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ABSTRACT. In this paper, we study the existence results of positive solutions for p-Laplacian
fractional differential systems by means of fixed point theorems on cones. As an application, an

example is given to demonstrate our main results.
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1. INTRODUCTION

In this paper, we study the existence of positive solutions to the following frac-

tional differential systems involving the p-Laplacian fractional operator
(1.1) D¢y, (D*1u(t)) + filt,v(t) =0, t€(0,1),
(1.2)  D%(¢p,(D20(t))) + folt,u(t) =0, t€(0,1),

([ ayu(0) — b/ (0) = [ u(s)dA(s),

(1.3) cru(l) + dyu/(1) = [ u(s)dB(s),
| D*u(0) =0,
([ a50(0) — byv!(0) = [} v(s)dA(s),
(1.4) cv(1) + dov' (1) = [} v(s)dB(s),
| D*20(0) = 0,

where ¢,(s) = [s[P7%s,p > 1, ¢, = ¢g, %+% =1,1<0;<2,0< <1, fori=1,2,
fi :[0,1] x RT — R are continuous functions, a;, b;, ¢;, d; are nonnegative constants
satisfying b; > 2%, with D; = a,c; + a;d; + byc; > 0, D% and D% for i = 1,2 are

a;—1

the Caputo fractional derivatives, A, B : [0,1] — R are nondecreasing functions of

bounded variation and the integrals are the Riemann-Stieltjes integrals.

Differential equations of fractional order occur in different research areas and
engineering, such as mechanics, electricity, chemistry, biology, economics, control

theory. For details, see [5,6,7,10] and the references therein.
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To our knowledge, very few authors studied the existence result of positive so-
lution for p-Laplacian fractional order differential systems with boundary conditions
involving the Riemann-Stieltjes integrals. For the case of nonlinear fractional differ-
ential systems, we would like to mention the papers [1,2,4,6,8].

The rest of the paper is organized as follows. In section 2, we present some
preliminaries and lemmas that will be used to prove our main results. We also develop
some properties of the Green’s function. In section 3, we discuss the existence of
positive solution for the BVP (1.1)—(1.4). In section 4, we study the nonexistence
of positive solution for the problem (1.1)—(1.4). Finally, in section 5, one example is

also included to illustrate the main results.

The proof of our main results is based on the well-known Guo-Krasnosel’skii fixed

point theorem, which we present now.

Theorem 1.1 ([10]). Let B be a Banach space, and let o C B be a cone in B.
Assume Qy, Qo are open subsets of B with 0 € Oy, Q; C Qs and let

A pNQR\Q) — o
be a completely continuous operator such that, either

1) 1Ayl < llyll, v € pno, and ||Ay|l > |lyll, v € pNoQy; or
(i) Ayl = llyll, v € oo, and ||Ay|| < |lyll, v € p N ONy.

Then A has at least one fized point in o ()(Q2\Q).

2. PRELIMINARIES AND LEMMAS

In this section, we give the necessary definitions and lemmas from fractional

calculus theory. These definitions and lemmas can be found in [11] and [12].

Definition 2.1. The Riemann Liouville fractional integral of order a € RT for a

continuous function A : (0,00) — R is defined by
I°h(t) = w3 Jo (t = )" h(s)ds,
where I'(+) is the Euler Gamma function, provided that the integral exists.

Definition 2.2. If h € C™[0, 1], then the Caputo fractional derivative of order « is

defined by
1 t
Deh(t) = ——— | (t—s)" W (s)ds = " “RM(t
)= oy | 1= (5)ds (),

n—1<a<n,n=[al+ 1, where [@] denotes the integer part of the real number a.

Remark 2.3. If « = n € Ny, then the Caputo derivative coincides with a conventional

n-th order derivative of the function h(t).
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Lemma 2.4. Let « > 0 and n = [o] + 1 for « ¢ N and n = a for a € N. If
h(t) € C[0,1], then the homogeneous fractional differential equation

Deh(t) =

has a solution
h(t) =+ CQt + 03t2 I Cntn_l’
where ¢; € R, (i=1,2,...,n).

Lemma 2.5. Letn = [a]+1 fora ¢ N andn = « for a € N. Ify(t) € C™[0, 1], then

(IacDa _ Zy

Lemma 2.6 ([3]). Let1 < a <2 and h € C|0,1]. Then the fractional order boundary-

value problem

D™ u(t) + h(t te(0,1),

) =
(2.1) a;u(0) — bu (0) =
K

au(l) +dyu (1) =

has a unique solution

(2.2) u(t) = [, Gi(t,s)h(s)ds,

where
S L RN L AT LR
(2.3) Gi(t,s) = [(as) D, I'(an) (o — 1)
’ 15 by + a1t 01(1 — S)al_l dl(l — 3)“1_2 <
D, o) Iy — 1) ’ =

For convenience, we list the following condition.

(H1) 0 < fol dA(s) < a; and 0 < fol dB(s) < ¢ fori=1,2.

where A, B are nondecreasing functions of bounded variation.

Lemma 2.7. Let (H1) be satisfied, then the fractional order integral boundary-value

problem
D> u(t) + h(t) = te(0,1)
(2.4) ayu(0) — by’ (0) = f u(s)dA(s)
cru(1) + diu' (1) = f u(s)dB(s)

has a unique solution

(2.5) u(t) = [, Hi(t,s)h(s)ds,
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where

(26) Hl(t, 8) = Gl(t, S) + GQ(t, 8), t,s € [0, 1]

Here, G1(t,s) is given by (2.3) and

(27) Golt,s) = %[01 by — /0 sdB(s)] /0 Gy (. $)dA(T) + %[al _ /0 dA(s)

+ [LdB(s)It [ Gi(r,5)dB(1), t,s€0,1],

and
e — [ dA(s)  —(b + [ sdA(s))
(28) 0= — [i1dB(s) e +di — [, sdB(s) =0
Proof. Let
(2.9) w(t) = [} Gi(t,s)h(s)ds.
Then by Lemma 2.6, w(t) satisfies
D™ w(t) + h(t) = 0, te(0,1)
(2.10) ayw(0) — byw'(0) =
cw(l) + dyw' (1) =
Assume that u(t) is a solution of (2.4), and let
(2.11)  2(t) = u(t) —w(t), t € [0,1].
Then,
DYz(t) =0, te (0, 1)
(2.12) a12(0) — b2 (0 fo 2(s)dA(s) + [} w(s)dA(s),
c12(1) +dy 2 (1 fo s)dB(s) + fol w(s)dB(s)

By Lemma 2.4, we have
(2.13)  2(t) = ky + kot, t € [0,1].
Substituting z(t) into (2.12), we obtain that
= Jy dA(s)) = ka(by + [y sdA(s)) = [y w(s)dA(s)
— [ dB(5)) + ka(c1 +di — [, sdB(s)) = [, w(s)dB(s).

It follows from (H1) that
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— [ dA(s)  —(by + [} sdA(s))

a
6 p—
— [ dB(s) ¢ +di — [, sdB(s)

> 0,

(2.14) k= %[cl +dy —/0 sdB(s)]/O w(s)dA(s) > 0

and

(2.15) k2:%[al_/o dA(s)+/0 dB(s)]/O w(s)dB(s) > 0.

Substituting (2.14) and (2.15) into (2.13), we have

(2.16) z(t):Hc1+d1 /sdB ]//Glm (s)dsdA(r)
o [asors [[amo]e [ [ aoomomsane. o

Lemma 2.8. Let (H1) be satisfied and 1 < oy < 2, 0 < ; < 1. Then the fractional

order boundary value problem

DO (¢y, (D u(t)) + h(t) =0, t€(0,1)
aru(0) — by (0) = [ u(s)dA(s)
cru(1) : )
D*1u(0) =0

(2.17)

+
ISH
=
<
=
Il
S
£
»
ISH
=
=

has a unique solution
(2.18) w(t) = fol H(t, S)W (Jo(s =)~ h(r)dr )ql_l ds.

Proof. By Lemma 2.5, the equation D" (¢, (D*wu(t))) + h(t) = 0 subject to the

boundary conditions given by (1.3) can be written as
Gpy (DM u(t)) = =17 h(t) — eyt
Using boundary condition D*u(0) = 0, we get ¢; = 0. Hence, we obtain
—D™u(t) = ¢g, (I h(1)).
Thus, the boundary value problem (2.17) is equivalent to the following problem:

—D*u(t) = %(Iﬁl (t ))7 (0 1),
au(0) — blu fo
cru(l) + dl“ = fo

Lemma 2.7 implies that boundary value problem (2.17) has a unique solution,

u(t) = fol Hi(t, S)W (f5(s— T)Bl_lh(T)dT)ql_l ds. O
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Lemma 2.9 ([3]). The Green’s function Gi(t,s) defined by (2.3) is continuous on
[0,1] x [0,1). Assume by > 2=%ay, then G1(t,s) also have the following properties:

ar—1

(1): Gi(t,s) >0 for (t,s) € (0,1) x (0,1);

(2): Gyi(t,s) < Gy(s,s) for (t,s) € (0,1) x (0,1);

(3): there exists a positive number Ay such that G1(t,s) > \Gi(s, s), for (t,s) €
[0,1] x [0,1), where

40,101(11((0(1 - 2)0,1 + (Oél — 1)61)

A1 = mi
! mln{ ((Oél — 1)a1d1 +ajcy — blCl) + 4&101((0&1 — 1)b1d1 + blcl)’

darbyerdy((r — 2)ag + (cp — 1)by)
(g — Dardy + arc1 — byey) + dager((ap — 1)bydy + bicq)
Lemma 2.10. For (t,s) € (0,1) x (0,1), Hy(t,s) satisfies the following inequalities:
(i): Hi(t,s) > 0;
(ii): Hi(t,s) < U1G4(s,s);
(iii): Hi(t,s) > ©1G4(s, s),

<1

where
(2.19) \Ifl =1+ %[Cl + dl —/0 SdB(S)]/O dA(T)
Hay — [ dA(s) + [, dB(s)] [, dB(7)

1

(220) @1 = )\1[1 + 5(01 + d1 — /(;1 SdB(S)] Al dA(T)

Proof. i) It is easy to see that assumption (i) holds. Now, we will verify property (ii).
ii) By (2,6) and Lemma 2.9, we have

Galt, s) < @ [[01 +dy — /0 1 sdB(s)] /0 1 dA(T)

o = Jy dA(s) + f, dB(s)] [y dB(7)]
So, we have

Hi(t,s) < Gi(s,s)[1 + %(cl +di — /0 sdB(s))/O dA(T)

+ (a1 — /OldA(s) +/01dB(s)) /01 dB(1)].

i) Ga(t.5) > S[e1 + ds - /0 SdB(s)] [ Galrs)dA()

0

> %@S)[Clﬂzl— /0 sdB(s)] /0 dA(T).



NONLINEAR BVP FOR P- LAPLACIAN FRACTIONAL DIFFERENTIAL SYSTEMS 277

Therefore, we have

Hl(t, 8) = Gl(t, 8) + Gg(t, 8)

> MGi(s, s) + %(S’S) [cl +dy — /01 sdB(s)} /01 dA(T)

MG (s, 5) [1 +% (cl tdy - /01 sdB(s))} /01 dA(r)

= Gl(s, S)@l.

In a similar manner, the results of the Green functions H(t,s) = Gi(t,s) +
Gy(t, s) and G(t, s) for the homogeneous BVP’s corresponding to the fractional order
BVP (1.2),(1.4) are obtained. O

Remark 2.11. It is easy to see the following inequalities:

Hy(t,s) < UG (s,5) and Hy(t,s) < UG (s, s),

for all (¢,s) € (0,1) x (0,1), where ¥ = max{¥y, ¥s}.
H,(t,s) > ©G(s,s) and Hy(t,s) > OG(s, s)
for all (¢,s) € (0,1) x (0,1), where © = min{©;, O, }.

Let C' = C([0,1],R) denote the Banach space of all continuous functions from

[0,1] — R endowed with the norm defined by ||u|| = sup |u(t)|, and define a cone
te[0,1]

o in C([0,1],R) by
o ={ue C(0,1],R") : min u(t) > % | w ||}

te[0,1]

It is well known that (u,v) is a solution of the system (1.1)—(1.4) if and only if (u,v)

is a solution of the following nonlinear integral system

) = s | it ([ =0 tratear) "
o(t) = W /0 CH(t ) ( /0 (s — 7y f2(7,u(7))d7) "

Now define the operator

(2.21)

q2—1

(Au)(t) = W /0 (. s) ( /0 (s — 7y fz(T,u(T))dT) ds

then the integral system (2.21) is equivalent to the following nonlinear integral equa-
tion

q1—1

u(t) = W/; Hy(t,s) (/08(8 R Au(T))dT) ds.
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Next, for any u € @, define an operator 1" as follows.

1 1
Tu(t) = 7/ H,(t,
= TEe M
Lemma 2.12. Suppose that (H1) hold. ThenT(p) C p and T : p — g is completely

continuous.

Proof. From the expression of T

using the Arzela Ascoli theorem

s) (/Os(s — ) (r, AU(T))dT)

it is easy to see that T'(p) C p Vu € p. Besides,

and the standard arguments, one can easily show

that T': p — p is completely continuous operator.

3. EXISTENCE OF ONE POSITIVE SOLUTIONS

In this section, we impose growth conditions on f; and f; which allow us to
apply Theorem 1.1 to establish the existence of one positive solution for the BVP

(1.1)—(1.4). Now, we begin by introducing some notation.

t
fio = lim inf min ll ,u)’
u—0t  te[0,1] Gp, (u)
t
ff = lim sup max h ,u)’
u—0t  te[0,1] ¢p, (u)
t
fieo = lim inf min S ,u)’
u—soc  t€[0,1] ¢y, (1)
fl (tv u)

£

lim sup max
U—00 t€(0,1] ¢p1

(u)’

1

v/
0

1
A pu—
YT I(B 4+ )@

0?2 1
Ay = —
T U6+ 1)
1 t_
B, = g
P DBy + 1)@ /0 @
2
1
B, ©

T U DB + 1))

¢p1(AL1); f20 < ¢p2(3il) and floo >
has at least one positive solution.

Proof. Tn view of f{' < ¢,,(47), f3 < dp,(5;), there exists € > 0 such that

(31) (f{) + 61) < (bpl(ALl)v (fg

t
f20 = lim inf min fa( ’u),
u—0t  te[0,1] Gp,(u)
t
Y= lim sup max o ,u)’
u—0t  te[0,1] Py, (u)
t
foeo = lim inf min faf ,u)’
u—oco  te[0,1] ¢p,(u)
t
f5° = lim sup max fat,v)

U—00

(u)’

t€(0,1] @p,

(s, 3)561(41—1)615’

1
Bi(qi—1)
(ql—l)/o G1(s, s)s™ ds,

(s, (‘3)(‘3&((12—1)6187

1
/ G, s)sﬁz(‘“_l)ds.
0

Theorem 3.1. Suppose that (H1) is satisfied. In addition, we assume that f{ <
Dpi(45), froo > ¢y (55;). Then the BVP (1.1)~(1.4)

+e1) < o).
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By the definition of f{ and f, we may choose oy > 0 so that
(32) filt,u) < () + e)dp, (w),
fg(t,U) S (fg+€1)¢p2(u)7 te [07 1],U€ [0701]’

Set Q) ={u € E ||| u||< o1}. It follows from (3.1) and (3.2) that for any u € Ny,
we get

(3.3) Au(t) = W/O H(t, 5)(/08(3 — 7)Y o (7 u(r))dr) 2 ds

B2

< G e [ G s

1
T T+ 1))q2—1(f3+61)q2‘1\11/0 G (s, s)s™@ Vs

—71 1 ) — ) (7 Au(T))dr )t
Tult) = gy [, [ =) Au(r)ar) s
| u || 0 4 (o1 ' Bi(a1—1)
ST T Y [ Gt Vs
= lul.
Therefore,

(3.4) |Tul| < |lu|l, wepNIN.
On the other hand, since fi,, > ngpl(A%), foco > ngpz(B%) there exists €5 > 0 such that
(35)  (fico — €2) > &p(57)
(3:6)  (faco — €2) > I (5;)-
By the definition of fi,, and fo, we may choose o) > oy so that
(3.7) filt,u) = (fico — €2)0p, (u),
fa(t,u) > (fao — €2)Pp, (w), t €10,1],u € [0, 00).

Let o9 = max{207, ‘%p} and set Qs = {u € F | ||u|| < o2}. Then u € pN 0Oy implies
that o < 2||ul| < u(t) for any t € [0,1]. So, for ¢ € [0,1] in view of Remark 2.11, we
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have
©? Il 1 /1— -
Au(t) > o — €2)%2 Gi(s,s)s™®@71q
ult) 2 03 (F(ﬁg+1))‘12—1(f2 ) 0 15 9) ’
= [Jul-

Then, for t € (0,1), by (3.5), (3.6), (3.7), we have
e ul
B8 T 2 5T +

> w -

1
(floo _ 62)‘“_1/ Gl(s, S)sﬁl(«n—l)ds
0

Therefore,
(3.9) || Tul| > [|ul|, we€ pNIy.

Hence, it follows from the first part of Theorem 1.1 that T has a fixed point u €
oN(Q2\Q). Consequently, the BVP (1.1) — (1.4) has a positive solution (uy,v;) €
© X o, where

ui(t) > 0,v1(t) > 0 for all t € (0,1) and

q2—1

() :W/Ol Hy(t, 5) (/Os(s—T)ﬁrlfz(f,ul(f))df) ds.
O

Theorem 3.2. Suppose that (H1) is satisfied. In addition, we assume that f° <
Opu (A7), J5° < dpa(5;) and fro > &, (55). fao > bpo(5;). Then the BVP (1.1)~(1.4)

has at least one positive solution.

Proof. The proof is similar to Theorem 3.1 and therefore omitted. O

4. THE NONEXISTENCE OF A POSITIVE SOLUTION

Our last result corresponds to the case when the BVP (1.1)—(1.4) has no positive
solution.

Theorem 4.1. Assume that (H1) holds and fi(t,u) < ¢p,(55), fa(t,u) < ép,(5)
forallt € (0,1), w > 0. Then the BVP (1.1)—(1.4) has no positive solution.

Proof. Assume to the contrary that u(t) is a positive solution of the BVP (1.1)—(1.4).
Then u(t) > 0 for t € (0,1) and

| Au(t)| :/01 Hy(t, 5)¢g, (ﬁ /Os(s—f)ﬁrlfg(f,u(f))df) ds
] 1

=¥ By (T'(B, +1

1
>W4AGw@¢Mﬂw=ww
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and thus we have

u(t) = ﬁ / Hs) ( / s =) Au(T))dT)ql_l ds

‘1’I|AUI| sP@=D)

which is a contradiction, and this completes the proof. O

Similarly, we have the following results.

Theorem 4.2. Assume that (H1) holds and fi(t,u) > ¢p, (55), fa(t,u) > ép,(5;)
forallt € (0,1), u > 0. Then the BVP (1.1)—(1.4) has no positive solution.

Proof. The proof is similar to Theorem 4.1 and therefore omitted. O

5. EXAMPLE

To illustrate how our main results can be used in practice, we present an example.

| D*v(0) =0,
Whereﬂl:ﬂ?:%vp:q:l@l:042:2,%:b1IC1Id1=1and
ag =by =co =dy =1, A(S)Z%,B(@:%j

ftay = L [u 3000w
O R e Y

1 [u? 50000
faltw) = 5 L?jt 1+u}‘

Then, by easy calculation, we have § = 17227, U =1,014,0 = 0,476, A, = By = 0,564,

1
Ay = By = 0,022. Tt is easy to compute that f = 1, fio, = 3000, f9 = 3 fase = 2500,
which yields that the BVP (5.1)—(5.4) has at least one positive solution.
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