

exists and:

N —

atox(ta t07 l’())

n m a
( Z% i (t, to, x0)o l(%#o)#@oﬁo)) dto
J nx1

=1 =1 0

+(t, toa%)[z 0% (to, 70)o' (to, w0) — f(to, x0)]dto

=1
(3.20) — 2’”: D(t,tg, 20)0' (to, 2o )dw(ty)
=1
with
(3.21) Oy (to, to, To) = Za to, 20) 0 (to, x0) — f(to, o) | dto

— Z al(to, :l?o)dwl(to)

=1

Proof. Let Aty = X\ > 0 be a positive increment to ty, and define
(3.22) Ax(t,\) = z(t, to + A, zo) — x(t, to, xo)

where x(t, to+ A, zo) and z(t, to, x¢) are solution processes of (2.3) through (to+ A\, zo)
and (to, o), respectively. Let

ALE(T,()) = .flf(to + )\, to, ZL’(]) — l’(to, to, l’o).

Set R(0) = x(t,to+ N, zo+0Ax(ty)). It is obvious that R is continuously differentiable
with respect to 6, and hence

d 0

(3.23) T RO) = Salt,to + Az + 00a(to)) A ()
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= D(t,tg + \, w0 + OAz(t)) Ax(to).

By integrating both sides of (3.23) with respect to 6 over an interval [0,1], we have
1
R(1) - R(0) — / Bt o + A, 20 + OAZ(t)) Ax(to)do).
0

This, together with the fact that R(1) = x(t,to + A\, x(to + A, 1o, 20)) and R(0) =
x(t,to + A, o), yields
(3.24)

1
2t to + N 2t + M fo, 7)) — 2(t, o + A, ) = / B(t, to + \, 2o + O (to)) Azt ) 6.
0

Because of the uniqueness of solution of (2.3) we have z(t, tg, xo) = x(t,to + A, x(to +

A, to, o)) and equation (3.24) can be written as
1
(325) ZL’(t, to + )\, ZL’Q) — ZL’(t, to, ZL’()) = — / @(t, to + )\, xo + eAl'(to))Al’(to)de
0

By adding and subtracting ®(¢, ¢y + A, zo) Az (to) , P(t, to + A, x(to + A, to, xo)) Ax(to)
and ®(t,tg, xo)Az(ty) in (3.25) and using the fact that

(326) (I)(t, to, LU()) = (I)(t, to + )\, .flf(to + )\, to, LU()))(I)(tO + )\, to, ZL’()),

we have

(3.27)

Al’(t, )\) = — [@(t, to + )\, xo + QAZL'(t())) — (I)(t, t() + )\, l’o)]Al’(to)d@

S~

D(t,to + A, x(to + A, to, o)) — D(t, to + A, 20 )] Az(to)
®(t,to, o) — P(t,to + A, x(to + A, to, 20))|Az(to) — P(¢, o, wo) Ax(to)

1

[@(t, to + )\, xo + QAZL'(t())) — (I)(t, t() + )\, l’o)]Al’(to)d@

+
+

S~

O(t, to + N, x(to + A, to, 7o) — D(t, to + A, z0)] Az(to)
O(t,tg + N\, z(to + A, to, 20))P(to + A, to, xo)

— B(t, to + N (o + A, to, 20))]| Az(t)

_ q>(

t, to, l’o)A!L’(to)
1
= — [ [®(t,to+ Az + OAT(to)) — B(t, to + N, 20)] A (to)df

+
+

o

+[@(t to + A, z(to + A to, w0)) — P(E, o + A, o) A(to)
+ [(I)(t, t() + )\, l’(to + )\, to, l’o))(q)(t() + )\, t(), [L’()) — (I)(to, t(), [L’()))]Al'(to)
— @(t,to,l’o)A!L’(to).



NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS 441
We set G(v) = ®(t,tg + N\, xg + YOAz(ty)) for 0 < ¢ < 1. It is obvious that G is
continuously differentiable with respect to v, and hence

By integrating both sides of (3.28) with respect to 1 over an interval [0,1], we have

(3.28)

/ -t o+ Ao+ OA (1)) © (9Aa(to)dv.
Lo

This together with G(1) = ®(¢, o+ A\, ko +0Ax(ty)) and G(0) = O(t, to+ A, o) yields
(3.29)

1
0
q)(t’tﬁ')\a$0+9A$(t0))—®(t,to+)\,$o):/ %‘b(t,t0+)\,$o+¢9A$(to))®(9Al‘(to))d¢
o 0o

Similarly, by setting g(5) = ®(t,to + A\, xg + SAx(ty)) for 0 < § < 1, and repeating
the previous argument, we obtain

o) = a%@(t, fo+ A a0 + BAD(t0)) ® Axlty).

This together with g(1) = ®(¢,t9 + A, o + Az(tg)) and g(0) = D(¢,tg + A, zo) yields
(3.31)

1
0
@(t,to—l—)\,ZL’Q—I—AZL'(t()))—(I)(t,tO—I—)\,ZL'Q):/ —8 (b(t,to—l—)\,ZL’Q—I—ﬁAl’(tQ))@Al’(tQ)dﬁ
0

Zo

(3.30)

Using (3.29) and (3.31), (3.27) reduces to
(3.32)
A / / 81’0 t t() + )\, xo + ’QDQAZL’(t()))

/ o= Ot to + A, 20 + A(t)) ® Ax(to) Ax(to)df
0

+ (t to + A ZL’(t() + A t(), Io))(q)(to + )\, to, ZL’Q) — (I)(to, t(), ZL’Q))]AZL’(to)
- @(t,to,l’o)Al’(to).

Adding and subtracting a%@@(t, to+ A, z0) @ (0Ax(ty))Ax(ty) and a%@@(t, to+ A, 29)®
(Ax(tg))Ax(to) in (3.32) yields,

(3.33)
1,1
Az(t,\) = — /0 /0 a%[é(t,to + A, 20 + p0AZ(tg))
— (Lt + A\, 20)] @ (0Az(to))Ax(to)dipdo
1
+ /0 %[(E(t, t(] + )\, To + BALL’(T,(])) — (I)(t, t(] + >\, SL’Q)] ® Al’(to)ASL’(to)dﬂ

+ [D(t, o + A z(to + A, to, 20)) (P(to + A, o, 2o) — P(to, to, 70))]Az(to)
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10
t 55— ®tto + A, 20) ® Az(to) Ax(to) — (t, to, m0) Ax(to).
0

Using the bounded convergence theorem|[28], the concept of It6-Doob type differential

and sufficiently small increment At to o, (3.33) reduces to

(3.34) Dy (t, to, 20) = [B(t, to, m0)dD(to)]da(to)

10
+ - (t t(), ZL’Q) & dl’(to)dl’(to) — (I)(t, t(), l’o)dl’(to)
2 8:1:0

(I)(t to,l‘o ZO’ to,l‘o dwl t(] ZO’l to,l‘o dwl to)
1

=1 =

1 0
—|—§a—fb(t to,l’o ®l21:0' to,l’o)dwl to 121:0' to,l’o)dwl(to)

— (I)(t, to, LL’()) to, i) dt(] + Z t(], LL’O dwl to)]

(ZZ Big Di;(t, to, z0)o (t(),xo)aé'(to,fb’o)) dto
nx1

7j=1 I1=1

+ B(t, to, 20)[ > _ 04 (to, 20)0" (to, o) — f(to, o)]dto

1=1
— Y ®(t, o, 20)0" (to, o) duw (o)
=1

This shows that 0y, z(t, to, ) exists and it is represented as in (3.20). This together
with t = ¢y and (3.2) yields (3.21). O
Example 3.2. Let us consider a scalar linear unperturbed stochastic differential
equation:
(3.35) de = f(t)xdt + o(t)xdw(t), x(to) = zo,

where f and o are any differentiable functions defined on J = [ty, ¢y +a] into R, where
a > 0. Find 0y, x(t, to, o).

Solution: Note that f(t,z) = f(t)x and o(t,z) = o(t)z are continuously dif-
ferentiable with respect to z. Moreover, = f(t,z) = f(t) and Zo(t,z) = o(t). The
closed form solution of (3.35) is given by

l’(t, t(), ZL’Q) = q)(t, to)l’o
Let us consider the following:
(3.36)  @(t,to + A, mo) — x(t, Lo, %o)
= x(t, o+ A xo) — x(t, to + A 2(to + A, Lo, 20))
= (I)(t, to + >\)SL’0 — (I)(t, to + )\)LL’(tQ + >\, to, LL’())
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= —®(t, tog+ N)[z(to + A, to, o) — xo]
= —®(t,t0 + N\)Ax(to)

—[®(t, to + N) — ®(t, to) + P(¢, to)]Az(to)

(Bt to 4+ A) — B, to)] Aa(to) — B(t, to) A (to)

O(t,tg) — P(t, to + N)]|Ax(tg) — P(t, to)Ax(to)

D(t,tg + N\)P(to + A, to) — D(t, to + N)]Ax(ty) — P(t, to) Ax(to)
= O(t,to+ N)[DP(to + N, to) — I|Ax(tg) — P(t, to)Ax(to)

t to + )\)A@(to, tQ)A[L’(tQ) (t, to)A!L’(to)

[
[

—~

(t
= P(t,
Using the bounded convergence theorem [28], the concept of [t6-Doob type differential
and sufficiently small increment A to ty, (3.36) reduces to
(3.37) Opyx(t,to, x0) = P(t, to)dP(to, to)dx(ty) — (¢, to)dx(to)
O(t,t0)[f (to)P(to, to)dto + o(to)P(to, to)dw(ty)]

quad X [f(to)xodty + o(to)xedw(ty)]
O(t, to)[f (to)xodto + o (to)xodw(ty)]
to)o(to)o(to)xodty — ®(t, to)[f(to)xodty + o(tg)zedw(to)]
to)[o?(to) — f(to)]modty — ®(t, to)o (to)wodw(ty).

)
)
)
— (1,
— (1,

Example 3.3. Let us consider a scalar linear perturbed stochastic differential equa-

tion:
(3.38) dr = [f(t)x + p(t)]dt + [o(t)x + q(t)|dw(t),  x(ty) = o,

where f, o, p and ¢ are any differentiable functions defined on J = [to, ¢y + a] into R,
where a > 0. Find 0y, (t, ty, o).

Solution: Note that f(t,z) = f(t)z+p(t) and o(t,z) = o(t)x +q(t) are continu-
ously differentiable with respect to z. Moreover, & f(t,z) = f(t) and Zo(t,z) = o(2).

Using the application of lemma (3.2) we obtain
(3.39)  Opx(t,to,r0) = ®(t,to)[(c*(to) — f(to))xo + o(to)q(te) — p(to)]dto
—®(t, to)[o(to)xo + q(to)]dw(ty).

In the following, we state and prove the existence of It6-Doob type mixed partial

differentials of solution process of (2.3).

Lemma 3.3. Assume that all the hypothesis of Lemma 3.1 hold. Let x(t,ty, o)
be the solution process of (2.3) existing for t > to. Then the mized It6-Doob type
partial differentials Oy, (O x(t, to, xo)) and Oy (Oryx(t, to, xo)) exists and they are equal.
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Moreover,

n m P
(340) 8930(8,50 (t to,l‘o [ ( 28—% zy t to,l’o) (to,l’o)O'é»(to,Io))
nx1

j=1 [l=1
+Z® t to,l’o to,l’o) l(to,l’o)]dto
With initial condition:

(341) 8960 8,50 Z g, to, .TL’(] to, l’o)dto

Proof. Let Az(ty) = x(to + A, to, zo) — (o, to, o). Using (3.26), Lemma (3.1) and
the continuous dependence of solution process of (3.1), we examine the following

differential:
(342) 8x0$(t, to + )\, LU()) - 8x0l'(t, to, ZL’(])

0 0
= 875(7@ to + A Sl?(])dl’(] + = (—(I)(t, to + >\, SL’Q) & dxo)dxo
0
0

0
[&Eo = 2(3
= [q)(t7t0 + A7$0) - é(tat07$0)]dx0

+1[

t to, ZL’Q)d{L’o + (t to, ZL’Q) ® dl’o)dl’o]

0
2\ 9r ((I)(t t() + A l’()) @(t, to, l’o)) & dl’o]dl’o.
0

Since ®(t, tg, xg) = P(t, to+ A, x(to+ A, to, 20))P(to+ A, to, 2o), by adding and subtract-
ing ®(t,tg + A\, x(tg + A, to, xo))dzo in (3.42), using generalized mean value theorem

and algebraic manipulations, we get
(3.43)
89603:(15, t(] + )\, LU()) - 8x0l'(t, to, ZL’(])

= [(I)(t, t(] -+ >\, SL’(]) — (I)(t, to —+ )\, LL’(T,Q -+ >\, to, S(Z(]))(I)(to + )\, to, xo)]dl’o

+3la

= [(I)(t, t(] + >\, SL’(]) — (I)(t, to + )\, LL’(T,Q + >\, to, SL’Q)) + (I)(t, t(] + >\, S(Z(to + )\, to, LL’()))

— O(t,t0 + A\, z(to + A, to, 20))P(to + A, to, xo)|dzo

1.0
+ = [ ((I)(t to + A LU()) (I)(t, to, LU())) X dl’o]dl‘o

(I)(t t() + A 1’0) Cb(t, to, l’o)) ® dl’o]dl’o

/ 1y + A, 0 + O (1)) © Aa(to)d6dy
Zo

— (I) t to —+ )\ LL’(T,Q -+ >\ to, S(Z(]))((I)(to —+ )\,to,l’o) — [nxn)dl’o

1.0

[81’ ((I)(t t() + A 1’0) Cb(t, to, l’o)) ® dl’o]dl’o
0

+
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Again by adding and subtracting 52 3 (. to + A, 20) ® Ax(to)dzg in (3.43), we get
(3.44)

0x0x(t, to + )\, ZL’Q) — 8960:5(15, t(), ZL’Q)
1
)
0 / (@t to + Xm0 + 02 (to)) — O(t,to + A, 20)) & Aa(to)db]dag
0 0

0
— (I)(t, to + )\, x(to + >\, to, ZL’(]))A(I)(to)d.Z’O — %q)(t, to + )\, LU())) X Al’(to)dl‘o
0

1.0

*3 [0:)30

((I)(t t() + A 1’0) (b(t, to, l’o)) ® dl’o]dl’o

For sufficiently small Aty = A > 0, uniform convergence theorem, solution process of
[t6-Doob type stochastic differential equations (2.3) and (3.3), It6-Doob calculus and

continuous dependence of solutions with respect to initial conditions, we obtain

(3.45) Oy (Dug(t, o, o)) [<228 @i (1 t0,70)0(f0, 1) (to,x0)>

7=1 [=1
+ Z@ t to,l’o to,l’o) l(to,l’o)] dto.

On the other hand, using (3.20) we examine the following differential
(3.46)

8t0a:(t, t(), Zo + Al’o) — 8t0x(t, to, ZL’())

(Z Z a 2] t to, o -+ ASL’(]) (to, o —+ ALL’())O';»(T,(], o -+ Al’o))

jlll nx1

+ @(t, to, ZTo + AZL’Q)[Z Ui(to, Zo + Al’o)O’l(to, Zo + Al’o) — f(t(), ZTo + Al’o)“dto

=1
=Y ®(t,to, 29 + Azg)o! (to, z0 + Ax)duwy(to)
=1

(ZZ a 1] t t(),:lj'o) l(ih,:);’g)O’ﬁ-(to,l’o))

7j=1 =1

+ O(t, t,, xo)[z o} (to, 20)0 (to, x0) — f(to, zo)lldte — > (£, to, x0)o (to, zo)duwy (to)]

=1 =1

n m a
— [— ( ' Z a—q)ij(t, t(], ZTo -+ Al’o)al(to, ZTo + ALL’())O';»(T,(], ZTo + Al’o))

nx1

J
zn: ; i<;t>-»(ztt z0)0' (to, o)k (o, o) Jdt
- (9:17 ig\by YO, L0 0,40/ 4100, L0 0
nx1
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+ ®(t, to, 7o + Az0)[ > 0% (to, 10 + Ao) o' (to, zo + Axg) — f(to, zo + Ado)]dto
=1

O(t,to, zo)| ZU (to, xo)o to,l'o) f(to, zo)]dto

=) " ®(t, to, 2o + Amo)o' (ty, o + Azo)dwy(to) + > (. by, x0)o (to, z0)dwy (t).
=1 =1

By adding and subtracting ®(t, to, zo) >, ' (to, T + Azg)dw;(t) in (3.46) yields
(3.47)

8t0x(t, to, o + Al’o) — 8t0a:(t, t(), ZL’Q)

n m D)
= [5 (Z Z 8;(:0 (I)w(t to, Zo -+ ASL’(]) (to, Zo + ASL’(]) (to, ) + A$0)>

nx1

1 n m a
3 <Z 8—%(1%]'(15,to,xo)al(to,xo)aé-(to,:co)) Jdto

nx1

+ (I)(t, t(), Zo + AZL’Q)[Z O'lm(to, Xo + AZL’Q)O’l(tQ, Zo + AZL’Q) — f(to, Zo + Al’o)]dto
=1

— ®(¢, %o, Io)[z o', (to, 20)o' (to, wo) — f(to, xo)]dto

=1

— [®(t, to, 0 + Azg) — (¢, t0,70)] Y _ 0 (to, w0 + Ao )duwy(to)
=1

t to,l’o Z to, Zo + ASL’Q) — 0 (to, l’o))dwl(to)
=1

From the continuity of rate coefficient matrices and the continuous dependence

of solution process, we have

(348)  Ou (O (¢, o, 0)) (Zza 0 ij(t, to, 20) ' (to, o) (t07$0)>

7j=1 1=1

+ Zq) t t(),ZL'Q to,l’o) l(to,l’o)]dto

This establishes the proof of (3.40). Since a%ofb(to, to, xo) = 0 and P(to, to, To) = Lnxn

at t = ty, we have
(349) 8x0 8t0 Z g, to, .TL’(] to, l’o)dto

This completes the proof of the Lemma. O
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Example 3.4. Let us consider a scalar linear unperturbed stochastic differential
equation:

(3.50) de = f(t)zdt + o(t)zdw(t), x(to) = o,

where f and o are any differentiable functions defined on J = [tg, ty+a] into R, where
a > 0. Find 0,,(0,x(t, o, z0)).

Solution: Note that f(t,z) = f(t)x and o(t,z) = o(t)z are continuously dif-
ferentiable with respect to . Moreover, 2 f(t,z) = f(t) and Zo(t,z) = o(t). The

closed form solution of (3.50) is given by

I(t, to, IL’(]) = (I)(t, to)l‘o.

Using (3.26), Lemma (3.1) and the continuous dependence of solution process of

(3.1), we examine the following differential:
(351) 8m0x(t,t0 + )\,SL’(]) - 8x0x(t,t0,x0)

B 0
- [8—9:0x(t’ to+ N, xg) — a—xox(t, to + A, x(to + A, to, 20))]dro

= [®(t, to + \) — ®(t, to)]dxo

= [D(t, to+ X)) — D(t, to + N)P(to + A, to)]dxo
= —®(t,to + \)[@(to + A, to) — P(to, to)]dzo
= —®(t, tg + N AD(tg, to)dwo.

Using the bounded convergence theorem|[28], the concept of It6-Doob type differential

and sufficiently small increment X to o, (3.51) reduces to

(3.52)
h By (t, to, o))

= —®(t, to)dD(to, to)drg
= —B(t, t0) [/ (to) D to, to)dto + o (to) ko, to)dw(to)] [ (to)zodto + o (to)zeduw(to)]
= —®(t, tg)0*(to)wodto.

4. METHOD OF VARIATION OF CONSTANTS FORMULA

In this section we shall establish the method of variation of constants formula

with respect to (2.3) and its perturbed system (2.2).

Theorem 4.1. Let the assumption of Lemma 3.1 be satisfied. Let y(t,to, xo) and
x(t, to, xo) be solution processes of (2.2) and (2.3), respectively, through the same
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initial data (to, xg), for all t > tg. Then

(4.1)

y(t. o, 20) = (t, o, 20) + / B <Zza%<bm<t, s, y(s))0' (s y<s>>T§<s,y<s>>>
v <ZZ 05 () 5 45 5, >>)
s <Z > 5, (5) Y (5, (5 Vs y(s»)

Proof. From the application of Lemmas 3.1, 3.2, 3.3 and the It6-Doob differential
formula with respect to s for tg < s < t, we have

(4.2)
dsz(t, 5,y(s)) = O (t, 5,y(s)) + Oz (t, 5,y(5)) + 0o (O (t, 5,y(s)))

305, 3(5) & )iy

(ZZ iy (t, 5,y(s ><s,y<s>>o—;<s,y<s>>> ds

+

Bt 5,y()(>_ oL(5, 5(5))0' (5, 5(s)) — F(5,y()))ds
d(t,s,y(s Zal s))dw(s) + ®(t, s, y(s))dy(s)
=1

- (ZZ ij(t, 5,y(s))0' (3, 5(5))(05(5,y(5)) +T§(s,y($)))> ds

nx1

D(t,s,y(s Z (5,5(s)) + T'(s,y(s)))ds

1, 0 —
+§(a—<1>(tsy ®121:O' s,y(s))dw(s Za (s,y(s))dw(s)

=1

o'(s,y(s))dwi(s)

Ms

+§(0—:)30(I)t8y ®ZT s,y(s))dw;(s)

=1
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3

Since the right hand side of (4.3) is continuous with respect to s, we integrate from
to to t, and obtain the variation of constant formula (4.1). O

Corollary 4.2. Let the assumption of Lemma 3.1 be satisfied, except that only c(t,y)
in (2.2) can be decomposed. Let y(t,tg,xo) and x(t,to, xg) be solution processes of
(2.2) and (2.3), respectively, through the same initial data (to, o), for all t > t,.
Then

(4.4)

it to0) = alt.to0) + [ 3 (Z aiqaj(t,s,y(s))al<s,y<s>>o—;<s,y<s>>)

x
j=1 1=1 0

nx1

. ( Za%%(t,s,y(s))a%s,y<s>>2§»<w<s>>>
1
5
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Proof. From the application of Lemmas 3.1, 3.2, 3.3 and the It6-Doob differential

formula with respect to s for tg < s <t, we have

(4.5)

dsx(t, s,y(s)) = O x(t, $,y(s)) + Onex(t, 5,y(s)) + Ouy (Opx(t, 5,y($)))

O(t,s,y(s ®Zley Ydw(s Zm: s))dw(s)

By simplifying (4.5), we get

(4.6)

At s, y(s) = [2 [ 305 2t 5, y(5))0' (5 4()0 (5, y(s))
2\ & Oz X
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Since the right hand side of (4.6) is continuous with respect to s, we integrate from

to to t, and obtain the variation of constant formula (4.4). O

Corollary 4.3. Let the assumption of Lemma 3.1 be satisfied, except that only X(t,y)

n (2.2) can be decomposed. Let y(t,to, xg) and x(t,to, xg) be solution processes of
(2.2) and (2.3), respectively, through the same initial data (to,xq), for all t > ty.
Then

(4.7)
y(t7t07x0> = S(Z(t,to,l’o) / [1 ( Zail’o ZJ t S y ))Tl(svy(s))aé'(svy(s)))
1 [=x— 0 ! l
— 3 (Z Z 8—%%(@ s,y(s))o (S,y(S))Tj(S,y(S))>

+3 (ZZa%w,s y() T (s (s ))T;<s,y<s>>)

Proof. From the application of Lemmas 3.1, 3.2, 3.3 and the It6-Doob differential
formula with respect to s for tg < s <t, we have

(4.8)

ds(t,5,y(s)) = Oy (t, 5,y(8)) + Dug(L, 8, Y(s)) + O (T 2(, 5, y(5)))

- 30t 5, y(5)) & dy)y
(ZZa (1 5,9(3))0 (5. 5(5))} (5. (s >>> ds
7j=1 =1 ol
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O(t, s, y(s ZU s,9(s))(0'(s,y(s)) + Y'(s,y(s)))ds
1,0 i
+§(8— (t,s,y(s) ®ZO’ (s,y(s))dw(s Za (s,y(s))dw(s)
=1 =1

+%(ai (t, 5, (s @Za s.y(s))dwi(s) Y T (s,y(s))dwi(s)
+1<%q>tsy @Zwsy )dwi(s) > (s, y(s))duwi(s)
=1

By simplifying (4.8), we get

(4.9)
dy(t, s, y(s [ ( Za%o ity 5, y() T (s,9(s)) o5 (s, y (s )))
j=11=1 nx1
- ( > gy Pl sy(6)o'Gs ,y<s>>rz<s,y<s>>)

% < Zai ity s, y(s ))Tl(s,y(S))Tﬁ'(s’y(s))>

(1, 5,y(s))e(s, y(s)) Za 5, 5(3) 75, y(5))] | ds
+ Y B(t s, y(5) Y (s, y(s))dw(s).

Since the right hand side of (4.9) is continuous with respect to s, we integrate from

to to t, and obtain the variation of constant formula (4.7).

Corollary 4.4. Let the assumption of Lemma 3.1 be satisfied, except that c(t,y)
n (2.2) and X(t,y) in (2.3) cannot be decomposed. Let y(t,ty,x¢) and z(t,to, o)

be solution processes of (2.2) and (2.3), respectively, through the same initial data

(to, o), for allt > ty. Then

(4.10)

it to0) = alt.to0) + [ 3 (Z %%(us,y<s>>al<s,y<s>>o-;-<s,y<s>>)

j=1 1=1 0

(zza Pis(t, 5, y(s >>zl<s,y<s>>z§<s,y<s>>)
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‘(ZZ Dy (k5. y(s )(s,y<s>>z§<s,y<s>>>

D(t, s, y(s [Zasy a'(s,y(s))

nx1

— 3 (s,y(s))) + c(s,y(s)) — f(S,y(S))Hds
+> / O(t,5,y(s))[X' (s, 5(s)) — o' (s,y(s))]dwi(s).

=1 to

Proof. From the application of Lemmas 3.1, 3.2, 3.3 and the It6-Doob differential

formula with respect to s for tg < s < t, we have

(4.11)
dsx(t,5,y(s)) = O (t, s,y(s)) + Oug(t, 8, y(5)) + Oug (O (t, 5, y(5)))

+ s, y(5) @ )y

1 P IET R EICVEIETRTEl) IS
2

=1

O(t, 5,y(s ZU $,9(5))a"(s,5(s)) = f(s,y(s)))ds

—ZO’ s,y(s))dw(s)]

+ O(t, s,y(s)) ds+ZE s, y(s))dw(s)]

(ZZ Oz Di(t,s,y(s))o ( y(S))Zé(&y(s))) ds

O(t,s,y(s Za s,y(5)5 (s, y(s))ds

1,0 . &
+§(8 O(t,s,y(s ®ZZ (s,y(s))dw(s Z:: s))dw(s)

doalt,5,0(9) = [ (ZZ (5, 5(5)0" (5, (5)) 5. >>)
+3 (ZZ 5,5 5. 5(9) 5} 5.0 >>)



454 T. ZERIHUN AND G. S. LADDE

_ ( Zaixo(bij(t,s,y(s))Ul(S,y(S))E§(5>y(s))>

nx1

+@(t,5,y(s)) [Z 7 (5,5()) (' (5, y(s))

= (s, y(5))) + els, y(5)) = f(s,y(5)] | ds

+ Y 0t s,y(s) [ (s, 9(5) — o' (s, y(s))]duwi(s).

=1

Since the right hand side of (4.12) is continuous with respect to s, we integrate from

to to t, and obtain the variation of constant formula (4.10). O

Remark 4.1. In Corollary (4.4), if

1. o(t,z) = 0 and c(t,x) = f(t,x), then the variation of constant formula reduces

to

(412) y(t, to, [L’()) = [L’(t, t(), ZL’Q)

1 1 0
]—1 =1 nx1

+ Z/ﬁ O(t,s,y(s)) X' (s, y(s))dwi(s).

2. f(t,x) =0 and X(t,z) = o(t, x), then the variation of constant formula reduces
to

(4.13) y(t, to, xo) = x(t, to, o) —I—/ O(t,s,y(s))c(s,y(s))d(s).

to

5. EXAMPLES

Example 5.1. Consider a scalar linear unperturbed and perturbed stochastic differ-

ential equations:

(5.1) de = f(t)zdt + o(t)zdw(t), x(to) = o,
and
(5.2) dy = [f(t)y + p()ldt + [o(t)y + q(t)]dw(t),  y(to) = o,

where f, o, p and ¢ are any differentiable functions defined on J = [to, ¢y + a] into R,

where a > 0. Then
t

(5.3) y(t,to, o) = 2(t, to, 20) + / B(t, )[p(s) — o()g(s))d(s) + / B(t, 5)q(s)duw(s).

to to
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Solution: Let x(t) = x(t,t9,z0) and y(t) = y(t,to, zo) be solution processes of
(5.1) and (5.2) through (¢, zo), respectively. Since z(t) = x(t, to, xg) = P(t, to)xo [11],
the partial derivative of x(t, ¢, 7o) with respect to zo will be 5Z-x(t, to, 20) = (1, to).
Moreover, agch(t, to, 7o) = 0. From Lemma (3.2), the partial dlfferentlal of x(t,ty, zo)
with respect to ty is given by

(5.4) i, to, o) = D(t, to)[02(to) — f(to)|zodto — B(t, to)o (to)zodw (to)
At t = tg, we have
(55) 8t0a7(t0, t(), ZL’()) = [0'2(t0) — f(to)]l’odto — U(to)l’odw(to)

Moreover, from Lemma (3.3), the corresponding It6-Doob mixed partial differential

of solution process z(to, to, xo) of (5.1) is given by
(56) 8t0m0x(t, to, ZL’(]) = —(I)(t, to)Uz(to)Iodto

Using the method of variational constants, Theorem 4.1, the solution of (5.2) is given
by (5.3).

Example 5.2. Consider a scalar nonlinear unperturbed and perturbed stochastic

differential equations:

(5.7) de = f(t)zdt + o(t)zdw(t), x(to) = o,
and
(5.8) dy = [F(t)y — p(t)=y¥ldt + o (Oydu(t),  y(to) = 2o,

2
where f, o and p are any differentiable functions defined on J into R. Then

(5.9) y(t,to, xo) = x(t, o, xo) +/t D(t, s)[%p(t)y?’(s)]ds.

Solution: Let z(t) = x(t,t9, o) and y(t) = y(t,to, o) be solution processes of
(5.7) and (5.8) through (to,x¢), respectively. The partial differential of z(t, to, o)
with respect to initial data is given in Example 1. The closed form solution of (5.8)
is

(¢, t0)|x0|
\/ 14 a3 ft s)D2(t, s)ds

The partial differential of y(t, ¢y, xo) with respect to ¢y is
(5.11)
1
Dyt to, 0) = (L, to) (£ (to) + 0™ (t0))x0 — 5p(t)20°]dto — D(t, to)o (to)oduw (to)-

At t = tg, we have

(510) y(t to,l’o

(5.12)  Buy(to,to, m0) = [(F(to) + 02 (k) )70 — %p(t)xog]dto — o(ty)zoduw(to)
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Moreover, the corresponding Ito-Doob mixed partial differential of solution process

y(to, to, o) of (5.7) is given by
(513) 8t0m0y(t0, to, IL’(]) = —(I)(t, t0)0'2 (to).flf(]dto

Using the method of variational constants, Theorem 4.1, the solution of (5.8) is given
by (5.9).

Example 5.3. Consider a nonlinear unperturbed and perturbed stochastic differen-

tial equation:

(5.14) dx = ax(n — x)dt + fzdw(t), z(to) = o,
and
(5.15) dy = [ay(n —y) + g(t,y)|dt + [By + o(t,y)ldw(t),  y(te) = o,

where «, # and n are any constant, g and o are differentiable functions. Then

(5.16)

y(t, to, o) = z(t, to, z0)

St s (6055 + 0000 (0) = s )] s
+/ O(t, s)o(s,y(s))dw(s).

to
Solution: Let z(t) = x(t,to,x¢) and y(t) = y(t,ty,z9) be solution processes
of (5.14) and (5.15) through (to,x¢), respectively. The partial derivative of solution

processes x(t, to, ro) with respect to g is

B(t,t
(5.17) O ot tg,20) = k)
dxg (®(t,to) +axoft (t,5)ds)?
and
2 —2a®(t,tp) (t,s)ds
(5.18) 9 (t, to, 20) = 0 J @
O ((t,to) + azo [, O(t, 5)ds)®

Moreover, the partial differential of z(t, to, xo) with respect to ty is
—af?x (IDttoft (t,s)ds
(D(t, o) + g fto (t,s)ds)3
+ B2O(t, to) o — B(t, to)axo(n — zo)dty — B(t, to)Brodw(ty).

(5.19) Oryx(t, to, 20) =

The corresponding It6-Doob mixed partial differential of solution process z(t, t, zo)
of (5.14) is given by

2032230 (t,to) [, O(t,5)ds
(®(t, to) + axg fto (t,s)ds)?

(520) 8t0x0x(t, to, IL’Q) = (I)(t, to)ﬂ2$0 dto



NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS 457
Using the method of variational constants, Theorem (4.1) with f(¢,z) = ax(n — x),

o(t,x) = Bz the solution of (5.15) is given by (5.16).

Example 5.4. Consider a scalar linear unperturbed and perturbed stochastic differ-

ential equation as:

(5.21) dz t)xdt + Z o' (t)xdw(t) x(to) = zo,
and
(5.22) dy = [A(t)y + P(t)]dt + Z tyy + T (t)dwi(t),  y(to) = o,

where A and ¢! are any differentiable functions defined on J into R"*" and P, T! are
any differentiable functions defined on J into R™.Then
(5.23)

t m

y(t,to,xo):x(t,to,xo)—l—/ $)=Y _o'(s)Y'(s ds+Z/ ®(t,s)Y!(s)dw(s).

to =1

Solution: Let z(t) = x(t,t9, o) and y(t) = y(t,to, o) be solution processes of
(5.21) and (5.22) through (¢, zo), respectively. The partial differential of x(t, o, x¢)
with respect to initial data is given in Example 1. Using the method of variational
constants, Theorem 4.1 with f(t,z) = A(t)x, o(t,z) = >, o'(t)x the solution of
(5.22) is given by (5.23)
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