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ABSTRACT. In this paper, we examine the relation between monotonicity and convexity for nabla
fractional g-differences. In particular we prove that

Theorem A. Assume f : ¢"° — R, Vyf(t) > 0 for each t € ¢V, with 1 < v < 2, then
Vof(t) >0 for t € g™

Theorem B. Assume f : ¢"o — R, Vi f(t)
ng(t) >0 for t € ¢"2.

Y

0 for each t € ¢™, with 2 < v < 3, then

This shows that, in some sense, the positivity of the vth order g-fractional difference has a

strong connection to the monotonicity and convexity of f(t).

AMS (MOS) Subject Classification. 26A33, 26A48, 39A70, 39A99.

1. Introduction

Discrete fractional calculus has generated much interest in recent years. Some of
the work has employed the forward or delta difference. We refer the readers to [4], [8],
3], for example, and more recently [17], [14]. Probably more work has been developed
for the backward or nabla difference and we refer the readers to the papers [9],[15].
There has been some work (see [5] and [8]) to develop relations between the forward

and backward fractional operators, A” and V¥ and fractional calculus on time scales.

The study of fractional calculus in discrete settings has been initiated in [1],
[2] and [12]. while the papers [1] and [2] present the introduction to fractional g-
derivatives and g¢-integrals, the paper [12] discusses basics of fractional difference
calculus.
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In [13], [16], [18] and [19], the authors discussed the relation between the positivity
of the v-th order fractional difference and the monotonicity and convexity of f(t). We
intend to investigate the corresponding results in the g-fractional nabla difference case.

In this paper, we are concerned with the the relation between the positivity of the
vth order nabla g-fractional difference and the monotonicity and convexity of f(t).
The main results are the following theorems.

Theorem A. Assume f : ¢"° — R, V/ f(t) > 0 for each t € ¢"°, with 1 < v < 2,
then V,f(t) > 0 for t € ¢".

Theorem B. Assume f : ¢"° — R, Vi f(t) >0 for each t € ¢, with 2 < v < 3,
then V2 f(t) >0 for t € ¢"2.

This shows that, in some sense, the positivity of the vth order g-fractional dif-

ference has a strong connection to the convexity of f(t).

2. Basic Lemmas

First we introduce some notation used in the quantum calculus (g-calculus) (see

[10]). For any real number o and ¢ > 0,q # 1 we set [, := q:%ll. Then we have
the g-analogy of n! in the form [n],! := [n],n —1],---[1], for n = 1,2,..., whereas
for n = 0 we put [0],!;= 1. If ¢ = 1, then [a]; := a and [n];! becomes the standard

factorial. Further, the g-binomial coefficient is introduced by use of relations

il

- [O‘]q[a_ 1](1"'[O‘_n+1]q
. ]!

where o € R and n € Ny. The extension of the g-binomial coefficient to non-integer

«

)

n

value n is allowed via the I'; function defined for 0 < ¢ <1 as
(4. 91— )"
(4" @)oo
where (a,q)oo = [[725(1 —ag’) and t € R\ {0,—1,-2,...}. It is easy to check that
I, satisfies the functional relation I'y(t + 1) = [t],[',(¢). The g-analogue of the power

Y

(2.1) T,(t) ==

function is introduced as

(2.2) a-@?%:wlgﬁfﬂ t#0,0<g¢<l,a€R
(q T q)oo
For a = n, a positive integer, this expression reduces to
n—1
n n 5
(t— ) = T[0-a2),
j=0

The following definitions appear in [10].
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Definition 2.1 (Nabla Fractional Sum). Let f : ¢"¢ — R be given and ¢ > 1, v > 0.
Then

1 ! v—1)
2.3 Vo ft) = / t—q 't (,1 f(r)V,T,
(2.3 sl 0= gy [ = e,
for t € g0, where p(1) = ¢~ and by convention V;Zu)f(p(l)) =0.

Definition 2.2. Let v € R*, f: ¢"° — R and let ¢ € ¢"°. Then we define the nabla
g-fractional derivative of f at t by

(Vo)) = (Vv i ),

where m € N; satisfies m — 1 < v < m.

Lemma 2.3. Forq > 1,

1. The nabla q-derivative of the q-factorial function (t — s)floi)1 with respect to t is
@ _1=—qg*° (a=1)
tVq(t —s),0 = 1_761_1(15 —8)g1 s
2. The nabla q-derivative of the q-factorial function (t — s)floi)l with respect to s is
a - q_a — a—1
qu(t - s)fl*)l = _1 _ q_1 (t -9 18),(171 )7
where o € R.

Proof. (i)

@ _ (t—s)\" = (g7t — )
t—q 't

o (ofta e _
e e 4

t—q 1t
a o) 1—qg~"s/t —ara 0o 1—gl="s/t
¢ anoﬁwé/t —q ano#&*n/gﬁ
t—q 1t
a —q s/t g *(1—gs/t)
t Hn Olqa”s/t|:1_ 133/1&]
t—q it
a— 1—g "s/t 1—q— @
t ! Hn =0 1— qqa "S/t |:1_q1(£as/ti|
1—qg!
— 1— q_ata—l ﬁ I- q_ns/t
1— q—l st 1— q—(a—l)—ns/t
T—q™ s/t g7 )
L—qt (¢ s/t g7 )

11— q—a a—1
1_¢4@_$;1x

—OctOé (qs/t7q71)00
(g~ *1s/t,q N)oo
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(i)

@  (t— s)f;i{ —(t—q7's)\
@

s—qt
e (s/t,¢ Noo  sa (g7's/t,g Yoo
_ _ (as/tg Mo (@ 1s/t,g™ oo
s—q!
o —q s/t o 1—q 1 "s/t
it 0 rgtaa — T Toytemr
s—q7ls
a —q s/t 1—s/t
- t Hn 1 1 q —a—ng/t |:1—q*°‘s/t B 1:|
B s—q7ls
a—1 1—g 77 's/t | —14q=°
t H] =0 1—¢q—@—J7— 1s/t[1—q*€¥s/t]
1 —q~

1—q™@ 1 —q s/t
-1 q—1 et H 1 —(Zz—l)—j—/ls/t
q ol-q
1- q—a ta_l(q_ls/ta q_l)oo
1—qg' (¢ Vg ls/t, ¢ )

1 _q—a — a—1
_1 _ q_l (t —q 18)271 )

The following lemma appears in [9].

Lemma 2.4 (Leibniz Rule). Assume f: ¢" x ¢™* — R. Then

| / F(t,8)V,s] = / Vof(t$)Vys + Flg 't 1)

fort € ¢

3. Monotonicity

Theorem 3.1. Assume f : ¢"° — R, V/f(t) > 0 for each t € ¢"°, with 1 <v < 2,
then N, f(t) >0 fort € ¢".

Proof. Using Definition 2.1, Lemma 2.4 and Lemma 2.3 (i), we have (using (¢~ 't —
—1t)( 11') =0)
(3.1) 0o (t)
- V2vq p(1) )x(t)
1 ) 1 (1)
= qu/p (t—q s)q x(s)Vys

q

fagpnd ! 1o qV_lV /t (t—q7's)\Va(s)Vys
qul (2 — l/) 1— q_l 4 p(1) ! 4
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(3‘2) L2.3,124 qu (; — V) . (1 —(z”: ;Ell); q”) /p(l)(t . q_ls)éi'f_l)x(s)vqs
R S € Sk o [ e 0 Y AP P S R
- L1 (2-v) (1—q71)? [/p(l)(t q )tr1 (s)Vq

where we use
1
— —v—1 — —v—1 _
/ N e B e !
p(1
From Lemma 2.3 (ii), integrating by parts, we have that (using (¢~ ¢ — q_lt)f;'f) =0)
fort=¢q* k>1

59 T i [ = e Vs

= _pql(; ) ((11__(5__1)) { [(t —s)\” 'f):c(s)r

t
—/1 (t —q_ls)gi'f)vqx(s)vqs}

_ L (=", yem, I o) s
S T(2-v) (1—q™) [(t Dg-r (1) +/1 (t=47s), 1 Ve (s)V,
— 1 (1 B qy_l) k (—v)
B 1—‘q*1 2— I/) (1 — q‘l) [(q N 1)q*1 x(l)

+2 (d" - ¢ ') V(g (d — ¢ )

(" — )Vt - ),
when k& = 1, by our convention the above sum is zero. From (3.1) and (3.3), we get
that

(3.4) 0<Vy ,mz(t)

v—1

= l—q v —1\(-=v—-1) (-v)
o O T =)

k—1

1_qu—1 B
+Fq*1(2—l/)(1—q [;q —q Q)—lvx( )(q_q )




52 J. BAOGUO, L. ERBE, AND A. PETERSON
+ (@ = V(@) - ).

Therefore we have (using 1 — ¢*~1 < 0)

(3.5) — (" ="M V(@) ("~ )

> [(1 )" =g )V + (" - 1)5;?%(1)

+3 (6" = ¢ V(@) g — ).
1

N

i

Note that I')~1(2 —v) > 0 for 1 < v < 2 and

N B (/e e P8
36 qk —q lqk (7 ) — kv
(3.6) ( Ja (070" ¢ Voo
kv H]O.;O(l o q_lq_])
[12,(1 —¢v—tq7)

< 0,
and for 1 <i <k — 1, we have
i—1-k _—1
1y ke (@ N
(37) (q - q q )q*l - q (qui_l_k’ q_l)oo

o 1oL = g Fg™)
H;io(l — quti—1-kg)

> 0
For k > 1, we have
(38) (=) ST -
— (1 . qu>q—ku—k (q_l_k7q_l)00 4 q—ky (q_kvq_l)oo
("t 1 g7 ) (" ¢ )

i oL =a ) TS (1 = a7 )

== A T T, A )
_k,,H;io(l - q_l_kq_j)
I — g )
_k,,H;io(l - q_l_kq_j)
[T — g )
_k,,H;io(l - q_l_kq_j)
I, — ¢ )

1=¢)g* +1-q¢"

(1—q¢"7")

>0

Y

where we use 1 < v < 2. When t = 1, from (3.1) and (3.2), we have

(3.9) 0< Vi myo(t)]=1

q
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(1—Q”‘1)(1—q”) R TR e S
1)2/ (1 q ) ( )vq

=)A=
(1 —¢" N0 -¢") e,
1 2=v)(1—qg?) (L—q ), Tz(1)

Using 1 <v < 2, we have

> 0.

(3.10) (1- q_l)(ilf_l) _ (g N _ [152,(1 — q—lq—'j)
! (@4 Ve 1201 —gg7)
From (3.9) and (3.10), we get that

In the following, we will prove that V,z(¢*) > 0 for k > 1 by the principle of strong

induction.

When k = 1, from (3.5), we get that
(312)  ~(¢- D@ @-1) 2 [1-¢)a—a )T+ (= DY),

Therefore from (3.6), (3.8) and (3.11), we get that V,z(q) > 0.

Suppose k > 1 and that V, z(¢") > 0, for i = 1,2,3,...,k — 1. Then from (3.5)
and (3.6), we have V,x(¢*) > 0 > 0, so this completes the proof.

O

4. Convexity

Theorem 4.1. Assume f : ¢"° — R, Viyf(t) >0 for each t € ¢, with 2 < v < 3,
then V2f(t) >0 fort € ¢".

Proof. Using Definition 2.1, Lemma 2.4 and Lemma 2.3 (i), we have (using (¢~ 't —
5 = @t =g, = (T g = 0)

B E e ) (URPRNELE DL
Lpi(B3=v) 1—q ") - !

23,024 (1—q¢"72)(1—¢"™1) /t —1_\(-v)

\V4 (t—q "s) _x(s)Vys
Lo(3—v)(1—q1)2 )0 ! !
1—¢" )1 - HA1 =g [! Y
(4.2) ragine (107 )1 —d) / (t =g 7's)yVa(s) Vs
p(1)
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t
+/ (t — q_ls)f;'f_l)z(s)vqs}
q

_ (0= =¢H( - ¢) N .
o L,1(3—v)(1—q )3 [(t_q )q*l r(1)(1—q )

q 1

+ (- 1) Ve g - 1)]

L= ) =¢" N0 =¢) [*, 151 oo
e el AU AR RO

where we used
I 1y (—v—1) 1y (—v—1) 1 (—v—1)
/( )(t —q 8 w($)Ves = (t—q ) eI —g )+ -1), o0 Tx(g)(g—1).
p(1
From Lemma 2.3 (ii), integrating by parts twice, we have that (using (q_lt—q_lt)gi'f) =

(t—1)\ 77 =0) for t = ¢*, k > 2

v OO

SR [,

=q

(1 q" 2(1 TN
B 507 = q),-1z(q)
(t— )\ VY2 (5) ey
B b v Ty
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(1_(1 — —1 z ( u+1) 2 (i i—1
1__q — —v+1 _
b o o q_1)<q’f — a7 V() (0t - ¢,
g 19— -

when k = 2, by our convention the above sum is zero. From (4.1) and (4.3), we have
(4.4) 0<V,,mT x(t)

(=) H(1-¢) (v .
LB (@ =) a7

(4.5) +(¢" = 1) Valg) (g - 1)}
+ 1“(qll_(3qy__ ,/))((lliqq—l))Q (qk - Q)t(;llj)x(Q)
v—2 (¢" - q)gjﬂ)vqx(s)‘s:q
B VeE Ry e
+ r 1(21—_;;1;; —q )« (¢" - q_lqi)éjlﬂrl)vgl'(qi)(qi —q¢)
+ (1 - qv—2) )(qk i q_lqk)f;fﬂ)vgx(qk)(qk B qk_l).

g (2=v)(1 =gt

Solving the above inequality, we get

(I-¢)1—-¢ (1 —-¢") (vt .
RS S A

+ (" = D Vala) g - 1)]

- (1_(q )>((1 qq ;(qk—Q)q_?)x(Q)
(@ = @IV () =g
B e ey
v—2 k-1
o e (¢ @) Vi a7

Ty 13— v) (1 —gq )

‘(1}qy_<3) (jy)g )q<1l_zqu)<qk ) ()

q(1— ) (¢" — )7
Ty 1(3—v)(q— 1)2

(1-¢"?) (1=¢"NA=¢)q, ) (v
T, (3—v)(1—q ") [ (" =1,
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(1- qV_l) (—v) (q - Q)( vy
+ I—q¢) (¢" =), + W] z(q)
k1
SDD AR i P I ICE i
Note that (using I',)-1(3 — v) > 0) for k > 2, we have
(4.7)
Q—¢"HA =g, . v-1)
(1 _ q_l) ( 1),171 (q)
1— gt » (¢" — q)\ =Y
+ 1—q¢) (¢" - Q)é—l)x(Q) + Wﬂ@

eI = g)
H;io(l —qv=k)
[(1 — ¢ (1 —q")g"" N (1—¢"H(1—q"") N ¢ —q
(I—g DA =g ) Q=g )1 =g ")  (1—q ')

| ()

B gL —g7*)
0= 0 — ¢ L0 — )
(A=Y= )g T+ = )= )+ (¢ = D= ¢ ale)
M= ) TS Q"“‘j)x( )
I e e NV A e B
e am V Q"“‘j)x( )
RN P e T B

> 0.

From (4.1) and (4.2), for t = 1, we have

_(1=¢?) (-1 —¢)
Ly (3=v)(1—gq71)?

(1—g¢ ) Va1 -

=g G0 =)
Pir@B=v)(1—q)? I —g7) 7
From (4.1) and (4.2), for t = ¢, we have
(4.9)

0 < vq p(l)x(t”t:q

_ (1= -¢H(1—¢")
Lo B=w)(1—q71)?

+ (g1 Va() g - 1)
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(=g - —¢) 20— q—1
EEEYE B ey i e Ko R
From (4.9), we get
(4.10) 2(1) + 1q - 1Vx(q) <0.
—q
So from (4.8) and (4.10), we get that
(4.11) o(g)> L=ty > 0.
q—1
From (4.6), (4.7) and (4.11), we get that for k > 2
(4.12)
A=A =" HA=q") 4\
T na—grp e
q(1— " )(q" — q)y
aG-na-17
B (1-¢"7?) Q—¢ A —-¢a, & 1)
(| R T N
R PN e
M= (¢" — @)yt + vE (9)
@@ (1— ¢ )1 —¢" )1 —¢) ¢ IIZ( - g7
S VT T (e E | N (e B
g1—¢%) "0 - )
G- -
I e I e e e ) N e e I L
Ly (B3=v)(1—q™") (1 =g )L —gv) q—1
_ g1 —q?) T2 -7 o ,
= R T ) 1)
== @ = =) D e
- g1 - T2 —a ") ¢ ,
R e e U
@ D= @ = - L e,
Let x = ¢¥ and for ¢> < 2 < ¢® and k > 2, define
fle.d)=q a o =D -1) (" = DA =g+ (" —¢ )1 -q") z = i

We have

02 ’ k 9 -k _ -1
(4.13) fgfxq ) _ (qq_lq )

< 0.
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So f(z,q*) is convex for ¢ < x < ¢3. When k = 2, we have

(4.14) %ﬁ =(I4+¢'—q¢2—q¢?)(z—1)—(¢g—DA—-q?).

(4.15) &) =a(@— )@ -1 —(g—-1)(1—-¢?) =0,

and

(4.16)  f(¢’,q°)

3
_ - oy ¢ —1
=M - -1 (-0 -¢)+(@-*0-q7)- 1
=—¢’(1-q¢*) (-1
< 0.
Let %;f) = 0. It is easy to get that xy = M. Because of 79 < ¢?, we have

f(x,q?) is decreasing on [¢?, ¢*]. From (4.13), (4.15) and (4.16), we get that
(4.17) f(z,¢®) <0, for ¢*<x<dq’

When k > 3, we have that

(4.18) f@d)=a g-1@ -1~ ("' =11 -¢"

+(@ T =1 =) (g +1)

T g

(1—q")(" 1)
0.

v

(4.19) ) =@ —-D(@-1)— (" =1)A—q¢")

+ ("= =P +q+1)
it RS B B S S
¢ =D+ q— g =g

—~ Q

Y
o

Y

for k > 3. So from (4.13), (4.18) and (4.19), we have
(4.20) f(z,¢*) >0, for k>3, ¢ <x<dg’

Note that in (4.12), H;‘;O(l —q"7%7) <0, for k = 2 and H;io(l — ¢ ) >0
for k > 3. So from (4.12), (4.17) and (4.20), we get that for k > 2

(1-¢" )1 -¢""H1—-¢)
e VT e

(1= 2)(¢" — )7

IG-ng—1 W

¢ — g Va(1)
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(1-¢"? [(1 —¢ (- q”)q( b pyveD

IRYRICERICE D L ()
(I—¢7Y, 4 Ly (=it

+ m(q - Q)[(rl) + W]I(Q)
> 0.

(—v+1)
g-1

Taking k = 2 in (4.6) and using (4.21) for k = 2 and (¢*> — q) < 0, we get that

Vf]:v(cf) > 0.

Suppose that V2z(¢’) > 0 for i = 2,3,...,k — 1. From (4.6), (4.21) and using
(g% — q_”k)flifﬂ) < 0 for k > 2, we have V2z(¢*) > 0 and the proof is complete

O
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