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ABSTRACT. This paper deals with the existence of multiple positive periodic solutions to a
nonautonomous scalar difference equation subjected to Allee effects. Existence is established using
Leggett-Williams multiple fixed point theorem. This result is employed to find the minimum number
of positive periodic solutions admitted by a model representing dynamics of a renewable resource

that is subjected to Allee effects in a seasonally varying environment.
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1. Introduction

In this paper, we use Leggett-Williams fixed point theorem to study the exis-
tence of multiple positive periodic solutions of a certain type of first order difference
equation. This result is used to find the minimum number of positive periodic solu-
tions admitted by some models representing dynamics of a renewable resource that

is subjected to Allee effects in a seasonally varying environment.

There has been considerable contribution in recent years on the existence of
periodic solutions of difference equations having periodic casual functions, see [12,
28, 33, 40, 41, 42, 43, 49, 50|, and the references cited therein. Many authors [1,
20, 23, 31, 37| have argued that the discrete time models governed by difference
equation are more appropriate than the continuous ones when the populations have

non overlapping generations.
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Motivated by the above observation and by the work of Padhi, Srinivasu and
Kiran Kumar [39], in this paper we investigate the existence of multiple periodic so-
lutions of a first order nonlinear difference equation representing growth of a renewable

resource that is subjected to Allee effects in a seasonally varying environment.

Let a, b be given integers and a < b. We denote discrete sets such as
Zla,bl ={a,a+1,...,b}, Za,b)={a,...,b—1}, Zla,00)={a,a+1,...},

etc. Let T € Z[1, 00) be fixed.

The difference equation representing dynamics of a renewable resource y(n), that

is subjected to Allee effects is

(1.1) Ay(n) = ay(n)(y(n) —b)(c —y(n)), n e Z(-o0,00),

where a > 0,0 < b < ¢ and the constants a, ¢ and b represent respectively intrinsic
growth rate, carrying capacity of the resource and the threshold value below which
the growth rate of the resource is negative. It is well known that equation (1.1)
admits two positive solutions given by y, = b and y,, = ¢, and one trivial solution as

its equilibrium solution.

Since we are interested in the dynamics of a renewable resource in a seasonally
varying environment we assume the coefficients a,b and ¢ to be positive T-periodic
functions of the same period, and study the existence of T-periodic solutions. Thus,

we consider

(1.2) Ay(n) = a(n)y(n)(y(n) —b(n))(c(n) —y(n)), n e Z(-o0,0),

where the positive real sequences ¢(n) and b(n) stand for seasonal dependent carrying

capacity and threshold function of the species respectively satisfying
(1.3) 0 <b(n) <c(n)and 0 < a(n)b(n)e(n) < 1,

where a(n) represents time dependent intrinsic growth rate of the resource. Clearly,
we have the trivial solution (y(n) = 0) to be a periodic solution of equation (1.2).
Since the study deals with resource dynamics, we are interested in the existence of

positive periodic solutions of the equation (1.2).

Equation (1.2) can be rewritten as
(1.4) Ay(n) = —a(n)b(n)c(n)y(n) + a(n)(b(n) + c(n) — y(n))y*(n).
Clearly (1.4) is a particular case of a general scalar difference equation of the form
(1.5) Ay(n) = —A(n) + f(n,y(n)), n € Z(—o00,00),

where A(n) : Z(—o0,00) — (0,1), f: Z(—00,00) x [0,00) — (0,00) is continuous,
and A(n) = A(n+7T), f(n,u) = f(n+T,u).
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Remark 1.1. We say a map [ : Z(—00,00) x [0,00) — [0,00) is continuous if it is
continuous as a map of the topological space Z(—o00, 00) X [0, 00) onto the topological
space [0.00). Throughout this paper the topology on Z(—o0, cc) will be the discrete
topology.

To conclude this section, we state a Leggett-Williams multiple fixed point theorem

(see Theorem 3.5 in [32]) which will be needed in this paper.

Theorem 1.2. Let X = (X,| - ||) be a Banach space and let K be a cone in X.
Suppose E : K., — K (here K., = {x € K : ||z|| < ¢3}) is completely continuous,
and suppose there exists a concave nonnegative functional ¥ with ¢(x) < ||z||, x € K

and numbers ¢, and co with 0 < ¢; < ¢o < c3 satisfying the following conditions:

(i) {z € K(¢,c2,¢c3) : p(x) > o} #0 and Y(Ex) > o if © € K(¢,¢2,¢3) = {z € K :
U(x) = e |lz|| < s}

(i) |Bx|| < ¢ if v € K.,

(i) ¥(Ex) > 2| Ex| for each x € K., such that |Ex| > cs.

Then E has at least two fized points in K.,.

Now, for any positive bounded T-periodic sequence p(n), we set

Py = Ogglnglg_lp(n) and p* = Srgg_lp(n)-

2. Existence of Positive Periodic Solutions

In this section we establish the existence of positive periodic solutions to equation
(1.5). Since 0 < A(n) < 1, we can define

(2.1) 5= (f[u —A(@))) .

6=0
Finding a T-periodic solutions of equation (1.5) is equivalent to finding a T-periodic
solutions of the equation

n+71-1

(2.2) y(n)= Y Gln.s)f(s,y(s)),

s=n

where
n+T—-1
1— A0
o - T 40)
1—Tlp=0 (1 — A(9))
It is easy to see that, for 6 € [n,n + T — 1], we have

- 1
0—1

s€nn+T—1].

)
< < —
0 _G(n,s)_é_l,
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where § is given as in (2.1). Let X = {y(n) : y(n) € C(Z(—00,0),R), y(n+T) =
y(n)} and define

Iyl = sup {y(0):y e X}.
6e2(0,7—1]
Then X with the norm || - || is a Banach space. Now solving (2.2) is equivalent to
solving
y = Ly,
where F is defined by
ntT-1

(2.3) (E@)(n) = Y Gln.s)f(s,y(s))

for y € X. Clearly, E is well defined. Let
K ={y€e X:y(n) >0}
Then it is not difficult to verify that K is a cone in X.

Theorem 2.1. Suppose that there exists a positive constant cs such that 3" f(s,y(s)) >
0 holds when 0 < y(n) < ¢z for all s € [0,T — 1], and

(Hy) 1) f(soy(s) < (552) s for % <y(s) < e, s€[0,T —1]
and

. T-1 _
(Hz) Timyy—o 17 2a f(5,5(s)) < 5 B
hold. Then equation (1.5) has at least two positive T-periodic solutions in K.,.

Proof. Consider the Banach space X defined above, and the cone K C X. Let c3
be the constant satisfying the conditions laid in the hypothesis. Define the operator
E: K. — K as (2.3). We shall apply Leggett-Williams multiple fixed point theorem
to the operator E to prove the existence of at least two positive periodic solutions for
equation (1.5).

It can be easily verified that E is completely continuous and F(K.,) C K. Now,

let us consider a nonnegative concave continuous functional ¢ defined on K as

Y(y) = min y(n).

0<n<T-1

For ¢o = < and ¢g = %(02 + ¢3), we have ¢ < ¢ < ¢3 and the set

5
{y € K(wa02>03) : w(y) > 02} 7£ @
For y(n) € K(¢, ¢z, c3), consider

n+T-1
W(By) = min D, Gn,5)f(s,y(s)

> (gf—lzﬂs,y(s)) > (721) (55«
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C3
==
Hence the condition (i) of Theorem 1.2 is satisfied. Since limj—o ZST:_OI f(s,y(s)) <
(1) (from (H, )), there exists a real £, 0 < £ < ¢ such that

T-1 5—1
> f(spte) < (S50 ) Il foro <yl <€
s=0

Choose ¢; = £. Then, we have 0 < ¢; < ¢3 and for 0 < y(n) < ¢, we have

n+T-1

1Byl = sup > G(n,s)f(s,y(s))

0<n<T—1 “—
S=n

<(557) Zev < lsa

Hence condition (ii) of Theorem 1.2 is satisfied. Now consider

T-1

Y(Ey) = min G(n,s)f(s,y(s))

0<n<T-1

< 51 Zf(S,y(S)).

Let 0 < y(n) < c3 be such that ||Ey|| > ¢3. For such a choice of y(n), we have

n+71-1

s <||Byl = sup D G(n,s)f(s,y(s))

0<n<T—1 “—
s=n

< (527) S rsv
< 0Y(By).

Therefore 1(Ey) > 1||Eyl|, and this implies that ¢(Ey) > %}jy” for each y with
0 < y(n) < c3 satisfying || Ey|| > c3. Hence condition (iii) of Theorem 1.2 is satisfied.
Therefore by Theorem 1.2, the operator (2.3) has at least two fixed point in K.,. One
may observe that the existence of a fixed point of E is equivalent to the existence of a
positive periodic solution of equation (1.5). Hence under the hypothesis of theorem,
equation (1.5) admits at least two positive T- periodic solutions. This completes the

proof. O

Corollary 2.2. Suppose that there exists a positive constant c3 such that

(H) Yo fs,y(s) >0 for 0 <y < ey,
Furthermore, for the above choice of c3, assume that

T-1
Zf(s,y<s>>>(5%1) o for L<y<o
s=0
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and
T—

[y

Fos) = (525 ) for v=ca

S=

and

(Hy)  limy—oy 3255 f(5,9(s) < 55
hold. Then equation (1.5) has at least two positive T-periodic solutions in K.

Proof. Assume that there exists a positive constant c3 such that Zf:_ol f(s,y(s)) >0
for 0 < y < ¢3. Now, let y(n) € K be such that 0 < y(n) < ¢3. From the above
assumption it clearly follows that 327" f(s,4(s)) > 0 when 0 < y(s) < ¢ for all
s € [0,T — 1]. Further, let us assume that

— 51
Zf(say): (T)y for y = c3

s

and
T—1

—1
f(s,y) > (%) cg for 05—3 <y < cs.

s=

This assumption implies that

if(s,y(s)) > (6%;1) cs for %3 <vy(s)<ecs s€[0,T—1]

s=0

and hence the condition (H;) implies (H;). Now assume that

T-1
}Jlir(l) g Yy < ) '

We have

vl —  u(s)

for s € [0, — 1]. Observe that ||y|| — 0 if and only if y(s) also tends to zero for all
s € [0,T — 1]. Therefore, in view of (H}) we have

1= L fs,yls) (01
}Jli%m ;]c(say(s)) < y(lb})@m; W < (T)

for all s € [0,7 — 1]. Hence condition (Hj) implies (Hy). The proof is now complete.
U
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3. Application to Renewable Resource Dynamics-I

In this section, we shall apply the results developed in the previous section to
investigate the existence of positive T-periodic solutions for the difference equation

(1.2) representing dynamics of a renewable resource that is subjected to Allee effects.

Allee effects refer to a reduction in individual fitness at low population density
that can lead to extinction [2, 3, 4, 5, 9, 14, 15, 19, 21, 31, 36, 38, 46]. It is a
phenomenon in Biology characterized by a positive interaction between population
density and the per-capita population growth rate in small populations. A strong
Allee effect, where a population exhibits “Critical size density”, below which the
population declines on average, and above which it may increase. It is strongly
related to the extinction vulnerability of populations. Any ecological mechanism that
can lead to a positive relationship between a component of individual fitness and
either the number or density of conspecifics can be termed a mechanism of the Allee
effect [29, 45], or depensation [13, 18, 34|, or negative competition effect [47]. A few
mechanisms generating Allee effects in species dynamics have been suggested in the
literature [5, 15]. There are several real world examples exhibiting the presence of
Allee effects [8, 16, 25, 27]. Hence, system analysis in the presence of Allee effects
has gained importance in real world problems in various fields such as population
management [5], interacting species [7], biological invasions [11], marine systems [22],
conservation biology [24], pest control, biological control [26], sustainable harvesting
[35], and meta population dynamics [51]. A critical review of single species models

subject to Allee effects can be found in [6].

Studying the consequences of Allee effects on a renewable resource under the
influence of seasonal variations is a vital problem with real world applications. Re-
cently, Padhi et al. [39] applied the Leggett-Williams multiple fixed point theorem to
obtain sufficient conditions for the existence of at least two positive periodic solutions
of a differential equation governing the dynamics of a renewable resource subject to
Allee effects in a seasonally varying environment. The results obtained in [39] give

estimates on the number of periodic solutions admitted by the model.

Describing species dynamics using periodic differential equations enables us to
study the influence of seasonal variations on the species of interest. Periodicity and
almost periodicity play important roles in problems associated with real world ap-
plications. In trying to analyze the consequences of such periodic or almost periodic
variations in the environment, it is reasonable, as a first approximation, to consider
the parameters involved to be periodic of the same period. Thus, a natural approach

might then be to study the effects of periodic variations in the appropriate parameters
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of the model equations that have been used to describe the growth dynamics in con-
stant environments such as in [10, 17, 39]. We note that an Allee effect refers to a de-
crease in a population growth rate at low population densities [4, 9, 19, 21, 36, 38, 46].

Classifications of the effects can be found in [5, 6].

Consider the transformation

The equation (1.2) is transformed to

(3.1)
_ (aln)(n)k(n) = Ac(n) a(n)c’(n) 5
Ax(n) = — ( (L 1) + it 1>> z(n) + T 1) (14 k(n) — z(n))x*(n),
where

Comparing (3.1) with (1.5) we have
a(n)c(n)k(n) + Ac(n)

(3.2) A(n) = T
and
(3.3) ) = QM) ) e,

c(n+1)

Let us consider the Banach space X defined earlier. From (3.3), we have f(n,0) =
0, f(n,z(n)) >0 for 0 < z(n) <1+ k,, and f(n,z(n)) <0 for x(n) > 1+ ks, where
km = ming<p<r-1 k(n) and ky = maxo<,<r—1 k(n). Hereafter we denote

= a(n)(n) = a(n)A(n)k(n)
M = —_— andN—nz:% o+ 1)

Since (1.3) holds, then 0 < k(n) < 1, and hence M > N > 0. From (3.3) we observe
that lim,_o < ZZ;S f(n,z) = 0 and hence (Hj) of Corollary 2.2 is satisfied by the
equation (3.1). We have the following theorem.

Theorem 3.1. If

(M+N)+\/(M+N)2—4M(5%) N 52— L
2M M+ N

then equation (1.2) has at least two positive T-periodic solutions.

(3.4)

Proof. We shall use Corollary 2.2 to prove the theorem. From (3.2), it is easy to see
that 1 — A(n) = C(cn(i)l)(l —a(n)b(n)c(n)) > 0. To complete the proof of theorem, it
is enough to find the existence of a positive constant ¢3 > 0 such that (Hy) holds.

Let us take

(M +N) + \/(M + N)2 —4M(%5)
2M

C3 =
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and define c; = ¢. Clearly 0 < ¢y < ¢3. It is easy to verify that p = c3 is a solution
of
(3.5) —Mp +(M+N)p—(T):0

which is equivalent to

(1—-p)p 5

—als)3(s) = als)A(s)k(s)  [6—1
5=0 c(s+1) +pz c(s+1) _( )

The above equation can be written as Zf:_ol f(s,p) = (5%) p, that is, p = c3 satisfies

Next, we consider the inequality

(3.6) Tz_:lf(s,%?’) > (5%) e

s=0
Then we have
T-1
a(s)c3(s) 3. C3 §—1
R3)C3) 4 SOOGS0,
; ern R T ) e

The above inequality is equivalent to
—Mc; + (M + N)bez — 6%(5 — 1) > 0.

Since p = ¢3 is a solution of (3.5), the last inequality yields

521
M+ N

Therefore (3.6) will be satisfied if the root p = ¢3 of (3.5) satisfies the inequality (3.7).
Thus (H7) will be satisfied if the parameters of the associated equation (3.1) satisfies

(3.7) which is nothing but (3.4). This completes the proof. O

(3.7) c3 >

Remark 3.2. Note that Theorem 3.1 is verified only if M and N satisfy the inequality

(M + N)? — 4M(5%1) > 0.
Example 3.3. Consider the difference equation (1.2) with
_ 172 _ @2+ (=0 _ 1
(3.8) a(n) =(1.2+ (=1)")*, b(n) = D , c(n) = (EEEDE

Then a(n), b(n) and c¢(n) are 2-periodic functions. Now we have

o) = i§Z§ (12 +1(2—1)n) .

and
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Further, we have

122 11
M—F, N_ﬁ’ and5—168

Clearly M > N > 0, and

(M +N) + \/(M+N)2 —4M (%)

Wi = 0.9689

2 1
-3

i = 0.1994948. Therefore (3.4) is satisfied and hence (1.2) admits at least

two positive periodic solutions with a(n), b(n) and ¢(n) as given in (3.8).

and

Now, we provide a sufficient condition different from Eq. (3.4) for the existence
of at least two positive T-periodic solution of (1.2). Since (1.2) can be rewritten as
(1.4), we set

Ai(n) = a(n)b(n)c(n) and  f(n,y(n)) = a(n)(b(n) + c(n) —y(n))y*(n).

Further, (1.3) implies that 0 < A;(n) < 1. Set

01 = (ﬁ(l - Al@))) > 1

6=0

and
G(n, S) _ Z:S;jl_l(l - Al(e)) :
1 —To— (1 = As(9))

0enn+T-—1].

Lemma 3.4.

n+1T—-1
> Giln,s)Ai(s) = 1.
Proof. Let
n+T-1 n+T-1 TL+T—1(1 . Al(e))

h= 2, GinAe) = 3 MO o

s=n sS=n

Setting 1 — A;(n) = B(n), we can express ji as

n+T—1 Z:ST+—11 B(6)
PR 0]
The proof of the lemma will be completed if we can show that
n+T—1 n+T-1 T-1
(3.9) > (1-B(s) [[ BO)=1-]]B®)
s=n 0=s+1 6=0

holds. Indeed,

n+T-1 n+T-1 n+T-1 <n+T—1 n+T—-1 )

> a=8e) I] BO= > [ 1] BO) - [I B®)

s=n O=s+1 s=n O=s+1 0=s
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- ( 1‘[ B(6) — 1‘[ B(H))

6=n+1
n+1T-1 n+1T-1
+| II B - ]I B(H))
O0=n+2 6=n+1
n+1T-1 n+1T-1
+| II Bo) - ] B(9)>+~-~
0=n+3 O0=n+2
n+1T-1 n+T-1
+ II Bo - ] B(Q)).
O=n+T O=n+T-1
n+T-1 T-1
=1- [] BO)=1-]] B0
O=n 6=0
implies that (3.9) holds. The proof is complete. O

Theorem 3.5. Let the sequences b(n),c(n) be bounded and
(3.10) (be + c.)* > 463b*c*

hold. Then (1.2) has at least two positive T-periodic solutions.

Proof. We consider a Banach space X and a cone K on X as in Theorem 3.1. Choose

(b + ¢2) + V/(be + ¢.)2 — 463b*cr

26% and C3 — (5102.

Co =

Then 0 < ¢ < ¢z and 252 € {y(n) € K(¢,ca,¢3); ¥(y(n)) > co} is not empty.
Further, for y € K (1, ¢y, c3) we have, using Lemma 3.4

V)= min 3" Gl Sa(s)b(s) + els)  u(s)6)
> (bs + C*)bc*gc*— (01¢2) Z_ Gi(n, s) Ay (s)
_ (b c.)es — (01¢9)3 .,
b*c* '

Further,

i Q) + e(n) — y(m)ly*(n) _

im =0

y—0 a(n)b(n)e(n)y(n)
implies the existence of a constant ¢; € (0, c2). Observe that for the above choice of
c3, we have that fi(n,y) > 0 for 0 <y < ¢3. The Green’s kernel G1(n, s) is bounded
by

S Gl(n7 5) S

senn+T—1]

T -1 6 — 1
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Then
Vi) = g n:i;la(snb(s) +els) — y(o)(s)
implies that
s < [l vy
< 2T ae) +olo) — oy
< 611&(141@/8)%

Consequently,
1 c
Y(Ary) > 5—||A1y]| = 2| Ayl
1 C3

holds. Hence, by Theorem 1.2, Eq. (1.2) has at least two positive T-periodic solutions.
The theorem is proved. O

Consider Eq. (1.2) with a(n),b(n) and ¢(n) as given in (3.8). Clearly, A;(n) =
A2 CU and T = 2 implies that 6 = 1.035067, 63 = 1.108935. It is easy to verify
that

(b, + ¢,)? = 0.385904499 < 4.060095 = 455b*c*
holds. Consequently, Theorem 3.5 cannot be applied to this example.

Example 3.6. We consider Eq. (1.2) with

1
aln) = — <0.999999 +

10 7000000 ) ’

1
=—1{o. = (=1)
b(n) = I <o 9999999 + oo (1) )
and
1
=~ (1.9999999 + ——(~1)" ).
) =1 ( * 100000000V )
1 * 1.9999998

Here T = 2, a* = L. b* = o — 0009095, 0.999999%

10° 10° 16 @ = 55 and ¢, = =g
A simple calculation shows that d; = 1.0004012, (b, + ¢.)* = 0.08999 and 463b*c* =
0.08009. This in turn implies that (3.10) holds. Hence, by Theorem 3.5, Eq. (1.2) with
a(n), b(n) and ¢(n) considered in this example, has at least two positive T-periodic

solutions.

On the other hand, § = 1.0041, M = 0.0079 and N = 0.0039 implies that

W)+ \/(M NP AMGE) = 0.94936708 and "5
oM - M+ N

hold. Thus, the condition (3.4) fails to hold and hence Theorem 3.1 cannot be applied
to (1.2) with the above considered a(n), b(n) and c(n).

= 1.0423786
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4. Application to Renewable Resource Dynamics-I1

This section deals with the existence of at least two positive T-periodic solutions

of the equations

(@) Ay(m) = ) ) = =T,
(12 Au(n) =) o) = 20 =T~ gy

and
" ) = 1) [ -

where a(n), b(n) and c(n) are positive T-periodic sequences and 7 > 0 is a real

] ~ 4Ey(n)

number.

Equations (4.1)—(4.3) are discrete analogue of the Michaelis Menton models of

the forms

(4.4 J(t) = y(n) [a(t) -

b(t)y(t —7) }
1+ c(t)y(t—)

byt =7)
1+c(t)y(t—1)

(45) y(t) = y(t) [a@)

and
(4.6) y'(t) =y(t) {a(t) B %

respectively, where a(t), b(t) and ¢(t) are positive T-periodic real valued functions

] 4By (),

} —qEy(t)

and 7 > 0, and 7" > 0 is a real number.

Equation (4.4) is a Generalized Michaelis Menton type single species growth
model [30, 44] where as (4.5) is a Generalized Michaelis Menton model with harvesting
and (4.6) is a Generalized Michaelis Menton model with harvesting but no delay.
Equations (4.4)—(4.6) has been studied extensively in the literature, see for example
[30, 37, 44] and the references cited there.

It seems that few results exist in the literature for the existence of at least one
positive T-periodic solutions of (4.3). Let ¢(n) = ¢ be a constant. The Zeng [48] used

Krasnoselskii fixed point theorem to prove that, if

1—0 b* 1l—0
4.7 0<qE < d —+qE>
(@.1) y and Uy gm0
hold, then (4.3) has at least one positive T-periodic solution, where o = ;*::_01 (1+

a(k))~*.
It follows from (4.7), that ¢E # 0 and hence the result cannot be applied to
Eq. (4.1) with no delay.
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In this section, we have made an attempt to find sufficient conditions for the

existence of at least two positive T-periodic solutions of (4.1)—(4.3).

Remark 4.1. We note that Egs. (4.2) and (4.3) can be rewritten as

(1.5) Au(n) = ~aEy(n) + [al) - 20Ty
and
(1.9) Au(n) = =aEy(n) + aln) — 12y
respectively.
Setting f1(n, y) = [a(n) — ) ]y () we observe that £ (n,0) = 0, fi(n,y) >

0 for some y € (0,x), p € R and fi(n,y) — —oo as y — oo if b, > a*c*. In a similar
way, if we set fo(n,y) = [a(n) - % y(n), then fo(n,0) =0 and fo(n,y) >0
for some y € (0, 11), 1 € R and fy(n,y) — —oo as y — oo. The above calculation

shows that the models (4.8) and (4.9) exhibit Allee effect if b, > a*c*.

Equation (4.1) is equivalent to
~b(n)y(n —1)y(n)
L+e(n)yln—71)

Assuming that y(n) is a positive T-periodic sequence, we observe that (4.1) is equiv-

y(n+1) = (1 +a(n))y(n)

alent to
. b(s)y(s — 7)y(s)
o = 35 o) [{ )
where

g - TELH0 - 00)
oo (1+a(0)) —1

is the Green’s kernel satisfying the property

s€nn+T-—1]

-1
5 1 T-1
0< 1_62_G2(n,5)_1_52 [ and &y (91;[0(1—1-61(«9))) <1
Lemma 4.2.
n+T—1
> Ga(n,s)a(s) =1
Proof. Let
n+T—-1 n+T—-1 n+T-1
o=s 11 (L +a(6))
= Gs(n, s)a(s) = a(s - .
2 ) = 2 O ) -
Set 14 a(n) = B(n). Then u can be written as
n+1T-1 n+T-1
[Tp=s1 B(9)
= 3 (Bls) — 1) 2=

s=n ng_ol B(e) - 1



MULTIPLE PERIODIC SOLUTIONS 365

To complete the proof of the lemma, it is enough to show that

n+7T-1 n+7T-1 T-1
> (Bs)-1) ] BO)=]]BO) -1
s=n O=s+1 0=0
Clearly
n+T—-1 n+T—-1 n+T—-1 /n4+T-1 n+T-1
> (@0 T 0~ 3 (‘11 20~ T #0)
s=n O=s+1 s=n 0=s O=s+1
n+1T—-1 n+1T—1
= ( II 8o - ] B(H))
6=n 6=n+1
n+1T-1 n+T—-1
+| II Bo - ]I B(H))
0=n+1 0=n+2
n+T—1 n+T—1
+| I Bo) - ] B(9)>+~-~
O0=n+2 6=n+3
n+T—-1 n+T—-1
+ I BO- ] B(Q)).
O=n+T-1 0=n+T
n+T—-1 T-1
=[] BO)-1=]]B0® -1
0=n =0
holds. The proof is complete. O

Theorem 4.3. Suppose that a(n), b(n) and c(n) are bounded sequences and
b, > a*c”

holds. Then (4.1) has at least two positive T -periodic solutions.

Proof. Let X be the space of all positive T-periodic sequences under the norm

Iyl = max Jy(n)].

Then X forms a Banach space. On the space X, we define a cone K by
K={yeX;y=>dlyl nel0,T—1]}.
On the cone K, we define an operator A, by

= 3 Gatn o P

sS=n

We consider the nonnegative concave function ¢ as in Theorem2.1.

Setting f(n,y) = %, we observe that limsup,,_, a{é?y@(’i) > alj*c*, which

in turn implies that there exists a positive constant cy > 0 such that
b(n)y(n —7)y(n) _ bs

> Co > Co,
L+c(n)y(n—7) ~ arer” =
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holds for ¢; <y <czand 0 <n <T —1, where ¢ = §2. Hence, for y € K (1, o, c3),

we have

s - i, 5 M

> o Z Ga(n, s)a(s) = ca.

To complete the proof of the theorem, it suffices to show, in view of the Leggett-
Williams multiple fixed point theorem, Theorem 1.2, that the existence of a positive
constant ¢1, ¢; € (0,cz) such that the condition (i7) of Theorem 1.2 holds. Since
lim sup,, ];("’y) = 0, then there exists 0 < € < 1 and d; € (0, ¢2) such that f(n,y) <

(n)y
ea(n)y for 0 < y < §;. Now choosing, §; = ¢; and using Lemma 4.2, we can prove

the condition (i) of Theorem 1.2. This completes the proof of the theorem. O

Theorem 4.4. Let ¢(n) =c¢ > 0 be a constant, gET <1 — d5 and

521—52219 ( 1—62)—qET)

hold. Then (4.2) has at least two positive T-periodic solutions.

Proof. Consider the Banach space X and a cone K and a non negative concave

functional ¢ as in Theorem 4.3. We define an operator A3(y) on K by

(a)) = Y Galrnys) [T gy

Choose positive constants ¢, ¢ and c3 be such that
1—109y —qET 1 1 1-46
ae |0, —2r |, 6= 5= ( 2—qET) and c5 = =2,
Zs:O b(s) 03 23:0 b(s) 02 02
Since dy < 1, then 0 < ¢; < ¢ < ¢3. It is easy to verify that A3(K) C K and is

completely continuous. For y € K,,, we have

HAng — max Z G2(n, S) |:b($)y($)y($ - ’7') —l—qu(S)]

0sn<T-1 <— 1+cy(s—7)
1 T-1
< 75, LI)yls =)+ aBy(s)
T-1
< .

Hence Asy € K.,.
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Next, for each y € K with ¢o < ¥ (y) and ||y|| < ¢3, we have ¢o < ||y|| < ¢3 and
0202 <y(n—7) < £, n € (0,7 —1]. Then for y € K(¢,cz,c3), we have

B [b(s)y(s)y(s — 7)
A E
Y(Asy) > 1_52§ ey TeEE)
52 = -b(8)025202
> —t == E
_1_52320 ].—I—Cg—; +q 2
02(52 5;02 =
—1- (52 (52 + cco ; b(S) + chz
> C

Now, consider

U(Agy) = | min Z_ Gy(n, s) [b(ls)i;(cs;é;s(s —T )7) + qu(s)]
0 [bls)y(s)y(s — 7)
2 1—10, sz:; { 1+cy(s—1) +qu(S)] '

Then for ¢ < || Asy||, we have

1 <= [b(s)y(s)y(s — 7
c3 < || Asyl| < 1—6, 52:% [ (1 )j?LJ(cy)ZJS(—T))

+ qu(S)}
The above two inequalities yield
c
U(Asy) = 6o Asyl| = C—i!lAng-

Hence by Theorem 1.2, Eq. (4.2) has at least two positive T-periodic solutions. The

theorem is proved. O

Now, we consider the equation
b(n)y(n)

Ay(n) =y(n) |aln) = 270050

whose growth law obeys Michaelis-Menton type growth equation. Moreover, we as-
sume that the population is subject to harvesting. Then, under the catch-per-unit-
effort hypothesis, the harvest population’s growth equation can be expressed as (4.3),
where a(n), b(n) and c¢(n) are positive T-periodic real sequences, ¢ and E are positive

constants denoting the catch-ability-coefficient and the harvesting effort, respectively.

As pointed earlier, Zeng [48] assumed the condition (4.7) to obtain one positive
T-periodic solution of (4.3). In the following theorem, we use the Leggett-Williams
multiple fixed point theorem, Theorem 1.2 to obtain a new easily verifiable sufficient
condition different from (4.7), for the existence of at least two positive T-periodic
solutions of (4.3).
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Theorem 4.5. Let a(n), b(n) and c(n) be bounded sequences. If
a, > qE and b, > ¢*(a* — qF)

hold, then (4.3) has at least two positive T-periodic solutions.

Proof. We can express Eq. (4.3) in the form

b(n)y*(n)

Ay(n) = Z(n)y(n) - W’

where A(n) = a(n) — ¢E. Clearly, a, > ¢E implies that A(n) > 0, n € [0,7 — 1].

We consider a Banach space X as in previous theorems and a cone K in X as in

Theorem 4.3. On the cone K, we define an operator A4 by

A =S Can.s) [M] ,

s=n

where

Gs(n, s) = ===t

1
P —a< < - T-1
s a_Gg(n,s)_1_53 B, s€nn+ ]
and
T-1
03 = H(l +A) <1
=0

It is easy to prove that A4(K) C K and A4 is completely continuous on K. We

consider a nonnegative continuous concave functional i) as in Theorem 4.3.

Since

lim bn)y(n) = lim b(n)y(n) > b,
y= A(n)(1+ c(n)y(n)) v—oo(a(n) — gE)(L+c(n)y(n)) = c*(a* — ¢E)’

£~ (0 such that

*

then there exists a positive constant ¢y > “*b_

b(n)y*(n) b,
> Z Co
(a(n) = qE)(1 +c(n)y(n)) ~ c*(a* —qE)
holds. Set c3 = §2. Then 0 < ¢y < ¢3. Fory € K (1, ¢, c3), we have, using Lemma 4.2,
that
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Next, we choose a constant ¢; € (0, “*I;qE). Then 0 < ¢; < ¢y. Further, for y € K.,

we have, again using Lemma 4.2, that

n+T-1
)y (s)
Al = max > Gn,s) [17

b*Cl <
= C1 C1
(a. —qE)
Further,
n+T-1 yz(s
< ||A <
C3 || 4y|| Z 1+C(S)y

implies that
c
(Agy) = 03] Agyl| = C—i!|z44y!|,

which in view of the Theorem 1.2, assures that (4.3) has at least two positive T-

periodic solutions. Hence the theorem is proved. O

Example 4.6. Consider Eq. (4.3) with a(n) =3+ (=1)", b(n) =3+ (—=1)", ¢(n) =
Manqu—l Here T'=2,a" =4, a, =2, b* =4, b, = 2, *:landc*:i.

Then
1

1
a:g(1+a(«9))zﬁ<l

Observe that a, =2 > 1 =¢E and ¢*(a* — ¢F) = $(4 — 1) = 2 < 2 = b, implies, by
Theorem 4.5 that (4.3) has at least two positive T-periodic solutions with the above
choice of a(n), b(n) and ¢(n). On the other hand,

l-¢ 1—% 114 7
pr— :—‘—:— ]_: E
T 2 2515 15 - ¢

implies that (4.7) fails to hold and hence the result due to Zeng [48] cannot be applied

to this example.

Our final result give a sufficient condition for the nonexistence of positive T-

periodic solution of (4.3).

Corollary 4.7. Let a(n) be a bounded sequence. If a* < qE < 1, then (4.3) has no

positive T-periodic solutions.

Proof. We can rewrite Eq. (4.3) as (4.9). We consider the Banach space X as in

previous theorem where as a cone K in X by

K={y;yec X, yn)>1-qBE) |y}
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Further, we define an operator A5 on X by

b(s)y ()
A = G — VI
(Asp)n) = 32 ) o) = gy 6o,
where .
_ (L—gE)"
G5(n75>_ 1—(1—qE)T
is the Green’s Kernel satisfying the property 2223_1 G(n,s) = qLE,

Notice that the existence of a positive T-periodic solution of (4.3) is equivalent to
the existence of a fixed point of A5 in K. If possible, suppose that y(n) is a positive
T-periodic solution of (4.3). Then y(n) = (Asy)(n) for all y € K. This in turn, we

have
n+T-1

Il = sl = s |3 G5 o) — s ot
n+1T—-1
< a3 Goln (o)
S:nn-i-T—l
<yl max ; Gs(n, s)qF
< .

a contradiction. Hence (4.3) has no eventually positive T-periodic solutions. This

proves the corollary. O

5. Remark

In this article, we have examined the existence of at least two positive T-periodic
solutions for a scalar difference equation which represents dynamics of a renewable
resource that is subjected to Allee effects. It would be interesting to develop re-
sults that identify the exact number of positive periodic solutions admitted by the

considered model and study their stability nature.

Acknowledgement: The authors are thankful to the referee for his/her helpful
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