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ABSTRACT. In this paper we consider an n-dimentional thermoelastic system of second sound
with viscoelastic damping. We establish an explicit and general decay rate result without imposing
restrictive assumptions on the behavior of the relaxation function at infinity. Our result allows a

larger class of ralxation functions and generalizes previous results existing in the literature.
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1. INTRODUCTION

In this paper we are concerned with the following problem
(1.1)
(uy — pAu— (p+ NV (divu) + fotg(t — s)Au(s)ds + VO = 0, in Q x (0, 00)
bo; + kdivg+ Gdivu; =0, in Q2 x (0, 00)

Tq +q+ kVO =0, in Q x (0, 00)
u(x,t) =0(x,t) =0, on 0N x (0, 00)
u(z,0) = up(x), u(x,0) =uy(z), 0(x,0) = 0y(z), q(x,0) = qo(z), x €,

\
a memory-type thermoelastic system of second sound associated with homogeneous
Dirichlet boundary conditions and initial data in suitable function spaces. Here € is
a bounded domain of R" (n > 2) with a smooth boundary 99, v = u(x,t) € R™ is
the displacement vector, § = 6(z,t) is the difference temperature, ¢ = ¢(x,t) is the
heat flux vector, and the relaxation function ¢ is a positive nonincreasing function.
The coefficients b, k, 3, i1, A, T are positive constants, where 7 is the thermal relaxation
time and p, A are Lame moduli. In this work, we study the decay properties of the

solutions of (1.1) for functions g of general-type decay.

In classical thermoelasticity, the heat conduction is governed by the Fourier’s law,
which means that the heat flux is proportional to the gradient of temperature. This

theory predicts an infinite speed of heat propagation; that is any thermal disturbance
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at one point has an instantaneous effect elsewhere in the body. Experiments showed
that heat conduction in some dielectric crystals at low temperatures is free of this
paradox and disturbances, which are almost entirely thermal, propagate in a finite
speed. Also, for some applications like working with very short laser pulses in laser
cleaning of computer chips, it is worthwhile thinking of another model removing this
paradox, but still keeping the essentials of a heat conduction process. To overcome this
physical paradox, many theories have merged. One of which, called thermoelasticity
with second sound, suggests the replacement of Fourier’s law by so called Cattaneo’s
law. The third equation of system (1.1) represents Cattaneo’s law of heat conduction
modeling thermal disturbances as wave-like pulses traveling at finite speed. Here,
if 7 = 0, we obtain a classical thermoelastic system. For a discussion of the model
of thermoelasticity with second sound, we refer to [2, 3, 7, 19], and for classical

thermoelasticity, we refer to books by Jiang and Racke [6] and Zheng [21].

Results concerning existence and asymptotic behavior of smooth as well as weak
solutions in thermoelasticity with second sound have been established by many math-

ematicians. Tarabek [20] treated problems related to

Uy — a(uxa ‘97 q>umm + b(uxa ‘97 q>9x = (uma e)qqgc
(1'2) 0, + g(uxa 0, Q)qac + d(um 0, Q)ut:c = a2(ux> e)qfh
T(Ug, 0)qr + q + k(ug, 0)0, =0

in both bounded and unbounded situations and established global existence results
for small initial data. He also showed that the classical solutions tend to equilibrium
as t tends to infinity; however, no rate of decay has been discussed. In his work,
Tarabek used the usual energy argument and exploited some relations from the second
law of thermodynamics to overcome the difficulty arising from the lack of Poincare’s

inequality in the unbounded domains.

Racke [16] discussed lately (1.2) and established uniform decay results for several
linear and nonlinear initial boundary value problems. In particular, he studied (1.2),
with a; = ag = 0, for a rigidly clamped medium with temperature hold constant on
the boundary, and showed that, for small enough initial data, classical solutions decay
exponentially to the equilibrium state. Messaoudi and Said-Houari [13] extended the
decay result of [16] to the case when «; # 0 and ay # 0. Irmscher and Racke [5]
obtained explicit sharp exponential decay rates for solutions of the system of classical
thermoelasticity as well as for that of thermoelasticity with second sound in one
dimension and compared the results of both models with respect to the asymptotic
behavior of solutions. Recently, Qin et al. [15] considered a one-dimensional nonlinear
system of thermoelasticity with thermal memory and second sound and proved global
existence and exponential decay of solution provided that the initial data are close to

equilibrium and the relaxation function decays exponentially. Also, Racke and Wang
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[18] considered a nonlinear one-dimensional Cauchy problem of thermoelasticity with
second sound, discussed the well-posedness and described the long-time behavior of

the global small solutions, obtaining a polynomial decay rate.

In the multi-dimensional case the situation is much different where the dissipation
given by heat conduction is not in general strong enough to produce uniform rate of
decay to the solution as in the one-dimensional case. The exponential rate of decay
in two or three dimensional space was obtained by Racke [17] under the conditions
rotu = rotq = 0. This applies automatically to the radially symmetric solution,
since it is only a special case. Messaoudi [8] investigated (1.1), in the absence of the
viscoelastic term and the presence of a source term in the first equation, and proved a
local existence, as well as, a blow up result for solutions with negative initial energy.
This result was later extended to certain solutions with positive energy by Messaoudi
and Said-Houari [12].

Although the dissipative effects of heat conduction induced by Cattaneo’s law
are usually weaker than those induced by Fourier’s law, but the results mentioned
above nourish the expectation that always both models lead to exponential stability
(or both do not). In general, this is not true, where it was shown by Fernandez Sare
and Racke [4] that, for a Timoshenko system, the coupling via Cattaneo’s law causes
loss of the exponential decay usually obtained in the case of coupling via Fourier’s
law [14]. They also proved that this surprising result holds even for Timoshenko
systems with history. In the presence of an extra frictional damping, Messaoudi et al.
[11] established exponential decay results for several linear and nonlinear Timoshenko

systems of thermoelasticity with second sound.

Regarding viscoelastic damping, we mention the works of Messaoudi and Al-
Shehri who treated an n-dimensional classical thermoelasticity in [9] and thermoe-
lasticity with second sound in [10] both subject to boundary conditions of memory
type. If g is the relaxation function and f is the resolvent kernel of g_(—g;, they showed
in [9] that the energy decays at the same rate as of (—f’), while, in [10], when (—f’)

decays exponentially, the energy decays at a polynomial rate.

Our aim in this work is to investigate (1.1) and obtain a general relation between
the decay rate for the energy and that of the relaxation function g without imposing
restrictive assumptions on the behavior of ¢ at infinity. In this paper, we provide
an explicit energy decay formula that allows a wider class of functions g which are
not necessarily of exponential or polynomial-type decay. The proof is based on the
multiplier method and makes use of some properties of convex functions including the
use of the general Young’s inequality and Jensen’s inequality. The paper is organized
as follows. In section 2, we present some notation and material needed for our work.

Some technical lemmas and the proof of our main result will be given in section 3.
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2. PRELIMINARIES

In the sequel we consider (u,,q) to be a solution of system (1.1) with the reg-
ularity needed to justify the calculations in this paper. Throughout this paper, c is

used to denote a generic positive constant. We also consider the following assumption

(A) g: R, — R, is a C! function satisfying

(2.1) g(0) > 0, w— /0 oOg(s)als =[>0

and there exists a positive function H € C'(R,), with H(0) = 0, and H is linear or

strictly increasing and strictly convex C? function on (0,7], 7 < 1, such that
g'(t) < —H(g(t), Vt>0.

Now, we introduce the first and second order energy functionals

Ei(t) = %/Q <|m|2 + (p— /0 g(s)ds) \Vu|2 + (p+ N (divu)? +b0* + 7 \q|2) dx

+ %(g o Vu)(t)

and

Balt) = 5 [ (el 0= [ a5)ds) 19l + ot ) (tiv 067 7l )
+ 590 V()

where [Vu|* = 327, |Vu,|* and

oot = [ [ at=)lo) = v(s)f asde

By multiplying the first equation in (1.1) by u,, the second equation by 6, and the

third equation by ¢, adding the resulting equations, and integrating over €2, we obtain

(2.2) Ei(t) = — /Q \q|? dz + %(g' oVu) — %g(t) /Q \Vul|? dz.

Then, hypothesis (A) implies that F; is a nonincreasing function of ¢. Differentiating
the first three equations in (1.1) with respect to ¢t and assuming throughout the paper

that ug = 0, we get by similar calculations
(2.3) Ej(t) < —/ |qe|* dz < 0.
Q
Our main stability result is the following

Theorem 2.1. Assume that (A) holds. Then there exist positive constants C, K, t;
and ¢ such that
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(1) In the special case H(t) = ct?, where 1 < p < 2, the solution of (1.1) satisfies

Ei(t) < CI Vit > t.

t2p71

(II) In the general case, the solution of (1.1) satisfies

=

(2.4) Ey(t) < H{? <7) vt >,

where
Hy(t) = tHy(eot)  and  Holt) = H(D(1))
provided that D is a positive C' function, with D(0) = 0, for which Hy is strictly

increasing and strictly convex C? function on (0,7 and

e g(s)

————ds < +0.
o Hy'(—g(s)

(2.5)

Remarks.
1. Theorem 2.1 ensures
with an explicit formula for the decay rate of the energy. Our result is obtained under

very general hypotheses on the relaxation function g that allow to deal with a much

wider class of functions g.

2. The usual case of treating a relaxation function g that satisfies (2.1) and ¢’ < —kg?,
1 < p < 3/2, is a special case of our more general result. We will provide a proof for
this special case.

3. The condition ¢’ < —kg?, 1 < p < 3/2 assumes g(t) < we ™ when p = 1 and

g(t) < =4 when 1 < p < 3/2. Our result allows relaxation functions which are not

tp—1
necessarily of exponential or polynomial decay. For instance, if

g(t) = aexp(—V)

and a is chosen so that g satisfies (2.1), then ¢'(t) = —H(g(t)) where

t
H(O) = s

Since

1O L RS O RS

12 = 13’
2 [In (%)) 2t [In (4)]
then the function H satisfies hypothesis (A) on the interval (0,r] for any 0 < r < a.
Also, by taking D(t) = t*, (2.5) is satisfied for any o > 1. Therefore, an explicit rate

of decay can be obtained by Theorem 2.1. The function Hy(t) = H(t*) has derivative
ot 1+ In(&)]

2[In (2)]°

Hy(t)
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Then, we do some direct calculations and use (2.4) to deduce that E,(t) < C,/tza,

for any a > 1. Therefore, taking @ — 1, the energy decays at the following rate

Ke

Ei(t) <

=

t

4. The well-known Jensen’s inequality will be of essential use in establishing our main
result. If F' is a convex function on [a,b], f : Q@ — [a, b] and h are integrable functions
on Q, h(z) >0, and [, h(z)dx =k > 0, then Jensen’s inequality states that

F [% / f<x>h<x>dx] <1 [ FU@ih)ds

5. By (A), we easily deduce that lim; ., g(t) = 0. This implies that tliin (—dg'(t))

cannot be equal to a positive number, and so it is natural to assume that . liin (—=g'(t)) =

0. Hence, there is ¢; > 0 large enough such that g(¢;) > 0 and
(2.6) max{g(t),—¢'(t)} < min{r, H(r), Ho(r)}, Vit>t.
As g is nonincreasing, ¢(0) > 0 and g(t;) > 0, then g(¢) > 0 for any ¢ € [0,¢;] and
0<g(ty) <g(t) <g(0), Vtel0t.
Therefore, since H is a positive continuous function, then
a < H(g(t)) <b, Vtel0,t)
for some positive constants a and b. Consequently, for all ¢ € [0, ],

g'(t) < —H(g(t)) < —a = —ﬁg@) < ——g(t)

which gives, for some positive constant d,

(2.7) g'(t) < —dg(t), Vte[o,t).

3. PROOF OF THE MAIN RESULT

In this section we prove Theorem 2.1. For this purpose, we establish several

lemmas.

Lemma 3.1. Under the assumption (A), the functional

K (t) ::/u-utd:v
Q

satisfies, along the solution of (1.1), the estimate
Ki(t) < —%/ \Vul? dz — (14 N) /(divu)2d:c
Q Q

(3.1) +/ |ut|2da:+c/ IVO)? dz + c(g o Vu)(2).
Q Q
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Proof. Direct computations, using (1.1) and (2.1), yield

Ki(t) = /Q(|ut|2+uu-Au+(,u+)\)u-V(divu)—ﬁu-V@)da:

- /Q /Otg(t — s)u(t) - Au(s)ds dx
/Q (luel® = 1|Vul® = (u+ N)(divu)® — Bu - V0) da

IA

/Q/o g(t — 8)Vu(t) - (Vu(s) — Vu(t))ds da.

By Young’s and Poincaré’s inequalities, we obtain

2
K{(t) < /(|ut|2—l|Vu|2—(,u+)\)(divu)2) dx+5/|u|2da:+f—5/|ve|2dx
Q Q Q

+0 (/Otg(s)ds) /Q \Vu\2dx+%/9/0tg(t— s) [Vu(s) — Vu(t)|* ds dx

2
/(|ut|2—l|Vu|2—(,u+)\)(divu)2) dx+5c/|Vu|2dx+ﬂ—/ VO dx
Q Q 45 Q

IN

1
—l—5u/ V| dz + — (g o Vu)(t)
Q 46

which, by choosing § small enough, gives (3.1). O

Lemma 3.2. Under the assumption (A), the functional

Ky(t) :== —/Qut(t) -/0 g(t — s)(u(t) —u(s))dsdx

satisfies for any 0 < 0 < 1, along the solution of (1.1), the estimate

Ky(t) < —(/Otg(s)ds—é)/Q|ut|2dzv+5/Q|Vu|2dx

(3.2) +o(go Va)(t) ~ (o' o Vu(1) +c/Q V6P de.

Proof. By exploiting equations (1.1) and integrating by parts, we have

Kj(t) = IU/Q/O g(t — s)Vu(t) - (Vu(t) — Vu(s))ds dz
+(u+N) /Q/O g(t — s)(div[u(t)])(div[u(t) — u(s)])ds dx
+ﬂ/ﬂ/0 g(t —s)VO(t) - (u(t) — u(s))ds dx

- [ ([ st svuias) - ([ ote-s9utt - Futspas ) e
(33) [ ot~ wts)yas e - (f tg(s)ds) [l ar
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Using Cauchy-Schwarz and Young’s inequalities, we obtain

,LL/Q/O g(t — s)Vu(t) - (Vu(t) — Vu(s))ds dx

~ [ ([ ste=s1vatsias) - ([ ate=)wato) - Vats)as)

_ <,u—/0tg(s)ds)/Q/Otg(t—s)Vu(t)-(Vu(t)—Vu(s))dsdm

o,

(3.4) < g/ﬂ\VUF dx+§(goVu)(t).

2
dx

/0 g(t — s)(Vu(t) — Vu(s))ds

Also, the use of Young’s and Poincaré’s inequalities gives
+(n+A) /Q/O g(t — s)(divu(t)])(divu(t) — u(s)])ds dx
+ 5/9/0 g(t —s)VO(t) - (u(t) — u(s))dsdz
— /Q/o g (t — s)ug(t) - (u(t) — u(s))ds dx
< g/Q|vu|2da;+5/Q || da + g(goVu)(t)
(3.5) — g(g'oVu)(t)+c/9|V6’|2dx.
Combining (3.3)—(3.5), (3.2) is established. O

Proof of Theorem 2.1. Taking E(t) = Ey(t) + E2(t) and Ny, Ny > 0, we define

and let g1 = fgl g(s)ds > 0, where t; was introduced in (2.6). By combining (2.2),
(2.3), (3.1), (3.2) and taking 6 = [/(4N,), we obtain, for all t > ¢,

l
L'(t) < —Nl/ |q\2d:c—N1/ \qt|2d:c——/ \Vul|® d
Q Q 4 Q
- (g = 7= ) [ e — (e ) [ @vepas
+(c+cN2)/|V9|2dx
Q

+ (%Ni + c) (90 Vu)(t)

(3.6) + GN1 - %Ng) (¢ 0 Vu)(8).
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From the third equation of (1.1), we conclude that

/|ve\ iz S—/\qt| iz + 2/\q\2dx
Q Q

which we use in (3.6) to get
2
L(t) < <N1_ﬁ c—l—cN2+1)/|q| dxr — <N1_ﬁ c—l—cN2+1)/|qt| dx

i/ \Vul® dz — <N2g1 ~1 —1) / |uy)? dx—(u+>\)/(divu)2dx
Q

- [iwerar s (324 o v + (33 - Ta2) oV

At this point, we choose N, large enough so that
[
gl ::N291_Z_1>0’
then NNy large enough so that

2
Nl—p[c—i—CNg—i‘l] > 0,

and

272 Ly e

So, we arrive at

£0 <~ [ b+ {190 de b ol + ot Vv + [ (90 o) do
+c(g o Vu)(t)
which, using Poincaré’s inequality, yields
(3.7) L'(t) < —mE(t) + c(g o Vu)(t), Vit >t
On the other hand, we find that

[£(t) = NiE@)] < [K1(8)] 4+ N2 [ Ky (1))

< [l + 8 [ o) [ ate =)t —uts)is

1+ N,
/de 2/|ut\dx+—/

<c {/Q |Vl dz + /Q |ug|* dz + (g o Vu)(t)}

S CE1 (t)

dx

2
dx

g(t — s)(u(t) —u(s))ds

Therefore, we can choose N; even larger (if needed) so that

(3.8) L(t) ~ E(t).
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Now, we use (2.2) and (2.7) to conclude that, for any ¢ > t;,

/ /|Vu — Vu(t — s)? dxds<——/ /|Vu — Vu(t — s)]* dz ds

(3.9 < —cEq(1).

Next, we take F'(t) = L(t) + cE1(t), which is clearly equivalent to E(t), and use (3.7)
and (3.9), to get, for all t > ¢y,

(3.10) F'(t) < —mEy (¢ / / IVu(t) — Vu(t — s)|* dz ds.

(I) H(t):ctpand1<p<—:
If1 < p< 2, then one can easily show that [,"° g'=%(s)ds < +oo for any & < 2 —p.

Using this fact and (2.2) and choosing t; even larger if needed, we deduce that, for
all t > ¢,

n(t) ::/ 1=00( /|vu — Vu(t — s)|* dz ds
sz/ g (s >/ (VO + |Vu(t - 5)[?)dz ds

t1

(3.11) < cEy(0) /tgl—éo(s)ds <1

t1

Then, Jensen’s inequality, (2.2), hypothesis (A), and (3.11) lead to

/ 0(s) [ 1vutt) = Fute = s) s = | g (s)g(s) [ 190 = Vute = s) o ds

t1 Q t1

¢
= /g(p_HéO)(P ) (5)g1 %o /|Vu — Vu(t — s)[> dz ds
t1

)

n(t) {n(lt)/ g(s)P=1+00) g0 /\VU Vult— s d$d8:|p1+60

m
[/ /|Vu — Vu(t — s)|? d:cds} '

3

IA

[

< [/ /|vu — Vu(t - s)|* dxds}mgc[—ﬁ;;(t)]mi%.
Then, particularly for §y = %, we find that (3.10) becomes
F'(t) < —mEL(t) + [~} ()] %7 .
Now, we multiply by Efp_z(t) to get, using the fact that F'(t) <0,

(FEPY(1) < FI(DEP(1) < —mBP (1) + cEP () [~ B (1)) 77
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2p—1
p —, gives

(FEP?)(t) < —mE" ™ (1) + e By 1( ) + Co(=Eq(1)).

Then, Young’s inequality, with 0 = 2p — 1 and o’ =

Consequently, picking € < m, we obtain
Fy(t) < —m'E{"(t)
where Fy = F Efp 2+ C.E; and m’ is some positive constant. Also, it is easy to show

that this inequality is true for p = 1. Once again, we use the fact that E{(t) < 0 to

deduce that .
(LEPY (1) < Bt < —ﬁFé(t)-

A simple integration over (t,t) yields
1
2p—1 2p—1
tE?" < ﬁFo(tl) + 6 E7 ().

This gives, for all t > ¢4,

- Q

(3.12) Ey(t) <

t2p—1

(ITI) The general case: We define (¢

() = / V() — Vult — s) de ds
t1 HO

where Hj is such that (2.5) is satlsﬁed. As in (3.11), we find that I(t) satisfies, for

all ¢ Z tl,

(3.13) I(t) < 1.

We also assume, without loss of generality that I(t) > § > 0, for all ¢ > ¢;; otherwise
(3.10) yields an exponential decay. In addition, we define £(t) by

t
£(t) ::—/ g'(s /|Vu — Vu(t — s)|* da ds
t1
and infer from (A) and the propertles of Ho and D that
o) el e,

Hy'(—g'(s)) ~ Hy'(H(g(s)) D7'g(s)) ~
for some positive constant kg. Then, using (2.2) and choosing ¢; even larger (if

needed), one can easily see that £(t) satisfies, for all ¢t > ¢4,
E(t) < —ko/ /|Vu — Vu(t — s)|* dz ds

< —cEi(0) [ g'(s) < cglt)Er(0)

t1
(3.14) < min{r, H(r), Ho(r)}.
Since H is strictly convex on (0,r] and Hy(0) = 0, then
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provided 0 < # <1 and = € (0,r]. The use of this fact, hypothesis (A), (2.6), (3.13),
(3.14), and Jensen’s inequality leads to

£(t) = %/t 1) ol Hy (4 ()] (s) /|Vu — Vu(t — s)|*dz ds
> %/t HolI(t)Hy (—g'(s))] 0_ /|Vu — Vu(t — s)|° dv ds
> H, (% /t1 ](t)Ho_l(—g’(s /|Vu — Vu(t — s)? d:)sds)

_ H, (/tltg(s)/Q|Vu(t)—Vu(t—s)|2dxds)

This implies that

/ a(s) / Vu(t) — Valt — )2 deds < Hy (€(1))

t1

and (3.10) becomes
(3.15) F'(t) < —mEy(t) + cHy ' (£(1)), Vi>t.

Now, for eg < r and ¢q > 0, using (3.15), and the fact that F| <0, Hy > 0,H] > 0
n (0,r], we find that the functional F}, defined by

Eq(t)
Eq(0)

(3.16) F(t) := Hy(eo JE(t) + coEn(t)

satisfies

FI(t) = 2 gll((o)) HY (50511—(%))) Ft) + H, <50 gll((?)) F/(8) + coEL(1)

/ El(t) / El(t) -1 !
. < - .
(3 17) < mEl (t)HO (80 El (0)> + CHO <€0 El(O) HO (f(t)) + C()El (t)
Let H{ be the convex conjugate of Hy in the sense of Young (see [1] p. 61-64), then
(3.18) H;(s) = s(Hg) ™" (s) — Ho[(Hg)™'(s)], if s € (0, Hy(r)]

and H; satisfies the following Young’s inequality
(3.19) AB < Hj(A) + Hy(B), it A€ (0,Hy(r)],B € (0,r]
With A = H, (& ( A0 ) and B = Hy'(£()), using (2.2), (3.14) and (3.17)(3.19), we

E1(0)
arrive at

o - (s£8) () o
< —mE\(t )H’( El((é))) e El((é))H() <50§11((é))) _CEL(t) + coEL(1).

Consequently, with a suitable choice of £y and ¢, we obtain, for all £ > ¢y,

s Ew <k () 1 (om) =6 (B0)




GENERAL STABILITY IN MEMORY-TYPE THERMOELASTICITY 339
where Hy(t) = tH{(eot).

Since H{(t) = H{(eot) + cotH{(eot), then, using the strict convexity of Hy on
(0,7], we find that Hj(t), H1(t) > 0 on (0,1]. Thus, taking in account that E; < 0,

we have
o (B0)] e (50 -

A simple integration over (1,

t) yields
Hh (Effﬁ) kTFl(tl) Thih @(&f ) -

This gives, for all t > ¢y,
K
Ei(t) < H{? <7) :

Therefore, estimate (2.4) is established. O
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