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ABSTRACT. In this paper, we examine the relation between monotonicity and convexity for nabla

fractional q-differences. In particular we prove that

Theorem A. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN0 , with 1 < ν < 2, then

∇qf(t) ≥ 0 for t ∈ qN1 .

Theorem B. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN1 , with 2 < ν < 3, then

∇2

qf(t) ≥ 0 for t ∈ qN2 .

This shows that, in some sense, the positivity of the νth order q-fractional difference has a

strong connection to the monotonicity and convexity of f(t).
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1. Introduction

Discrete fractional calculus has generated much interest in recent years. Some of

the work has employed the forward or delta difference. We refer the readers to [4], [8],

[3], for example, and more recently [17], [14]. Probably more work has been developed

for the backward or nabla difference and we refer the readers to the papers [9],[15].

There has been some work (see [5] and [8]) to develop relations between the forward

and backward fractional operators, ∆ν and ∇ν and fractional calculus on time scales.

The study of fractional calculus in discrete settings has been initiated in [1],

[2] and [12]. while the papers [1] and [2] present the introduction to fractional q-

derivatives and q-integrals, the paper [12] discusses basics of fractional difference

calculus.
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In [13], [16], [18] and [19], the authors discussed the relation between the positivity

of the ν-th order fractional difference and the monotonicity and convexity of f(t). We

intend to investigate the corresponding results in the q-fractional nabla difference case.

In this paper, we are concerned with the the relation between the positivity of the

νth order nabla q-fractional difference and the monotonicity and convexity of f(t).

The main results are the following theorems.

Theorem A. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN0, with 1 < ν < 2,

then ∇qf(t) ≥ 0 for t ∈ qN1 .

Theorem B. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN1, with 2 < ν < 3,

then ∇2
qf(t) ≥ 0 for t ∈ qN2.

This shows that, in some sense, the positivity of the νth order q-fractional dif-

ference has a strong connection to the convexity of f(t).

2. Basic Lemmas

First we introduce some notation used in the quantum calculus (q-calculus) (see

[10]). For any real number α and q > 0, q 6= 1 we set [α]q := qα
−1

q−1
. Then we have

the q-analogy of n! in the form [n]q! := [n]q[n − 1]q · · · [1]q for n = 1, 2, . . . , whereas

for n = 0 we put [0]q!; = 1. If q = 1, then [α]1 := α and [n]1! becomes the standard

factorial. Further, the q-binomial coefficient is introduced by use of relations
[

α

0

]

q

:= 1,

[

α

n

]

q

:=
[α]q[α − 1]q · · · [α − n + 1]q

[n]q!
,

where α ∈ R and n ∈ N0. The extension of the q-binomial coefficient to non-integer

value n is allowed via the Γq function defined for 0 < q < 1 as

(2.1) Γq(t) :=
(q, q)

∞
(1 − q)1−t

(qt, q)
∞

,

where (a, q)
∞

=
∏

∞

j=0(1 − aqj) and t ∈ R \ {0,−1,−2, . . .}. It is easy to check that

Γq satisfies the functional relation Γq(t + 1) = [t]qΓq(t). The q-analogue of the power

function is introduced as

(2.2) (t − s)(α)
q := tα

( s
t
, q)

∞

(qα s
t
, q)

∞

, t 6= 0, 0 < q < 1, α ∈ R.

For α = n, a positive integer, this expression reduces to

(t − s)(n)
q = tn

n−1
∏

j=0

(1 − qj s

t
).

The following definitions appear in [10].
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Definition 2.1 (Nabla Fractional Sum). Let f : qN0 → R be given and q > 1, ν > 0.

Then

(2.3) ∇−ν
q,ρ(1)f(t) :=

1

Γq−1(ν)

∫ t

ρ(1)

(t − q−1τ)
(ν−1)

q−1 f(τ)∇qτ,

for t ∈ qN0 , where ρ(1) = q−1 and by convention ∇−ν
q,ρ(1)f(ρ(1)) = 0.

Definition 2.2. Let ν ∈ R
+, f : qN0 → R and let t ∈ qN0. Then we define the nabla

q-fractional derivative of f at t by

(∇ν
q,ρ(1)f)(t) := (∇m

q ∇
−(m−ν)
q,ρ(1) f)(t),

where m ∈ N1 satisfies m − 1 < ν < m.

Lemma 2.3. For q > 1,

1. The nabla q-derivative of the q-factorial function (t − s)
(α)

q−1 with respect to t is

t∇q(t − s)
(α)
q−1 =

1 − q−α

1 − q−1
(t − s)

(α−1)
q−1 ,

2. The nabla q-derivative of the q-factorial function (t − s)
(α)

q−1 with respect to s is

s∇q(t − s)
(α)

q−1 = −
1 − q−α

1 − q−1
(t − q−1s)

(α−1)

q−1 ,

where α ∈ R.

Proof. (i)

t∇q(t − s)
(α)

q−1 =
(t − s)

(α)
q−1 − (q−1t − s)

(α)
q−1

t − q−1t

=
tα (s/t,q−1)∞

(q−αs/t,q−1)∞
− q−αtα (qs/t,q−1)∞

(q−α+1s/t,q−1)∞

t − q−1t

=
tα

∏

∞

n=0
1−q−ns/t

1−q−α−ns/t
− q−αtα

∏

∞

n=0
1−q1−ns/t

1−q1−α−ns/t

t − q−1t

=
tα

∏

∞

n=0
1−q−ns/t

1−q−α−ns/t

[

1 − q−α(1−qs/t)
1−q1−αs/t

]

t − q−1t

=
tα−1

∏

∞

n=0
1−q−ns/t

1−q−α−ns/t

[

1−q−α

1−q1−αs/t

]

1 − q−1

=
1 − q−α

1 − q−1
tα−1

∞
∏

n=0

1 − q−ns/t

1 − q−(α−1)−ns/t

=
1 − q−α

1 − q−1
·

tα−1(s/t, q−1)
∞

(q−(α−1)s/t, q−1)
∞

=
1 − q−α

1 − q−1
(t − s)

(α−1)
q−1 .
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(ii)

s∇q(t − s)
(α)
q−1 =

(t − s)
(α)

q−1 − (t − q−1s)
(α)

q−1

s − q−1s

=
tα (s/t,q−1)∞

(q−αs/t,q−1)∞
− tα (q−1s/t,q−1)∞

(q−α−1s/t,q−1)∞

s − q−1s

=
tα

∏

∞

n=0
1−q−ns/t

1−q−α−ns/t
− tα

∏

∞

n=0
1−q−1−ns/t

1−q−α−1−ns/t

s − q−1s

=
tα

∏

∞

n=1
1−q−ns/t

1−q−α−ns/t

[

1−s/t
1−q−αs/t

− 1
]

s − q−1s

=
tα−1

∏

∞

j=0
1−q−j−1s/t

1−q−α−j−1s/t

[

−1+q−α

1−q−αs/t

]

1 − q−1

= −
1 − q−α

1 − q−1
tα−1

∞
∏

j=0

1 − q−j−1s/t

1 − q−(α−1)−j−1s/t

= −
1 − q−α

1 − q−1
·

tα−1(q−1s/t, q−1)
∞

(q−(α−1)q−1s/t, q−1)
∞

= −
1 − q−α

1 − q−1
(t − q−1s)

(α−1)

q−1 .

The following lemma appears in [9].

Lemma 2.4 (Leibniz Rule). Assume f : qN1 × qN1 → R. Then

t∇q

[

∫ t

1

f(t, s)∇qs
]

=

∫ t

1
t∇qf(t, s)∇qs + f(q−1t, t)

for t ∈ qN1.

3. Monotonicity

Theorem 3.1. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN0, with 1 < ν < 2,

then ∇qf(t) ≥ 0 for t ∈ qN1.

Proof. Using Definition 2.1, Lemma 2.4 and Lemma 2.3 (i), we have (using (q−1t −

q−1t)
(−ν)
q−1 = 0)

∇ν
q,ρ(1)x(t)(3.1)

= ∇2
q∇

−(2−ν)
q,ρ(1) x(t)

=
1

Γq−1(2 − ν)
∇2

q

∫ t

ρ(1)

(t − q−1s)
(1−ν)
q−1 x(s)∇qs

L2.3,L2.4
=

1

Γq−1(2 − ν)
·
1 − qν−1

1 − q−1
∇q

∫ t

ρ(1)

(t − q−1s)
(−ν)

q−1 x(s)∇qs
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L2.3,L2.4
=

1

Γq−1(2 − ν)
·
(1 − qν−1)(1 − qν)

(1 − q−1)2

∫ t

ρ(1)

(t − q−1s)
(−ν−1)
q−1 x(s)∇qs(3.2)

=
1

Γq−1(2 − ν)
·
(1 − qν−1)(1 − qν)

(1 − q−1)2

[

∫ 1

ρ(1)

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs

+

∫ t

1

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs
]

=
(1 − qν−1)(1 − qν)

Γq−1(2 − ν)(1 − q−1)2
(t − q−1)

(−ν−1)

q−1 x(1)(1 − q−1)

+
1

Γq−1(2 − ν)
·
(1 − qν−1)(1 − qν)

(1 − q−1)2

∫ t

1

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs

where we use
∫ 1

ρ(1)

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs = (t − q−1)
(−ν−1)

q−1 x(1)(1 − q−1).

From Lemma 2.3 (ii), integrating by parts, we have that (using (q−1t− q−1t)
(−ν)
q−1 = 0)

for t = qk, k ≥ 1

1

Γq−1(2 − ν)
·
(1 − qν−1)(1 − qν)

(1 − q−1)2

∫ t

1

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs(3.3)

= −
1

Γq−1(2 − ν)

(1 − qν−1)

(1 − q−1)

∫ t

1

[

s∇q(t − s)
(−ν)
q−1

]

x(s)∇qs

= −
1

Γq−1(2 − ν)

(1 − qν−1)

(1 − q−1)

{[

(t − s)
(−ν)
q−1 x(s)

]t

1

−

∫ t

1

(t − q−1s)
(−ν)
q−1 ∇qx(s)∇qs

}

=
1

Γq−1(2 − ν)

(1 − qν−1)

(1 − q−1)

[

(t − 1)
(−ν)

q−1 x(1) +

∫ t

1

(t − q−1s)
(−ν)

q−1 ∇qx(s)∇qs
]

=
1

Γq−1(2 − ν)

(1 − qν−1)

(1 − q−1)

[

(qk − 1)
(−ν)

q−1 x(1)

+
k−1
∑

i=1

(qk − q−1qi)
(−ν)

q−1 ∇qx(qi)(qi − qi−1)

+ (qk − q−1qk)
(−ν)
q−1 ∇qx(qk)(qk − qk−1)

]

,

when k = 1, by our convention the above sum is zero. From (3.1) and (3.3), we get

that

0 ≤ ∇ν
q,ρ(1)x(t)(3.4)

=
1 − qν−1

Γq−1(2 − ν)(1 − q−1)

[

(1 − qν)(qk − q−1)
(−ν−1)

q−1 + (qk − 1)
(−ν)

q−1

]

x(1)

+
1 − qν−1

Γq−1(2 − ν)(1 − q−1)

[

k−1
∑

i=1

(qk − q−1qi)
(−ν)

q−1 ∇qx(qi)(qi − qi−1)
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+ (qk − q−1qk)
(−ν)

q−1 ∇qx(qk)(qk − qk−1)
]

.

Therefore we have (using 1 − qν−1 < 0)

− (qk − q−1qk)
(−ν)
q−1 ∇qx(qk)(qk − qk−1)(3.5)

≥
[

(1 − qν)(qk − q−1)
(−ν−1)
q−1 + (qk − 1)

(−ν)
q−1

]

x(1)

+
k−1
∑

i=1

(qk − q−1qi)
(−ν)
q−1 ∇qx(qi)(qi − qi−1).

Note that Γq−1(2 − ν) > 0 for 1 < ν < 2 and

(qk − q−1qk)
(−ν)

q−1 = q−kν (q−1, q−1)
∞

(qνq−1, q−1)
∞

(3.6)

= q−kν

∏

∞

j=0(1 − q−1q−j)
∏

∞

j=0(1 − qν−1q−j)

< 0,

and for 1 ≤ i ≤ k − 1, we have

(qk − q−1qi)
(−ν)

q−1 = q−kν (qi−1−k, q−1)
∞

(qνqi−1−k, q−1)
∞

(3.7)

= q−kν

∏

∞

j=0(1 − qi−1−kq−j)
∏

∞

j=0(1 − qν+i−1−kq−j)

> 0.

For k ≥ 1, we have

(1 − qν)(qk − q−1)
(−ν−1)
q−1 + (qk − 1)

(−ν)
q−1(3.8)

= (1 − qν)q−kν−k (q−1−k, q−1)
∞

(qν+1q−1−k, q−1)
∞

+ q−kν (q−k, q−1)
∞

(qνq−k, q−1)
∞

= (1 − qν)q−kν−k

∏

∞

j=0(1 − q−1−kq−j)
∏

∞

j=0(1 − qν−kq−j)
+ q−kν

∏

∞

j=0(1 − q−kq−j)
∏

∞

j=0(1 − qν−kq−j)

= q−kν

∏

∞

j=0(1 − q−1−kq−j)
∏

∞

j=0(1 − qν−kq−j)

[

(1 − qν)q−k + (1 − q−k)
]

= q−kν

∏

∞

j=0(1 − q−1−kq−j)
∏

∞

j=0(1 − qν−kq−j)
(1 − qν−k)

= q−kν

∏

∞

j=0(1 − q−1−kq−j)
∏

∞

j=1(1 − qν−kq−j)

≥ 0,

where we use 1 < ν < 2. When t = 1, from (3.1) and (3.2), we have

0 ≤ ∇ν
q,ρ(1)x(t)|t=1(3.9)
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=
(1 − qν−1)(1 − qν)

Γq−1(2 − ν)(1 − q−1)2

∫ 1

ρ(1)

(1 − q−1s)
(−ν−1)
q−1 x(s)∇qs

=
(1 − qν−1)(1 − qν)

Γq−1(2 − ν)(1 − q−1)
(1 − q−1)

(−ν−1)

q−1 x(1).

Using 1 < ν < 2, we have

(3.10) (1 − q−1)
(−ν−1)

q−1 =
(q−1, q−1)

∞

(qν , q−1)
∞

=

∏

∞

j=0(1 − q−1q−j)
∏

∞

j=0(1 − qνq−j)
> 0.

From (3.9) and (3.10), we get that

(3.11) x(1) ≥ 0.

In the following, we will prove that ∇qx(qk) ≥ 0 for k ≥ 1 by the principle of strong

induction.

When k = 1, from (3.5), we get that

(3.12) −(q − 1)
(−ν)

q−1 ∇qx(q)(q − 1) ≥
[

(1 − qν)(q − q−1)
(−ν−1)

q−1 + (q − 1)
(−ν)

q−1

]

x(1).

Therefore from (3.6), (3.8) and (3.11), we get that ∇qx(q) ≥ 0.

Suppose k ≥ 1 and that ∇qx(qi) ≥ 0, for i = 1, 2, 3, . . . , k − 1. Then from (3.5)

and (3.6), we have ∇qx(qk) ≥ 0 ≥ 0, so this completes the proof.

4. Convexity

Theorem 4.1. Assume f : qN0 → R, ∇ν
qf(t) ≥ 0 for each t ∈ qN1, with 2 < ν < 3,

then ∇2
qf(t) ≥ 0 for t ∈ qN2.

Proof. Using Definition 2.1, Lemma 2.4 and Lemma 2.3 (i), we have (using (q−1t −

q−1t)
(2−ν)

q−1 = (q−1t − q−1t)
(1−ν)

q−1 = (q−1t − q−1t)
(−ν)

q−1 = 0)

∇ν
q,ρ(1)x(t)(4.1)

= ∇3
q∇

−(3−ν)
q,ρ(1) x(t)

=
1

Γq−1(3 − ν)
∇3

q

∫ t

ρ(1)

(t − q−1s)
(2−ν)
q−1 x(s)∇qs

L2.3,L2.4
=

1

Γq−1(3 − ν)
·
1 − qν−2

1 − q−1
∇2

q

∫ t

ρ(1)

(t − q−1s)
(1−ν)

q−1 x(s)∇qs

L2.3,L2.4
=

(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2
∇q

∫ t

ρ(1)

(t − q−1s)
(−ν)

q−1 x(s)∇qs

L2.3,L2.4
=

(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

∫ t

ρ(1)

(t − q−1s)
(−ν−1)
q−1 x(s)∇qs(4.2)

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

[

∫ q

ρ(1)

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs
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+

∫ t

q

(t − q−1s)
(−ν−1)
q−1 x(s)∇qs

]

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

[

(t − q−1)
(−ν−1)
q−1 x(1)(1 − q−1)

+ (t − 1)
(−ν−1)
q−1 x(q)(q − 1)

]

+
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

∫ t

q

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs

where we used
∫ q

ρ(1)

(t− q−1s)
(−ν−1)
q−1 x(s)∇qs = (t− q−1)

(−ν−1)
q−1 x(1)(1− q−1) + (t− 1)

(−ν−1)
q−1 x(q)(q − 1).

From Lemma 2.3 (ii), integrating by parts twice, we have that (using (q−1t−q−1t)
(−ν)
q−1 =

(t − t)
(−ν+1)
q−1 = 0) for t = qk, k ≥ 2

(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

∫ t

q

(t − q−1s)
(−ν−1)

q−1 x(s)∇qs(4.3)

= −
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2

∫ t

q

[

s∇q(t − s)
(−ν)

q−1

]

x(s)∇qs

= −
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2

{[

(t − s)
(−ν)
q−1 x(s)

]t

s=q

−

∫ t

q

(t − q−1s)
(−ν)
q−1 ∇qx(s)∇qs

}

=
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2

[

(t − q)
(−ν)

q−1 x(q)

+

∫ t

q

(t − q−1s)
(−ν)

q−1 ∇qx(s)∇qs
]

=
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2
(qk − q)

(−ν)

q−1 x(q)

−
1 − qν−2

Γq−1(3 − ν)(1 − q−1)

∫ t

q
s∇q(t − s)

(−ν+1)
q−1 ∇qx(s)∇qs

=
(1 − qν−2)(1 − qν−1)

Γq−1(2 − ν)(1 − q−1)2
(qk − q)

(−ν)
q−1 x(q)

−
1 − qν−2

Γq−1(3 − ν)(1 − q−1)

{[

(t − s)
(−ν+1)
q−1 ∇qx(s)

]t

s=q

−

∫ t

q

(t − q−1s)
(−ν+1)

q−1 ∇2
qx(s)∇qs

}

=
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2
(qk − q)

(−ν)

q−1 x(q)

+ (1 − qν−2)
(t − q)

(−ν+1)

q−1 ∇qx(s)|s=q

Γq−1(3 − ν)(1 − q−1)
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+
(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)

k−1
∑

i=2

(qk − q−1qi)
(−ν+1)

q−1 ∇2
qx(qi)(qi − qi−1)

+
1 − qν−2

Γq−1(3 − ν)(1 − q−1)
(qk − q−1qk)

(−ν+1)

q−1 ∇2
qx(qk)(qk − qk−1),

when k = 2, by our convention the above sum is zero. From (4.1) and (4.3), we have

0 ≤ ∇ν
q,ρ(1)x(t)(4.4)

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

[

(qk − q−1)
(−ν−1)
q−1 x(1)(1 − q−1)

+ (qk − 1)
(−ν−1)
q−1 x(q)(q − 1)

]

(4.5)

+
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2
(qk − q)

(−ν)

q−1 x(q)

+ (1 − qν−2)
(qk − q)

(−ν+1)
q−1 ∇qx(s)|s=q

Γq−1(3 − ν)(1 − q−1)

+
1 − qν−2

Γq−1(2 − ν)(1 − q−1)

k−1
∑

i=2

(qk − q−1qi)
(−ν+1)

q−1 ∇2
qx(qi)(qi − qi−1)

+
(1 − qν−2)

Γq−1(2 − ν)(1 − q−1)
(qk − q−1qk)

(−ν+1)
q−1 ∇2

qx(qk)(qk − qk−1).

Solving the above inequality, we get

1 − qν−2

Γq−1(3 − ν)(1 − q−1)
(qk − q−1qk)

(−ν+1)

q−1 ∇2
qx(qk)(qk − qk−1)(4.6)

≥ −
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

[

(qk − q−1)
(−ν−1)

q−1 x(1)(1 − q−1)

+ (qk − 1)
(−ν−1)

q−1 x(q)(q − 1)
]

−
(1 − qν−2)(1 − qν−1)

Γq−1(3 − ν)(1 − q−1)2
(qk − q)

(−ν)

q−1 x(q)

− (1 − qν−2)
(qk − q)

(−ν+1)

q−1 ∇qx(s)|s=q

Γq−1(3 − ν)(1 − q−1)

−
1 − qν−2

Γq−1(3 − ν)(1 − q−1)

k−1
∑

i=2

(qk − q−1qi)
(−ν+1)
q−1 ∇2

qx(qi)(qi − qi−1)

= −
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2
(qk − q−1)

(−ν−1)

q−1 x(1)

+
q(1 − qν−2)(qk − q)

(−ν+1)

q−1

Γq−1(3 − ν)(q − 1)2
x(1)

−
(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)

[(1 − qν−1)(1 − qν)q

(1 − q−1)
(qk − 1)

(−ν−1)
q−1
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+
(1 − qν−1)

(1 − q−1)
(qk − q)

(−ν)
q−1 +

(qk − q)
(−ν+1)

q−1

(q − 1)

]

x(q)

−
k−1
∑

i=2

(qk − qi−1)
(−ν+1)

q−1 ∇2
qx(qi)(qi − qi−1).

Note that (using Γq−1(3 − ν) > 0) for k ≥ 2, we have

(1 − qν−1)(1 − qν)q

(1 − q−1)
(qk − 1)

(−ν−1)
q−1 x(q)

(4.7)

+
1 − qν−1

(1 − q−1)
(qk − q)

(−ν)
q−1 x(q) +

(qk − q)
(−ν+1)

q−1

(q − 1)
x(q)

=
q−kν

∏

∞

j=0(1 − q−k−j)
∏

∞

j=0(1 − qν−k−j)

·
[(1 − qν−1)(1 − qν)q1−k

(1 − q−1)(1 − qν−k+1)
+

(1 − qν−1)(1 − q1−k)

(1 − q−1)(1 − qν−k+1)
+

qk − q

(1 − q−1)q

]

x(q)

= −
q−kν

∏

∞

j=0(1 − q−k−j)

(1 − q−1)(1 − qν−k+1)
∏

∞

j=0(1 − qν−k−j)

·
[

(1 − qν−1)(1 − qν)q1−k + (1 − qν−1)(1 − q1−k) + (qk−1 − 1)(1 − qν−k+1)
]

x(q)

=
q−kν(1 − qν−k+1)(qk−1 − qν−1)

∏

∞

j=0(1 − q−k−j)

(1 − q−1)(1 − qν−k+1)
∏

∞

j=0(1 − qν−k−j)
x(q)

=
q−kν(qk−1 − qν−1)

∏

∞

j=0(1 − q−k−j)

(1 − q−1)
∏

∞

j=0(1 − qν−k−j)
x(q)

≥ 0.

From (4.1) and (4.2), for t = 1, we have

0 ≤ ∇ν
q,ρ(1)x(t)|t=1(4.8)

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3
(1 − q−1)

(−ν−1)
q−1 x(1)(1 − q−1)

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2

∏

∞

j=0(1 − q−1−j)
∏

∞

j=0(1 − qν−j)
x(1).

From (4.1) and (4.2), for t = q, we have

0 ≤ ∇ν
q,ρ(1)x(t)|t=q

(4.9)

=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)3

[

(q − q−1)
(−ν−1)
q−1 x(1)(1 − q−1)

+ (q − 1)
(−ν−1)

q−1 x(q)(q − 1)
]
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=
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2
·
q−ν−1

∏

∞

j=0(1 − q−2−j)
∏

∞

j=0(1 − qν−1−j)

[

x(1) +
q − 1

1 − qν
x(q)

]

.

From (4.9), we get

(4.10) x(1) +
q − 1

1 − qν
x(q) ≤ 0.

So from (4.8) and (4.10), we get that

(4.11) x(q) ≥
qν − 1

q − 1
x(1) ≥ 0.

From (4.6), (4.7) and (4.11), we get that for k ≥ 2

−
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2
(qk − q−1)

(−ν−1)
q−1 x(1)

(4.12)

+
q(1 − qν−2)(qk − q)

(−ν+1)

q−1

Γq−1(3 − ν)(q − 1)2
x(1)

−
(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)

[(1 − qν−1)(1 − qν)q

(1 − q−1)
(qk − 1)

(−ν−1)

q−1

+
(1 − qν−1)

(1 − q−1)
(qk − q)

(−ν)

q−1 +
(qk − q)

(−ν+1)
q−1

(q − 1)

]

x(q)

(4.7)(4.11)

≥ −
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2

q−kν−k
∏

∞

j=0(1 − q−1−k−j)
∏

∞

j=0(1 − qν−k−j)
x(1)

+
q(1 − qν−2)

Γq−1(3 − ν)(q − 1)2

q−kν+k
∏

∞

j=0(1 − q1−k−j)
∏

∞

j=0(1 − qν−k−j)
x(1)

−
(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)
·
q−kν(qk−1 − qν−1)

∏

∞

j=0(1 − q−k−j)

(1 − q−1)
∏

∞

j=0(1 − qν−k−j)
·
qν − 1

q − 1
x(1)

= −
q−kν(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)2

∏

∞

j=0(1 − q−1−k−j)
∏

∞

j=0(1 − qν−k−j)
·
[

q−k(1 − qν−1)(1 − qν)

− qk−1(1 − q1−k)(1 − q−k) + (qk−1 − qν−1)(1 − q−k) ·
qν − 1

q − 1

]

x(1)

= −
q−kν(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)2

∏

∞

j=0(1 − q−1−k−j)
∏

∞

j=0(1 − qν−k−j)
·
[

q−k(qν−1 − 1)(qν − 1)

− (qk−1 − 1)(1 − q−k) + (qk−1 − qν−1)(1 − q−k) ·
qν − 1

q − 1

]

x(1).

Let x = qν and for q2 < x < q3 and k ≥ 2, define

f(x, qk) = q−k(q−1x− 1)(x− 1)− (qk−1 − 1)(1− q−k)+ (qk−1 − q−1x)(1− q−k) ·
x − 1

q − 1
.

We have

(4.13)
∂2f(x, qk)

∂2x
=

2(q−k − q−1)

q − 1
< 0.
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So f(x, qk) is convex for q2 < x < q3. When k = 2, we have

(4.14)
∂f(x, q2)

∂x
= (1 + q−1 − q−2x − q−2)(x − 1) − (q − 1)(1 − q−2).

(4.15) f(q2, q2) = q−2(q − 1)(q2 − 1) − (q − 1)(1 − q−2) = 0,

and

f(q3, q2)(4.16)

= q−2(q2 − 1)(q3 − 1) − (q − 1)(1 − q−2) + (q − q2)(1 − q−2) ·
q3 − 1

q − 1

= −q3(1 − q−2)(q − 1)

< 0.

Let ∂f(x,q2)
∂x

= 0. It is easy to get that x0 = q2(1+q−1)
2

. Because of x0 < q2, we have

f(x, q2) is decreasing on [q2, q3]. From (4.13), (4.15) and (4.16), we get that

(4.17) f(x, q2) < 0, for q2 < x < q3.

When k ≥ 3, we have that

f(q2, qk) = q−k(q − 1)(q2 − 1) − (qk−1 − 1)(1 − q−k)(4.18)

+ (qk−1 − q)(1 − q−k)(q + 1)

= q−k+3 + qk − q2 − q

= (1 − q−k+2)(qk − 1)

≥ 0.

f(q3, qk) = q−k(q2 − 1)(q3 − 1) − (qk−1 − 1)(1 − q−k)(4.19)

+ (qk−1 − q2)(1 − q−k)(q2 + q + 1)

= q−k+5 + q−k+4 + qk+1 + qk − q4 − q3 − q2 − q

= (qk−1 − 1)[q2 + q − q−k+5 − q−k+4]

≥ 0,

for k ≥ 3. So from (4.13), (4.18) and (4.19), we have

(4.20) f(x, q2) > 0, for k ≥ 3, q2 < x < q3.

Note that in (4.12),
∏

∞

j=0(1 − qν−k−j) < 0, for k = 2 and
∏

∞

j=0(1 − qν−k−j) > 0

for k ≥ 3. So from (4.12), (4.17) and (4.20), we get that for k ≥ 2

−
(1 − qν−2)(1 − qν−1)(1 − qν)

Γq−1(3 − ν)(1 − q−1)2
(qk − q−1)

(−ν−1)

q−1 x(1)(4.21)

+
q(1 − qν−2)(qk − q)

(−ν+1)

q−1

Γq−1(3 − ν)(q − 1)2
x(1)
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−
(1 − qν−2)

Γq−1(3 − ν)(1 − q−1)

[(1 − qν−1)(1 − qν)q

(1 − q−1)
(qk − 1)

(−ν−1)
q−1

+
(1 − qν−1)

(1 − q−1)
(qk − q)

(−ν)
q−1 +

(qk − q)
(−ν+1)

q−1

(q − 1)

]

x(q)

≥ 0.

Taking k = 2 in (4.6) and using (4.21) for k = 2 and (q2 − q)
(−ν+1)

q−1 < 0, we get that

∇2
qx(q2) ≥ 0.

Suppose that ∇2
qx(qi) ≥ 0 for i = 2, 3, . . . , k − 1. From (4.6), (4.21) and using

(qk − q−1+k)
(−ν+1)

q−1 < 0 for k ≥ 2, we have ∇2
qx(qk) ≥ 0 and the proof is complete
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