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ABSTRACT. The purpose of this work is to develop a Monotone Method for the anti-periodic
boundary value problem with 0 < ¢ <1 on J = [0,T],

“Dlu(t) = f(t,u(t)) + g(t, u(t)),
u(0) = —u(T),
where f(t,u) is increasing in u and g(¢,u) is decreasing in w.
We will define coupled lower and upper solutions vg(t) and wo(t). Next we will construct two

sequences {v,(t)}, {w,(t)} which converge uniformly and monotonically to coupled minimal and

maximal solutions p and r, respectively; i.e. p and r satisfy the system

‘Dip(t) = f(t, p(t)) +g(t,r(t),  p(0) = —r(T),
‘Dir(t) = f(t,r(t) + gt p),  r(0) = —p(T).

Our iterates are solutions of initial value problems.

AMS (MOS) Subject Classification. 26A33, 34A08, 34B15

1. INTRODUCTION

The study of fractional differential equations has become a popular subject in
recent years because they frequently represent more appropriate models than their
counterpart with integer derivatives, see [3, 4, 6, 12, 13] for more information. A useful
technique for solving ordinary differential equations is the study on the existence of
solutions by using upper and lower solutions, which is well established in [5]. These
methods have now been applied to fractional differential equations, see the book [6]
and the papers [1, 2, 7, 8, 9, 10, 11, 14, 15, 16] for recent work.

In this paper we recall a comparison theorem from [6] for a Caputo fractional
differential equation of order ¢, 0 < ¢ < 1, with initial condition. We will define and

use coupled lower and upper solutions combined with a generalized monotone method
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of initial value problems to prove the existence of coupled minimal and maximal anti-
periodic solutions. This monotone method was first introduced in [17] for ordinary
differential equations with anti-periodic boundary conditions. The monotone itera-
tive techniques presented in [5] for boundary value problems, where the iterates are
solutions of linear equations with boundary conditions, do not apply for anti-periodic
boundary conditions. Another advantage of our method is that it does not require
the Mittag-LefHler function in our computations. The result developed provides nat-
ural sequences which converge uniformly and monotonically to coupled minimal and

maximal solutions of the anti-periodic boundary value problem.

2. PRELIMINARIES

In this section we state the definitions and results concerning the Caputo deriv-

ative of fractional order that are required to prove our main result.

Consider the initial value problem of the form

Diu(t) = f(t,ult)),

(1) uw(0) = up.

Here, ©D9u(t) is the Caputo derivative of order n —1 < ¢ < n for ¢ € [a, b], where
n is a positive integer, which is defined in [3, 4, 6, 13] as
1 t (n)
e — t — )" (s)ds.
e =) (5
Throughout this work we will consider the Caputo derivative of order ¢, where
0<g<l1.

“Diu(t) =

We recall the following definitions.

Definition 2.1. Let 0 < g < 1land p =1—g¢q. If G is an open set in R, then we
denote by C,, ([a,b], G) the function space

Cy ([a,b],G) = {u € C((a,b],G) |(t — a)Pu(t) € C ([a,b],G)} .

Remark 2.2. In [4] it is shown that if 0 < ¢ < 1, G is an open set of R, and
f:(a,b] x G — R is such that for any u € G, f € C,, then u satisfies (2.1) if and

only if it satisfies the Volterra fractional integral equation

(2.2) u(t) = ug + ﬁ / (t— )1 f(s,u(s))ds.

In particular, this relationship is true if f : [a,b] x G — R is continuous.

Definition 2.3. The two parameter Mittag-Leffler function is defined as

[e.9]

tk

Eop5(t) = T(ak 1 3)’

k=0
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and the one parameter Mittag-LefHler function is defined as
Ea@) = Ea,l(t)'
Remark 2.4. E(t) = €'
In [6], it was shown that the solution to (2.1) for f(¢,u(t)) = Mu(t)+ f(t) where

M is a real number and f € C ([0,7],R), i.e. a non homogeneous linear fractional

differential equation, is given by
t
(2.3) u(t) = ug By (Mt?) + / (t—8) B, (M(t—s)9) f(s)ds te€][0,T],
0

where E,(t) and E,,(tf) are the one parameter and two parameter Mittag-Leffler

functions, respectively.

Consider now the non homogeneous linear problem with anti-periodic boundary

conditions,

“Du(t) = Mu(t)+ f(1),

(24) u(0) —u(T).

We begin by stating the solution of (2.1) given by (2.3).
Setting t = T', and u(0) = —u(T") = ug, we get

w(T) = uoEy (MT?) + /T(T —8)I B, (M(T — 8)?) f(s)ds.
Hence, u(0) = —u(T") = uo implies t?hat

o = —ugE, (MT*) — / T B, (M(T — Y1) f(s)ds,
and consequently, 0

w0 (14 By (MT) = = [ (T = )" By (M(T = 9)) f(s)as.

Thus,

1 T .

R e .
YT TIHE, (MTq)/0 (T = 8)" Egq (M(T — 5)7) f(s)ds,

and the solution to the linear boundary value problem (2.4) is given by

E, (MT9) fT

= 1Ll n (MTO T—3s)'E, (M(T — s)?

(2.5) ult) 1+ E,(MT1) J (T = )17 Eqq (M(T — 5)?) f(s)ds

t
+ | (t—9)1'E,,(M(t—s)?) f(s)ds te€0,T).
0
We show numerical results for two linear anti-periodic boundary value problems
of the form (2.4), with ¢ = £ and using the representation found in (2.5).

We approximate the solution by using

£ (t) = e erfe(—t),
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erfe(t) = % /OO e ds,

Using this expression for £y (t), we can derive

where

(t) = L +te erfe(—t).

b 7

11
2°2

Example 2.5. If ¢ = 2, M = 1 and f(t) = ¢*, we obtain on the interval [0, 27] the

following graph.

40;
20;
0
—20
—40!

FIGURE 1. u(0) = —u(27) = —15.9419

Example 2.6. Solution for ¢ = , M = £ and h(t) = €’ on [0, 2].

200+
100¢
0
—100
—200¢
-300
—400¢

FIGURE 2. u(0) = —u(27) = —103.818

Now we are ready to state some comparison results relative to initial value prob-

lems with the Caputo derivative.

Lemma 2.7. Let m(t) € C'([0,T),R). If there exists t; € [0,T] such that m(t;) =0
and m(t) <0 on [0,t], then it follows that

Cqu(tl) Z 0.

Proof. Let t; € [0,T], then using the relation between the Caputo derivative and

Riemann-Liouville derivative given by

n—1 u(k) a
‘Diu(t) = D |u(s) — Y k,( )(s—a)k (t),

k=0
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where DY denotes the Riemann-Liouville derivative, we have that

cDimity) = Dim(t) — —0 =0 5 Dty

P(1—q)
Since this lemma was proven in [2] for the Riemann-Liouville derivative, we have
that D%m(t;) > 0 implies “D%m(t;) > 0, and the proof is complete. O

Remark 2.8. In [6] they proved the above result by assuming that m(t) is Holder
continuous of order A > ¢. Although the proof is correct, it is not useful in the
monotone method or any iterative method because we will not be able to prove that

each of those iterates are Holder continuous of order A > gq.

The above result will allow us to prove the following comparison theorem.

Theorem 2.9. Let J = [0,T], f € C[J x R,R], v,w € C'[J,R], and fort € J the

following inequalities hold true,

(2 6) CDQv(t) S f(ti U(t))7 U(()) S U’OJ
' Dw(t) > f(tw(t), w(0)> up.

Suppose further that f(t,u) satisfies the following Lipschitz condition,
(2.7) ft,x)— f(t,y) < L(x—y), forx >y and L >0,
then v(0) < w(0) implies that

v(t) <w(t), for0<t<T.

Proof. Assume first without loss of generality that one of the inequalities in (2.6) is
strict, say “Dv(t) < f(t,v(t)), and vy < wy where v(0) = vy and w(0) = wy. We will
show that v(t) < w(t) for t € J.

Suppose, to the contrary, that there exists ¢; such that 0 < t; < T for which

v(ty) =w(ty), and () <w(t), ,fort<t.

Setting m(t) = v(t) — w(t) it follows that m(t;) = 0 and m(t) < 0 for t < t;.
Then by Lemma 2.7 we have that *DYm(t;) > 0. Thus

f (tl,’U(tl)) > cD’U(t1) > CDW(tl) > f (tl,w(tl)),

which is a contradiction to the assumption v(t;) = w(t1). Therefore v(t) < w(t).
Now assume that the inequalities (2.6) are non strict. We will show that v(t) <
w(t).
Set w(t) = w(t) + e\(t), where ¢ > 0 and A(t) = E,[2Lt%], where E, is the
one parameter Mittag-Leffler function. This implies that w.(0) = wy + € > wy and
we(t) > w(t).
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Using (2.6) and the Lipschitz condition (2.7), we find that

D%w,(t) = “D%w(t) + e“DIX(t)
> f(t,w(t)) + 2eLA(t)
> wlt)) — eLA() + 26LA(1)
= J(t,we(t)) 4 €LA(t)
> f(t,w(t),0<t <T.

Here we have utilized the fact that A(¢) is the solution of the Initial Value Problem

SDIN(E) = 2LA(), A(0) =1 > 0.

Clearly there is no assumption on the growth of L > 0. Applying now the result
for strict inequalities to v(t), w.(t), we get that v(t) < w(t) for t € J, for every € > 0
and consequently making ¢ — 0, we get that v(t) < w(t) for t € J. O

The following corollary will be useful in our main results.
Corollary 2.10. Let m € C'[J,R] be such that
“Dim(t) < Lm(t),
m(0) = my.
Then we have from the previous theorem the estimate

m(t) < moEy(Lt?), for0<t<T and L > 0.

The result of the above corollary is still true even if L = 0, which we state

separately and prove it.
Corollary 2.11. Let “D%m(t) <0 on [0,T]. Then m(t) <0, if m(0) <O0.

Proof. By definition of *D%m(t) and by hypothesis,

“Ditm(t) — ﬁ /0 (t — s)~9m/(s)ds < 0,

which implies that m/(t) < 0, and consequently m(t) is decreasing, on [0,T]. There-
fore, m(t) < m(0) <0 on [0, 7. O

Note that the above result may not be true for the Riemann-Liouville derivative.

We recall a comparison result similar to the one given in [6] for periodic boundary

conditions. As in Theorem 2.9, the proof does not require Holder’s continuity.
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Theorem 2.12. Let J = [0,T], F € C[JxR,R], v,w € C'[J,R], and for0 <t < T,
‘Di(t) < F(t,v(t)), v(0)<—w(T), and

‘Diw(t) > F(t,w(t)), w(0)>—v(T).
Suppose further that F(t,u(t)) is decreasing in u, then v(0) < w(0) implies that
v(t) <w(t), for0<t<T.
Proof. Suppose, to the contrary, that there exists ¢y € J such that
v(ty) =w(ty) +e and o(t) <w(t) +e,

for 0 <t <ty <T,and let m(t) = v(t) — w(t) —e.

If to € (0,7], then m(ty) = 0 and, consequently, m(t) < 0 for 0 < t < ¢;. By
Lemma 2.7 we obtain that “D%m(ty) > 0 and “D%(ty) > “D%w(ty). By hypothesis

we get that
F (to,U(tQ)) Z CDqU(to) Z CDq’LU(t()) Z F (to,w(to))

But this is a contradiction to the hypothesis that F' is decreasing in u because
we had assumed that v(ty) > w(tp).

Now assume that tg = 0, then we have that
—w(T) > v(0) =w(0) +e > —v(T) +e.

Thus, v(T) > w(T) + € and v(T) > w(T). Proceeding as in the previous part of

the proof, we get a contradiction and the proof is complete. O

Two important cases of this theorem are the following, which are useful to develop
a monotone method for the Caputo fractional differential equation with anti-periodic
boundary conditions by using solutions of linear anti-periodic boundary value prob-

lems.

Corollary 2.13. Let m € C'[J,R] be such that

for0<t<T and M >0. Thenm(t) <0 for0<t<T.
Similarly, if
“‘Dim(t) > —Mm(t),

for0<t<T and M >0. Then m(t) >0 for0 <t <T.

Remark 2.14. It is to be noted that in the proof of these equivalent results from [6],

we use Lemma 2.7 which does not require the Holder’s continuity assumption.
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3. MAIN RESULTS

In this section we will develop a generalized monotone method for the nonlinear
anti-periodic boundary value problem (3.1), given below, by using coupled upper and
lower solutions and the corresponding initial value problem (2.1) where f does not

depend on u, and u(t) can be represented uniquely by

t

1 -
u(t) = uop + lq) /(t —5)17 f(s)ds.

0

For that purpose consider the nonlinear anti-periodic boundary value problem of

the form

cDiu(t) = f(t,u(t)) + g(t,u(t)),

3 u(0) = —u(T)

where f,g € C[J x R,R] and u € C'[J x R].

If u € C'[0, T satisfies the fractional differential equation

Diu(t) = f(t,u(t) + g(t, u(t)),

and u is such that u(0) = —u(7T) for t € J, then u is an anti-periodic solution of
(3.1).
Throughout the rest of this paper, we will assume that f is increasing in u and

g is decreasing in u for t € J.

Here below we provide the definition of coupled lower and upper solutions of
(3.1).

Definition 3.1. Let vy, wy € C*[J,R]. Then vy and wy are said to be coupled lower

and upper solutions for (3.1), respectively, if

(3.2) “Dvo(t) i f(t,vo(t)) + g(t, wo(t)), vo(0) §>—wo(T),

“Diwo(t) = f(t,wo(t)) + g(t; vo(t)), wo(0)

We will develop the generalized monotone method for the anti-periodic boundary
value problem via the initial value problem approach; that is, a method introduced
first in [17] where the iterates are solutions to initial value problems. Observe that,
since the iterates are not solutions of linear boundary value problems of the form (2.5),
there is no need to compute the Mittag-Lefler function on each iterate. We obtain
natural sequences which converge uniformly and monotonically to coupled minimal

and maximal solutions of (3.1).

We will state the following theorem related to coupled lower and upper solutions
of the form (3.2).
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Theorem 3.2. Assume that

(A1) vy, wy are coupled lower and upper solutions for (3.1) with v(t) < wy(t) in
J; and

(A2) f,g € C[J x R,R], where f(t,u(t)) is increasing in u and g (t,u(t)) is
decreasing in u.

If w is a solution of (3.1) such that vy(t) < u(t) < wo(t) in J, then the sequences
defined by

‘D, 1(t) = [f(t,0.(t)) + g(t, wa(t)),

(3'3) Un+1(0) = —wn(T),
and
(3.4) ‘Diwni1(t) = f(t,walt)) + g(t,va(t)),

Wny1(0) = —u,(T).

are such that
Vg <01 < S0, S Upyr SUS Wiy Swy, e < wyp < wy,

where v, (t) — p(t) and w,(t) — r(t) uniformly and monotonically in C'[J,R], and
p,r are coupled minimal and mazimal solutions of (3.1), respectively; i.e., p and r

satisfy the coupled system
“Dip(t) = f(t p(t) +g(t,r(t)),
p(0) = —=r(T) on J,
and
Dr(t) = f(t,r(t) +g(t p(t)),
r(0) = —p(T) on J,
with p < u <r.
Proof. By hypothesis, vy < u < wy. We will show that vg < v; < u < w; < wy.
It follows from (3.2) that
‘Do (t) < f(t vo(t) + g(t, wo(t)), vo(0) < —wo(T),
“Dwo(t) = f(t, wo(t)) + g(t, vo(t)), wo(0) = —vo(T),
and by (3.3), we get that
“Divy = f(t,v9) + g(t, wo),
v1(0) = —wo (7).
Therefore, v9(0) < —wo(T") = v1(0). If we let p = vy — vy, then p(0) < 0 and,

*Dip = D%y — D%y



488 J. D. RAMIREZ

< f (t7 UO) +9g (tv wO) - f (t7v0> ) (t7w0)

Since D < 0 and p(0) < 0, by an application of Corollary 2.11 we have that
p(t) < 0 and, consequently, vg(t) < v1(t) on J. By a similar argument we can show
that v1(t) < u, u < wq(t) and wy(t) < we(t). Thus, vg < vy < u < wyp < w.

Now we will show that v, < vy for k> 1.
Assume that

Vo1 S U S u < wp < Wiy,

for k > 1.
Let p = v, — viy1. Then

Vk(0) = —wp—1(T) < —wi(T') = vi41(0),

so p(0) < 0. By the increasing nature of f and the decreasing nature of g it follows
that

“Dip = “Divy — “Dvy

= f (ta kal) +9 (t7 wkfl) - f (tv Uk) -9 (tvwk)
<0.

Similarly, by Corollary 2.11 we have that p(t) < 0 and consequently wv(t) <
Vg1 (1)

By a similar argument we can show that w1 < wy. Using the hypothesis that
vo(t) < wu(t) < wo(t) on J, the above argument and induction we can show that

Vkt1 < U < wiy1. Therefore for n > 0,

V< <v<---<v, <u<w, < - <w <w < wp.

Now we have to show that the sequences converge uniformly. We will use the
Arzela-Ascoli Theorem by showing that the sequences are uniformly bounded and

equicontinuous.

First we show uniform boundedness. By hypothesis both vy(t) and wg(t) are
bounded on [0, 7], then there exists M > 0 such that for any t € [0,T7], |vo(t)] < M
and |wo(t)| < M. Since vg(t) < v,(t) < wp(t) for each n > 0, it follows that

0 < vp(t) —vo(t) < wo(t) — wvo(t),

and consequently {v,(¢)} is uniformly bounded. By a similar argument {w, ()} is

also uniformly bounded.
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To prove that {v,(t)} is equicontinuous, let 0 < t; <ty <T. Then for n > 0,

[on(t1) = va(la)| =

) ‘_w”‘“T) b [ (0= st () (w05 s
Faa(T) = i [ = (vans () g ()] s

[f (5,00-1(5)) + g (£, wn_1(t))] ‘ds.

Since {v,(t)} and {w,(t)} are uniformly bounded and f (¢,u(t)) and g (¢, u(t))

are continuous on [0, 7], there exists M independent of n such that

i

1 t2 1
+m/t‘l (tQ_S)

(0 = )" = (t2 = )] [f (5, 001(5) + 9 (5, wa-a(s))] | ds

M (" g—1 _ §)7 s M — )" s
< s [ 0= = o s g [yt
M qt1 M qtl_l — ‘1t2
B0 R T NP L M v A

o g ) i}

(ta —t1)"

= t? 4 M (tg — t1>q — M td 4
I(g+1) ! I'(g+1) [(g+1) 2 I(g+1)

< 2M (b — 1)1 = 2M
T+ Y T(e+)
Thus, for any € > 0 there exists 0 > 0 independent of n such that for each n,

[ty — ta]?.

[un(t1) — vn(te)] <e,
provided that |t; — to] < 9.
Similarly we can prove that {w,(t)} is equicontinuous.

We have obtained that {v,(t)} and {w,(t)} are uniformly bounded and equicon-
tinuous on [0,7]. Hence by the Arzela-Ascoli Theorem there exist subsequences
{vn, ()} and {w,, (t)} which converge uniformly to p(t) and r(t), respectively. Since

the sequences are monotone, the entire sequences converge uniformly.
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We have shown that the sequences converge in C'[0,7]. In order to show that

they converge in C'[0, T, observe that since each v, is constructed as follows
chvn = f(ta /Unfl) + g(twnfl)a
0, (0) = —w, 1 (T),

and we get that
0a(t) = s (T) + s / (t = )7 [ (5, vner (8)) + 95w (5))]ds.

Taking limits when n — oo, we obtain by the Lebesgue Dominated Convergence

theorem that
t

1 ) /(t —5)1 [ f(s, p(s)) + g(s,7(s))]ds.

plt) = =r(T) + g

Hence v,(t) — p(t) in C[0, T]. Furthermore, the above expression is equivalent to
‘Dip= f(t,p)+g(t,r) on J,
p(0) = —r(T).
By a similar argument w,(t) — r(¢) in C'[0,T] and it can be shown that
‘Dir = f(t,r)+ g(t, p) on J,
r(0) = —p(T).
Since v, < u < w,, on [0,T] for all n, we get that p < u < r on [0, 7] which shows

that p and r are coupled minimal and maximal solutions of (3.1), respectively. This

completes the proof. n

4. NUMERICAL RESULTS

In this section we present an example that illustrates the result from Theorem
3.2.

Example 4.1. Consider the following anti-periodic boundary value problem

Dy = u*—w?on J=][0,T], for any T >0

(4.1) u(0) = —u(T).

. . 4 2 . . . 1 . 1
The function h(u) = u* —u? is increasing for u > 75 and decreasing for u < vt

Then vy = —1 and wy = 1 are coupled lower and upper solutions that satisfy (3.2),

in fact
0=“Divg<vi—vg=1-1=0

—1= Uo(()) S —wo(T) = —1,
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and

0="D0wyg>vi—vg=1-1=0

1= wo(O) Z —Uo(T> = ]_,

We construct the sequences according to Theorem 3.2 and obtain for all n > 0
that

1)0:1)1:1)2:...:7]”:...:_1andwozwl:w2:...:wn:...:1_

Thus p = —1 and r = 1 are coupled minimal and maximal solutions of (4.1). Observe

that u = 0 is a solution of (4.1), where vy = p < u < 1 = wy.
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