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ABSTRACT. In our previous paper, we discussed the existence of solutions to mixed boundary
value problems of 2nd-order differential systems with a p-Laplacian, where we confined the p in the

interval [2,00). Now we give result for the case p € (1,2), via the mountain pass theorem.
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1. INTRODUCTION

The variational method is now a powerful tool in the study of boundary value
problems of differential equations and systems [10-9]. In this paper, we research the
existence of the solutions to a mixed boundary value problem of ordinary differential
system with a p-Laplacian in the form
1) (¢p(u)) + VE(t,u) =0,

1.1
u(0) = /(1) =0,
where ¢,(z) = |z|P~2z for x € R™ with [z| = (>, xf)% and 1 < p < 2.
Throughout the paper, we assume that the following conditions hold.

(A1) F € C([0,1] x R™), F(t,-) is strictly convex, lower semi continuous and

continuously differentiable.
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(Ag) For ¢ =p/(p — 1), there are K, N, Ny and o > 0 such that
(VE(t, x),x) = q(F(t,2) = N),
—Nog < F(t,z) < alz|"+ K.

(As) There is r > 0 such that

N
inf F(t,z)=C> —.
o i
Let
(12) (@)=~ (1-2) a7
| o (1 D)o

and m = C — %. Suppose without loss of generality that

1\ P
maq 1
a>(q).
rd

The main result of this paper is

Theorem 1.1. Suppose 1 < p < 2 and assumptions (Ay)—(As)hold. Then BVP (1.1)
1
has at least one solution if K < g(a) and Ny < (aiq) "lg(a) - K].

Note, the expression of g(«) in (1.2) implies that K, Ny may be arbitrary large if
a — 0. On the other hand, if K = Ny = 0, then o may be arbitrary large.

In order to prove the above theorem, we first make transform
(1.3) Uy =u, U= —)\gbp(u'),

1

where A\ = (%q)g > 0. Denote (u1,us) by w. Then BVP (1.1) becomes

Juw + VG(t,w) =0,
(1.4)
ul(()) = Ug(l) = 0,
where
w = (U17U2) = (u11> ceey Uln; U2, - - - ,Uzn),
1
G(t,w) = —|ug|! + AF(t,u1),
qAe

J = (]0 0 ) with I,, being the identity matrix in R".

Hence, we have VG : [0,1] x R?*" — R*" given by

VGt w) = (A—léqﬁq(uQ), )\VF(t,ul)) |
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And under the assumptions (A;) — (As3), it holds that

1
Ai—1lg

— B (fual? + Jual?) + (aiq)K

< Blw|? + ¢,

G(t,w) < dajug]? +

|’lL2|q + AK

(1.5)

with g = a%/q%, c= (Oliq)E K, and
(VG(t,w), w) = AVEF(t,ur), ur) + (A0 (), uz)
(1.6) > Aq[F(t,u1) — N] + A7 [uof
= qG(t,w) — \gN.

From the strict convexity of F' respect to u, we can easily obtain the strict con-

vexity of G respect to w. Therefore, we can define the Fenchel transform G*(¢,-) of

G(tv ) by

G*(t,0) = sup [(v,w) — G(t,w)],

weR2"

where © denotes a vector in R?". The strict convexity of G(¢,w) in w implies the

same property of G*(¢,0) in v. Therefore, the following three relations are equivalent,

G(t,w)+ G*(t,0) = (v, w),
v =VG(t,w),
w = VG*(t,0).

Furthermore, from (1.5) and (1.6), we have

G*(t,0) > sup [(0,w) — Blw|? — (]

u€R2n
= (qB¢q(w), w) — Blw|? — ¢
(L.7) = Blg— Vw|? - c

1/ 1\

Since v = BV (Jw|?) = Bqp,(w) and then

s (5= () s
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At the same time, the relation
(VG*(t,0),0) = (u,v)
= (u, VG(t,w))
(t,

> q(G(t,w) = AN)

= q[(w,0) — G*(t,0)] — gA\N

= q(VG*(t,0),0) — q¢(G* 4+ AN)
results in
(1.8) (VG*(t,0),0) < p(G* + AN).

From assumptions (As) and (A3), we can deduce other relations.

At first, it is easy to prove that there is R > r such that
(1.9) inf G(t,w)>c> AN.

0<t<1
lw|=R

For each (t,w) € [0,1] x R*" with |w| = R, let f(s) = G(t,sw). Then
fi(s) = (VG(t sw),w) (s =1)

L vat, sw), sw)

S

%G@m@—AN

AN
s

Do —
S0
and it follows that
(s77f(s)) = —AgNs™1™!
and then for s > 1,
f(s) = f(1)s?+ AN(1 = %)
= (f(1) = AN)s? + AN,
ie.,
G(t, sw) >
when |w| > R, we have |w|/R > 1. Let wy, = WR‘w. Then w = ‘?wo = swy.
Consequently, s > 1 and from (1.9), it holds that

(G(t,w) — AN)s? + AN.

|w]

G(t,w) > (G(t,wp) — AN) ( 7

) +an

> (c— AN) (1) lw|? + AN.

Let ¢g = (¢ — AN)/R?. The continuity of G implies that there is Ny > 0 such
that

(1.10) G(t,w) > colw]” — N,
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for all w € R?".

Then we have
1\ 1
(1.11) G*(t,0) < (—) —|0[P + No.

Since inequality (1.2) implies

we can get § > ¢p. So inequalities (1.7) and (1.11) do not conflict with each other.

2. PRELIMINARIES

Let I C R be an interval and k, m,n integers with & < mn. Suppose F : I X
Rm+Un — R and BC' : (C(I))™" — R are functions. Then F' (¢, u(t), ..., u™(t)) =
0 is a group of differential equations and BC (u, u, .., u(m‘l)) = 0 is that of boundary
conditions if for any s € I. BC (u, v/, ..., u™™V) # BC (u(s),w(s),...,u™ V(s)).

In this case

(2.1)

{F(t,u,u',...,u(m)) =0,

BC (u,u', e ,u(m_l)) =0

is a boundary value problem (BVP, for short).

Definition 2.1. If there is a w € (C™(I))" such that BC (w,w’,...,w™ V) =0
and

F(tw(t),w'(t),... ,w(m)(t)) =0, foralltel,
then w is called a classical solution to BVP (2.1) while
ve {xe (@) : 2™ (t) exists for ae. t € I}
such that BC (v,v/,...,v" V) =0 and
F (o), ({t),...., 0™ () =0, ae. t €,

v is called a strong solution to BVP (2.1).

Once BVP (2.1) can be transformed into

u™ = H (t,u ;... ,u(m_l)) ,

(2.2)
BC (u,u/,...,umV) =0,

we have

Lemma 2.1. Suppose H € C(I x R™, R™) and u is a strong solution to BVP (2.2).
Then u is also a classical solution to BVP (2.2).
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Proof. Since u is a strong solution to BVP (2.2), it holds that BC' (u,/, ..., u(™ ™) =
0 and u(™(t) exists for a.e. t € I.

WM () = H (t,u(t),u/(t),...,u" V1), ae tel

The continuity of H means the function H(t) = H(t,u(t), ..., u™ D (¢)) is continuous
on I and then u(™ € C(I). So u is a classical solution to (2.2). O

Let X = {w = (uy,up) € W'P([0,1], R?") : u1(0) = uz(1) = 0} and construct a

functional in the form

(2.3) ¢@0:AT;ﬁmw+G@w)ﬁ

Then we have

(2.4) (¢'(w),v) = /Ol(Jw + VG(t,w),v)dt

for all v € X. From (1.5) and (1.6), we can easily show that
¢'(w) € X*.

We need the following lemma to prove Lemma 2.3.

Lemma 2.2 (10, p. 128). Ifu € L} [0,1] satisfies

loc
1
/ u(s)f(s)ds =0, VfeC5lo,1].
0
Then u(t) =0, a.e. t € [0,1].
Now based on Lemma 2.1 and Lemma 2.2, we have

Lemma 2.3. If there is a w € X such that

(¢'(w),v) =0
holds for all v € X, then w is a classical solution to BVP (1.4).

Let v = —Jw and Y = {z € W'P([0, 1], R*") : 2;(1) = 22(0) = 0}. Then

(b(w):—%/o (Ju'),w)dt+/0 [(Jw,w) + G(t,w)]dt

(2.5) - ‘%/0 (J“'f’w)dt—/o (0, w) — G(t,w)]dt

:_AT;MM+@@@Pt
=: —(v)

and ¥ : Y — R is a differentiable real functional. Consequently,

(2.6) W (v),u) = / (Jo,u) + (VG (£, ), @),
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Y'(v) € Y™
The proof of our result is based on the famous mountain pass lemma.

Lemma 2.4 (10, Theorem 4.10). Let X be a Banach space and ¢ € C*(X, R) satisfy
(PS)-condition. Assume that there ezist ug,u; € X and a bounded neighborhood ) of
ug such that u; € Q and

dnf () > max{p(uo), p(u)}-

Then there ezists a critical point u of ¢, i.e., ¢'(u) = 0.

Throughout we define the norm in Y by

1 ’
2.7 o= | [ e ye
0
We have
Lemma 2.5 (11, 6.2.18). A closed subspace of a reflexive Banach space is reflexive.

Then it follows that

Lemma 2.6. Space Y is a reflexive Banach space.

At the end of this section, we notice that
(2.8) (W' (v),u) = /1(—JU + VG (t,0),a)dt
and shall prove the following lemma.0

Lemma 2.7. Given v € Y, there is f € L[0,1] such that
(29) W = [ (o, a
Proof. Let l,(u) = (¢/(v),u). Then [, € Y*. Define
Ly(u) = /01(—Jv L VG O), wdt, w170, 1]

Obviously, L, € (LP)* = L4. According to the Riesz’s representation theorem, there
is f € L0, 1], such that

Lo(u) = / (F(t). u(t))dt.

The differential operator D : Y — LP[0, 1] has the inverse D~' : LP[0, 1] given by

00 = (= [ wntoyis, [ wsias).
So

(210)  Iy(u) = Ly(Du) = /0 (—Jv + VG (t,0), Du)dt = /0 (F(t), u(t))dt.
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3. PROOF OF THEOREM 1.1
Before the proof we first give some propositions.

Proposition 3.1. Forv € Y, it holds that

(3.1) /0 (Jo,v)dt > —||v|)*.

[ iy (s)ds| < / on(s)lds,
[ < | ia(s)lds

1
HﬂwZIMXW@MSA\N@WSSWW

0<t<1

Proof. 1t follows from

o1 ()] =

|v2(t)] =

that

Then by Holder inequality,

/0 (o, v)dt > — / o(0) o)t > — o] / o(t)|dt > — o]
]

Proposition 3.2. Under the assumption (Ay)-(As), the functional ¢ defined in (2.5)

satisfies the (PS)-condition, i.e., every sequence (v,) in Y such that
¥(v,) is bounded and ¢'(v,) — 0 as n — oo,
contains a convergent subsequence.

Proof. Tt is clear that [} v, (t)[2dt < [|v,]|.
Applying (2.5), (2.6), (1.7) and Lemma 2.7, we have

P(vy) = /0 G*(t, v, )dt — %/0 (VG*(t, 0y), 0p)dt + %(@D’(vn),v,)

(3.2) > (1 - g) /01 G*(t,bn)dt+%/Ol(fn(t),vn(t))dt

> (1-%) (ﬁiq) Joul? = (1= 2) e = Sl ol

Hence, (v,,) is bounded in Y. Because Y is a reflexive Banach space (see Lemma 2.5),

going if necessary to a sub-sequence, we assume v, — v in Y, which implies that
v, (t) — v(t) uniformly on [0, 1].

Using (2.9), we have

/1(—Jvn + VG*(t, 1) — ful(t),u(t))dt =0
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for all v € Y, which implies

/1(—Jvn + VG*(t,0,) — fu(t),w(t))dt =0
for all w € LP[0, 1]. Tlolen
—Ju,(t) + VG*(t,0,(t)) = fult), a.e.t €]0,1]
and || f.||Ls — 0 since ¥'(v,) — 0. By duality, we have
Un(t) = VG(t, Jun(t) + fu(t)), a.e. te]0,1].

Therefore,
U, — VG(-, Ju()) =0, in LP[0,1],

ie,v, —vinY. O
Proof of Theorem 1.1.

Proof. We first prove that ¢ defined in (2.5) has a critical point v in Y.
Obviously, Y is a real Banach space and v € C*(Y, R).
Using (1.7) and Proposition 3.1, one has

Lo LN 1T
v = bl () - (5) &

Take vo =0 and Q ={v € Y : |[v|| < ro}, where

1
1 \7»

1 1
1\a 1\a
Y(v) > (—) g(a) — (—) K=d>0
aq aq
and vy € il’th, w(’Uo> < Ny < d.
On the other hand, using (1.11) one gets

(o) < %/Ol(Ji),v)dtJr ( !

coq
Let e € R"™ such that |e| = 1 and

then for v € 012,

p—ll
) Lol + Mo, vey,

(3.3) v:r@:r<cosgt-e, singt-e) €Y

with r > 0. Then (Jo,v) = —%r? and |v1|| = ||rv|| = r||o|| = r. It follows that

1\""1
’QD('U) < _ET2 + (—) —rP? 4+ Np.
4 coq p
Clearly, we can choose 1, > 1y large enough such that

Y(vi) = ¢(r v)<—zr2+(i)p_llrp+N <0<d
! B coq pt ’
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with v; € €. Then ¢ has a critical point v = v(¢) so that ¢/(v) = 0, i.e.,
1
0= [ 1W.)+ (VG0 0). )t
0
1
~ [0+ (V6" 4.0, g
0

= /1(—Jv + VG (t,0),y)dt

holds for all y € Y, which imp(;ies

Jv=VG*(t,0),
since all & make LP[0, 1].

Then by duality, one has
v =VG(t, Jv)

and the relation v = —Jw yields

—Juw = VG(t,w),
i.e., w(t) = Ju(t) is a solution to BVP (1.4). Then

u(t) = uy(t)

is a solution to (1.1) with 1 < p < 2.

4. Example

Consider the following boundary value problem
4 /
/ /0,2 + 2 2 1
il + YO u2u1 - — u; 5 co8(—5— +1t) =0,
VU +up 6 (ui +u3+1) ui +us+1
/
(4.1) uly Vui+uj 2 1
= + Uy — —5— 5 co8(—5— +1t) =0,
Vul? +ulf 6 (ui +us+1) ui +us+1
[ u1(0) = ux(0) = wi(1) = uy(1) = 0.

Let u = (uy,us) and

1 S 1
1 2

Then BVP (4.1) becomes

(4.2)

Obviously, p = 2 and then ¢ = 3. We have F' € C([0,1] x R% R).

1
~1 < F(t,u) < E|u|3 +1,
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(VF(tu),u) > 3 (F(t,u) _ %) .

ASK:N():l,N:%,CY:%,OHGhaS

1 2 1 . ,
_ = — « — _7-1: 2
g<18) 5 3718 V9o > 2,

K:1<g<1—18), N0:1<\3/6<g<%)—1)

satisfy the conditions given in Theorem 1.1. Therefore, BVP (4.1) has at least a

and then

classical solution.
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