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ABSTRACT. This paper investigates the nonlinear boundary value problems of a class of first
order impulsive integro-differential equations of Volterra type on time scales. By developing a new
comparison result and using monotone iterative technique, We obtain the existence of extremal
solutions and unique solution of the problem. An example is discussed to illustrate the efficiency of

the obtained results.
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1. INTRODUCTION

The theory of calculus on time scales, which has been created to unify continuous
and discrete analysis, was initiated by Stefan Hilger [1]. Much of the work devoted

to the time scale calculus has been summarized and organized in literature [2,3,4].

The study of boundary value problem of general differential equations has re-
ceived much attention [4-9,14,15]. To obtain existence results of the boundary value
problem, someone may use the method of upper and lower solutions coupled with
monotone iterative technique [5]. There are large number of papers devoted to the
applications of this method to differential equations with initial and boundary value
problems, for details, see [6-10]. To our best knowledge, the application of this mono-
tone method for differential equations on time scales is not much [11-13]. Xing, Han

and Zheng [11] considered the following initial value problem on time scales

{ 22 (1) = 1), [Lk(t, s)z(s)As), te€[0,T]r,
z(0) = xo,

and in [12], they considered the following periodic boundary value problem

{ 25 (1) = t), [l k(t, s)z(s)As), t € [0,T]r,
z(0) = a?(a(T)).
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In both of these papers, the authors used monotone iterative technique to derive the
existence of extremal solutions to the problems and obtained sufficient conditions
under which such problems have extremal solutions. In [13], Geng, Xu and Zhu

discussed the following periodic boundary value problem

r2(t) = f(t,x(1)), teJ =10,T)r —{ti,to, ..., tm},
w(tf) — x(ty) = Llz(ty), k=12,...,m,
z(0) = z(o(T)),

and obtained the existence of extremal solutions of the problem.

Motivated by the results mentioned above and [6,14], this paper is concerned
with the existence of extremal solutions and unique solution for the nonlinear bound-
ary value problem of a class of first order impulsive integro-differential equations of
Volterra type on time scales. Section 2 contains some basic definitions and proper-
ties of calculus on time scales. In section 3, we establish a new comparison principle
and discuss the existence and uniqueness of the solution for the first order impulsive
integro-differential equations with linear boundary on time scales. In section 4, exis-
tence results for extremal solutions and unique solution are obtained by using method
of upper and lower solutions coupled with monotone iterative technique. To illustrate

the obtained results, an example is discussed in section 5.

2. SOME RESULTS ON TIME SCALES

In this section, we list the following fundamental definitions and results concern-
ing time scales to make the paper is selfcontained. Further general details can be

found in [2-4] and references therein.

Through out this paper, we denote by T any time scales, i.e. T is a nonempty
closed subset of R. Let 0,7 be points of T, an interval [0,7]r denoting time scale
interval, that is, [0,7]r = {t € T : 0 <t < T}. Other types of intervals are defined

similarly.
Definition 2.1. For t < sup T and ¢ > inf T, the mappings o, p: T — T,
ot)=inf{reT:7>t} €T, pit)=sup{reT:7<t}eT

are called the forward jump operator and the backward jump operator , respectively.

If o(t) > t, t is said to be right scattered, and if o(t) = ¢, t is said to be right
dense; if p(t) < t, t is said to be left scattered, and if p(t) = ¢, ¢ is said to be left
dense. If T has a right scattered minimum m, define Ty = T — {m}; otherwise set
Ty = T. If T has a left scattered maximum M, define T* = T — {M}; otherwise set
Tk =T.
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Definition 2.2. For y : T — R and t € T*, we define the delta derivative of y(t),
y2(t), to be the number (when it exists) with the property that for any € > 0, there
is a neighborhood U of ¢ such that

ly(o(t)) — y(s) — y>(t)(o(t) — s)| < elo(t) —s|, forallse U.

If FA(t) = f(t) for each t € T*, then we define the delta integral by fab f(s)As =
F(b) — F(a), and F' is called antiderivative of f.

Lemma 2.1. Assume that f,g: T — R are delta differential at t, then
(f9)® = f2(0)g(t) + f(a(1)g>(t) = f(£)g™(t) + F2(1)g(a(t))

A function p : T — R is called rd-continuous, if it is continuous at right-dense
point in T and its left limits exist at left dense points in T. If f is continuous at each
right dense point and each left dense point, then f is said to be continuous function

on T.

Lemma 2.2. If f is rd-continuous and t € T* then ftg(t) = wu(t)f(t), where u(t) =

o(t) —t is the graininess function.
Definition 2.3. A function p : T — R is regressive provided
1+ pu(t)p(t) #0, forallt e T.
The set of all regressive and rd-continuous functions will be denoted by R(T, R).

For two functions p, ¢ € R(T,R), define a plus @ and a minus © by

_p
1+ pp

If p € R(T,R), then the delta exponential function is given by

t
ep(t,s) = exp (/ g(T)AT) for s,t € T,

' | p(r), if p(r) =0,
with g(r) = { aLog(L + u(r)p(r)), if u(r) # 0.

pOq=p+upg, OSp:= . pOq=pd ().

Here Log is the principle loga-

rithm.

It is known that y(t) = e,(t, to) is the unique solution of the initial value problem
y® =p(t)y, y(te) = 1.

Remark 2.1. If 1+ u(t)p(t) > 0 and t, € T, then e,(t,ty) > 0; if p(t) > 0 for t > o,
to € T, then e,(t,ty) > 1.

Lemma 2.3. Assume that p,q € R(T,R), then the following hold:

(i) eo(t,s) =1 and ey(t,s) = 1;
(i) ep(o(t),s) = (L4 pu(t)p(t))ep(t, s);
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(iii) o5 = eop(t, 5);

(iv) ey(t,s) = ep(ls,t) = egp(s, 1),

(V) ep(t,m)ep(r, s) = ey(t, s);

(Vi) ep(t, s)eq(t, s) = epaq(t, s);
(vill) £ = epeq(t, 5)

3. PRELIMINARIES

In this paper, we investigate the following nonlinear boundary value problem
(NBVP) on time scales:

= f(t2(t), [ Kt 8)z(s)As), t €T =J—{tr,ts- . tm,o(T)},
—a(t7) = Li(a(ty)), k=1.2,....m,

where J = [0,0(T)]r, f € J x R* — R is continuous in the second and the third
variables, and for any x,y € R, f(-,z,y) is continuous in J', k(t,s) € C(J x J,R),
g € C(RER), [, € C(R,R), t, € Jand 0 < ¢ < -+ < t,, < T, z(t) and z(t;,)
represent the right and left limits of x(¢) at ¢ = t; in the sense of time scales, and in
addition, if ¢, is right scattered, then y(t;) = y(t), whereas, if #; is left scattered,
then y(t;) = y(te)

We will assume for the remainder of the paper that, for each £ =1,2,..., m, the
points of impulse t; are right dense. Let PC(J) = {u : J — R : u is continuous for
any t € J', u(t]) and u(ty) exist and u(t;) = u(ty), k = 1,2,...,m,}. PC(J) is a
Banach space with the norm ||u||pc = sup{|u(t)| : ¢t € J}.

Let Q = PC(J)C*J'). A function z € Q is called a solution of NBVP (3.1),
if it satisfies (3.1).

In order to establish the comparison result, we give a new inequality as follows.

Lemma 3.1. Assume that

(Bo) the sequence {t;} satisfies 0 < tog < t1 <ty < -+ <t < -+ with limy_ .t =
+00;

(B1) m € PC([0,00)r) is continuous for any t € [0,00)r/{tx} and left continuous at
ty fork=1,2,...;

(Bg) for k=1,2,..., and t > to, there are

O)m(t) +q(t),  t# i,

where p,q € C([0,00)r,R), —u(t)p(t) < 1, fort € [0,00)r, and di > 0 are real

constants.
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Then

) < mf(ty) H diey(t,to) / H diey(t,0(s))q(s)As.

Proof. Noticing that —u(t)p(t) < 1 and Remark 2.1, we know that ec,(t,to) > 0. Let
t € [ty, +00)r, then we have
(eop(t to)m(t))® = €5, (t, to)m(t) + ecp(o(t), to)m™(t)
= (@p(t))f@p(ta to)m(t) + (1 + M(t)(@lp(t)))eep(t, to)m*(t)
2 toym() + et om0

T+ p(D)p()
ecp(t, to) (—p(B)m(t) +mA(t)).

1+ u(t)p(t)
It then follows that
(3.2) (eep(t,150)771(15))A < egp(o(t), to)q(t), t € [ty,+00)T.

Integrating (3.2) from ¢, to t, where t € [to, t1]r, we have

eop(t, to)m(t) — m(ty) < / ecp(o(s),t0)q(s)As,

to

then

m(t) < m(to)ep(t,to)—i-/t ep(t,o(s))q(s)As,
m(tf) ~ dlm(tl).

AN

Similarly, for ¢ € (t1, ta], we have

m(t) < m(t)e(th) + / (1, 7(5))g(s)As

t1
t

< [mlto)drey(ts, o) + / Cdey(tr, 0(3))a(s)Asley(t ) + / (1,0 (5))a(5) As
= m(to)dyey(t, to) / [T dien(t.ols))als)As.

b s<ty<t
Repeatedly, we achieve for ¢ € [tg, +00)r:

m(t) <m(te) [[ drep(t.to) + /t [T dres(t, o(s))a(s)As.

to<tp<t s<tp<t

This ends the proof. O

Remark 3.1. If p(t) = M(real constant), and ¢(t) = 0, Lemma 3.1 reduces to
Lemma 3.2 in [13].

Inspired by the idea in [14], we establish a new comparison result which plays an

important role in this paper.
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Lemma 3.2. Suppose that u € ) satisfies

uP(t) < —Muf(t Nfo s)u(s)As, teJ,

u(ty) — u(ty) < Lku(tk) k=12,...,m,

u(0) < ru(o(T)),
where M > 0, N > 0, p(t)M < 1, 0 < Ly < 1, k = 1,2,...,m, and 0 <
rec(-m)(o(T),0) §1 If

o(T) m
(3.3) | aas <TI0 -1,
where
B4 alt) ==y | ke L

then, u(t) <0 on J.

Proof. For convenience, we let ¢, =1 — Ly, k=1,2,...,m. Set

vty ={ JI o' eccn(t0u(),

t<trp<o(T)
then we have
(3.5)
v (t) < Ht<tk<U(T) CEI [% f(f k(t,s) Hs<tk<J(T) crea(-m)(t, s)v(s)As|, teJ,
v(tf) < ckv(tk) E=1,2,...,m,
v(0) < rea-an(t, 0v(e(T) T, o
Obviously, v(¢) < 0 implies u(t) < 0.

To show v(t) < 0, we suppose, on the contrary, that v(¢) > 0 for some t € J. It

is enough to consider the following cases:

(i) there exists a ¢ € J, such that v(¢) > 0, and v(t) > 0 for all ¢t € J;
(ii) there exist t1,t* € J,such that v(t;) <0, v(t*) > 0.

Case (i): By (3.5), we have v2(t) < 0fort # ty and v(t]) < v(ty), k= 1,2,...,m,
hence v(t) is nonincreasing in J i.e. v(o(T)) < v(0). If reg—an(o(T),0) < 1, then
v(0) < wv(o(T)), which is a contradiction. If reg_an(o(7),0) = 1, then v(0) <
v(o(T)) which implies v(t) = C' > 0. But from (3.5) we get v2(¢) < 0 for t € J'.
Hence, v(o(T)) < v(0). It’s again a contradiction.

Case (ii): Let infieyv(t) = —A, then A > 0. For some i € {1,2,...,m}, there
exists t, € (t;,t;1+1] such that v(t,) = —Aorv(tf) = —\. We only consider v(t,) = —A,

as for the case v(t]) = —A, the proof is similar.
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From (3.5), we have

e <A I et ], te T,

t<trp<o(T)
where ¢(t) is defined in (3.4).

Consider the inequalities

UA(t) <A (Ht<tk<U(T) Cl;1> q(t), teJ,
o(ty) < exv(ty), k=i+1,i+2,...,m,

and Lemma 3.1 implies

v(t) §v(t*)< H ck) —l—)\/t ( H ck) H ] q(s)As,

b <tp <t s<tp<t s<tp<o(T)
that is
t
(3.6) v(t) < =X H o | + )\/ H et ] q(s)As.
b <t <t be \ t<tp<o(T)

Let t = o(T) in (3.6), then

o(T)
(3.7) v(o(T)) < =X I « +>\/t q(s)As.

ts<trp<o(T)

First, we assume that ¢t* > t,. By Lemma 3.1, we have

0 < o(th) Sv(t*)< H ck> —l—)\/t ( H ck> H it ] a(s)As,

b <tp <t* <t <t* s<tp<o(T)
which implies that
t*
/ q(s)As > H Ck-
b te <t <o(T)
Then
o(T) t* m
/ q(s)As > / q(s)As > H ck > H(l — L),
0 b to<tp<o(T) k=1
which is a contradiction.

Next, we assume that t* < t,. By Lemma 3.1, we have

0 <o(th) Sv(O)( H ck) +)\/0t ( H ck) H .t ] q(s)As,

0<tp<t* s<tp<t* s<tp<o(T)
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(3.8) —)\/0 ( H ckl) q(s)As <v(0)( H ck>.

t*<tp<o(T) 0<ty<t*

By (3.5) and (3.7), we get from (3.8) that

Y /0 ( II ckl)q(s)As<v(a(T))7’e@(M)(U(T),O)( 11 ckl)

t*<tp<o(T) t* <t <o(T)

o(T)
< xreccn@0) | T @' || I - / o(s)ds | |
t*<tp<o(T) t*<tp<o(T) t

Hence

o(T) m

/ q(s)As > H g > Hck,

0 tr <t <o(T) k=1

which is a contradiction to (3.3). This completes the proof. O

Consider the boundary value problem(BVP)
22 (t) + Ma(t) + N [ k(t,s)z(s)As = h(t), t € J',
(3.9) 2(ty) — 2(ty) = —Lix(ts) + I(n(te)) + Lin(te), k=12,...,m,
9(1(0),n(a(T))) + Mi(2(0) = 0(0)) = My(x(a(T)) = n(o(T))) = 0,
where M >0, N >0, 0< Ly <1, k=1,2,...,m, M; and M, are real constants,
and n, h € PC(J).

Lemma 3.3. x € Q is a solution of BVP (3.9) if and only if x is a solution of the

impulsive integral equation

o(T) s
x(t) = C'e(_M)(t,O)Bn—i-/o G(t, 8)[h(s)—N/0 k(s,7)z(7)AT]As
(3.10) + Y Gt t)[~Lew(te) + Ie(n(te)) + Lin(t)], t € J,
0<tr<o(T)

where By = —g(n(0), n(o(T)))+Mn(0)—Man(o(T)), C = [My—Maear)(o(T),0)]
M1 §£ Mge(_M)(O'(T), 0) and

Proof. Assume x € ) is a solution of BVP (3.9). By Lemma 2.3, we have
(ee(-an (t,0)x(t)>

— B (£, 0)2(8) + eaan (o (1), 0)2™(¢)
= 6(=M)esan(t, 0)x(t) + [1+ p(t)(S(=M))leaan (t,0)z (1)
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M 1 N
- WQQ(—M) (t,0)z(t) + Wee(_ﬂ/j) (t,0)x=(t)

_ 6@(—M)( ’ 0)

t A
T ) £ 2(0),

then
(311) (6@(_M)(t,0)l’( )) < 6( M)(O 0’ |: N/ t S :| .
Integrating both sides of (3.11) from 0 to ¢ (¢ € [0,t,]) yields

2(t) < z(0)e—nr(t,0)
(3.12) + /Ot e (t,o(s)) [h(s) — N/OS k(S,T)LL’(T)AT] As, te0,t],
and integrating both sides of (3.11) from ¢} to t (t € (t1,t,]) yields

w(t) < x(ty)e-an (t 1)

(3.13) + /t: ecan (b, 0(s)) {h(s)—]\f /0 sk(s,T)x(T)AT] As, te (tt)],

where
(3.14) z(th) = 2(t) + w(ty),

here we denote w(ty) = —Lgx(tr) + Le(n(te)) + Lin(te), k= 1,2,...,m.
By (3.13) and (3.14), we obtain

z(t) < x(0)e—n)(t,0) + /Ot e(—m)(t,o(s)) {h(s) - N/Ot k(s, T)ZE(T)AT] As

+6(_M) (t, tl)w(tl), te (tl,tg],

z(t) = x(0)e—an(t,0) + e (t,o(s)) [h(s) - N/o k‘(S,T)ZL’(’T)AT:| As

O<tp<t

Repeating the above procedure, we obtain for t € J that

() = 2(0)ean(t,0) +/0 e )[h@)—zv/osk(s,f)x(f)m} As

Let t = o(T') in (3.15), then

—a(Oecan(e(T).0)+ [ " (o), o) {ms) - [ ks mmm} As
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+ Z €(— M tk) (tk), t e J,

0<tr<o(T)

with the boundary value condition of BVP (3.9), we have

x(0)

(3.16)

_ B+ /0 " e (0(T), 0(5)) {h(s)—N /0 sk(s,f)x(f)m] As

+> " CMaeary(0(T), t)w (te)-

k=1

Substituting z(0) in (3.16) into (3.15), we have

z(t) =

C@(_A{%)(t,O)BT]
+/0 CMae—ay(t,0)e—ary(o(T),0(s)) [h(s) — N/o ]{Z(S,T)ZL’(T)AT:| As

+3 " CMae_an (0(T), tr)e—an (£ 0)w(ty)

k=1

+/te(_ (to [ N/ 5,7)e }As

+Ze(Mttk t)

O<tp<t

Cecy(t,0)Bn

o(T) s
+/t CMae—apy(t,0)e—an(a(T),0(s)) [h(s) — N/o k‘(S,T)ZL'(’T)A’T:| As
+ [ 1CMacan(t0)ean(a(T),o19) + can (b o(5)

X [h(s) N /0 sk(s,f)x(f)m] As

+ Y [CMaean(t,0)ean (o(T), t) + et t)w(ti)

t<tp<o(T)

+ Y CMaean(t,0)ean (o (T), t)w(ty)

O<tp<t

Ce(—an(t,0) By + /O " G(t, s) [h(s) _N /0 s k(s,f)x(f)AT} As

+ Z G(t7 tk)w(tk)a

k=1

i.e. x(t) is also the solution of (3.10).

On the other hand, assume z(t) is a solution of (3.10). By direct computation,

we have

GtA(t, s) =
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Hence
G2(t,s) = —MG(t, s).
A-differentiating (3.10) for ¢ # ¢, then

22 (t) = —Max(t) N/ (t,s)x

It is easy to verify that

a(ty) —x(ty) = wlty),
Mya(0) — Mya(a(T)) = —g(n(0),n(o(T))) + Myn(0) — Man(o(T)).

This completes the proof. O

Lemma 3.4. If M >0, N >0, M; > Mye_y(o(T),0) and

o(T) s m
(3.17) sup { NG(t, s)/ k(s,T)ATAS} + (CMy+1) ZLk <1,
teJ 0 =1
where C' = [My — Mae_apy(o(T),0)], 0 < Ly <1, k=1,2,...,m, then BVP (3.9)

has a unique solutwn in €.

Proof. For any x € (), define an operator F': 2 — Q by

(Fz)(t) = Cean(t,0)By+ /0 " G(t, s) lh(s)—N /0 sk(s,f)x(f)m} As

m

+ 3Gt te) [~ Lix(te) + Te((te)) + Lin(te)], t € J,
k=1

where Bn and G are given in Lemma 3.3.

Since
max G(t,s) = CMsy + 1,

t,s€J

for any x,y € €2, we have

[(Fx (F'y) ()]
.y / Gl ) / K(s, D)ly(r) — 2(P]ATAs + 37 Gt ) Luly(te) — o(8))]
<&l —yllpe. )
Hence

|1Fz = Fylpc = sup [(F)(t) = (Fy) ()] < Elle = yllpe,

where

o(T) s m
£ =sup { NG(t, s)/ k(s, T)ATAS} + (CM;y+1) Z Ly < 1.
0 0

teJ k=1

Thus F'is a contractive operator and Banach fixed-point theorem assures that it

has a unique fixed point in z, which is the unique solution of BVP (3.9). O
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4. MAIN RESULTS

We say that ag, Gy € €2 are lower and upper solutions of NBVP (3.1) if

(

ag(t) < f(t, ao(t) fo (t,s)an(s)As), teJ,
aO(tk) —ao(ty,) < Ii(ao(te)), k=12,...m,
[ 9(0(0), ao(o(T))) <0,
and
([ B8(t) > f(t, Bolt) fo (s)As), teJ,
Bolty) — Bolty) > [k(ﬂo(tk)), k=12, ..,m,
L 9(50(0), Bo(o(T))) = 0.

We formulate the following theorem, which will be used in the proof of the main

results.

Theorem 4.1 (11,12]). Assume that {f,}nen is a function sequence on J such that

(1) {fultnen is uniformly bounded on J;
(ii) {f2}nen is uniformly bounded on J,

then there is a subsequence of {fn}nen converges uniformly on J.

Let [, Bo] = {z € Q: ap(t) < x(t) < Bo(t),t € J}. Now we are in the position
to establish the main results of this paper.

Theorem 4.2. Assume that the following conditions hold:

(Hy) oo, Bo € Q are lower and upper solutions of NBVP (3.1), respectively, such that

o < fo.
(Hp) There exist constants M >0, N > 0 such that

f(tx, ) = f(t @2, 92) > —M(z1 — 22) — N(y1 — ¥2),

ao(t) <o < < Go(t), v2<wy1, teJ,

where pu(t)M < 1 fort € J.
(H3) There exist constants 0 < Ly <1 for k=1,2,...,m such that

Ii(x) — In(y) > —Li(x —y),

ao(ty) <y < < Bo(te).

(Hy) There exist constants My, My such that
9(w1,91) — 9(@2,y2) < Mi(z1 — 22) — Ma(y1 — y2),

ap(0) < xp < @1 < Fp(0), ao(a(T)) < y2 < y1 < Bolo(T)),
wherever 0 < Mye_ppy(o(T'),0) < M.
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In addition, assume that inequalities (3.3) and (3.17) hold, then there exist monotone
sequences {a, }, {Bn} C Q with oy < - <, < -+ < B, < -+ < [o, such that
limy, oo v, = x4(t), lim, oo B = x*(t) uniformly on J. Moreover, x.(t), z*(t) are

minimal and maximal solutions of NBVP (3.1) in [, Bo], respectively.

Proof. For any n € [ag, (o], consider BVP (3.9) with

t t
) = £(tnfe), [ k(e pn(s)89) + 2n(e) + N [ kit on(s) s
0 0
By Lemma 3.4, we know that BVP (3.9) has a unique solution z € Q. Define an

operator A : QQ — Q by x = An, then the operator A has the following properties:

(a) ag < Aag, APy < fo;
(b) An < Ang, if ag < <2 < Bo.

To prove (a), let a3 = Aag, and m(t) = ap(t) — ay(t). Using (H;) and (Hs), we

m(t) = ag(t) —ar(t)

< f(t,ao(t),/o k(t,s)ap(s)As) — { — May(t) — N/o k(t,s)aq(s)As
+f(t,a0(t),/ k(t, s)ao(s)As) + Mag(t) +N/0 k(t, s)ao(s)As}

< —Mm{t) - N /0 Ch(t sym(s)As,

m(t]) —m(ty) = ao(ty) — aolty) — [en(t]) — an(ty)]
Ik(ozo(tk)) - {—Lkoq (tk) + Ik(ao(tk)) + Lkao(tk)}
—Lkm(tk),

= a0(0) — { = 79(00(0). (o)) + au(0) + 77 (0(T) ~ an(a (D)}
My
< Frme(T)

By Lemma 3.2, we get m(t) < 0 for t € J i.e. oy < Aa. Similarly, we can show that
ABo < Bo.
To prove (b), set n(t) = x1(t) — x2(t), where x1 = An; and xy = Anp.

n(t) = ar(t) -2y (t)
= M(m(t)—ifl(t))JrN/O k(t, 5)[m(s) — 21(s)]As

(), / k(t, ) ()As)

Mt — za(t) — N / K(t, 5)ma(s) — za(s)]As
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~F(tm(e). [ K m(s)A9)
< —Mn(t) — N/t k(t, s)n(s)As,
n(ty) —n(ty) = x(ty) —ai(ty) — [za(ty) — 22(ty)]

L(m(tr) — o1(te)) + Le(m (k) — Lr(n2(tr) — 22(te)) — Ix(na(t))
—Lkn(tk),

IAIA

n(0) = x1(0) — x2(0)

1 M.
= —Mg(ﬁl(o)aﬁl(U(T))) +m(0) + ﬁ?(xl(a(T)) —m(o(T)))
1 M-
g (0) mao(1)) — 1a(0) — 12 (22(0(T)) — a(o(T))
1
M
< — .
< Tfnlo(T)
By Lemma 3.2, we get n(t) <0 for t € J i.e. Ay < Any, then (b) is proved.
Let v, = Aay,_1, and (3, = Af,_1 for n = 1,2,3,.... By the properties (a) and
(b), we have
(4-1) ap <oy <<, << B, << B < o

By the definition of operator A, we have that {a2} and {5} are uniformly bounded
in [ag, Bo]. By Theorem 4.1 and (4.1), we know that there exist z., * in |y, (o] such
that

lim o, (t) = z.(t), lim £,(t) =2"(t) uniformly on J.

n—oo

Moreover, . (t), *(t) are solutions of NBVP (3.1) in [ag, (o).

To prove that x,, z* are extremal solutions of NBVP (3.1), let u(t) € [ag, (o] be
any solution of NBVP (3.1). By Lemma 3.2 and induction, we get a,(t) < u(t) <
Bn(t) with t € J and n = 1,2,3,... which implies that z,(t) < u(t) < z*(¢), i.e. z.
and z* are minimal and maximal solution of NBVP (3.1) in [a, By], respectively. The

proof is completed. H

Theorem 4.3. Suppose that all the assumptions of Theorem 4.2 and the following
conditions hold:

(Hs) There exist constants M > 0, N > 0 such that
f(tvxh yl) - f(t7 x2vy2) S _M('xl - x2) - N(yl - y2)7

ap(t) <xo <1 < Bo(t), v2<wh, t€J,

where p(t)M < 1 fort € J.
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(Hg) There exist constants 0 < Ly < 1, for k =1,2,...,m, such that
Ii(x) = I(y) < —Li(z — y),
ao(try) <y < < Bo(te).
(H7) There exist constants M1, My such that
g(z1,y1) — g(w2,y2) > Mi(z1 — 22) — Ma(y1 — o),
ap(0) < xo <21 < Bo(0), ap(o(T)) <yo < < Bo(o(T)),
wherever 0 < Maeyny(o(T),0) < Mj.

Then NBVP (3.1) has a unique solution in |cy, Bo).

Proof. By Theorem 4.2, we know that there exist x., 2* € [ag, §y], which are minimal
and maximal solutions of NBVP (3.1) with z,(¢) < z*(¢), t € J. Let m(t) = z*(t) —
x4(t).Using (Hg), (H7) and (Hg), we get

A = (@ (0) - (26 t
= f(t,x*(¢), / k(t s)z*(s)As) — f<t,x*(t),/0 k(t, s)m(s)As)

ts

|

|

=~

3

2
\

m(ty) —m(t,) = "t )—l‘ tk x*(tk) x*(tk)]
= Le(2"(tr) — In((te))
< —Lgm(ty),
m(0) = z*(0) — z.(0)

A
=
*
2
3
|
8
*
2
3

1
1 * *
ﬁl(g(ﬁ (0),2%(a(T))) — 9(2.(0), z.(a(T))))

M,

Sm(o(T))
By Lemma 3.2, we have that m(t) < 0, t € J i.e. 2*(t) < x.(t). Hence z*(t) = x.(t),
this completes the proof. O

5. EXAMPLE

Consider the following problem on time scale T:
g (t) = 12— 22(t) — e~ [3(ts)x(s)As, t€[0,0(T)]r, t #L,
51§ ) = ) = ~Lalt) h=T,
2(0) = 32(a(T)) — 52%(0),
where 0,7 € T and T' = 2.
1. Let T=R.
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It is easy to see that

are lower and upper solutions of problem (5.1) such that ag(t) < fy(t) for ¢t € [0, 2].
For all t € [0,2], x,y,u,v € R, x > u, we have

f(tal'ay) - f(t,u,v) = _2(37 - u) - 6_4(y - 'U)a

L(2) = I (u) = —%(;p _ ).

For z,u € [a(0), Bo(0)], y,v € [an(2), Bo(2)], we have

o(2,9) = 9(0,0) = [ (@ + )+ Uw +w) = 5y =) < 5w —u) = 5y v),

Let M =2, N=e* Ly =1, M; = 3¢* and M, = %, then conditions (H,;)-(H,)
of Theorem 4.2 are satisfied.

Since

2
/q(s)ds = /N/ (ts)eM (=) Ll)dsdt—l—/ N/ (ts)eME=9) dsdt
0

= 0154<1—L1—075

2 s N 2

/ NG(t, s)/ (sT)drds < 5(0M2 + 1)/ s3ds ~ 0.04,
0 0 0

My

My+ 1)L, =L 1) = 0.32
(C 2_'_)1 1(M1_M2€_2M+) 037
2 s
sup {/ NG(t, s)/ (ST)deS} + (CMy+1)L; <0.04+0.32=10.36 < 1.
t€0,2] 0
Hence, inequalities (3.3) and (3.17) are satisfied. By Theorem 4.2, problem (5.1)

has extremal solutions in [ag, Bp]. Moreover, set M =2, N = ¢ L = 1, M, = 3¢
and M, = %, then all the conditions of Theorem 4.3 are satisfied, that is, problem

(5.1) has a unique solution in [ayg, By

2. Let T = {0} U[g, 3] U2, o0).

Obviously, ap = 0 and [y = 2 are lower and upper solutions of problem (5.1). If
t € {0, g} p(t)=oc(t)—t==%ift € T/{0,2}, u(t) =0. Let M =2, N =¢e ", L; = 1,
M; = 1e? and M, = 1, then conditions (H;)—(Hs) of Theorem 4.1 are satisfied.

By direct computation, we have

A 1-— M/ (ts) (1= Li)ec—an(t, s)AsAt

S<tk<2

N / (ts) J] (1= Lp)eMdsdt

S<tk<2

W\

~ 0.06.
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By Lemma 2.2, we have

/0 . M/ (ts) (1 = Li)es-m(t, s)AsAt

S<tk<2

0'(0
- / 1 M / (ts) (1 — Li)es—m(t, s)AsAt =0,
0 _

s<tp <2

/g M/ (ts) (1 = Li)es-m(t, s)AsAt

S<tk<2
%
:/§ M/ (ts) 1_Lk)€@(_M)(t, s)AsAt
3 8<tk<2
5
5) 3 5
:@/ s [] (0= Li)es-m )(3,8)AS
0 s<tp<2
1 5
5 3 5 3 5
:@[/ 5 H (1_Lk)€9(—M)(§vS)A3+ﬁ S H (1—Lk)€e(—M)(§,s)As]
0 scgp<2 3 s<tp<2
5
5 3
=50 [ ¢ I - LoeVGds
€ 3 s<tp<2
~ 0.40.
Hence

2
/ q(s)As ~ 0.40+0.06 < 1 — L, = 0.75.
0

Since
2 T
/ e 'G(t, s)/ sTATAs < 8¢ H(CMy + 1),
0 s

we have

2 s
sup {/ NG(t, s)/ 57A7A5}+(C’M2+1)L1 < (86_4%—%)(0]\42%—1) ~0.13 < 1,
0

te[0,2]1

thus, inequalities (3.3) and (3.17) are satisfied. By Theorem 4.2, we know that there
exist extremal solutions in [, By]. Moreover, let M =2, N = ¢4 L; = 1, M; = 1¢?
and M, = 3, then conditions (Hs)-(H;) of Theorem 4.3 are satisfied, i.e. problem

(5.1) has an unique solution in [ag, Byl.
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