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ABSTRACT. We consider a parametric nonlinear Dirichlet problem driven by the p-Laplacian
and with a Carathéodory reaction which is (p — 1)-superlinear near +oo (but without satisfying the
Ambrosetti-Rabinowitz condition) and (p — 1)-sublinear near zero. We show that for all values of
the parameter A > 0, the problem has at least three nontrivial solutions (two of constant sign). If we
alter the geometry near the origin by introducing a “concave” nonlinearity (problem with combined
nonlinearities), we show the existence of at least five nontrivial solutions (four of constant sign and
the fifth nodal), when the parameter A > 0 is small. Also, we produce extremal constant sign
solutions u3 € int C; and vy € —int C.. We investigate the monotonicity and continuity properties

of the map A — u3}.
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1. Introduction

Let Q C RY be a bounded domain with a C*boundary 9. In this paper we
study the following parametric nonlinear Dirichlet problem:
—Aju(z) = Af(z,u(z)) in €,
" u(2) = Mz u(:)
u|aQ =0.

Here A, denotes the p-Laplace differential operator defined by
Apu = div (|VulP2Vu)  Vu € WyP(Q),

where 1 < p < +00. Also A > 0 is a parameter and f(z, ¢) is a Carathéodory reaction
(i.e., for all ¢ € R, the function z — f(z,() is measurable and for almost all z € ),
the function ¢ — f(z, () is continuous). We assume that f(z,-) is (p—1)-superlinear
near 00 and (p — 1)-sublinear near zero. However, to express the superlinearity near
+00, we do not employ the usual in such cases Ambrosetti-Rabinowitz condition.
Problem (Py) with p = 2 (semilinear equation) was investigated by Miyagaki-

Souto [26], who established the existence of at least one nontrivial weak solution
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for all A > 0. Subsequently, their result was extended to p-Laplacian equations by
Li-Yang [25]. The aim of this work is to improve the aforementioned papers. More
precisely, under more general conditions on the reaction, we show that for every A > 0
problem (P)) admits at least three nontrivial solutions, two of which have constant
sign (one positive and the other negative). By changing the hypotheses on the reaction
near zero (hence we have a new geometry for the problem), we can produce extremal
constant sign solutions (i.e., the smallest positive and the biggest negative solutions)
and using them, we can generate a nodal (sign-changing) solution. Finally, in the
semilinear case (i.e., p = 2), if by u} we denote the smallest positive solution, then
we provide conditions for the map A — u} to be continuous and monotone. Finally
for other boundary value problems with the so called resonance, we refer to Gasinski
[11] and Gasinski-Papageorgiou [12, 13, 14].

Our approach is variational based on the critical point theory, combined with
suitable truncations and comparison techniques and Morse theory (critical groups).
In the next section, for easy reference, we recall the main mathematical tools which

we will use in the sequel.

2. Mathematical Background

Let X be a Banach space and let X* be its topological dual. By (-,-) we denote
the duality brackets for the pair (X*, X). Given ¢ € C*(X), we say that ¢ satisfies

the Cerami condition, if the following is true:
“Every sequence {u,},>1 C X, such that {<p(un)}n21 C R is bounded and
(1+ luall )@ () — 0 i X7,
admits a strongly convergent subsequence.”

This compactness type condition on the functional ¢, leads to a deformation
theorem from which one derives the minimax theory for the critical values of ¢. One
of the main results in that theory is the so called mountain pass theorem due to
Ambrosetti-Rabinowitz [3]. Here we state the result in a slightly more general form

(see e.g., Gasinski-Papageorgiou [15]).

Theorem 2.1. If X is a Banach space, p € C'(X) satisfies the Cerami condition,
ug,uy € X, |Jug — upl| > 0 >0,

max {¢(ug), p(u1)} < inf {o(u) : |lu—uoll = o} = n,,

and

— inf /
¢ = inf max p((t)),

where

I = {7 c C’([O, 1];X) :7(0) = up, y(1) = ul}’
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then ¢ = n, and c is a critical value of .

In the study of problem (P)), we will use the Sobolev space W,”?(€) and the
Banach space

Co(Q) = {ue C' Q) : ulpo = 0}.
By || - || we denote the norm of WO’ (Q). By virtue of the Poincaré inequality, we have

lull = [Vull, Yu € Wo"().

Also, we will exploit the fact that C}(€) is an ordered Banach space with positive
cone

Ci ={ueCi():u(z) 20forall z€Q}.

This cone has a nonempty interior given by
0
int Cy = {u € Cy :u(z) >0 for all z €, a—Z‘aQ < O},

with n(-) being the outward unit normal on 0.

In what follows, by A; we denote the first eigenvalue of (= A, WP (Q)). We
know that Xl is positive, isolated, simple and admits the following variational char-
acterization

(2.1) A = inf{HH IIE ue W, P(Q), u 0}.

In this expression the infimum is realized on the corresponding one-dimensional

eigenspace. Also, it is clear that the elements of this eigenspace do not change sign.
Let @; be the LP-normalized (that is, ||uy||, = 1) positive eigenfunction corresponding
to Xl > (0. The nonlinear regularity theory and the nonlinear maximum principle (see
e.g., Gasinski-Papageorgiou [15, pp. 737-738]), imply that u; € int C,.

Let A: W, P(Q) — W1 (Q) (where % + z% = 1) be the nonlinear map defined
by

(2.2) (A(u),y) = /Q \VulP~2(Vu, Vy)pvdz  Vu,y € WyP(Q).

Proposition 2.2. The map A: W, ?(Q) — W=17(Q) defined above is bounded (i.e.,
maps bounded sets into bounded ones), demicontinuous, strictly monotone (hence
mazimal monotone too) and of type (S)4 (i.e., if up, — u weakly in W, *(Q) and

lim sup,, 4 oo (A(up), t, —u) <0, then u, — u in Wy (Q)).

Let X be a Banach space and let (Y7,Y3) be a topological pair such that Yy C
Y1 C X. For every integer k > 0 by Hy(Y7,Ys) we denote the k-th singular homology
group with coefficients in a field F of characteristic zero for the pair (Y;,Y3) (for
example F = R). We know that each group H(Y1,Y>) is an fact an F-vector space.
Recall that Hy(Y7,Y2) = 0 for all integers k > 0.
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Given p € C'(X) and ¢ € R, we introduce the following sets:

¢ = {zeX:p()<c},
K, = {z€X:¢(x)=0},
K, = {zeK,: p(x)=c}.
The critical groups of ¢ at an isolated element u € K¢ are defined by
Cr(p,u) = Hk(goc NU, ¢“°NU\ {:c}) Vk > 0,
with U being a neighbourhood of u € X, such that K, Np*NU = {u}. The excision

property of singular homology, implies that the above definition of critical groups is
independent of the particular choice of the neighbourhood U.

Suppose that ¢ satisfies the Cerami condition and inf p(K,) > —oco. Let ¢ <
inf p(K,). Then the critical groups of ¢ at infinity are defined by

The second deformation theorem (see e.g., Gasiniski-Papageorgiou [15, Theorem 5.1.33,
p. 628]), implies that the above definition is independent of the particular choice of
the level ¢ < inf p(K,).

Suppose that K, is finite. We introduce the following quantities:
M(t,u) = ZrankC’k(ap,u)tk VteR, ue K,
k>0
and
P(t,0) = Zdim Cr(p,00)t" VWt e R.

k>0
The Morse relation says that

(2.3) > M(t,u) = P(t,00) + (1 +1)Q(1),

where

Q) = Z Bit"
k>0
is a formal series in t € R with nonnegative integer coefficients.

Finally, let us fix some notation. For ¢ € R, we set ¢(* = max{+(,0} and for
w e WyP(Q), we define u*(-) = u(-)*. We have

ut e WeP(Q), Jul=ut+uT, w=ut—u".

By | - |x we denote the Lebesgue measure on RY. Also, if h: @ x R — R is a

measurable function (for example a Carathéodory function), then we set
Nu(@)() = h(-,u())  Vue WP (Q)

(the Nemytski map corresponding to h). Note that z — Nj(u)(z) is measurable.
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3. Multiple Solutions for A > 0

In this section we prove a three nontrivial solutions theorem valid for all A > 0.
The hypotheses on the function f(z,() are the following:

H,: f: QxR — R is a Carathéodory function, such that f(z,0) = 0 for almost all
z € Q) and

(i): there exist a function a € L*(Q), and r € (p, p*), where
N .
b= N—_’;} if p<N,
+oo if N<p

such that

1f(z, Q)] <alz)(1+[¢|"") for almost all z € Q, all ¢ € R;

(ii): if
¢
F(z,¢) = (2,8)ds,
0
then
(—koo |C]P

uniformly for almost all z € €Q;
(iii): if
g(Z, g) = f(Z, C)C - pF(Z7 g)v
then there exists 3 € L'(Q); such that

£(2,0) <&(z,y)+ B(z) foralmostall z€ Q, all0 < (< yory<<O;

(iv): we have
0
=0 [¢lP=2¢

uniformly for almost all z € €.

0

Remark 3.1. Clearly hypotheses Hy (i) and (7iz) imply that
f(z,¢)
im
(oo |C[P72C
hence f(z, ) is (p—1)-superlinear near +co. Hypothesis H;(iii) is a quasimonotonicity

condition on £(z,-). It is satisfied if, for example, we can find M; > 0 such that for
almost all z € Q

= +oo uniformly for almost all z € €,

( — féjif) is nondecreasing on [Ml’ +OO)’
¢ f(z¢) is nonincreasing on (—oo, — M|

¢3¢
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(see Li-Yang [25]). Conditions H;(ii) and (i7i) replace the Ambrosetti-Rabinowitz
condition which says that there exist ¢ > p and My > 0 such that
f(z,0)¢ =2 qF(z,¢) > 0 for almost all z € Q, all || > M-
and
essQian(-,:i:MQ) > 0.
A direct integration, leads to the following unilateral growth estimate

alC]? < F(z,() for almost all z € Q, all |(| > M,

for some ¢; > 0.

Hypotheses H;(it) and (iii) incorporate in our framework superlinear reactions
with “slower” growth near +oo which fail to satisfy the Ambrosetti-Rabinowitz con-

dition (see Example 3.2 below)

Example 3.2. The following functionals satisfy hypotheses H;. For the sake of

simplicity, we drop the z-dependence:
filQ) = [¢I7*¢ withp < q<p’,
£(Q) = <P (1 +[¢)).
Note that f; fails to satisfy the Ambrosetti-Rabinowitz condition.
First we will produce solutions of constant sign. To this end, we introduce the

positive and negative truncations of f(z,-). So, we introduce the Carathéodory func-

tions:

fe(2,0) = f(z,£¢F) V(z,¢) € QxR

/fizsds

and consider the C'-functionals <pj\—L W P(Q)) — R defined by

gﬁ@%z?WM@—A/FH@M@ﬁ&‘meﬂﬁﬂm.
Q

We set

Proposition 3.3. If hypotheses Hy hold and \ > 0, then the functionals @f satisfy

the Cerami condition.

Proof. We do the proof for the functional ¢, the proof for ¢y being similar.

Let {un}ns1 € WP(Q) be a sequence such that {} ()} ns1 € R is bounded
and
(L + [lunl) (@) (wn) — 0 in WH(Q) as n — +oo.
We have
nllh
(3.1) ‘(A(un /f+ 2 up)hdz| < < _ceallhll

Vh € W, 7(Q),
T 1 [fun| ’
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with €, \, 0.
In (3.1) first we choose h = —u; € W, *(€). Then
[Vu, |Ip <en Vn=>1,
S0

(3.2) u; — 0 in WyP(Q).

n

The boundedness of the sequence {p} (u,)}n>1 C R and (3.2) imply that

(3.3) ‘HVUZH% — )x/pF(z,u:{) dz| < M3 Vn > 1,
Q

for some Mz > 0. Also, if in (3.1) we choose h = ut € W, ?(Q), then
(3.4) |Vt |P + )\/Qf(z,u:{)u:{ dz<e, VYn=>1.
From (3.3) and (3.4), it follows that

(3.5) )x/ﬂﬁ(z,u:{)dz <My VYn>1,

for some M, > 0.
Claim. The sequence {u;},>1 € Wy™P(Q) is bounded.

529

We argue by contradiction. So, suppose that the Claim is not true. By passing

to a subsequence if necessary, we may assume that

(3.6) |wt] = [Vui|l, — +oo asn — +oo.

Let y, = % for n > 1. Then |ly,|| =1, y, = 0 for all n > 1 and so, passing to

[l
a subsequence if necessary, we may assume that

(3.7) Y, — y weakly in W, (),
(3.8) Yo — y inL(Q), y=0.
If y # 0, then setting Qy = Q\ y=(0), we have |Qo|x > 0 and

_l’_

u(z) — 400 asn— +oo, Vze Q.

Then hypothesis H (i) implies that
F(zuy () _ F(zu,(2))

lafllP w2

Yn(2)) — 400 asn — +oo Vz € Q.

By virtue of Fatou’s lemma (see H;(i7)), we have

F +
(3.9) /Mdz — 400 asn — +o00.
o uill?

From (3.3) we have

F +
(3.10) A/pMdzg% Vo > 1,
Q

[t P
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for some M5 > 0. Comparing (3.9) and (3.10), we reach a contradiction. This proves
that y = 0. We fix k£ > 0 and set 7, = (Qkp)%yn. From (3.7) and hypothesis Hy(7) it
follows that

(3.11) /F(z,gn(z))dz 0 asn— foo
Q

Also, from (3.6) we see that we can find an integer ng > 1 such that

D =

(3.12) 0 < (2kp) <1 Vn=n

it

Let t, € [0, 1] be such that

T, = t
O (tatty) = trg[gﬁ%(U)

From (3.11) and (3.12) we see that we can find an integer n; > ng such that
o5 (tyu) = o (Un) = 2k — )\/QF(z,@L) dz > k VYn>=mn; > np.

Since k > 0 is arbitrary, it follows that

(3.13) oY (thu) — +oo asn — +oo.

Note that the sequence {7 (u,})},>1 is bounded (see (3.2) and recall that the sequence
{o (un)}ns1 is bounded). Also ¢f (0) = 0. So, from (3.13) we infer that ¢, € (0,1)
for all n > 1 and so we have

d

dt% (tu )‘t:tn =0,
SO

(At i) = A [ et dz =
Q
thus
(3.14) ||V(tnu:[)||§ = A/ fztaun)(tyut)dz Vn>1
We have 0 < < w,! for all n > 1 and so hypothesis H (i) implies that
/gztu /f Ndz+N|BllL Yn=>1
SO
/§ zZ,ty u < Mg YVn>1,

with Mg = My + A||5]|1 (see (3.5)). Thus
IV (I — A/pF(z,tnu;)dzg My Wn>1
Q
(see (3.14)) and we get

(3.15) oy (tyul) < — Vn>1.



PARAMETRIC p-LAPLACIAN EQUATIONS WITH SUPERLINEAR REACTION 531

Comparing (3.13) and (3.15), we reach a contradiction. Therefore the sequence
{u}s1 € WyP(Q) is bounded. This fact and (3.2) imply that the sequence {ty, }ns1 €
Wy () is bounded. This proves the Claim.

By virtue of the Claim, passing to a subsequence if necessary, we may assume
that

(3.16) u, — u weakly in W,?(Q),
(3.17) u, — u in L"(Q).

In (3.1) we choose h = u, —u € Wy™(Q), pass to the limit as n — +oc and use
(3.16). Then

lim (A(up), up, —u) =0,

n—-+o0o

SO
u, — u in WyP(Q)
(see (3.16) and Proposition 2.2) and thus ¢ satisfies the Cerami condition.

Similarly we show that ¢} also satisfies the Cerami condition. O
Let ¢y : VVO1 (1) — R be the energy functional for problem (Py), namely
1
eatu) = 2Vl - /\/ F(zu(z)d= Yue Wi(Q).
Q

Evidently ¢ € C1(W,7(Q)).

Minor changes in the proof of Proposition 3.3 lead to the following result.

Proposition 3.4. If hypotheses Hy hold and X\ > 0, then the energy functional ¢y

satisfies the Cerami condition.

In the next two propositions, we will verify the mountain pass geometry for the

functionals gof, A > 0.

Proposition 3.5. If hypotheses Hy hold and A\ > 0, then u = 0 is a local minimizer

for the functionals ¢ and ).

Proof. We do the proof for ¢}, the proofs for ¢ and ¢, being similar.

By virtue of hypothesis H;(iv), we see that given € > 0, we can find § = (e, ) >
0 such that

(3.18) AF(2,¢) < S|¢P for almost all z € Q, all [¢] < 6.
p
So, if u € CL(Q) with lullca @)y < 0, then

1 1 €
px(u) = ~[[Vullh - A/ F(z,u®)dz > ~||Vullb — =|[ull}
p Q p p
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1
> —(1—f )nunp
p A1 (p)

(see (3.18)), so u = 0 is a local C}(Q)-minimizer of ¢} and so it is also a local

W, ?(Q)-minimizer of ¢ (see Garcia Azorero-Manfredi-Peral Alonso [10]).

Similarly for the functionals ¢, and . O
The next result is a straightforward consequence of hypothesis H; (ii).

Proposition 3.6. If hypotheses H, hold, A > 0 and u € int C, then ¢ (tu) — —o0
as t — £oo.

Now we are ready to produce two nontrivial solutions of constant sign.

Proposition 3.7. If hypotheses Hy hold and X > 0, then problem (Py) admits at least

two solutions of constant sign
up € int Cy  and vy € —int C.

Proof. Proposition 3.5 implies that we can find ¢ € (0, 1) small such that

(3.19) 3 (0) =0 < inf{ey(u) : Jull = o} =3,

(see Aizicovici-Papageorgiou-Staicu [1, Proposition 29] or Gasiniski-Papageorgiou [16,
proof of Theorem 3.4]). Combining (3.19) with Propositions 3.3 and 3.6, we see that
we can apply Theorem 2.1 (the mountain pass theorem). So, we can find uy € W, (Q)
such that

(3.20) e < @3 (o) and  (¢3) (uo) = 0.

From (3.19) and the inequality in (3.20), it follows that uy # 0. From the equality in
(3.20), we have

(3.21) A(ug) = ANy, (u).
On (3.21) we act with —ug € W, ”(Q) and obtain
Vgl =0,

S0

ug =0, wug#0.
Then (3.21) becomes

Alug) = AN¢(uo),

SO

(3.22) { —Apug(2) = Af(2,u0(2)) in Q,

u0|aQ = 0
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The nonlinear regularity theory (see e.g., Gasiiiski-Papageorgiou [15, pp. 737-738])
implies that uy € C \ {0}.

Note that hypotheses Hy(i) and (iv) imply that given o > 0, we can find £, =
£,(A) > 0 such that

A (2,Q)C+&,|CIP >0 for almost all z € €2, all [(] < p.
Let 0 = ||up]|eo and let &, = €,(A) > 0 be as above. From (3.22) we have
—Apug(2) + Euo(2)P 7 = Af(2,u0(2)) + Eguo(2)P = 0,
almost everywhere in €2, so
Ayug(2) < Euo(2)P~!  almost everywhere in Q.

Invoking the nonlinear maximum principle (see e.g., Gasinski-Papageorgiou [15, p. 738]),

we have that ug € int C..
Similarly, working with the functional ¢,, we produce a second constant sign
solution vy € —int C';.. O
In fact, we can produce extremal constant sign solutions for problem (P,), that
is the smallest positive solution and the biggest negative solution of (Py).
We introduce the following solution sets:
Sy = {ue Wy (Q) : u is a positive solution of (P\)},
Sy = {uce Wy P(Q) : u is a negative solution of (Py)}.
From Proposition 3.7 and its proof, we have
0 #SH C intCy and 0#S; C —intC,.

Moreover, from Filippakis-Kristaly-Papageorgiou [9], we know that S} is downward
directed (that is, if uq,uy C Sj{, then there exists v € Sj{ such that v < uy, u < ug)
and S} is upward directed (that is, if vy, v, C Sy, then there exists v € Sy such that

v < v, vy < v; see also Gasinski-Papageorgiou [16]).

Proposition 3.8. If hypotheses Hy hold and X\ > 0, then problem (P\) admits the

smallest positive solution uy € int C'y and a biggest negative solution vy € —int C..

Proof. Since Sy is downward directed and we are looking for the minimal positive

solution, without any loss of generality, we may assume that
(3.23) lulloo < M7 Yu € Sy,

for some M; > 0. From Dunford-Schwartz [8, p. 336], we know that we can find a

sequence {uy,},>1 C Sy such that

inf S = inf w,.

n>1
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We have

(3.24) A(un) = ANg(up,), u, 20 Vn=>1,

so the sequence {u, },>1 € W,?(€) is bounded (see (3.23)).
So, we may assume that

(3.25) u, — uy weakly in W,*(Q),

(3.26) U, — uy in L"(Q).

On (3.24) we act with u, —u € W, (Q), pass to the limit as n — 400 and use (3.25).
Then
nl_i)If@(A(un), Up — uy) =0,

SO
(3.27) U, — uy  in WyP(Q)
(see Proposition 2.2).

In (3.24) we pass to the limit as n — +oo and use (3.27). Then

Alun) = AN¢(un),
SO
(3.28) uy is a solution of (Py), uy = 0.
We show that uy # 0. We argue by contradiction. So, suppose that uy = 0. Then
u, — 0 in WyP(Q)

(see (3.27)).

Let yn = 17 for n > 1. Then |ly,|| = 1 for all n > 1 and so, passing to a

subsequence if necessary, we may assume that

(3.29) Yo — y weakly in W, (),
(3.30) Yo — y in L7(Q).
From (3.24), we have
AN¢(uy,
(3.31) Aly,) = WT:_B Vn > 1.

Hypotheses Hi(i) and (iv) imply that
If (2,0 < er(JCP~+|¢|Y)  for almost all z € ©, all ¢ € R,

for some ¢; > 0, so

Ny (up / .
the sequence { s(tn) } C LP(Q) is bounded
n=1

[[un ][~

(see (3.23)).
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So, by passing to a subsequence if necessary and using hypothesis H;(iv), we
have
N f (un)

W — 0 Weakly n Lp (Q)

(3.32)

On (3.31) we act with y,, —y € W, ?(Q), pass to the limit as n — 400 and use (3.29)

and (3.32). Then
Jim (AYn), yn —y) =0,

SO
(3.33) yn — y mWET(Q), |yl =1.

So, if in (3.31) we pass to the limit as n — 400 and use (3.32), (3.33), we obtain

Aly) =0,
SO
y=0,
which contradicts (3.33).
Therefore uy # 0 and so
uy € SY

(see (3.28)) and uy = inf S5
Similarly, working this time with S, we produce the biggest negative solution

vy € —int C; of (Py). O

Next using tools from Morse theory (critical groups), we will produce a third
nontrivial solution of SY but we are not able to provide sign information for this

third solution.

First we compute the critical groups of ¢, at infinity. Our proposition extends
a similar result proved by Wang [28] (for p = 2) and Liu [24] (for 1 < p < +00), for

reactions satisfying the Ambrosetti-Rabinowitz condition.
Proposition 3.9. If hypotheses Hy hold and X\ > 0, then

Cr(pr,00) =0 Vk = 0.

Proof. By virtue of hypotheses H; (i), (i) given any 1 > 0, we can find ¢; = ¢3(n) > 0
such that

(3.34) F(z,¢) > ﬁmp — ¢y for almost all z € 2, all ( € R.
p
Let u € OB = {y € WyP(Q) : ||yl = 1} and ¢ > 0. Then

P
oa(tu) = EHVUHZ—)\/F(Z,tu)dz
Q
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tr tr
< 5||VUI|§ - EW\HUHZ + A|Q|x

tp
(3.35) = 2 (1= ) + e\l
(see (3.34) and use the fact that u € 9By). So, if n > T}Lllﬁ’ then from (3.35) we see
that
(3.36) pa(tu) — —oo ast — +oo.

By virtue of hypothesis H;(iii), we have

0=2¢6(2,0) <&(z,u(2)) + B3(z) almost everywhere in Q

and
0=2¢(2,0) <&(z,—u(2)) + B(2) almost everywhere in €2,
S0
0=2¢(2,0) <&(z,u(2)) + B(2) almost everywhere in €
and thus
(3.37) —&8(z,u(2)) = pF(z,u(2)) — f(z,u(2))u(z) < B(2)
almost everywhere in Q. Let u € W,(Q) and let ¢ > 0. then
d 1
Dontn) = (@h(tu).u) = 7{eh(tw). )
_ %(ku)ng P\ /Q F(z tu)tu dz)
< IVl - [ pFe s+ a1,
Q
1
(3.38) = < (pex(tu) + AlIBIh)

(see (3.37)). From (3.36) it is clear that, if u # 0 and ¢ > 0 is big, then

A
(pA(tU) <Yy < —@,

S0
d
(3.39) %@\(tu) <0 for ¢t > 0 big.

So, for u € dB; we can find a unique y(u) > 0 such that p,(y(u)u) = Jy and the
implicit function theorem (see (3.39)) implies that v € C(9B;). We extend 7 to
W, P(Q) \ {0} by setting

wm:ini)meWmnw}
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Evidently v, € C(W,?(Q) \ {0}) and @, (7o(u)u) = 9. Note that, if ¢(u) = 9y, then
Yo(u) = 1. So, if we define

~ 1 if @a(u) <o,
Yo(w) if pr(u) = Vo,

then clearly 3, € C(Wy(Q) \ {0}).
We introduce the deformation
ht,u) = (1—thu+o(u)u Y(t,u) € [0,1] x (WyP(Q) \ {0}).
We have
h(0,u) =u, h(l,u)=7(u)u € 4,0?0
and
h(t, ~)|@io = id‘cpio vt € [0, 1],

50 5" is a strong deformation retract of Wy*(2) \ {0}.

The radial retraction implies that dB; is a retract of Wy*(Q) \ {0} and the
latter is deformable onto 0B;. So, from Dugundji [7, p. 325|, we have that 0B is a
deformation retract of W, ?(Q) \ {0}. Therefore, it follows that

cpio and 0B; are homotopy equivalent,
SO
(3.40) H (WP (Q), ©3°) = Hy(Wy*(Q), B)) Vk >0,

Since VVO1 P(Q) is infinite dimensional, we have that 0B; is contractible in itself. There-

fore we have

H(Wy?(Q), dB) =0 Yk >0
(see Granas-Dugundji [21, p. 389)]), so

H(Wi?(Q), @) =0 ¥k >0

(see (3.40)) and finally
Ck(QO)\,OO) =0 Vk 2 0

(choosing ¢y < 0 even smaller if necessary). O

We can have an analogous result for the truncated functionals <pj\—L.

Proposition 3.10. If hypotheses Hy hold and A > 0, then

Crl(py,00) =0 Vk>0.
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Proof. Let 0B = {u € dB; : ut # 0}. We consider the deformation h,: [0,1] x
OB{ — OB; defined by
(1 — t)u + tﬁl

he () = T u+ da]

V(t,u) € [0,1] x OB

Note that

/\

h+(1,u) S 8B

so OB; is contractible in itself.

Hul||

By virtue of hypothesis H (i), for every u € dB;" we have
(3.41) of (tu) — —00 as t — +oo.
From hypothesis H;(iii), we have
0=2¢(2,0) <E&(z,u(2) + B3(2) almost everywhere in €,

S0

pF(z,u"(2)) — f(z,u"(2))u(2) < B(z) almost everywhere in €,
thus
(3.42) —fi(z,u(2)u(z) < B(z) — pFi(z,u(z)) almost everywhere in €.

We fix u € By . Then for ¢t > 0, we have

Lot = (@) (), u) = H{(ed) (), )

<||V tu) ||y — /f+ z, tu)(tu) dz )

(190l = [ pre s+ A1,

(pex (tu) + AllB]L).

1
t
1
t
1

From (3.41) it follows that

d
i) T(tu) <0 for t > 0 big

(such that ¢f (tu) < —’\”Pﬂ). Let n € R be such that

n<mm{_>\“ﬁlll inf }
p B

From (3.44) we infer that there exists unique p(u) > 1 such that

>n if te [0, pu(u)),
(3.45) pr(tu) ¢ =n if t= p(w),
<n if > p(u).

(3.44)

Moreover, as before the implicit function theorem implies that u € C(9B;"). Also,

we have
(p1)" = {tu:u € OBF, t > p(u))
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(see (3.45)). Let Ey = {tu:u € OBy, t > 1}. Then ()7 C E,. We consider the
deformation hy: [0,1] x By — E. defined by

- ) = s)tut sp(w)u if t e 1, p(u)],
he(s, tu) = { tu it p(u) <t

for all s € [0,1], all ¢ > 1 and all u € dB;".
We have

o~ ~

hy(0,tu) = tu, hy(l,tu) € (¢F)"
(see (3.45)) and
ha (s, ')‘(wi)” = Zd}(s@j)” Vs € [0, 1],
s0 (¢¥)" is a strong deformation retract of F and thus
(3.46) Hy(Wy" (), (¢5)") = Hy(Wy" (), Ey) VK > 0.
We consider the deformation EJF: [0,1] x £, — FE. defined by

~ t
hy(s,tu) = (1 — s)tu+ sﬁ Vs e [0,1], t > 1, u € 0B;.
Uu

This deformation shows that E, is deformable onto dB;", which is a retract of E,.
Therefore from Dugundji [7, p. 325], we have that 0B, is a deformation retract of

E, . Hence
(3.47) H (Wy?(Q), EL) = H (W, P(Q),0Bf) Yk > 0.
From (3.46) and (3.47) it follows that
(3.48) Hy(Wo (), (¢5)") = He(W,"(Q),0B]) Yk > 0.
Recall that OB; is contractible in itself. Hence

H (Wy?(Q),0Bf) =0 Vk >0
(see Granas-Dugundji [21, p. 389]) and so

Hy(Wo (), (¢{)") =0 k>0
(see (3.48)), thus finally

Crlpl,0)=0 Vk>0
(choosing n < 0 even smaller if necessary). O
The two constant sign solutions uy € intC. and vy € —int C'y produced in

Proposition 3.7 are critical points of mountain pass type for the functionals ¢} and

¢, respectively. So we have

(3.49) Ci(of,up) #0 and  Ci(py,v0) # 0.

Using Proposition 3.10 we can improve (3.49).
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Proposition 3.11. If hypotheses Hy hold, A > 0 and K,, = {0,ug, v}, then

Cr(pr, up) = Ci(pa, v0) = 01 F  VE = 0.
Proof. We can easily verify that K ot © C.. Since x|, = ¢i|c, it follows that
K+ = {0, up}-
Let 7 <0 <y <ny, (see (3.19)) and consider the following triple of sets
(@)™ S (@) S W"(Q).
We consider the corresponding long exact sequence of homology groups
(350) . Hy(WiP(), (1))~ H{W(Q), (63)7) 2 Hera(), (1)) ..

with 4, being the homomorphism induced by the inclusion (¢})7 —— (¢})” and 0, is
the boundary homomorphism. Since K+ = {0,uo} and 0 = 0y (0) <y, < ¢y (uo)
(see (3.19)), from the choice of > 0, we have

(3.51) Hy (W5 (), (#)") = Cil(gpf,00) =0 VE>0
(see Proposition 3.10). Also, since v € (0,7y,), we have

(3.52) Hy(WoP (), (¢5)) = Cil},uo) Yk >0,
Finally, since n < 0 < vy < ny,, we have

(3.53) Hia((93)7, (93)") = 0k-1,0F = 0p1F Yk =0

(see Proposition 3.5). From (3.51), (3.52), (3.53), it follows that in (3.50) only the
tail (that is £ = 1) is nontrivial. The exactness of (3.50) and the rank theorem, imply
that

dim Cy (¢}, up) = dim (ker 9,) + dim (im 9,)
< dim(imi,) +1=1

(see (3.53) and (3.51)), so
Cr(e},u0) = 051 F VE =0
(see (3.49)).

Similarly, we show that
Ck<(,0)_\,’00) = 5k71F Yk Z 0.

Since gpA‘@ = @j}@, SOA‘—C# = @X}_@ and uy € intCy, vy € —int C, via the
homotopy invariance of critical groups, we obtain

Cr(py, u0) = Cr(py,v0) = S F Yk > 0.

Now we are ready for the first multiplicity theorem.
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Theorem 3.12. If hypotheses Hy hold, then for every A > 0, problem (Py) admits at

least three solutions
up €intCy, vy € —intCy and 3o € C3(Q) \ {0}.
Proof. From Proposition 3.7, we already have two nontrivial constant sign solutions
up € intCy, and vy € —int C,.
Suppose that K,, = {0,uo,vo}. Then Proposition 3.11 implies that
(3.54) Cr(pr, up) = Ci(pr, vo) = 61 F  VEk > 0.
Also, from Propositions 3.5 and 3.9, we have
(3.55) Cr(pr,0) =9 oF and  Ci(pn,00) =0 Vi > 0.
From (3.54), (3.55) and the Morse relation with t = —1 (see 2.3), we have
2(-1)' + (-1)" =0,
a contradiction. This means that there exists yo € K, , yo € {0,u0,v0}. Evidently

this is the third nontrivial solution of (Py) and yo € CL(Q2) (nonlinear regularity). [

Remark 3.13. Theorem 3.12 extends Theorem 1.1 of Miyagaki-Souto [26] (where
p = 2) an Theorem 1.1 of Li-Yang [25] (where 1 < p < +00). Both works produce

only one solution for all A > 0, under stronger conditions on the reaction f(z, ().

4. Problems with Combined Nonlinearities

In Section 3, although we were able to produce extremal constant sign solutions
(see Proposition 3.8), the geometry of the problem, with u = 0 being a local minimizer
of the energy functional ¢, (see Proposition 3.5), does not allow us to obtain nodal
(sign-changing) solutions. We can do this for the following alternative parametric

Dirichlet problem:
(Cy) { —Apu(z) = A(|u(2)]"2u(z) + f(z,u(z))) inQ,

uloq =0,

where 1 < ¢ < p. Again f(z,() is a Carathéodory function, which exhibits (p — 1)-
superlinear growth in the (-variable, without satisfying the Ambrosetti-Rabinowitz
condition. Since 1 < ¢ < p we see that in (C)), we have the combined effect of
both concave and convex nonlinearities. Such equations were studied by Ambrosetti-
Brézis-Cerami [2], Garcia Azorero-Manfredi-Peral Alonso [10], Papageorgiou-Smyrlis
[27]. In all these works, the emphasis is on the existence, nonexistence and multiplicity
of positive solutions (bifurcation-type results). Nodal solutions were produced by Hu-

Papageorgiou [22], but under stronger conditions on the superlinear nonlinearity. We
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point out that in all the aforementioned works the parameter A > 0 multiplies only

the concave term |u|?"2u, that is the reaction of the problem, has the form

NCI2 ¢+ f(2,0).
In fact, in Ambrosetti-Brézis-Cerami [2] and in Garcia Azorero-Manfredi-Peral Alonso
[10], we have
f(z.0) = f(Q) = [¢I"*¢,

with p < r < p*. For other problems with combined nonlinearities we refer to
Gasinski-Papageorgiou [17, 18, 19, 20].

For every A > 0, let $: Wy(2) — R be the energy functional for the problem
(Cy), namely

~ 1 A
Pau) = ];IIVUIIZ - EIIUIIZ - / AF(z,ul(z)) dz Yu € Wy™(Q).
Q

Also, we introduce the following Carathéodory functions

0 if ¢<0,

(4.1) o3 (5.0) = {A(gq—1+f(z,<)) if 0<¢,

A(IC1172C+ f(2,Q)) if ¢ <0,

(4.2) 9\ (2,¢) = {0 it 0<¢.

We set :
GHQ) = [ gi(es)ds
0
and consider the C'-functionals &F: Wy "(Q) — R, namely

1
gof(u) = ];HVqu — /QGf\E(z,u(z)) dz Yu € Wol’p(Q).

We strengthen the conditions of f as follows:
Hy: f: QxR — R is a Carathéodory function, such that f(z,0) = 0 for almost all
z € Q, hypotheses Hy(i) — (iv) are the same as corresponding hypotheses H; (i) — (iv)

and

(v): f(2,0)¢ = 0 for almost all z € Q and all ¢ > 0 and for every o > 0, there
exists £, > 0 such that for almost all z € Q the function ¢ — f(z, () +&,|¢[P7%¢

is nondecreasing on [—p, g].

The presence of the concave term A|n|772C alters drastically the geometry of the
problem near the origin and leads to a nodal solution but only when A > 0 is small

enough.

A careful reading of the proof of Proposition 3.3, reveals that the result remains

valid for the functionals @y and @5
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Proposition 4.1. If hypotheses Hy hold and A > 0, then the functionals $x and 35

satisfy the Cerami condition.

In contrast to the previous case in Section 3, now in order to proceed we need to
restrict the range of the parameter. This is necessary in order to satisfy the mountain

pass geometry (see Theorem 2.1).

Proposition 4.2. If hypotheses Hy hold, then there exist \* > 0 and o+ > 0 such
that for all X € (0,\*), we have

inf {52 |lufl = 0u} = 5F > 0.
Proof. We do the proof for the functional &, the proof for $ being similar.

Hypotheses H,(i) and (iv) imply that given € > 0, we can find ¢35 = c3(¢) > 0
such that

f(z,0) <eCP 4 c¢" ! for almost all z € Q, all ¢ >0,
S0

(4.3) F(z,() < Eﬁp + ﬁcr for almost all z € Q, all { > 0.
P r
Then for every u € Wy (), we have

1
Pl = S|Vl - / G () d=

1 A
= —IIVUIIZ——||u+||Z—/F(z,u+)dz
p q Q

1 € A Acs
— 1 == )||Vul|lf = =Jul|f — —||u|];
(15 ) el = itz = 22l

WV

(see (4.3)).
Choosing ¢ € (O,Xl) and since 1 < ¢ < r < p*, we have

Paw) = callull” = Acs(lull? + [lu]l")
(4.4) = (ca = Acs ([l + lul"™") [Jul”,

with 042%(1—5) >0 and ¢5 > 0.
1

We consider the function
) =177 PVt > 0.
Evidently v € C'(0, +00) and since ¢ < p < 7, we see that
v(t) — +oo ast\,0and ast — +o0.
So, we can find ¢y € (0, +00) such that

7(to) = infy > 0,
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SO
' (to) = 0,
thus
R e (s )
and hence

We return to (4.4) and we see that, if ||u|| = o, then
&5 (u) = (ea — Aesy(to) )t

So, if \* = 05’5?150) and o, = tg, then for every A € (0, \*), we have

inf {55 () : Jull = o1} =nf > 0
(see (4.4)). In a similar fashion, we show the corresponding result for the functional
Px- m
As before (see Proposition 3.6), using hypothesis H(i), we infer that:

Proposition 4.3. If hypotheses Hy hold, A > 0 and u € int C,, then 5 (tu) — —o0

ast — +oo.

Now we are ready to produce nontrivial constant sign solutions for problem (C,).
More precisely, we show that for all A\ € (0, A\*) (here A* > 0 is as in Proposition
4.2) problem (C)) admits at least four nontrivial constant sign solutions which are

ordered.

Proposition 4.4. If hypotheses Hy hold and \ € (0, \*), then problem (C)) has at

least four nontrivial constant sign solutions
g, w € int Cy, 1wy <
v, U € —int Cy, U< vg, vy F0.
Proof. First we produce the two positive solutions.

Propositions 4.1, 4.2 and 4.3 permit the use of Theorem 2.1 (the mountain pass
theorem). So, we can find uy € W, () such that

(4.5) Px(0) =0<ny <@(ug) and (ZY) (uo) =0.

From the inequality in (4.5) it is clear that ug # 0. From the equality in (4.5), we
have

(4.6) A(ug) = Nyt (uo).

On (4.6) we act with —uy € WyP(Q). From (4.1) we have
Vg [l =0,
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hence ug > 0, ug # 0. So, (4.6) becomes
Aluo) = Aug ™" + Ny(uo))

(see (4.1)), thus ug is a nontrivial nonnegative solution of (C'y) and hence ug € C\{0}

(by the nonlinear regularity theory).
Let 0 = ||up|| and let &, > 0 be as postulated by hypothesis Hy(v). Then

—Dpug(2) + A&uo(2)P 1 = AMuo(2)"" + f(z,u0(2))) + Apuo(2) = 0
almost everywhere on €2, so
Apug(2) < Aguo(2)P ™

almost everywhere on 2, thus uy € intCy (see, e.g., Gasinski-Papageorgiou [15,
p. 738]).

Using ugy € int C'y, we introduce the following truncation of the reaction in the
problem (C)):

N ) M)+ f(zu0(2))) i ¢ < (),
(4.7> ]{3)\ (Z,C) = { )\(Cq—l +f(z, C)) if uo(z) <.

This is a Carathéodory function. We set
K (2,¢) = /OC k¥ (z,s)ds
and consider the C'-functional oy : Wy P(Q) — R defined by
o} (u) = %Hvuug - /QK;(z,u(z))dz Vu € WP(9).
Claim 1. Kaj C [ug), where
[ug) = {u € Wy (Q) : ug(z) < u(z) almost everywhere in Q}.
Let u € K . Then we have
(4.8) A(u) = Nt (u).
On (4.8) we act with (ug — u)™ € Wy(Q). Then
(A =0 = [ K — )" d:
_ /Q Awd™ + (2, u0)) (g — u)* d
= (A(uo), (uo — u)")
(see (4.7) and use the fact that ug is a solution of (C))), so

/ (VuoP*Vug — |VulP*Vu, Vug — VU)RNdz =0
{uo>u}
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and thus
{ug > u}|n =0,
hence vy < u.
Therefore u € [ug) and this proves Claim 1.
Claim 2. ug € int Cy is a local minimizer of the functional o7 .

Let € (A, A*). From the first part of the proof, via the mountain pass theorem
(see Theorem 2.1), we show that problem (C,) admits a solution @, € intCy. We

will show that without any loss of generality, we may assume that
Ug < ﬂ#‘
Indeed, note that by virtue of hypothesis Hy(v), we have

_Apﬂu(z) = U(ﬂu(z)q_l + f(z,ﬂu(z)))

(4.9) > AUu(2) + f(z,7,(2))) for almost all z € Q.
So, we truncate the reaction of problem (C}) at {0, u,(z)} and define the Carathéodory
function
0 if ¢<0,
(4.10) hy(z0) =4 ACH+ f(2.0) if 0<¢<u(2).
AWu(z) + f(z,0,(2))) i wu(2) < ¢
We set

¢
Hj(z,():/ hi(z,s)ds

0
and consider the C'-functional 7} : W, *(Q) — R defined by

1
i (0) = 3 [Vl - / Hf (s (=) d= Y € Wio(Q).

From (4.10) it is clear that 7y is coercive. Also, using the Sobolev embedding theorem,
we see that 7y is sequentially weakly lower semicontinuous. So, by the Weierstrass
theorem, we can find @, € W,*(Q) such that

(4.11) ny (o) = inf  n(u).
ueWy?(Q)

Since ¢ < p, we can easily see that for u € int C'y and for ¢t € (0,1) small (at least
such that tu < @,; see Filippakis-Kristaly-Papageorgiou [9, Lemma 3.3]), we have
ny (tu) < 0,
SO
15 (o) < 0=y (0)
(see (4.11)), hence Ty # 0.
From (4.11) we have
(n)' (@) = 0,
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SO
(4.12) Altio) = Ny (to).

On (4.12) we act with —w, € W,*(Q) and with (7, — @,)* € Wy"(Q) and using
(4.10), we obtain

Ty € [0,7,),
where [0,7,] = {u € Wy (Q) : 0 < u(z) < Tyu(z) almost everywhere in Q},sow is a
positive solution of (C)) (see (4.10)).

Therefore, without any loss of generality, we may assume that vy < u,. Moreover,
we can assume that K+ N [0,7@,] = {uo} or otherwise we already have the second

positive solution @ € int C with u € [ug, @] (see Claim 1).
Using {ug, @, }, we introduce the following Carathéodory function

Muo(2)TH + f(z,u0(2))) if ¢ < uo(2),
(4.13) M (20 =19 A+ f(2,0) if ug(z) < ¢ <u(2).

Aun(2) + f(z,w,(2)) i w(2) <
We set :

D) = [ i) ds
0
and consider the C'-functional ¥} : Wy*(Q) — R defined by
1
ORE / IHu(z)) dz Vu € WiH(Q).
Q

As before, via the direct method, we obtain %, € W,?(Q) such that

(4.14) I () = inf 97 (u),

u€W, P (Q)

S0

(93) (o) = 0,
hence

A(tig) = N, +(to).

Acting with (ug — )™ € Wp*(Q) and with (4 — 1,)* € Wy P(Q) and using (4.9)
and (4.13), we obtain that

Up € [ug, Ty,
where

[uo, T,) = {u € WyP(Q) : up(2) < u(z) < Uu(2) almost everywhere in Q},
S0
ug € Ka;

(see (4.13)) and so

Ug = Uog
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(since Ko 0 0,7,] = {uo}).
Let 0 = ||u,|/« and &, > 0 be as postulated by hypothesis Hy(v). Then
—A,ug(2) + Apup(2)P~
A(uo(2)7 + f(z,u0(2)) + Euo(2)P )
pug(2)7 4 A(f (2, u0(2)) + Eguo(2)P )
(@ (2) + f(2,T(2))) + AT (2)P
= —A(2) + A, (2)P7" almost everywhere in (2

V/ANAN

(since A < p, ug € int C4, ug < ,; see hypothesis Hy(v)), so
u, — up € int Cy
(see Arcoya-Ruiz [4, Proposition 2.6]).
From (4.7) and (4.13) it is clear that oy | 0m) = +} o0, S0, it follows that ug €
int C, is a local Cg(Q)-minimizer of o (see (4 14)). From Garcfa Azorero-Manfredi-

Peral Alonso [10, Theorem 1.2] it follows that ug is a local W, (€)-minimizer of o} .

This proves Claim 2.

We claim that Kof is finite (otherwise we already have an infinity of positive
solutions © > wy and so we are done). Then by virtue of Claim 1, we can find
€ (0,1) small, such that

(4.15) o5 (uo) < inf {of () : lu—wol| = o} =m¥, |juoll > o
Moreover, (4.7) and hypothesis Hs(i7) imply that for all u € int Cy, we have
(4.16) oy (tu) — —oo ast — +oo.

Finally, a slight modification of the proof of Proposition 3.3, reveals that
(4.17) oy satisfies the Cerami condition.

Note that (4.15), (4.16) and (4.17) permit the use of Theorem 2.1 (the mountain pass
theorem). So, we can find @ € W, ”(Q) such that

W€K, and mf<of(d),
thus
u#ug and wuyg<u
(see (4.15) and Claim 1), and hence
u € int C, is a positive solution of (C})
(see (4.7)) and up < W, up # 1.

Similarly, starting with the functional @, , we produce two ordered negative so-

lutions vy, v € —int C'y, with v < vy, U # vp. O
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Next, as in Section 3, we generate extremal nontrivial constant sign solutions.

To this end, we consider the following auxiliary Dirichlet problem:

{ —Apu(z) = Mu(2)|["2u(z) in Q,

(Au))\
u|aQ =0.

Using the direct method (recall that ¢ < p) and Diaz-Saa [6, Theorem 1] we can

state the following existence and uniqueness result for problem (Auw),.

Proposition 4.5. If 1 < ¢ < p and A > 0, then problem (Au), admits a unique
positive solution uy € int C'y and since the problem is odd, vy = —uy € —int C, is
the unique negative solution.

We introduce the following solution sets.

Si(A) ={ue Wy P(Q) : u is a positive (resp. negative) solution of (Ch).}

From Proposition 4.4 and its proof, we know that for all A € (0, \*), we have
0#S.(\) CintC, and 0#S_(\) C—intC,.

Moreover, as before, we have that Sy (\) is downward directed and S_(\) is upward

directed (see Filippakis-Kristaly-Papageorgiou [9]).

Proposition 4.6. If hypotheses Hy hold and A € (0, \*), then uy < u for all u €
S+(A) and v < Uy, for allv € S_(N).

Proof. Let u € S, (\) C Cy and consider the following Carathéodory function

0 it ¢ <0,
(4.18) vy (2,¢) =< A} if 0<¢< u(z),
()71 it u(z) < ¢

Let .
Vif(z,¢) = / vy (z,s)ds
0
and introduce the C'-functional 8y : Wy*(Q) — R defined by

Bt (u) = L[| Va2 - / V(e u(z) de Vu € WRP(Q).
p Q

From (4.18) it is clear that ) is coercive. Also, it is sequentially weakly lower

semicontinuous. So, we can find % € W,”(Q) such that
(4.19) B (@) = inf {8 (v) : u € WP (Q).}
Since ¢ < p, as before (see the proof of Proposition 4.4), we have

B (@) < 0 =By (0),
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hence u # 0. From (4.19), we have

(BY)'(w) =0,

S0

A(u) = Ny+ (u).
As before, acting with —u~ € Wy *(Q) and with (7—u)* € W, ?(Q) and using (4.18),
we obtain

u € [0,u],

S0

U= ﬂ)\ € int C+
(see (4.18) and Proposition 4.5), thus

uy <u Yue Si(N).

In a similar fashion, we show that v < vy for all v € S_(\) C —int C. O

As we did in Section 3, we can establish the existence of extremal nontrivial

constant sign solutions for problem (CY)).

Proposition 4.7. If hypotheses Hy hold and A € (0, \*), then problem (C) admits

a smallest positive solution v € int Cy and a biggest negative solution vy € —int C..

Proof. As in proof of Proposition 3.8, without any loss of generality, we may assume
that

(4.20) lulo < Mg Yu € Si(N),
for some Mg > 0. Then we can find a sequence {u,}n>1 € S;(A) such that
inf S, (\) = }lgfl U,
We have
(4.21) Alu,) = Mul™t + Ny(u,)) Vn>1,
so the sequence {u, }ns1 € Wy (Q) is bounded (see (4.20)). So, we may assume that
(4.22) u, — u} weakly in W,"*(Q),
(4.23) u, — uy in L"(Q).

Acting on (4.21) with u, — u} € W, ?(Q), passing to the limit as n — 400 and using
(4.22), we obtain
lim (A(up), u, —u3) =0,

n—-+00

SO

u, — ui in WyP(Q)
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(see Proposition 2.2), thus
Au3) = AM(u3)"" + Nyp(u3))
(see (4.21). Since uy < uj (see Proposition 4.6), it follows that
uy € Sy(A) € intCy and w) =inf S;(N),
so u} € int C is the desired smallest positive solution of problem (C)).
Similarly, we produce the biggest negative solution vi € —int C of (C)). O

Now we are ready to generate nodal solutions.

Proposition 4.8. If hypotheses Hy hold and \ € (0, \*), then problem (C)) admits
a nodal solution uy € [v5,u}] N CE(Q), where u} € int C, and vi € —int C, are the
two extremal nontrivial constant sign solutions of problem (C)) produced in Proposi-
tion 4.7.

Proof. We introduce the following Carathéodory function
A3 (277203 (2) + f(z,05(2))) i ¢ <v3(2),
(4.24)  pal(z.0) = A(IC]77%C+ f(2,0)) if v3(2)
M) + f(z,u3(2))) if ui(z)
We set :
M(e10) = [l s)ds
0
and consider the C'-functional &, : Wy P(Q) — R defined by
~ 1
&) = IVl - / My(zu(z) de Y € Wi(Q).
Q

We also consider the positive and negative truncations of py(z,-). So, we introduce

the Carathéodory functions
1y (2,C) = palz, £¢F).
We set ;
MEO = [ k) ds
an consider the C''-functionals Ef: Wy (Q) — R defined by
G %nvung - /Q M (z,u(z)) dz Vu € WEP(Q).
Using (4.24) as before (see the proof of Proposition 4.4), we can check that

KE)\ C [U;,u;], K@* - [O,ui], KA; - [U;,O]

3
The extremality of v € —int Cy and v} € int C, implies that

(4.25) K € Wioull, Ke = {0}, Ke ={0}.0}.

&x x
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Claim. v} € int Cy and v§ € —int C; are local minimizers of the functional E A-

From (4.24) it is clear that E; is coercive. Also, it is sequentially weakly lower

semicontinuous. So, we can find 7 € W, *(Q) such that
& (@) = inf {&f (u) : u € Wy"(Q)}.

As before, since ¢ < p, we have

hence u} # 0, so
(see (4.25)). Evidently EA‘C+

E A- Hence, from Garcia Azorero-Manfredi-Peral Alonso [10, Theorem 1.1], we have

=&| ¢, S0 u € int C is a local C3(Q)-minimizer of

that u} is also a local WP (Q)-minimizer of £,.

Similarly for vi € —int 'y using this time the functional £, . This proves the

Claim.

Without any loss of generality, we may assume that g,\(v;) <& A(u}) (the analysis
is similar if the opposite inequality holds). By virtue of the Claim, we can find
0 € (0,1) small such that

(4.26)  &(v3) &) < inf {G(w) < fJu—ugll = 0} =, [k —uill > o

Since &, is coercive (see (4.24)), it satisfies the Cerami condition. This fact and
(4.26) permit the use of Theorem 2.1 (the mountain pass theorem). So, we can find
yr € WaP(Q) such that

(4.27) yr € Ke, and ) < ().
From (4.25), (4.26) and (4.27), it follows that
ya € [, w3\ {vy, ur -

If we can show that y) # 0, then by virtue of the extremality of v} and u}, we will
have that y, is nodal and y, € C3(Q) \ {0} (nonlinear regularity theory).

Since y, € KEA is of mountain pass type, we have

(4.28) Ci(Ex,40) # 0.

On the other hand, the presence of the concave term and hypothesis Hs(v) imply
that

(4.29) Cu(@r,0)=0 VE>0
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(see Jiu-Su [23, proof of Proposition 2.1]). Then since u} € int C,, v} € —int C'y and

@)\‘[v* u*] == 5)\ [U* u*}
AU SRLY
(4.29), we have

(see (4.24)), from the homotopy invariance of critical groups and

(4.30) Cr(&4,0)=0 V& >0.

Comparing (4.28) and (4.30), we infer that yy # 0. So, yx € C3(Q) is a nodal solution
for problem (C)) (A € (0, A*)). O

We can state the following multiplicity theorem for problem (C)).

Theorem 4.9. If hypotheses Hy hold, then there exists \* > 0 such that for all
A € (0, \*) problem (Cy) admits at least five nontrivial solutions

ug,w € intCy, wug<u, ug#u,

NN

Uo,ae —int C+, v Vo, Vo #i]\,
Yo € [vo, ug) Nint C3(Q) nodal.
Moreover problem (C) admits extremal nontrivial constant sign solutions

uy € intCy  and vy € —int C.

Next we examine the monotonicity properties of the map (0, \*) 3 A\ — u} €
CQ).

Proposition 4.10. If hypotheses Hy hold, then the map (0,\*) 2 X\ — u} € C3(Q)

is strictly monotone, that is if A < p, then uj, —u} € int C.

Proof. We consider the following truncation of the reaction of problem (C)):
0 if ¢ <0,

(4.31) Fa(z,0) = § ACTH+ £(2,0)) if 0<¢<u(?)
A(uZ(z)q_l + f(z,uZ(z))) if u(z) <.

This is a Carathéodory function. We set

¢
K)\(Z7C) = / Ii)\(.flf, S) ds
0
and consider the C'-functional 7y : W, ?(Q2) — R defined by
1
a(u) = EHVqu — / Ky(z,u(z))dz Yu € Wol’p(Q).
Q

As before (see the proof of Proposition 4.4), using the direct method, we can find
uy € int C'y such that

T)\(U)\) = Wlfl}f;,(g) T)\(u),
ueWy’

SO
uy € Ky, C [0,u;] Nint C
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(see the proof of Proposition 4.4). So, uy € int C; is a solution of problem (C'). Let
0 = ||uy]loe and let §, > 0 be as postulated by hypothesis Hy(v). We have

—Apun(2) + Aua(2)"™

AMur(2)T" + f(z,un(2))) + Aoun ()P
pay, (2)7 + A f (2,03 (2)) + Aup (2)77
puty ()7 puf (2,u5,(2)) + Agu (277

V/ANAN

= —Apu;(z) + Ayu;, z)P~1  almost everywhere on
since A < p, u¥ € int C'y and uy < v’ and see hypothesis Hy(v)), so
2 2
u, —uy € int Cy
(see Arcoya-Ruiz [4, Proposition 2.6]) and thus
w, —uy € int Cy

O

For the continuity of the map A\ —— u}, we restrict ourselves to the semilinear

problem (that is p = 2). This is done in the next section.

5. Semilinear Problem
In this section, we establish a continuity property of the map (0,A) 3 A — u} €
C(Q).
The problem under consideration is the following:

—Au(z) = Mu(2)1™" + f(z,u(z))) in €,
u|aQ =0, u>0.

(SCy) {

We impose the following stronger conditions on the perturbation f:

H;: f: QxR — R is a measurable function, such that f(z,0) = 0 and f(z,-) €
CL(R) for almost all z € 2 and

(i): there exist a function a € L*(€2); and r € (2,2*), such that

|£(2,¢)| < a(z)(14¢"7?) for almost all z € Q, all ¢ > 0;

(ii): if
¢
F(z,() = / f(z.5) ds,
then F( ()
i =g =0

uniformly for almost all z € €;



(5.1) ' = lim w;, u"<u}
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(iii): if
§(2,¢) = f(2,¢)C = 2F (2, ),
then there exists 3 € L'(Q); such that
£(2,0) <&(z,y) + B(z) foralmost all z € Q, all 0 < ( < y;
(iv): we have

fi(2,0) = lim M

=0
(=0t

uniformly for almost all z € €;

(v): we have

f(z,{) 20 for almost all z € Q, all { > 0.
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Remark 5.1. Since we are interested in positive solutions and all the above hy-
potheses concern the positive semiaxis (0, +oc), without any loss of generality, we
may assume that f(z,{) = 0 for almost all ¢ < 0. Note that in this case, the ex-
tra regularity of f(z,-) together with hypothesis Hj3(z) imply that for every o > 0,
we can find £, > 0 such that for almost all z € Q, the map ¢ — f(z,() + £, is

nondecreasing on [0, gl.

Then Theorem 4.9 can be applied and we can guarantee the existence of a smallest

positive solution u§ € int Cy for problem (SCy) for all A € (0, A*). Inspired by the

work of Cazenave-Escobedo-Pozio [5], we can establish the continuity of the map

(0,A) 2 X — u} € C(Q). Note that in what follows for m € L>(Q2), by M(=A—ml)

we denote the first (principal) eigenvalue of

—Au(z) — m(2)u(z) = lu(z) in Q,
u‘aQ =0

(see Gasinski-Papageorgiou [15, Section 6.1]).

Proposition 5.2. If hypotheses Hy hold and for some Ay € (0, \*), we have

M(=A=Mlg = D)+ f(u3() > 0,

then the map (0,\) > X\ —— u} € C(Q) is continuous at X = ).

Proof. Let {\,}n>1 € (0,\*) be a sequence such that A\, — Ao € (0, A*). We set

uy = uy € int Cy for n > 1 (see Theorem 4.9).

If \, — Ay, then from Proposition 4.10, we know that the sequence {u’},>1 C

int C' is strictly increasing and so we have

n—-—+00 0

We have

A = A ()7 + Ny(ul)) ¥ > 1

n
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so the sequence {u’},>1 C H(Q) is bounded (see (5.1)) and thus, passing to a

subsequence if necessary, we have

uf — u* weakly in Hy(Q),

@ m L(Q)

u

S % 3 ¥

(see (5.1)). So, in the limit as n — +o0, we obtain

A(@) = A((@)' + Ny(u")),

thus

uy, < U
and hence

uy, = u"
(see (5.1)).

If \, — A, then once again Proposition 4.10 implies that the sequence {u}},>1 C

int C', is strictly decreasing and so we have

(5.2) = lim wu,, w, <u.
n—-—+00

We consider the following auxiliary Dirichlet problem
—Ay(z) = AM(q = Du3, ()72 + fi(z,u5,(2))y(2) =1 in Q,
Yloa =0, y > 0.

From our hypothesis this problem has a solution y € int C',. We set
v =u), + 0y,
with 0 > 0. Then for p > 0, we have

—Av — (Ao + p) (v + f(z,0))

= 0= p(vT + f(z,0) = (T f(z0) = (u3)T = flzu3,)
—(v = u3) (g = 1)(u},) " + filz,43,)))

= §— u(vq_l + f(z,v)) — Xo0(9).

Since vI7! < luj |95t + 077 |y||l%s! and using hypothesis Hs(i), we see that for
d € (0,1) small, we can find p(d) > 0 such that

(5.3)  —Av(z) = Mo+ w)(v(2)"" + f(z,v(2))) >0 almost everywhere in .

Then truncating the reaction of problem (SC)4,) at v(z) and using the direct method
and (5.3), we obtain a solution wuy,4+, € Sy(Ao + i) such that wy,4, < v, hence

uiow < v and so w* < v. Since § > 0 is arbitrary, we let § N\, 0 and obtain

—x

ES
u < Uy, s
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SO

u" = u), €int Cy

(see (5.2)) and thus

Therefore, we have

n

ui(z) — uy(2) VzeQ.

Moreover, by Dini’s theorem, it follows that

u, — uy, in C(Q),
which proves the continuity of the map A —— u} at A = \. O

Remark 5.3. Note that the map ¢ — (97! + f(2,() in general is neither convex
nor concave and so, we cannot have general criteria for the condition on the principal
eigenvalue to hold. For the scalar case (that is N = 1; ordinary differential equations),

some such conditions were produced by Cazenave-Escobedo-Pozio [5, Proposition 4.1].
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