Dynamic Systems and Applications 24 (2015) 491-502

ON ¢-STURM LIOUVILLE OPERATORS WITH EIGENVALUE
PARAMETER CONTAINED IN THE BOUNDARY CONDITIONS

HUSEYIN TUNA! AND AYTEKIN ERYILMAZ?

Department of Mathematics, Mehmet Akif Ersoy University, 15100,
Burdur/Turkey
2Department of Mathematics, Nevsehir Haci Bektag Veli University, 50300,
Nevsehir /Turkey

ABSTRACT. In this paper, we study dissipative g-Sturm-Liouville operators with eigenvalue pa-
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1. INTRODUCTION

Studying g¢-difference calculus (or quantum calculus) has been an area of a great
interest since the beginning of the 19th century. Quantum calculus is ordinary calcu-
lus without limits. By doing so, we enlarge the class of functions that we deal with, by
considering non-differentiable functions and apply quantum derivatives on them [43].
The subject of g-difference equations have evolved into a multidisciplinary subject [9].
There are several physical models involving g-difference and their related problems
(see [2], [8], [10], [11], [14], [23]). In [1], Adivar and Bohner investigated the eigenval-
ues and the spectral singularities of non-selfadjoint ¢-difference equations of second
order with spectral singularities. Eryilmaz [6] studied g-Sturm-Liouville boundary
value problem in the Hilbert space with a spectral parameter in the boundary con-
dition and he proved theorems on the completeness of the system of eigenvalues and
eigenvectors of operator by Pavlov’s method. In [24], Tuna and Eryilmaz proved a
theorem on completeness of the system of eigenfunctions and associated functions of
dissipative g-Sturm-Liouville operators by using the Lidskii’s theorem. Eryilmaz and
Tuna [7] proved theorems on the completeness of the system of eigenvalues and eigen-

vectors of the maximal dissipative ¢g-Sturm-Liouville difference operator by using a
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functional model of a nonself-adjoint operator. In [18], Huseynov and Bairamov exam-
ined the properties of eigenvalues and eigenvectors of a quadratic pencil of g-difference
equations. In [2], [3], Annaby and Mansour studied a g-analogue of Sturm-Liouville
eigenvalue problems and formulated a self-adjoint ¢-difference operator in a Hilbert
space. They also discussed properties of the eigenvalues and the eigenfunctions. We

refer the reader to consult the reference [3], [19].

The study of problems consisting of parameter dependent systems is of great
interest to a lot of numerous problems in physics and engineering. A boundary value
problem with a spectral parameter in the boundary condition appears commonly
in mathematical models of mechanic. It occurs whenever the separation of variables
method (Fourier method) is used to solve the proper partial differential equation with
boundary conditions having a directional derivative [31]. There are a lot of studies

about parameter dependent problems [27]-[42].

In this paper, we construct a dissipative ¢-difference operator in the Hilbert space
Lz (0,a) with a spectral parameter in the boundary condition. Later, we prove that
the system of all eigenvectors and associated vectors of the dissipative ¢-difference

operator is complete in the space Lg (0,a) by using Krein’s theorems.

The organization of this document is as follows: In Section 2, some preliminary
concepts related to g-calculus and essentials of Krein’s theorems are presented for the
convenience of the reader. In Section 3, we construct the ¢g-Sturm-Liouville operator.
Finally, we prove a theorem on the completeness of the system of eigenvectors and

associated vectors of dissipative operators in Section 4.

2. PRELIMINARIES

In this section, we provide some basic definitions and theorems on ¢-derivative,
g-integration, g-exponential function, g-trigonometric function, ¢-Taylor formula, ¢-
Beta and Gamma functions, Euler-Maclaurin formula, etc which are useful in the
following discussion. These definitions and theorems can be found in [2], [3], [5], [6],
[7], [19] and the references therein.

Definition 2.1. Let ¢ be a positive number with 0 < ¢ < 1, A C Rand a € C. A
g-difference equation is an equation that contains ¢-derivatives of a function defined

on A. Let y(z) be a complex-valued function on z € A. The ¢-difference operator
D, is defined by

y(qr) —y (x)

, for all z € A,
p ()

Dyy (z) =
where p(z) = (¢ —1)x.

Definition 2.2. The ¢-derivative at zero is defined by
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D,y (0) = lim y(¢"r) =y (0)

n—oo qrx

, x €A,

if the limit exists and does not depend on .

Definition 2.3. A right inverse to D,, the Jackson g-integration is given by

/Oxf(t)dqtzw(l—q)Zq"f(q"x), re A

n=0

provided that the series converges, and

/abf(t)dqtz/Obf(t)dqt—/oaf(t)dqt’ abed

Definition 2.4. An operator A is called dissipative if Im(Az,x) > 0, (Vx € D (A)).

A bounded operator is dissipative if and only if

ImA=—(A—A") >0.

1
21
Definition 2.5. Let Lg (0,a) be the space of all complex-valued functions defined

on [0, a] such that
a 1/2
= d .
= ([ 1 @lde) <oo

The space Lg (0,a) is a separable Hilbert space with the inner product
()= | F@3@dg, f9€ L(0.0)
0

Now, we present some definitions and facts from the theory of operators (for more
complete information see [12]). Let A denote a linear non-selfadjoint operator in the
Hilbert space with domain D (A). A complex number ), is called an eigenvalue of
the operator A if there exists a non-zero element yy € D (A) such that Ayy = Aoyo;
in this case, yq is called the eigenvector of A for \y. The eigenvectors for \y span a

subspace of D (A), called the eigenspace for Ag.
The element y € D (A), y # 0 is called a root vector of A corresponding to the

eigenvalue \g if (T'— \gI)"y = 0 for some n € N. The root vectors for Ay span a
linear subspace of D (A), is called the root lineal for A\g. The algebraic multiplicity
of \g is the dimension of its root lineal. A root vector is called an associated vector
if it is not an eigenvector. The completeness of the system of all eigenvectors and
associated vectors of A is equivalent to the completeness of the system of all root

vectors of this operator.

An operator A is called dissipative if Im (Az,x) > 0,forallz € D (A). A bounded

operator is dissipative if and only if

ImA:%(A—A*)ZO.
i
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Let A be an arbitrary compact operator acting in the Hilbert space H. Let
{1 (A)};cy be a sequence of all nonzero eigenvalues of A arranged by considering
algebraic multiplicity and with decreasing modulus, and v (A) (< o0) is a sum of
algebraic multiplicities of all nonzero eigenvalues of A. If A is a nuclear operator, then
Z;(ﬁ) ltj (A)] < +ooand if A is a Hilbert-Schmidt operator, then Z]V(ﬁ) i (A <
+00. We will denote the class of all nuclear and Hilbert-Schmidt operators in H by

o1 and o0y, respectively.

Theorem 2.6 ([12]). The system of root vectors of a compact dissipative operator B
with nuclear imaginary component is complete in the Hilbert space H so long as at
least one of the following two conditions is fulfilled:

B _ B
lim '+ 0 PR) (p, Br) =0, or lim n-\p2R) (p, Br)
p—00 p p—00 p

=0,

where ny (p, Br) and n_ (p, Br) denote the numbers of the characteristic values of the

real component Bg of the operator B in the intervals [0, p| and [—p, 0], respectively.

Definition 2.7 ([12]). Let f be an entire function. If for each € > 0 there exists a
finite constant C, > 0, such that

(2.1) IfN) | <Cef™ XecC
then f is called an entire function of order < 1 of growth and minimal type.

Theorem 2.8 ([20]). If the entire function f satisfies the condition (2.1), then

lim ny (pv f) — lim n— (p7 f)
p—00 p p=00 p

=0

where ny (p, f) and n_ (p, ) denote the numbers of the zeros of the function f in the
intervals [0, p| and [—p, 0], respectively.

3. CONSTRUCTION OF THE ¢-STURM-LIOUVILLE OPERATOR

In this section, we construct the ¢-Sturm-Liouville operator. Let us consider the

g-Sturm-Liouville equation
1

(3.1) [(y) :=—-D,;1Dyy(z)+v(x)y(x), 0<z<a<+o0,
q

where v () is defined on [0,a] and it is continuous at zero. The ¢-Wronskian of

y1 (), y2 (x) is defined to be
Wy (y1,92) () := 11 () Dyya () — ya2 () Dyyr (z), x € [0,a].

Let Ly denote the closure of the minimal operator generated by (3.1) and by Dy
its domain. We also denote by D the set of all functions y (x) from L? (0, ) such that
y (z) and Dgy (z) are continuous in [0,a) and I(y) € L? (0,a); D is the domain of
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the maximal operator L. Furthermore L = L§ (see [22]). Suppose that the operator
Ly has defect index (2,2).

For every y,z € D we have ¢-Lagrange’s identity ([2])

(Ly,2) = (y, Lz) = [y, 7] (@) — [y, %] (0)
where [y,Z] := y (x) D12 (x) — Dy—1y (x) 2 (2).
Let us denote by u (x,\), v (x, A) the solutions of the equation [ (y) = Ay satis-
fying the initial conditions
w(0,A) = cosa, D,1u(0,)) =sina,
v(0,\) = —sina, D,1v(0,\) = cosa,
where o« € R. The solutions u (x,\) and v (xz,\) form a fundamental system of
solutions of [ (y) = Ay and they are entire functions of A (see [2]). Let u(x) =
u(x,0) and v(xz) = v(x,0) the solutions of the equation I (y) = 0 satisfying the
initial conditions
u(0) = cosa, Dy1u(0)=sina,
v(0) = —sina, Dy1v(0) =cosa.

Now consider boundary value problem governed by

(3.2) I(y) =Ny, yeD,

subject to the boundary conditions

(3.3) [y, uls — hly,v]s =0, Imh >0
(3.4) a1y (0) = azDy1y (0) = Ay (0) — ayDg1y (0)),
where \ is spectral parameter and a;, as, oy, i, € R and « is defined by
(3.5) Q= a,l - ajay — ajay > 0.
For simplicity we assume that

Ro(y) : = oy (0) — azDy-1y (0),

Ro(y) = = a1y (0) — a3 D1y (0),

Bi(y) = =1y, ula,

Bg(y) L= [ya U]m

Bi(y) = =y(0),

Ny(y) + =Dg1y(0),
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R.(y) : = By(y) — hBi(y).

Lemma 3.1. For arbitrary y,z € D, we have

Ro(2) = Fal). By(2) = Fol?)
and
(36) .20 = - [Rol)Ro(2) —~ Rol)Rol?)]

Proof.

Ro(y)Fg(2) — Foly) Ro(2)|

1[ (a1y (0 —OQD 1y (0)) ()2 (0) — ahDy-12 (0)) ]
a (c1y (0) — ayDy-1y (0)) (12 (0) — e D12 (0))

é [ ooy — ozlozz) (Wqulz (0) — ]

= [y, 2o

O

4. COMPLETENESS OF THE SYSTEM OF ROOT VECTORS OF L

Now, we introduce a special inner product in the Hilbert space H = L?I(O, a)®C
which is suitable for boundary value problem that has been defined.

~ f g
Let f = o ) g= @ | € H and a > 0. Then the formula
g

<f, §) _ /Oa f(l) () g(l) (z) dyz + éf@) (2)

defines an inner product in Hilbert space H. We construct the operator A : H —

@
D, R, (fV) =0, f® =R, (f). We define the operator A on D(A) by the formula

7= 2l )

Theorem 4.1. The operator A is dissipative in the space H .

~ (1
H with domain D(A) consisting of all vectors f = ( / ) € H such that fO) ¢

Proof. Let y € D (A) . From Equation (3.6), we have

(45.9) ~ @ AD) = lyn.ile — lyn, Tl + = [Ro () B () — R (30) B o)
= [y, 71la = BY (y1) B3 (1) — B3 (1) BY (1)
— 20w (B3 ()"
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It follows from that
(4.1) Im(Ag,7) = Imh (B (11))* > 0,

A is a dissipative operator in H. O

It follows from Theorem 3 that all the eigenvalues of A lie in the closed upper
halfplane ImA > 0.

Theorem 4.2. The operator A has not any real eigenvalue.

Proof. Suppose that the operator A has a real eigenvalue \g. Let ug (x) = u (z, Ag) be
the corresponding eigenfunction. Since I'm (Aug, ug)) = I'm (Ao ||u0]|2) , we get from
(4.1) that [ug,v], = 0. By the boundary condition (3.3), we have [ug, u|, = 0. Thus

(42) [UO (SL’, >\0) ,u]a = [UO (SL’, >\0) ,U]a = 0.
By vy () = v (2, Ag), we know that
(10, Vola[tt, v]a = [wo, u]a[vo, v]a — [wo, v]a[vo, U]a-

By the equality (4.2), the right-hand side is equal to 0. But

W, (u, v) (9) = [u,v)a=1,

q
a
Wq(UO,Uo) (g) = [UO,’U()]a = 1
This contradiction proves the theorem. O
Let 01 (z,\) = v(x,\), 02 (z,\) = u(x,A) — hv (2, ) denote the solutions of

equation [ (y) — \y = f (x) satisfying the conditions
) = ax—opA, BY(6h) = on —ap)
1

B0
B{(6,) = h, B§H)=1
These functions belong to the space L7 (0, a). Their Wronskian W, (61, 6,) = —1. Then
by (3.6), we have

A) = [0h,0s], = —[02,01]. = —[0a,601]o

:_épwmy@—%@WWg

= Ro(02) — ARy(62),
and
A(N) = [01,6s], = —[02,61], = —[02,01]a
= —B{(02)B3(01) + B (61)B3(62)
= —(B3(02) — hBj(62))
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- —Ra(eg).

Now, we define

1 6N (r ), z<(
(4.3) G(x’g’A)_A(A){91(x,A)92(g,A), cen }

It can be shown that G (x,&, \) satisfies equation (3.2) and boundary conditions
(3.3)-(3.4). G (z,£,\) is a Green function of the boundary value problem (equations
(3.2)—(3.4)).

The integral operator K defined by the formula

w0 (ol ) oo (e vermeo

is a compact linear operator in the space LZ(O, a). K is a Hilbert Schmidt operator.
It is evident that K = (A — AI )_1. Consequently the root lineals of the operator
A — Al and K coincide and, therefore, the completeness in Lg(O, a) of the system of
all eigenvectors and associated vectors of A — A is equivalent to the completeness
of those for K. Since the algebraic multiplicity of nonzero eigenvalues of a compact
operator is finite, each eigenvector of A — Al may have only a finite number of linear
independent associated vectors. On the other hand, the root lineals of the operator
A—XI and A also coincide (see [26]). Then the completeness in L2(0, a) of the system
of all eigenvectors and associated vectors of A is equivalent to the completeness of
those for K.

Let
m (>‘) = [90 (SL’, A)vu(xv A)]av
2 (>‘) = [90 (SL’, )\),U(SL’, A)]av
TA) @ =1 (A)—hr(N).

It is clear that
g, (A) ={A:Xe€C, 7(\) =0}
where o, (A) denotes the set of all eigenvalues of A. Since ¢ (a,\) and D1 (a, \)

are entire functions of A of order < 1 ( see [1]), consequently, 7 (\) have the same

property. Then 7 ()) is entire functions of the order < 1 of growth, and of minimal

type.

Theorem 4.3. The system of all root vectors of the dissipative operator K is complete
mn H.

Proof. Tt will be sufficient to prove that the system of all root vectors of the operator
K = (A—X)""in (4.4) is complete in H. Since 0 (2, \) = u (z, \) — hv (x, \), setting
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h = hy + ihy (h1,hy € R), we get from (4.4) in view of (4.3) that K = K; + 1K,
where

o I@W,f)ﬂ | 51“:( Gy (2,6, )

Ro i(élx,)\af Rlo [Gl (:E,f,)\)]
o (Gaund) . _< Gy (2.6, )
B R (Gnn)] ) T By Gatren) )

and

AN | v(EN[u(z ) —hv(@N)], 0<t<z<a

G (2,8 A) = A_(lx){ v@ M) —mE)), 0<esti<a

o (2,6, \) = ﬁhgv (2N 0 (6,7), hy = Imh > 0.

O

The operator K is the self-adjoint Hilbert—Schmidt operator in H, and K5 is the

self-adjoint one dimensional operator in H.

Let A; denote the operator in H generated by the differential expression [ and

the boundary conditions

a1y (0) — axDy1y (0) = My (0) — ayDy1y (0), an, a0, a7, 05 €R,
ly,ula — [y, v]ls = 0, hy = Reh.

It is easy to verify that K; is the inverse A;. Further

(4.5) op (A1) ={A: A€ C, ¥ (\) =0}
where
(46) v ()\) =T ()\) — h17'2 ()\) .

Then we find that
(4.7) T (\)] < CefP v ec.

Let T = —K and T = T} + ¢1,, where T} = —K;, 15 = —K,. The characteristic
values of the operator K; coincide with the eigenvalues of the operator A;. From
(4.5), (4.7) and Theorem 2, we have

T _ T
lim UESVEESY) (p. 1) =0, or lim m-\pry (p, T1)
p—00 p p—00 p

=0,

where my (p,T1) and m_ (p,T1) denote the numbers of the characteristic values of
the real component Tk = T; in the intervals [0, p] and [—p, 0], respectively. Thus the
dissipative operator T (also of K') carries out all the conditions of Krein’s thorem on

completeness. This completes the proof.
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