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ABSTRACT. In this paper, we present some new improvements of dynamic Opial-type inequalities
of first and higher order on time scales. We employ the new inequalities to prove several results
related to the spacing between consecutive zeros of a solution and/or a zero of its derivative of a
second-order dynamic equation with a damping term. The main results are proved by making use
of a recently introduced new technique for Opial dynamic inequalities, the time scales integration
by parts formula, the time scales chain rule, the time scales Taylor formula, and classical as well as

time scales versions of Holder’s inequality.
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1. INTRODUCTION

The study of dynamic inequalities on time scales has received a lot of attention
in the literature and has become a major field in pure and applied mathematics.
The subject of time scales has been created in [8] in order to unify the study of
differential and difference equations, and it also extends these classical cases to cases
“in between”, e.g., to so-called ¢-difference equations. The general idea is to prove
a result for a dynamic equation or inequality, where the domain of the unknown
function is a so-called time scale T, which may be an arbitrary closed subset of the
real numbers R. The books [5,6] by Bohner and Peterson summarize and organize
much of time scales calculus. The three most popular examples of calculus on time
scales are differential calculus, difference calculus and quantum calculus (see [9]), i.e.,
when T =R, T =7, and T = ¢"° with ¢ > 1. It is worth to mention here that many
results concerning differential inequalities carry over quite easily to corresponding
results for difference inequalities, while other results seem to be completely different

from their continuous counterparts.
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The Polish mathematician Z. Opial in 1960 [12] published an inequality, involving

integrals of a function and its derivative, of the form

(L1) /|f (1)t <2 /|f )P dt,

where f € C'0,h], f(0) = f(h) =0, and f > 0 on (0,h), and the constant h/4 is
the best possible. Olech [11] extended the inequality (1.1) and proved that if f is
absolutely continuous on [0, ] and f(0) = 0, then

(1.2) /|f (1) dt < 2 /|f )P dt.

Since the discovery of Opial’s inequality, much work has been done, and many papers
which deal with new proofs, various generalizations, extensions, and their discrete
analogues have been also proved in the literature. A discrete analogue of (1.1) has
been proved in [10], and a discrete analogue of (1.2) has been proved in [2, The-
orem 5.2.1]. In [3] (see also [5, Theorem 6.23]), the authors extended (1.1) to an
arbitrary time scale T and proved that if f € Cl;([0, h]t, R) satisfies f(0) = 0, then

(1.3) / ‘f2 At<h/ (£2)* (1) At

In [14], the following result was proved.
Theorem 1.1 (See [14, Theorem 1]). Assume that a € T, b € (a, c0)T,
r,s € Cul([a, b1, (0,00)), and f € Cy([a, b1, R).

If f(a) =0, then
/ (2 \At<K/ ) |12 0))° A,

\/ [ ([ ) s s M0

and [ is the graininess of the tzme scale T.

where

Using a novel technique in [4], Theorem 1.1 was improved in the following way.
Theorem 1.2 (See [4, Theorem 5.2]). Assume that a € T, b € (a,00)T,
r,s € Cua(la,b)r, (0,00)), and  f € Cy([a,b]r,R).

If f(a) =0, then
/ ) [(f)2 ()] At < K/ ) |20 At,

¢ [ ewsoa i mo - [ A

where




DYNAMIC OPIAL INEQUALITIES 231

The purpose of this paper is to apply the new technique that was developed in [4]
in order to improve the main results of the papers [13,15,17]. We now present the

results obtained in [13,15,17]. These results are improvements of Theorem 1.1.

Theorem 1.3 (See [15, Theorem 2.1}). Assume that a € T, b € (a, c0)r,
r,s € Cua([a, b1, (0,00)), and f € Ciy([a,blr, R).
Let A\>1 and § > 0. If f(a) = 0 and f* does not change sign in (a,b)r, then

A4S

[ s+ P o <k [ r]rfo)

where

= s )\TH t - A+0—1 x+o
e () ([ ([ 2me) o)

and 1 is the graininess of the time scale T.

Theorem 1.4 (See [13, Theorem 2.1}). Assume that a € T, b € (a, c0)T,
r,s € Cua([a, b1, (0,00)), and f € Ciy([a,blr,R).
Let 0 <A<1,0>0,and A\+06 > 1. If f(a) =0 and f >0 on [a,b]r, then

A4S

[ s+ P rrof <k [ o] rso)

where

and 1 is the graininess of the time scale T.

Theorem 1.5 (See [17, Theorem 2.1]). Let n € N. Assume that a € T, b € (a, c0)T,
r,s € Cul(la, b, (0,00)), and f € Cl([a,b]r,R).
Let A>1and 6 =N/ (A—1). If f2"(a) =0 for all0 < k < n— 1, then

/ s(t) |f(t)+fa(t)|/\ ‘fAn(t)‘(SAt < K/ r(t) ‘fAn(t)‘/\HAt,

a

where
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A

<5 b(o(1)) (b (t o (T et A6—1 pem)
e () ([ ([ g s) -

A+

/b (p(0))*(s(t) > </t (Bo—a(t, o())) 5551 AT> . At o

)

(r(£))x

and 1 is the graininess of the time scale T.

One can see that in Theorems 1.1, 1.3, 1.4, and 1.5, there is an additional term in
the constants of the inequalities that depends on the graininess function u. However,
in Theorem 1.2, our new technique was able to remove this additional term. In this
paper, we now want to present improvements of Theorems 1.3, 1.4, and 1.5, which will
not have the additional term depending on the graininess function. The technique

used is the same one as introduced in [4].

The paper is organized as follows: In Section 2, we present the basic definitions
of time scales calculus that will be used in the sequel. In Section 3, we address the
improvements of Theorems 1.3 and 1.4 and prove some new dynamic inequalities
of Opial type involving first-order delta derivatives. In Section 4, we address the
improvement of Theorem 1.5 and prove some new dynamic inequalities of Opial type
involving higher-order delta derivatives. Finally, in Section 5, we employ the new
inequalities to prove several results related to a second-order dynamic equation with a
damping term, generalizing the previous published work [16] on the same problem. We
prove our main results by using the time scales chain rule, the time scales integration
by parts formula, the time scales Taylor formula, and classical as well as time scales

versions of Holder’s inequality.

2. TIME SCALES PRELIMINARIES

In this section, we briefly present some basic definitions and results concerning
the delta calculus on time scales that we will use in this article. A time scale T is
an arbitrary nonempty closed subset of the real numbers. We define the forward
jump operator o : T — T by o(t) := inf{s € T : s > t} for t € T. The mapping
p: T — [0,00) defined by u(t) := o(t) — ¢ is called the graininess of T. A function
f i la,b] — R is called rd-continuous, denoted by f € C,q, if it is continuous at
each right-dense point (i.e., o(t) = t) and there exists a finite left-sided limit at all
left-dense points (i.e., p(t) = t, where the backward jump p is defined in a similar
way as the forward jump o). For the definition of the delta derivative f2, we refer
to [5,6]. A simple useful formula is f° = f + uf?, where f° := f o 0. The product
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rule for the derivative of the product fg of two differentiable functions f and g reads

f9® =29+ [79% = fg® + [24°.

For the definition of the integral of f € C,q, we refer again to [5,6]. What will be

used in this paper is the time scales integration by parts formula

b b
/ f(t)g®(t)At = f(b)g(b) — fla)g(a) — / fA()g7 (t) A

If fe CYR,R)and ¢g: T — R is delta differentiable, then the time scales chain rule,
see [5, Theorem 1.90], states that

(fog)® = gA/ f'(hg” + (1 — h)g™)dh,
0

and a special case, which we will use in this paper, is given by

()2 =~ /1 (hf?+ (1 —=h)f)""dh for ~>0.

0
The time scales Holder inequality, see [5, Theorem 6.13], says

/ablf(t)g(t)lAté{ /ab|f<t>|w} { / o |At} |

where a,b € T, f,g € Cua([a,b]r,R), v > 1, and v = v/(y — 1). For the definition
and properties of the Taylor monomials hy, we refer to [1,5]. In this paper, we will
use the time scales Taylor formula, see [5, Theorem 1.113],

S (k) @) + / a0 ()" (1) AT
k=0 e
for a function f € C}; with n € N, more precisely, its special case
F0= [ haalts o) (116e
that holds provided f2*(a) =0 for all 0 < k < n — 1.

3. INEQUALITIES WITH FIRST-ORDER DERIVATIVES
Theorem 3.1. Assume that a € T, b € (a,00)r,
r,s € Cul([a, Yr, (0,00)), and f € Cy([a,b]r,R).
Let a > 1 and 3> 0. If f(a) =0, then
b b
/ S(t)}(f“)A(t)(fA(t))ﬁ\AtSK/ r(t) [F2 )] A,

where

_a(B+ 1) { /b<s<t>>z+f( (R9)5 1 At}“ﬁ

a+f (£)) @D t5=D
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with

Proof. Define

Then g(a) =0,
gA:T‘fA‘a-l-ﬁ o that ‘fA‘ _ (gT)a_Jrﬁ7
and
t 1 L
f@) = —(r(7))a+s f2(1) AT
01 = || =t
t 1 1
< | ()T ()] Ar
/a (r(7)) e | |
t AT =7 trT A OB AL =i
< {/ 7@«@)#1} {[ro1perard

at+B-—1 1
= (R(t)) =7 (g(t))=+7,
where we have used the time scales Holder inequality with conjugate exponents
and « + (3 > 1. Thus, for h € [0, 1], we obtain
Ihf7+ A =n)f] < Alf7[+Q=h)|f]
atp—1 1 atp—-1 1
h(R?) a5 (¢%)a+8 + (1 — h)R a+F go+p

atp—1 a+pB-—1

(hR?)"=7 (hg”)™7 + (1 — h)R) =7 ((1 - h)g)=+
< (hR° + (1 —h)R)“F7 (hg® + (1 — h)g)™ ,

a+p
a+pB—-1

IN

‘ -

@

where we have used the classical Holder inequality for sums with conjugate exponents

aj{-—lﬁ—él and o+ [ > 1. Hence

1 1
/ (hf"+(1—h)f)°“‘1dh‘§ | g+ a—ngr-tan
0 0

(a+B-1)(a=1)

1 —1
< /(hRG+(1—h)R)7a+ﬁ (hg” + (1= h)g)a dh
0

{/ (hR? + (1 — h)R)*™"~ dh} {/ (hg” + (1 — h)g)s+t dh} ,
0 0

where we have used the classical Holder inequality for integrals with conjugate expo-

a+3 a+p
nents —— and T

IN

> 1. Therefore, using the time scales chain rule three times, we
get

2] = el 1(hf"+(1—h)f)a_1dh'
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— /01 (hf"+(1—h)f)a‘1dh‘

IN

(G + 1)e+s

e {(a + B)RA /01 (hR° + (1 — h)R)**7~1 dh}w

(a4 )i
X{Oé‘l‘ﬁ A

0 [ g a-mgF )

B+1

_ a(f+ 1) aig\ AT ats A
S we eL(GAU N MR (GO

and thus finally
b
[ st @ 20)| ar

a(B+1)=s

b
{
= a+f3 /a ) (r(t))atr—1
Q@) [P (B T
< Oz——i-ﬂ{/a (s(t))e= (r(t))%At} {/a (g
— K{g%_ﬁ(b)}g_ié
= Kg(b),

A\ox3 1 oF
O‘(Qﬁ% {/0 (hR% + (1 — h)R)*™7! dh}

(Raw): 0 {(#) 0}

Q"—‘

B+1
+8

235

a—1

where we have used one last time the time scales Holder inequality with conjugate

Oc-i-ﬁ a+fB
exponents -5 and I 1.

O

If we let =0 in Theorem 3.1, then we get the following result.

Corollary 3.2. Assume that a € T, b € (a,00)r,

7,5 € Cu([a, blr, (0,00)), and f € CL([a,b]r,R).

Let o> 1. If f(a) =0, then

[ solumrmlacs k[ 2o ar

where
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tOAT
AT

If we let « = 2 in Corollary 3.2, then we obtain Theorem 1.2.

with

Remark 3.3. The results in this section are given when f(a) = 0. Similarly as
in [13-15], results can also be given when f(b) = 0 or when f(a) = f(b) = 0, but

since no new ideas are needed, we refrain from stating these other results.

4. INEQUALITIES WITH HIGHER-ORDER DERIVATIVES
Theorem 4.1. Let n € N. Assume that a € T, b € (a,00)r,
r,s € Cul(la, b, (0,00)), and [ € Chy([a,b]r,R).
Let o > 1 and 3 > 0. ]ffAk(a):Ofm’allnggn—l, then

b n fA”(t) b s
s a\A A 8 . N
[ solumrouor S Ols<k [l or a
where -
_alBH DI [ s (RO A}m
K a+ {/a( (1)) OB R t
with

a+f3

[ (st o (7)) o
R(t) —/a (T(T))ﬁ% AT.

Proof. Define
o)) = [ () |1 ()" o

()
r )

Then g(a) =0,

= ‘fm}oﬁrﬁ so that }fm

and

)] = / B (.0 () f2" () AT

/ (D) )2 5

(r(7))=+
Chaa(8,0(7) A
< —————(r(7))«ts f AT
| S OO
E(hpoi(t,0(7)))ets1 7_ TatB t7~7- YT .
< {/ m—— A} {/ (") 12" () A}
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a+p

where we have used the time scales Holder inequality with conjugate exponents —= 51

and o + # > 1. Thus, exactly as in the proof of Theorem 3.1, we obtain

/01 (hf? + (1 —h)f)*" dh'

B+1

< {/01 (hR? + (1 — h)R)*™"! dh}m {/01 (hg” + (1 — h)g)F= dh}aw .

Therefore, using the time scales chain rule three times, we obtain

AT 1
2 03y g = alr 1 [ a - mpan
0
_ (giﬁ / (hf”+(1—h)f)°‘_1dh’
rat+tp 0
L et

Q

a(gh)e+s

“ Q
m

IA

{/0 (hR” + (1 — h)R)*"~ ldh}

B+1

7’7
1 a—1 otp
« {/ (hg” + (1 — h)g) = dh}
0

5%1 1 otp
_ of j;}) ’ - {(a+ﬂ)RA/ (hR% + (1 — h)R)*"~ ldh}

Qe
-

|

(0 + B)rosd (RS 555 o
a+p A ! 25
hg® + (1 — h)g)F1 ' dh
A5t [ tha v 0= g F
BH+1 a—1 B+l
_ a(f ﬂ;ll)aw _ {(Ram)A}m {(g%ﬁa)A}aw |
(o B)ricd (RA) 555
and thus finally
b AR
a g [o(1
[ s o oy L a
R Re) (1)L Bt
< ﬂ&ﬂLﬂ/s@{( ﬁ.“hl{@%ﬁAM}”At
GO ) (RA)
B+l « 37;1 b srL
a(f+ 1)ets {/ ats (R +6) ot A a+p
< T e e g51)" )t
ati | (r(t))>- <> ™)
B+1
= K {g"Mwm}
= Kg(b),
where we have used one last time the time scales Holder inequality with conjugate
exponents < a+5 and %if > 1. O

If we let n =1 in Theorem 4.1, then we get Theorem 3.1.
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Remark 4.2. The results in this section are given when f2"(a) = 0 for all 0 <
k < n—1. Similarly as in [17], results can also be given when f2*(b) = 0 for all
0<k<n-—1orwhen f2(a) = f2%(b) = 0 for all 0 < k < n — 1, but since no new

ideas are needed, we refrain from stating these other results.

5. APPLICATIONS

In this section, we consider the second-order dynamic equation with a damping
term

(5.1) (r (F*))° (&) + () (F2®) +a®) (7)) =0, ¢ € [a,b]y

on an arbitrary time scale T. The results given in this section improve the results
from [16].

Theorem 5.1. Assume that a € T, b € (a,00)r, v > 1,
p,q € Cra([a, b1, R), r € Cya([a, b1, (0,00)), and f € Cl([a,b]r,R).

If f is a nontrivial and nonnegative solution of (5.1) such that f(a) =0, f2(t) >0
for allt € [a,b)r, and (f2(b))" <0, then

K+ Ky > 1,
where )
27_;?1 {/ ‘ "H—l RTH) ()At}'ﬁl
Y (1)’
and
Ky = { [ ewr= (WA(W}
with

wio= [ ﬁ Q0= [ o

Proof. First note that Theorem 3.1 yields (with « =2 and =~ — 1)

[ w010 0 () sk [ o (B0 a

and Corollary 3.2 yields (with o = v + 1)

/ Q)] (£F741) (At < Ky / r(t) (f2 (1) 1AL

Using this, together with two applications of the time scales integration by parts rule,

we obtain

[ sy ae= [ro (20) o
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< /(r(fA)”)A(t)f"(t)At
- /{p ) (FA®) +a®) (f7®))} fo (1) At
= [0 o) rwa- [ uror s

a

= / p() (FA0) A7 ()AL= QU)(F(5) ™ + Q(a)(f(a))™!

/ Q(t) f~r+1

=/ p() (F20) P At+/@ (F)* (1) At

< / PO (F20)7™ F20) (F7(8) + (1) At + / QU (7)™ (DAt
= [ ooy () wacs [ ewl () 0t

< K [0 (rP0) At g [0 (20)

= (K, +K2)/ r(t) (fA(zt))”+1 At,

and so the claim follows after cancelling the integral. O

Remark 5.2. If ¥ > 1 is a quotient of odd positive integers, then the assumption
(f2(b))” <0 in Theorem 5.1 may be replaced by the assumption f2(b) < 0.

If we let ¥ =1 in Theorem 5.1, then we get the following result.

Corollary 5.3. Assume that a € T, b € (a,00)r,
p,q € Cua([a,b]r, (0,00)), € Cra([a,b]r,R), and f € Cl([a,b]r,R).

If f is a nontrivial and nonnegative solution of (5.1) with v =1 such that f(a) =0,
f2(t) >0 for allt € [a,b)r, and f2(b) <0, then

W 2 2y AHW DAt 1

R = [ 25 qu= [ P

If we let r(¢) = 1 in Corollary 5.3, then we get the following result.

where
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Corollary 5.4. Assume that a € T, b € (a,00)T,

p,q € Cua([a,blr, (0,00)), and f € CL([a,b]r,R).

If f is a nontrivial and nonnegative solution of (5.1) with v =1 and r(t) = 1 such
that f(a) =0, f2(t) >0 for all t € [a,b)r, and f2(b) <0, then

\// 2t+o(t —QaAt—l—\// 2(t+o(t) —2a)At > 1,

where

If we let p(t) = 0 in Corollary 5.4, then we get the following result.

Corollary 5.5. Assume that a € T, b € (a,00)r,
q € Cra([a, blr, (0,00)), and f € Ciy([a, bz, R).
If f is a nontrivial and nonnegative solution of

A0 +at)f7() =0, teablr
such that f(a) =0, f2(t) >0 for all t € [a,b)r, and f2(b) <0, then

b b
/ (Q)*(t+ o(t) — 2a)At > 1, where Q(t) = /t q(T)AT.

If we let T = R in Corollary 5.5, then we get the following classical result of
Brown and Hinton [7, Theorem 3.1].

Example 5.6. Assume that a € R, b € (a,0),
q € C([a,b],(0,00)), and f e C'([a,b]r,R).
If f is a nontrivial and nonnegative solution of

f') +q@)f(t) =0, te€al]
such that f(a) =0, f'(t) > 0 for all ¢ € [a,b), and f'(b) = 0, then

b b
2/ (Q(t))*(t —a)dt > 1, where Q(t):/t q(T)dr.

If we let T = Z in Corollary 5.5, then we get the following result.

Example 5.7. Assume that a € Z, b € (a,00)z,
¢ [ablz— (0,00), and f:lablz—R
If f is a nontrivial and nonnegative solution of

Af(t)+qt)f(t+1) =0, t€]la bz
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such that f(a) =0, Af(t) >0 for all t € [a,b)z, and Af(b) <0, then

X_:(Q(t))z(% —2a+1)>1, where Q(t) = z_:q(T).

Remark 5.8. The results in this section are given when f(a) = 0 and f* has a

generalized zero at b. Similarly as in [16], results can also be given when f(b) = 0

and f2 has a generalized zero at a or when f has two consecutive zeros at a and at b,

but since no new ideas are needed, we refrain from stating these other results. These

other results give criteria for disfocality and disconjugacy of (5.1), see [16].
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