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ABSTRACT. Existence and comparison results of the linear and nonlinear Riemann-Liouville frac-
tional differential equations of order ¢, 0 < g < 1, are recalled and modified where necessary. Using
upper and lower solutions, an extension of the generalized quasilinearization method is developed
for decomposed nonlinear fractional differential equations of order ¢ containing generalized convex,
concave, and nondifferentiable partitions. Quadratic convergence, and generalizations thereof, to

the unique solution is proved via weighted sequences.
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1. INTRODUCTION

Fractional differential equations have various applications in widespread fields of
science, such as in engineering [10], chemistry [11, 19, 20], physics [3, 4, 12], and others
[13, 14]. In the majority of the literature existence results for Riemann-Liouville
fractional differential equations are proven by a fixed point method. Initially we
will recall existence by lower and upper solution method, which will be useful to
developing our main results. Despite there being a number of existence theorems
for nonlinear fractional differential equations, much as in the integer order case, this
does not necessarily imply that calculating a solution explicitly will be routine, or
even possible. Therefore, it may be necessary to employ an iterative technique to

numerically approximate a needed solution. In this paper we construct such a method.

The iterative technique we construct is an extension of the generalized quasilin-
earization method for the nonlinear Riemann-Liouville fractional differential equation
of order ¢, where 0 < ¢ < 1. The quasilinearization method was first developed in
[1, 2, 18], but the method we construct is more closely related to those found in [17],

that is a generalized quasilinearization method via lower and upper solutions. This
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method is very similar to the monotone method in that we construct monotone se-
quences from linear equations based on upper and lower solutions, which converge
uniformly to the unique solution of the nonlinear equation. The difference is that
the quasilinearization method employs a stronger hypothesis, but this results in a
stronger result than the monotone method. In particular, for the quasilinearization
method we require the nonlinear forcing function to be convex (or concave) as op-
posed to merely one-sided Lipschitzian. In the process, we are guaranteed that the
constructed sequences converge quadradically to the unique solution. Note, unique-

ness is not implied generally with the monotone method.

There are notable complications that arise when developing the quasilineariza-
tion method for Riemann-Liouville fractional differential equations. First of all, the
iterates of the constructed sequences are solutions to the linear fractional differential
equation with variable coefficients. The solution of this equation is quite unwieldy,
therefore we will recall existence, comparison, and inequality results for this case,
including a generalized Gronwall type inequality, which will be paramount to our
main result. Another complication that stems from using the Riemann-Liouville de-
rivative is that, in general, the sequences we construct, {«,}, {8,} do not converge
uniformly to the unique solution, but the weighted sequences {t'~%a,}, {t'=93,} con-
verge uniformly and quadratically to 79z, where x is the unique solution of the

original equation.

We note that basic quasilinearization techniques have been established for the
standard nonlinear Riemann-Liouville fractional differential equation in [5], that is,
the cases where the nonlinear function f is convex, concave, and a final case where f
is neither convex nor concave but where there exists a function ¢ such that f + ¢ is
convex. The further case where the nonlinear function is not necessarily convex nor
concave, but can be split into two functions, say f + g, such that f is convex and g¢
is concave was considered in [9]. In this paper we take this generalization one step
further and split the nonlinear function into three functions f + g+ h, where f and g
can be made convex and concave respectively. Much like in [5] this means there exist

functions ¢ and 1 such that f + ¢ and g + ¢/ are convex and concave respectively.

What makes our method an extension of the generalized quasilinearization method
seen in [9] is that the function h is neither concave, convex, nor even differentiable.
In our main results we assume that h is only Lipschitz, which fundamentally changes
the typical quasilinearization method described above. In our first method the iter-
ates are not even constructed by linear solutions, which is contrary to both methods
described above, but ensures that convergence to the unique solution is quadratic. In
our second method we are able to construct linear iterates, but at the cost of quadratic

convergence, in this case convergence is only semi-quadratic. In our final case, we
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relax the hypothesis on A and assume it is only nonincreasing. In doing so we intro-
duce intertwined sequences and convergence is only weakly quadratic. Due to these
complexities, the methods we construct herein are not strictly quasilinearizations,
but can instead be seen as bridging generalizations of both the quasilinearization and

monotone methods.

2. PRELIMINARY RESULTS

In this section we consider results regarding the Riemann-Liouville (R-L) differ-
ential equations of order ¢, 0 < g < 1. Specifically, we recall existence and comparison
results which will be used in our main result. In the next section, we will apply these
preliminary results to develop extensions of the generalized quasilinearization method
for R-L fractional differential equations of order ¢q. Note, for simplicity we only con-
sider results on the interval J = (0,7, where 7" > 0. Further, we will let J, = [0, 77,

that is Jy = J.

Definition 2.1. Let p = 1 — ¢, a function ¢(t) € C(J,R) is a C), function if tP¢(t) €
C(Jo,R). The set of C, functions is denoted C,(J,R). Further, given a function
o(t) € Cp(J,R) we call the function t?¢(t) the continuous extension of ¢(t).

Now we define the R-L integral and derivative of order ¢ on the interval J.

Definition 2.2. Let ¢ € C,(J,R), then D{¢(t) is the ¢-th R-L derivative of ¢ with
respect to t € J defined as

Dio(t) = ﬁ% / (t — 5)9(s)ds,

and I!¢(t) is the ¢-th R-L integral of ¢ with respect to ¢ € J defined as

196(t) = ﬁ / (t — )7 g(s)ds.

Note that in cases where the initial value may be different, or ambiguous, we
will write out the definition explicitly. The next definition is related to the solution
of linear R-L fractional differential equations and is also of great importance in the
study of the R-L derivative.

Definition 2.3. The Mittag-Lefller function with parameters o, 3 € R, denoted E, g3,

is defined as - i
z

Eap(2) =Y

k=0
which is entire for o, 5 > 0.

The next result gives us that the ¢-th R-L integral of a C), continuous function
is also a C, continuous function. This result will give us that the solutions of R-L

differential equations are also C), continuous.
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Lemma 2.4. Let f € C,(J,R), then I} f(t) € C,(J,R), i.e. the g-th integral of a C,

continuous function is C, continuous.

Note the proof of this theorem for ¢ € R can be found in [8]. Now we consider
results for the nonhomogeneous linear R-L differential equation,
(2.1) Dix(t) = y(t)x(t) + 2(t),
with initial condition
'z (t)],_, = 2°/T(a),
where 2° is a constant, y € C'(Jy,R), and z € C,(J,R).

Theorem 2.5. Ify € C(Jo,R) and z € C,(J,R) then equation (2.1) has a unique
solution x € C,(J,R), given explicitly by

2(t) = ;O %T; [197] + TH[122(1)],

which converges uniformly on J and where T, is the operator defined by
Tyo(t) = Lfy(t)o(t).

The proof of this theorem can be found in [6, 7], with the current refinements
found in [5]. Note that if z(¢) = 0 for all t € J then we get that

o(t) = % kZ:O T[],

In many cases we may have an explicit form of y that may prove too unwieldy to

place in a subscript. In this case we will use the following notation
Ely, )= Ty 1/].
k=0

and since the case where f = t7~! occurs so often we will define £ with a single
parameter to be this case. That is £(y) = E(y,t7!). Therefore the solution of (2.1)
can be written as

20

I'(q)
Further, if y is identically a constant, say A, it can be shown that (2.2) can be

(2.2) x(t) = E(y)+E(y, Iz).

expressed as
t
z(t) = 2"t E, (M) + / (t — )7 E, (Mt — 5)")z(s) ds.
0

This is the result discussed in [16]; hence Theorem 2.5 generalizes the constant coef-
ficient case, as expected.
Next, we recall a result we will utilize extensively in our proceeding compari-

son and existence results, and likewise in the construction of the quasilinearization
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method. We note that this result is similar to the well known comparison result found
in literature, as in [16], but we do not require the function to be Holder continuous
of order A > ¢.

Lemma 2.6. Let m € C,(J, R) be such that for some t; € J we have m(t;) = 0 and
m(t) <0 fort e (0,t1]. Then

Dim(t)|,_, >0.

The proof of this lemma can be found in [8], along with further discussion as to
why and how we weaken the Holder continuous requirement of this known comparison
result. We use this lemma in the proof of the later main comparison result, which
will be critical in the construction of the quasilinearization method. First, we recall

the nonlinear R-L fractional differential equation.
(2.3) Dix = f(t,x),
t'z(t)],_, = 2°/T(a),
where f € C(Jy x R,R) and 2° is a constant. Note that a solution z € C,(J,R) of

(2.3) also satisfies the equivalent R-L integral equation

SL’O

(2.4) z(t) = mtq_l + ﬁ/o (t— )17 f(s,2(s))ds.

Thus, if f € C(Jy x R,R) then (2.3) is equivalent to (2.4). See [13, 16] for details.

Now we will recall a Peano type existence theorem for equation (2.3).

Theorem 2.7. Suppose f € C(Ry,R) and |f(t,z)| < M on Ry, where
Ro={(t,z) : |[tPo(t) —2°| <n,t € Jy}
Then the solution of (2.3) exists on J.
This result is presented in [16], and in [8] it was proven that the solution can be
extended to all of J, and the set Ry was modified for our succeeding results regarding
existence by method of upper and lower solutions. In the direction of this result

we will consider the following comparison result, which will in turn yield a general

Gronwall type inequality.

Theorem 2.8. Let f € C(Jy x R,R) and let v,w € C,(J,R) be lower and upper
solutions of (2.3), i.e.

va S f(t,’U),
tPu(t)],_, = v°/T(q) < 2°/T(q),
and

Dfw > f(t,w).
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tPw(t)|,_, = w’/T(q) > 2°/T(q).
If f satisfies the following Lipschitz condition
ft.x) = f(ty) < Lz —y), whenz >y,
where L > 0, then v(t) < w(t) on J.
The proof follows as in [16] with appropriate modifications, specifically we use
Lemma 2.6 and do not require local Holder continuity of order A > ¢. Next, we

present a Gronwall type inequality for R-L fractional differential equations. A similar

result in terms of fractional integral equations can be found in [7].
Theorem 2.9. Let v,z € C,(J,R) and y € C(Jo,R"), and suppose that
Div < y(t)v(t) + z(t).

Then

UO

Mﬂéﬁgﬁw+ﬁ%ﬁﬁ

The proof follows directly from Theorem 2.5 and Theorem 2.8. If y is identically

a constant A > 0, then we get the following corollary.
Corollary 2.10. Let v,z € C,(J,R) and let A > 0 be a constant, and suppose that
Div < Mv(t) + z(t),

then
v(t) < VHTLE, () + /0 (t —8)7 B, (Mt — 5)")z(s) ds.

Now, we will recall a result that gives us existence of a solution to (2.3) via lower

and upper solutions.

Theorem 2.11. Let v,w € Cy(J,R) be lower and upper solutions of (2.3) such that
v(t) <w(t) on J and let f € C(Q,R), where 2 is defined as

Q={(ty) rv(t) Sy <w(t).t€ Jo}

Then there exists a solution x € C,(J,R) of (2.3) such that v(t) < z(t) < w(t) on J.

The proof of this Theorem can be found in [8]. We also note a uniqueness result
here which is comparable to the analogous result for ordinary differential equations.
As one might expect, if f satisfies the Lipschitz condition found in Theorem 2.8,
then the solution x of (2.3) is unique. We mention this result here since it will be

necesessary in the construction of the quasilinearization method.
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3. EXTENSION OF GENERALIZED QUASILINEARIZATION

In this section we develop iterative techniques that extend the generalized quasi-
linearization method. Our methods will construct iterates that will converge uni-

formly to the solution of the following nonlinear IVP,
(3.1) Dix = f(t,x) + g(t,z) + h(t, x),
tpx(t)‘tzo =2°/T'(q).
For convenience we will denote N(t,x) = f(t,z) + g(t,z) + h(t, z). For our purposes
we will assume that f, g are twice differentiable in x and can be made convex and

concave respectively. Here we further extend the method by supposing that A is not

twice differentiable in x, but is merely Lipschitz.

For our first iterative method we consider the case where h only attains a right-
sided Lipschitz condition. In this case we construct sequences from solutions of non-
linear fractional IVPs. From here we inductively show monotonicity, then that con-
vergence of the tP-weighted sequences is uniform and quadratic. Though it is contrary
to the typical procedure to use nonlinear iterates for the quasilinearization method, in
this case it ensures the weighted sequences converge quadratically, which is an integral
precept of quasilinearization. With these nonlinear sequences comes a more involved
procedure as we must use Theorem 2.11 at almost every step to prove existence as we
proceed, which will not be necessary in our later methods as we will construct linear

iterates there, but we will also lose quadradic convergence.

Theorem 3.1. Assume that

(A1) ao, Bo € Cp(J,R) are lower and upper solutions of (3.1) with ay < Gy on J.
(A2) N € C(Jo xS R), fu, fow 9uy Guu, €zist, are continuous for (t,z) € Jy X2, where
Q={r e C,(JR) |y <z < [p}.

Further suppose h satisfies the Lipschitz condition
whenever x > y.

Then there exist monotone sequences {ay,}, {Gn}, such that {t’a,,} and {t*5,}

converge uniformly and quadradically to tPx, where x is the unique solution of (3.1).

Proof. A main construct of this method is that we need two functions that when
added to f and g yield convex and concave functions respectively. So let ¢, be in
C%%(Jy x Q,R) such that ¢,, > 0,%,, <0 and satisfy

(3.2) foe(t, ) + Gpa(t, ) >0, guu(t, x) + Vet ) <O0.

We note, that due to (As) it is always possible to find such functions, and in Remark

3.2 below we will describe how one can construct such functions.
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For convenience let F(t,z) = f(t,x) + ¢(t,z) and G(t,z) = g(t,z) + ¥(t,z). In

light of (3.2) we have that

ft, ) = f(ty) + Fuo(t,y)(z = y) + ot y) — o1, @),
(3:3) g(t,x) < g(t,y) + Gu(t,y) (@ —y) + ¢(ty) — P(t, @),
for x > y and z,y € Q. It also follows that

N(t,z) = N(t,y) < L(z —y),

for (t,z) € Jy x Q. Further, since N is Lipschitz (3.1) has a unique solution x € €.

In the direction of constructing the monotone sequences consider the fractional

differential equation
Diu = f(t,a0) + g(t, ) + h(t,u)
+ [Fe(t, a0) + Ga(t, fo) = ¢u(t, Bo) — Palt, c0)](u — )
(3.4) = U(t, u; g, Bo),
tpu(t)}tzo =2 /T(q).
For simplicity we introduce the following notation, for any «, 5 € Q let
Ma, B) = [Fa(t, @) + Go(t, B) — ¢2(t, §) — tha(t, o).
We wish to show that a solution to (3.4) exists on €, so consider
Diay < N(t,z) = U(t, ap; g, Bp)-

Thus, «p is a lower solution of (3.4). Considering a similar argument for [, and
utilizing (3.3), the Mean Value Theorem, and the monotonicity of ¢, yields,

DiBy > f(t,a0) + g(t, a0) + h(t, o) + [Fu(t, ao) — Gu(t, B0)](Bo — o)
+ &(t, o) — d(Bo) — ¥(t, Bo) + ¥(t, o)
= f(t,a0) + g(t, an) + h(t, Bo)
+ [Fa(t, a0) — Ga(t, Bo) — &(t, &) — v(t, n)](Bo — )
> U(t, Bo; 2, Bo),

where g < &,n < [y. Thus, By is an upper solution of (3.4), and therefore, by
Theorem 2.11, (3.4) has a solution oy existing on J with ag < a3 < [y, which is

unique since U (t, u; v, o) is Lipschitz in w.
Next, we consider the following fractional differential equation, which will also

aid in the construction of our sequences.
Div = f(t, Bo) + g(t, Bo) + h(t,v) + A, Bo)(v — So)
(3.5) = V(t,v; a0, Bo),
tpv(t)}tzo =2°/T'(q).
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We note that one can show that (3.5) has a unique solution g, with ag < ) < Gy

on J in the same manner as the previous case.

Now we will show that a; < x < #; on J. Once again utilizing (3.3), the Mean

Value Theorem, and the monotonicity of ¢,, 1, and G, we obtain

Diay; < N(t,a1) 4 [Go(t, By) — Ga(t, 1) — ¢2(Bo) — ¥(t, ap)] (o1 — ap)
+ ¢(t7 al) - (b(tv Oé(]) + w(ta al) - ¢(t7 Oé(])

< N(t an) + [02(8,€) — ¢2(50) + ¥t n) — ¥(t, ao)](ar — o)

S N(t, Oél),
where ag < £,7 < ay. Implying that «; is a lower solution of (3.1). Further note
by a similar argument we can show that (; is an upper solution of (3.1); thus, by
Theorem 2.8, ag < ay < x < 1 < fy on J. For the construction of the sequences in
our iterative technique we will define each iterate to be the solution of the fractional
differential equations
(36) DgOén+1 = U(t7 Qpi1; O, ﬁn)u
(37) Dg/@n-i-l = V(t>ﬁn+l;ana/6n)-

P,y = " Bs1|,_, = 2°/T(q).

Letting the previous work be our basis step, suppose that up to some k£ > 1, that
ay and [ exist, are unique, and that ap_1 < ap < x < [ < (r_1 on J. Now

we will show that ajy; and (1, exist on J. Note that uniqueness follows from the
Lipschitzian nature of M and K. To do so note that

Dgak < N(t, ak) =+ [¢m(t7 5) - ¢x(t7 ﬁk—l) + ¢x(t7 7]) - %(t, Oék_1>]<05k - ak—l)
< N(t, ar) = U(t, ou; o, Bg),
where a1 < &, n < ag. Implying «y, is a lower solution of (3.6). Next, we can show

that = is an upper solution of (3.6). To do so we use similar arguments to the ones

used above,
Dz > f(t,ax) + g(t, o) + h(t, x)
+ [Falt o) + Galt, ) — 62(8) — tha(n)](z — ay)
> f(t, o) + g(t, o) + h(t, ) + Aag, Be)(z — ax)
= U(t, z; a, B),
where oy, < &,n < x. Thus, by Theorem 2.11 the solution of (3.6) for k + 1 exists, is
unique, and is such that ap < agy1 < 2 on J. By a similar argument we can show

that x < Bri1 < B on J; thus by induction we have that o, 1 < o, < < 3, < 3,1
on J for all n > 1.
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Now we will show that the weighted sequences of continuous extensions {t’«, },
{t?3,} converge uniformly to t”z by an application of the Arzeld-Ascoli Theorem. We

have that these sequences are uniformly bounded since
[t an| < [t (on — )| + [tPao| < [E7(Bo — ao)| + [P,

for all n > 1, which is also true for {t?3,}. Then we get that the sequences are
equicontinuous by following the same process as found in [21]. Therefore {t?a,,} and
{t?3,} converge monotonically and uniformly on .J;. We claim that both sequences
converge to tPx. To show this suppose tPa,, — tPa on Jy, then we have that «,, — «

pointwise on J. Now, if we consider the integral form of a,,,; we have that

PO = fL’_O v —8)1 (s, S, S, « s
a4 I'(q) + T(q) /0 (t—s) [f( co) + g(s, an) + h(s, n+1):|d
s [0 5 A ) = s

which will converge uniformly to

tPa = $—0+ "
I'(qg) T(q)

on Jy. Implying that a = x, and similarly we can show that t*(3, — tPz.

/0 (t =) [f(s,) + g(s,a) + (s, a)]ds

Finally, we will show that {t’«,}, {t?3,} converge quadradically on J,. To do
so, first let A, = * — a,,, and B, = 3, — x. Then by the continuity of F,G, ¢
and ¢ on C(Jy x Q,R), there exist continuous functions F,G,®, and ¥ such that
F(t,trz) = P(t,2), G(t,#%2) = G(t,2), ®(t, #%z) = 6(t,2), and U(t, 7z) = (t,x)
which gives us that

Fo.(t,z) =t Fo.(t,t72),
and the same result for the remaining three functions. Using (3.3), the monotonicity
of F,G, ¢,1, and the Mean Value theorem we obtain
DiAuss < h(t,2) = hlt ansr) + [Galts an) + Fult, )] An — 6(6,2) + 6(t, )
+ ’Qb(t, O{n) - ¢(ta ZIZ') - A(O{n, ﬁn)(an-l-l - O{n)
S (K + A(Oén, /Gn))An-i-l + [Fx(t> :L') - Fx(an) + G:c(ta an) - Gx(t> ﬁn)]An
+ [¢x(ta ﬁn) - ¢x(ta 51) + ’gb(t, an) - w(ta nl)]An
< (k + m)An+1 + Fm(tv 52)142 - Gm(tu 772)An(An + Bn)
+ [¢m(t7 6n) - ¢m(t7 an) + ¢(t7 an) - w(tu x)]An
= (k+m)Ans1 + [Fae(t, 1PE) — Wou(t, tPn3)]t* A2
+ [q):c:c (ta tpg?)) - gxx(ta tp772)]t2pAn(An + Bn)
< (k+m)An1 + REPAD + (S/2)t* (347 + By),
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where o, < &1,&,m,m3 < x and a,, < &3,12 < 3,. Further, m, R, and S are bounds
of A, Foo — V,, and ®,, — G,, on J respectively. Thus, by Theorem 2.10 we have
that,

P t
PA <G /0 (t = ), [k +m](t — 5)7)s® [(2R + 35) A% + SB2]ds

» t oo it Q\qitq—1
s%[(23+35)||tpAn||2+S||thny|2}/ o e = s
0 =0

I'(qi+ q)
tPE 1 ([k + m|t9)
- 2(k +m)

(2R +35)[[#P A, |12 + S| B, |1].

Here ||-|| is the uniform norm on C(.Jy,R). Thus we have that {t’«,} converges

quadradically in the following way,

P TPE P 2 P _ 2
[17(z — )| < m[(23+35)||t (@ = an)[I* + S| (Bn — 2)[17],

where

E = E,\([k +m]T9).

Similarly, we can show that

P TPE P _ 2 Dl _ 2
1t (Bpsr — @) < m[(25+3R>Ht (B = 2)|I* + BRIt (z — a) 7]

Thus finishing the proof. O

Remark 3.2. We note that it is always possible to find a ¢ and 1 to satisfy (3.2).
For example if f(t, ) is not convex, then as we did previously, we note there exists a
continuous function such that f(t,#*z) = f(t,z). Now let A > 0 be such that

. N
%fé{fm(t’t r)} =—-A<0.

Then we need only choose
Bt x) = At*a?,

in order to meet the requirements of (3.2).

In our next method we construct iterates from solutions of linear fractional IVPs;
in doing so, we develop a method that more closely resembles the quasilinearization
method, but we also lose quadratic convergence for semi-quadratic convergence. In
this case we must also strengthen the condition of h and assume it attains a two-sided
Lipschitz condition. Though convergence will not be as fast in this case, in practice
it should be far easier to implement as the iterates will be linear, and thus can be
computed explicitly, which may not be the case in Theorem 3.1. This method also
acts as a generalization of both the quasilinearization and monotone methods. We

will discuss this in more detail following the proof.
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Theorem 3.3. Suppose hypotheses (A1) and (Ay) from Theorem 3.1 are satisfied. If
h satisfies the two-sided Lipscitz condition

—k(z —y) < h(t,z) — h(t,y) < k(z —y),

for x >y, then there exist monotone sequences {c,}, {B,}, such that {tPay,} and
{t?3,} converge uniformly and semi-quadradically to tPz, where x is the unique solu-
tion of (3.1).

Proof. The proof of this theorem follows in much the same way as Theorem 3.1. The
sequences constructed in this case are solutions of the linear fractional differential

equations
Doy = N(t, om) + [Aawm, Bn) = kJ(ans1 — a),
DiBui1 = N(t, 8n) + [Man, Ba) = K] (Bns1 — Ba),
tPanp|,_y = 61|,y = 2°/T(9),

where A is defined as previously. Monotonicity and uniform convergence are proved
in much the same way as the previous theorem, but we will show an example of where
the two-sided Lipschitz condition is required. We shall consider the proof showing
that a; < z. To do so note that (3.3) is still true in this case, using this with
monotonicity, the Lipschitian nature of h, and the Mean Value Theorem we have
that

Diz > f(t, a0) + g(t, o) + h(t, z)

+ [Fa(t, ao) + Galt, ) — 6(t,§) — (£, m)](z — ao)
> N(t, o) + h(t,z) — h(t, o) + Alao, Bo)(z — ao)
> N(t, ap) + [A(ao, Bo) — kl(z — ap),

where Ay < &, < 2. This implies by Theorem 2.8 that a; < x.

Now we will show that convergence is semi-quadratic. To do so, let A,, B, F,
G, @, ¥ be defined as previously. Then using (3.3), monotonicity, the Lipschitzian

nature of h, and the Mean Value theorem we obtain
DiApiy < [Fo(t, @) 4+ Golt, an) = ¢u(t,&1) — ¢a(t, m) + K] Ay

— [Aam, Bn) — k](Ani1 — Ay)

< Fuo(t,€2) Ay — Gua(t,12) An(An + Bn) + [Mawn, Bn) — klAni
+[0(t, 8) — ot an) + O(t, o) — O(t, x) + 2] Ay,

< [ Faalt, 62) = Wb, ns) 17 AT + [D(t, €5) — Gua (8, 12)]t7 An(An + Ba)
+ [m — k]A,+1 + 2EA,

< RPPAZ + (S/2)t* (3A2 + B2) + [m — k) Ap1 + 2kA,,.
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Where a,, < &,&,m,n3 < z and o, < &3,1m2 < f,, and where m, R, and S are
bounds of A, F,, — V., and ®,, — G, on J respectively. By Theorem 2.10 we have

t
tP A, <P / (t —8)7 Eyq([m — K](t — 8)) [s*[(R + 3S)A2 + 1SB2] + 2kA,]ds
0

tPEq1([m — k]t9)

[(2R + 39)|[t? An||* + S|t7 By ||?]

2(m — k)
+ 2KktP||tP Ay, “ZM/t(t_s)KQ+q—lsq—lds
I'(¢q + q)

TPE 2ktP ||tpA | & -
e p 2 P 2 fq—l—q 1
S =) [(2R + 39)|[tP A, ||* + S||t* B, |*] + Z €q+q

TPE 2k||tP Ay |
<~ (2 P A, |7 P |I°] + —/——"'p — Kt
= 3m—h) (2R +39)]| 1+ S[t?Bnl*] + p— gq([m — KJt?),

where
E = E, (Im — k|TY).
Thus, {tPa,} converges semi-quadratically in the following sense

1t7(z — )| < Er[(2R + 3S) [ (x — an)|I* + S| (B — 2)|1%] + 2KEa||t"(z — an),

where B
TPE E, ([m — k]T9)

- - d E — q,q .

2(m — k)’ an ? m—k

Similarly, we can show that {t?3,} converges semi-quadratically in the following sense,

E1:

1 (Burr — @)l < Ex[(28 + 3R)[[7(Ba — 2)|* + Rt (x — au)[I°] + 2k Es|[t7 (B, — ).

This finishes the proof. O

We note that if h = 0 in the previous method, then convergence will be quadratic
and we will have the quasilinearization method as seen in [9]. Likewise, if f + g = 0,
we will have a special case of the monotone method where convergence to the unique
solution is linear. Therefore, Theorem 3.3 can be seen as a generalization of both the

quasilinearization and monotone methods.

In the next technique we extend this idea a little further. Here, we assume that
h is only nonincreasing in x. The iterates are still constructed from the solution of

linear fractional IVPs, but the sequences will be intertwined. That is,

aop < Bopt1 <2 < g1 < Pon

on J for all n > 0. For this method to work we must add the assumption that
ap < B and a3 < (By. Further, while convergence of the weighted sequences will
still be uniform, it will only be weakly quadratic. This method will act as a further

generalization of both the quasilinearization and monotone methods.
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Theorem 3.4. Suppose hypotheses (A1) and (Ay) from Theorem 3.1 are satisfied. If
h is nonincreasing in x, then there exist intertwined sequences {ay,} and {B,}, such
that

o < <ar< . < By Loy o< Py, Cagpr <o < P <y < Py,

provided ag < By and oy < [By. The weighted sequences {t? cap, t? Bani1}, {t? Bon, tPaon 11}
converge uniformly and monotonically to tPx, where x is the unique solution of (3.1).

Further, convergence of these tP-weighted sequences is weakly quadratic.

Proof. The sequences we construct in this case are unique solutions of the linear
fractional differential equations,
Dfagn = N(t, agn—1) + Mazn—1, Bon—1) (020 — 21)
Dfaspi1 = N(t, az) + A(Ban, a2n) (2011 — Q2p)
DB = N(t, Bon—1) + M zn—1, Ban—1)(Bon — Bon—1)
DfBant1 = N(, Ban) + A(Ban, @20) (Bont1 — B2n),
tpa"}t:o - tpﬁ"‘tzo =2/T(q),
where «g, By are given in the hypothesis. First, note that N is still Lipschitz in this
case, implying that (3.1) has a unique solution, x, on J. Further, (3.3) is true in this

case as well. We also note that A has a mixed monotonicity property, that is, if £ <7

then by the monotonicity properties of F, G, ¢, and 1, we get

(3.8) A y) < An,y), and Ay, &) > Ay, n).

This property will simplify some of our following arguments.

We will begin by showing that © < a4, to do so using similar arguments employed

previously and the fact that A is nonincreasing in x we can show that
Dix < N(t,ap) + A(Bo, o) (x — ),

which by Theorem 2.8 implies that x < a; on J. Similarly we can show that 3, <z
on J, giving us that ag < 6; < x < a3 < By on J. Using this as a basis step suppose
g < Popr1 < x < aopyr < Por on J is true up to some k > 0. Using previous
arguments, we can show that agrio < o < By on J. To show fopi1 < aigpis, We

use previous arguments along with (3.8) to obtain

D Bo1 < N(t, agirr) + ABokt1, 211) (Borg1r — Bok)
+ [Fe(t, Bar) + Go(t, aopg1) — 02 (t,§) — e (t, n)](Box — 2rg1)
< N(t, agir1) + A Borr1, on1) (Bokg1 — Qorg1),

where agr1 < &€, < (o, which by Theorem 2.8 implies that fopi1 < opio on

J. Similarly, we can show that [ori9 < aory; on J. Further, we can show that
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Bokrs < < agrys on J, and using similar arguments as before we have that

D} Bok1s > N(t, aorr1) + Aaks1, Bokt1)(Bokts — Bortz)
+ [Fu(t, aarr1) + Go(Bari1) — G2(t,€) — ¥t m)](Borra — Qi)
> N(t, agir1) + A oars1, Bort1) (Borts — Qakt1),

where oo < &,m < ggyq- So by Theorem 2.8, we have that agpio < Porss on J.

Similarly, we can show that asgri3 < forio on J, thus finally giving us that

o < Bopy1 < aopyo < Popys <o < aopys < Bopge < o1 < Por
on J, which inductively implies that ag, < Gopi1 < & < gy < Bo, on J for all
n > 0.
That each weighted subsequence {tPaw,}, {tPas,i1}, {t? P}, and {tP(a,41} con-

verges uniformly to t?z where z is the unique solution to (3.1) is proved in a similar
manner as in Theorem 3.1 using the Arzeld-Ascoli Theorem. Thus, we will instead
consider the weakly quadratic convergence. Let F,G,®, and ¥ be defined as previ-

ously. Let
A, =(-1D)"(z —ay,), and B, =(-1)"(8,—x),
then using previous arguments we have
DfAzp < Magn—1, Ban—1)Aan + [Aaan-1, Bon—1) — A, agn—1)]Azn1 + 2k
< mAg + [Faa(t, &) = Pt m2) 17 A3,
+ [ (t, &) — Guw(t, )|t (A2t + Bop—1) Aot + 2k

< mAs, + RtPA;,_ + (S/2)t* (343, 1 + B3, _,) + 2k,

where x < &1,1m0 < ag,—1 and Po, 1 < &,m < @g,_1; further m, R, S, and k are

bounds of A, F,, — V¥,, and ®,, — G,,, and h on J respectively. Following the same

lines as before we can show that
tp
tP Ay, < %Eqvl(mtq) [(2R + 39)||t? Agp1]]? + S|t Ban-1|* + 4k].

Therefore, the uniform convergence of {t?as,} is weakly quadratic in the following

sense
p TpE D 2 p 2
1t (2 = az)ll < - — [(2R + 39)[|t"(azn—1 — @) [|* + S|t*(z — Ban—1)[I* + 4K],

where E = E,1(mT7). We can also show that the convergence of the three remaining

weighted subsequences is weakly quadratic as

[ (a2 — 2)I| < ZE[(2S + 3R (x — azn)|* + BRI (Ban — )|* + 4]

2m

17 = Bon)Il < ZE[(2R + 38)|[£*(Ban — 2)||> + S|t (@ — s |[* + 4K]

2m

[#7(Ban — )| < ZE[(2S + 3R)||t(x = Bon-1)|2 + RI* (a1 — 2)||* + 4k],

2m
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which completes the proof. O

We remark that a similar result can be constructed from intertwined iterates of

just alphas as solutions to the linear IVPs

(3.9) Diag, = N(agn—1) + Alazn—1, a)(2n — a2n_1)
Dilagni1 = N(agn) + A(Bo, a2n) (ont1 — qan),

with only having to assume oy < ay. This will generate intertwined sequences of the
type

ap < gy <z < agpyr < Bo.

A similar result can also be constructed with just betas as well, assuming only 3 < .
We note this because in practice it may prove difficult to construct sequences with
the added assumptions found in Theorem 3.4, and in certain circumstances may be

more achievable to do so using (3.9).

Finally, we note that if A = 0 in Theorem 3.4 then, as previously, convergence will
be quadratic, and we will have the generalized quasilinearization method. Likewise
if f+ g =0, then Theorem 3.4 will collapse into a generalized monotone method as
found in [15]. Therefore, as claimed, the methods we constructed in this paper act as

generalizations of both the quasilinearization and monotone methods.
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