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ABSTRACT. In this paper, the existence and uniqueness of solution of the Cauchy problem for
abstract Boussinesq equations is obtained. By applying this result, the Wentzell-Robin type mixed
problem for Boussinesq equations and the Cauchy problem for finite or infinite systems of Boussinesq

equations are studied.
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1. Introduction, Definitions and Background

The subject of this paper is to study the local existence and uniqueness of solution

of the Cauchy problem for the following Boussinesqg-operator equation

(1.1) uy — Auy + Au=Af(u), x€R" te(0,T),

(1.2) u(z,0) =¢(x), wu(zx,0)=1v(z),

where A is a linear operator in a Banach space E, u(z,t) denotes the FE-valued
unknown function, f(u) is the given nonlinear function, ¢ (z) and 1 (x) are the given
initial value functions, subscript ¢ indicates the partial derivative with respect to t, n

is the dimension of space variable x and A denotes the Laplace operator in R".

This is a first paper that devoted to initial value problem for abstract Boussinesq
equations. Since the equation contain generally, unbounded operator in a abstract
Banach space E and the problem (1.1) is considered in UMD-valed function space,
the methods applied for Boussinesq equations in scalar case does not pass here. By
this reason, in this paper, the methods of proofs naturally differs to those used in
scalar case. Since the Banach space E is arbitrary and A is a possible linear operator,
by choosing F and A we can obtain numerous classis of Boussinesq type equations

which have a different applications (see [1-7] and the references therein).
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Here, by inspiring [8] and [9] in this paper, we obtain the local existence and
uniqueness of small-amplitude solution of the problem (1.1)—(1.2). Note that, dif-
ferential operator equations were studied e.g. in [10-31]. The Cauchy problem for
abstract hyperbolic equations were treated e.g. in [10-12]. The strategy is to express
the abstract Boussinesq equation as an integral equation with operator coefficient, to
treat in the nonlinearity as a small perturbation of the linear part of the equation,
then use the contraction mapping theorem and utilize an estimate for solutions of the
linearized version to obtain a priori estimates on F-valued L? norms of solutions. The
key step is the derivation of the uniform estimate for the solutions of the linearized
Boussinesg-operator equation. If we choose the UMD space E as a abstract Hilbert
space H, then we obtain the existence and uniqueness results of the Cauchy problem
for abstract Boussinesg equation defined in Hilbert space valued classes. For example,
if we choose F a concrete Hilbert space, for example £ = L? (R") and A = —A, we

obtain the scalar Cauchy problem for generalized Boussinesq type equation

(13) Ut — Autt —Au = Af (U) , X €& Rn, t e (O,T) s

(1.4) u(z,0) =@ (@), wu(z0)=1(z).

The equation (1.3) arise in different situations (see [1,2]). For example, equation
(1.3) for n = 1 describes a limit of a one-dimensional nonlinear lattice [3], shallow-
water waves [4,5] and the propagation of longitudinal deformation waves in an elastic
rod [6]. In [8] and [9] the existence of the global classical solutions and the blow-up
of the solution for the initial boundary value problem and the Cauchy problem (1.3)-
(1.4) are obtained. Moreover, let we choose E = L, (0,1) and A to be differential
operator with generalized Wentzell-Robin boundary condition defined by

(15)  D(A) = {ue W2 (0,1), Bju=Au(j)+ Y azu (j), j:O,l},

Au = au® + bu® + cu,

in (1.1)-(1.2), where «j; are complex numbers, a, b, ¢ are complex-valued functions.

Then, we get the following Wentzell-Robin type mixed problem for Boussinesq equa-

tion
o 0
(1.6) gy — Agugy +ao +b% 4w = A, f (u), z€ R", ye (0,1), t € (0,T),
Oy? Ay
1
(1.7) Bju=Au(z.t,5) + Y ajul (z,t,5) =0, j=0,1,

1=0

(18) u (SL’,y,O) =@ (l’,y), Ut (x,y,O) =1 (l’,y),
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Note that, the regularity properties of Wentzell-Robin type BVP for elliptic equations
were studied e.g. in [31,32] and the references therein. Here Q= R"x(0,1), p = (p1,p)

and LP () denotes the space of all p-summable complex-valued functions with mixed

norm i.e., the space of all measurable functions f defined on €, for which

1

17 lmay = (/ ([ 1o dy)%dx)p < c0.

By applying the general Theorem 2.5 obtained here, we established the local
existence and uniqueness of small-amplitude solution of the problem (1.6)—(1.8) in
mixed LP (Q) space.

In order to state our results precisely, we introduce some notations and some

function spaces.

Let E be a Banach space. LP (£2; E) denotes the space of strongly measurable

FE-valued functions that are defined on the measurable subset 2 C R"™ with the norm

o = ([ 17 @12de) 1< p<oo fl,e =essuplf @]

Let Ey and E be two Banach spaces and FEj is continuously and densely embeds
into E. Let H*? (R™; E), —0o < s < 0o denotes the E-valued Sobolev space of order

s which is defined as:

H*" = H*" (R ) = (I — A) 3 L” (R E),  ||ul

o = ||(I = Q)2
He H( ) u LP(R™;E)

H*? (R"™; Ey, F) denotes the Sobolev-Lions type space, i.e.,

H*? (R Ey, E) = {u € H*? (R"; E) N LT (R™; Ey)

[l

Hs,p(Rn;EO’E) - ||u||LP(Rn,EO) + ||u| H57p(Rn;E) < OO}

Let By , (R"; E) denote E-valued Besov space (see e.g. [34, § 15]). Let By  (R"; Ep, E)
denote the space L” (R"; Ey) N By , (R"; E) with the norm

]

By (R"E0,E) — ||u||LP(R”;EO) + [ ul By (RME) < OO

For estimating lower order derivatives we use following embedding theorem that

is obtained from [22, Theorem 1]:

Theorem 1.1. Suppose the following conditions are satisfied:

(1) E is a UMD space and A is an R-positive operator in E (see e.g. [29] for
definitions);

(2) a = (a1,q0,...,a,) is a n-tuples of nonnegative integer number and s is a
positive number such that

1 1 1
%:—{|a|—|—n<———)}§1, 0<pu<l—ys 1<p<g<oo; 0<h<hy,
S p q
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where hg 1s a fived positive number.
Then the embedding D*H*? (R"; E (A),E) C L1(R"; E (A'™*7")) is continuous
and for u € H*? (R™; E (A), E) the following uniform estimate holds

HDauHLQ(R";E(Al*%*H)) < B |ul Her(RE(A),E) T h U ||u||LP(R";E) :

In a similar way as [19, Theorem Ay| we obtain:

Proposition A;. Let 1 < p < g < oo and E be UMD space. Suppose ¥, €
C" (R™\ {0} ; B(F)) and there is a positive constant K such that

sup R ({|§|‘ﬁ'+"(%—%> D, (€): € € R\ {0}, B € {0, 1}}) <K

heQ

Then ¥, is a uniformly bounded collection of Fourier multiplier from L? (R"; E) to
L® (R E).
2. Estimates for linearized equation

Here, we make the necessary estimates for solutions of Cauchy problem for the

linearized abstract Boussinesq equation

(2.1) g — Augy + Au = Ag (x,t), x€ R, te(0,T),
(2.2) u(@,0) =9 (@), wu(z0)=1().
Let

X,=ILP(R%“E), Y* =H"(R%E), Y =H"(R%E)NL (R,E),
YEP = H*P (R" E) N L™ (R"; E).

Condition 2.1. Assume E is an UMD space and the operator A is positive in F.
Moreover suppose ¢, 1 € Y5P g (., t) € Y5 for t € (0,T) and s > & for 1 < p < oo.

First we need the following lemmas

Lemma 2.2. Suppose the Condition 2.1 hold. Then problem (2.1)—(2.2) has a unique

generalized solution.

Proof. By using of the Fourier transform we get from (2.1)—(2.2)
N N -1,
(23) i (§:1) + At (&) = [€[* (14 [€FF)  5(&,1),

~

W(€,0) =& (&), w(0)=14(), eR", te(0,T),

where 4 (€, ) is a Fourier transform of u (z,t) with respect to z and

Ac=(1+[¢P) A cerm
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By virtue of [10,11] we obtain that A, is a generator of a strongly continuous cosine
operator function and problem (2.3) has a unique solution for all £ € R™, moreover,

the solution can be written as
(2.4) ﬁ(f,t)ZC(t)¢(€)+S(tW(§)+/O S(t—7,&A) g (& T)dr, t€(0,T),

where C (t) = C (t,£, A) is a cosine and S (t) = S (¢, &, A) is a sine operator-functions
(see e.g. [11]) generated by parameter dependent operator Ac. From (2.4) we get
that, the solution of the problem (2.1)—(2.2) can be expressed as

u ([L’,t) =5 (t>A) ¥ (I) + 52 (taA) Y (I)

(2. cen [ [ etse—realaen e e 0.,

where Sy (t, A) and S5 (t, A) are linear operators in £ defined by

_1

S (8, A) o = (2m) "+ / HEC (1) ¢ (€) de,

n

_1

(2.6) Sy (t, Ayt = (2m) "+ / ¢S (1) ) () de.

n

O

Lemma 2.3. Suppose the Condition 2.1 hold. Then the solution (2.1)—(2.2) satisfies

the following uniform estimate

(2.7)

(lullx,, + lluellx.) < € (llel

yor T l0llx,
t
+ 1Pllyen + 115, +/0 (1Ag () llyew + 189 (., 7l x, ) dr.
Proof. Let N € N and

Iy={: (€ R, [EI< N}, Hy={{:{eR", [{|=N}.

It is clear to see that

@8) Nl Ollimgniey < [F7C O3 @y + [F5 00O, -

Using Holder inequality we have

2.9) [|F7C (1) ¢ O)ll ey + ||F S 00 €| < C [llelly, + I¥llx,]

Lee(Tln; E)

By using the resolvent properties of operator A, representation of

(2.10) €Dy (8, ) gy < O, 1€

DaSl (t7€)||B(E) S 027

for s > % and all v = (o1, aa,..., an), a € {0,1}, £ € R", { # 0, t € [0, T, here

C O =(1+EP)2Cw), Site) =1+ 5.
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By Proposition A; from (2.9)—(2.10) we get that the operator-valued functions C (¢, &)
and S (t,€) are LP (R"; E) — L* (R™; E) Fourier multipliers uniformly in ¢t € [0, 7.
Then by Minkowski’s inequality for integrals, the semigroups estimates (see e.g. [10,
11]) and (2.9) we obtain

(2.11)

|F72C @0 @ Ol ey + | F 5 09 @) <Clllv

Lo (H’N;E)

yer F19llyan]-

By reasoning as the above we get
(2.12)

HF_I /Ots(t — 7.6 A) g (& T)dr

<c / (189 (. 7)llys + 1A (. 7)1y, ) dr.

Koo
By differentiating, in view of (2.6) we obtain from (2.5) the estimate of type (2.9),
(2.11), (2.12) for u;. Then by using (2.9) , (2.11), (2.12) we get the estimate (2.7). O

Lemma 2.4. Assume the Condition 2.1 hold. Then the solution of (2.1)—(2.2) sat-

1sfies the following uniform estimate

213 (Jul ) <C (||¢|

t
ot / 1Ag (7)o dT) |

.)

Xp

yor T [lut] yer + Y]

Proof. From (2.4) we have the following estimate
<HF—1 (1+162) a
(2.14) <c{|Fatee

t
+ / dT}.
0 Xp

By construction and in view of Proposition A; we get that C(¢) and S (t) are
LP (R™; E) Fourier multipliers uniformly in ¢ € [0,7]. So, the estimate (2.14) by
using the Minkowski’s inequality for integrals implies (2.13). O

o |F 1) a

5, +H||[Fs e

FUEP (1+1€P) P S (t =76, 4) 3 (7|

From Lemmas 2.2-2.4 we obtain

Theorem 2.5. Let the Condition 2.1 hold. Then problem (2.1)—(2.2) has a unique
solution u € C® ([0, T];Y,"") and the following uniform estimates hold

(2.15)

lull ., + el ., < C (lllyen + llellx,

t
el + 191y, +/0 (IAg ()llyer +11Ag (7)) dr,

(2.16)  u]

t
yoo T llutllyss < C (||<P| yor T [Qlyes +/0 1Ag (7)llys dT) :
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Proof. From Lemma 2.2 we obtain that, problem (2.1)—(2.2) has a unique generalized
solution. From the representation of solution (2.5) and Lemmas 2.3, 2.4 we get that
there is a solution u € C'® ([0,7];Y;®) and estimates (2.15), (2.16) hold. O

3. Initial value problem for nonlinear equation

In this section, we will show the local existence and uniqueness of solution for
the Cauchy problem (1.1)-(1.2). For the study of the nonlinear problem (1.1)—(1.2)

we need the following lemmas

Lemma 3.1 (Abstract Nirenberg’s inequality). Let E be an UMD space. Assume
that w € L? (R™; E), D™u € LY(R™ E), p,q € (1,00). Then for i with 0 < i < m,

m > % we have

(3.1) D), < Cllull,™ > 1Dl
k=1
where
1 ) 1 m 1 ’
—Ii—i—u(———) +(1—p) -, LSMSL
room qg n pm

Proof. By virtue of interpolation of Banach spaces [33, § 1.3.2], in order to prove (3.1)
for any given i, one has only to prove it for the extreme values u = # and pu = 1.
For the case of u = 1, i.e, % = % + % — % the above estimate is obtained from
Theorem 1.1. The case p = - is derived by reasoning as in [36, § 2] and in replacing
absolute value of complex valued function u by the E-norm of E-valued function.

Note that, for £ = C the lemma considered by L. Nirenberg [35]. O

Using the chain rule of the composite function, from Lemma 3.1 we can prove

the following result

Lemma 3.2. Let E be an UMD space. Assume that w € W™P (R™; EYNL™ (R"; E),
and f (u) possesses continuous derivatives up to order m > 1. Then f(u) — f(0) €
WP (Q; E) and there is a constant Cy > 0 such that

If @) = £ O, < |7 @)|_ul,.

k
[D*f ()] < Cod Y @] el S [P ), 1<k <m.
j=1

For E = C the lemma coincide with the corresponding inequality in [35]. Let
X=I”(RYE), Y=W?*R“E(A),E), E,=(X, V)i,

where (X,Y),,, 0<0<1,1 <p < oo denotes the real interpolation [33].
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Remark 3.3. By using J. Lions-1. Petree result [18, § 1.8.] we obtain that the map
u — u(ty), to € [0,T] is continuous from W?2? (0,T; X,Y) onto Fy and there is a

constant C' such that
[u (o)l g, < Crllullwenorxyy, 1<p< oo
Let Y (T) = C ([0, T]; Y2P) be the space equipped with the norm defined by

= , eY (T).
lellyry = mace ullyp + max lull  we Y (T)

It is easy to see that Y (T') is a Banach space. For ¢, 1 € Y?P, let

M = ellyer + llellx, + 1lly2n + 191k, -

Definition 3.4. For any T > 0 if v, ¢ € Y2P and u € C ([0, T];Y2P) satisfies
the equation (1.1)—(1.2) then w (z,t) is called the continuous solution or the strong
solution of the problem (1.1)—(1.2). If T' < oo, then u (x,t) is called the local strong
solution of the problem (1.1)—(1.2). If "= oo, then u (z,t) is called the global strong
solution of the problem (1.1)—(1.2).

Condition 3.5. Assume the operator A generates continuous cosine operator func-
tion in UMD space E, ¢, ¥ € Y2P and 1 < p < oo for% < 2. Moreover, suppose
the function u — f(u): R" x [0,T] x Ey — E is a measurable in (z,t) € R" x [0,T]
for u € Ey, f(x,t,.,.) is continuous in u € Ey for x € R*, t € [0,T] and f (u) €
CO) (Ey; E).

Main aim of this section is to prove the following result:

Theorem 3.6. Let the Condition 3.5 hold. Then problem (1.1)—(2.2) has a unique
local strange solution u € C® ([0, Ty);Y3P), where Ty is a mazimal time interval

that is appropriately small relative to M. Moreover, if

sup  ([lully2 + lJullx + llwllyze + udlx ) < o0
tel0, To)

then Ty = 0.
Proof. First, we are going to prove the existence and the uniqueness of the local con-
tinuous solution of the problem (1.1)—(1.2) by contraction mapping principle. Suppose

that u € C® ([0, T];Y2P) is a strong solution of the problem (1.1)-(1.2). Consider a
map G on Y (T') such that G(u) is the solution of the Cauchy problem

(3.2) Gy (1) — AGy (u) + AG (1) = Af (G (u)), zeR", te(0,T),

G (u) (2,0) =¢(x), Gi(u)(z,0)=1(z).
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From Lemma 3.2 we know that f(u) € L?(0,7;Y2P) for any T > 0. Thus, by
Theorem 2.5, problem (3.2) has a unique solution which can be written as
(3.3)

G (u)(t2) = S (£, A) o (x) + Sa (£, A) ¥ //nso b7 6) f () (6, 7) dédr,

So (7€) = (2m) "7 FHEPS (1 7.6, 4).
For the sake of convenience, we assume that f (0) = 0. Otherwise, we can replace f (u)
with f (u) — f(0). Hence, from Lemma 3.2 we have f (u) € Y*? iff f € C*(R; E).
Consider the operator in Y (T') defined as

(34) Gu=S5;(t,A)p(x)+ Sy (t,A) //nSO t, 7€) f(u) (& 1)dEdrT.

From Lemma 3.2 we get that the operator G is well defined for f € C® (R; E).
Moreover, from Lemma 3.2 it is easy to see that the map G is well defined for f €
C® (Xy; E). We put

QUT) = {ulueY (T), fullyg < M+1}.

By reasoning as in [9] let us prove that the map G has a unique fixed point in Q (M;T).
For this aim, it is sufficient to show that the operator G maps @ (M;T') into Q (M;T)
and G : Q (M;T) — Q (M;T) is strictly contractive if T" is appropriately small relative
to M. Consider the function f(¢) : [0,00) — [0, 00) defined by

1) = maxc{[[/Y @5 [/ @]z}, €=0.

It is clear to see that the function f (£) is continuous and nondecreasing on [0, 00).

From Lemma 3.2 we have

1 (W)lly2 < 1 FD @) Mully, + [ fY W] o [ Dullx,
(3.5) < 20,F (M + 1) (M + 1) [[ulya

By using the Theorem 2.5 we obtain from (3.4)

(3.6) G (Wllx., < llellx, +1¥0x, + /Ot IAS (w()llx., »

(3.7) G (W)lly2 < llplly2p + [19]ly2 +/0t [AS (w(7))ly2, dr.
Thus, from (3.5)—(3.7) and Lemma 3.2 we get

G (W)llyy <M +T (M +1) [1+2Co (M +1) f (M +1)].
If T satisfies

(3.9) T < {(M+1)[1+2C(M+1)f(M+1)]}"
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then [|Gully;y < M + 1. Therefore, if (3.8) holds, then G maps @ (M;T) into
Q (M;T). Now, we are going to prove that the map G is strictly contractive. Assume
T > 0 and uy, ug € Q (M;T) given. We get

Gl =Gl = [ [ S0tt7.8) [Fla) €~ f (w) 6.7 e

Rn
By using the mean value theorem and using Holder’s and Nirenberg’s, Minkowski’s
inequalities for integrals, Fourier multiplier theorems for operator-valued functions in

X, spaces and Young’s inequality, we obtain

1
|Gur — Gusa|ly ) < 2 lur = wally ¢y -

That is, G is a constructive map. By contraction mapping principle, we know that
G(u) has a fixed point u(x,t) € @ (M;T') that is a solution of the problem (1.1)—(1.2).

From (2.5) we get that u is a solution of the following integral equation

t
ulta) =S, (6 A) o (@) + S (6 Ao @) + [ [ S0 F w6 dar
0 JRn
Let us show that this solution is a unique in Y (7). Let uy,us € Y (T') be two solution
of the problem (1.1)—(1.2). Then, by Lemmas 2.4, Minkowski’s inequality for integrals

and Theorem 2.5 we obtain from (3.8)

t
(3.9) s — wsllyyp < Cy (T) / s — sllyap dr.
0

From (3.9) and Gronwall’s inequality, we have ||u; — us||y2, = 0, i.e. problem (1.1)-
(1.2) has a unique solution which belongs to Y (T'). That is, we obtain the first
part of the assertion. Now, let [0, 7T5) be the maximal time interval of existence for
u € Y (Tp). It remains only to show that if (3.4) is satisfied, then Ty = co. Assume
contrary that, (3.4) holds and Ty < co. For T € [0,T), we consider the following
integral equation
(3.10) t
v(x,t) =951 (t, A)u(x,T)+ Sy (t, A) us (2, T) + / So (t,7,€) f (v) (€, 7) ddr.

o JRr

By virtue of (3.4), for 7" > T we have
t:ﬁ%)wuHme+HUW&Q+HuﬁhﬁP+HUMXM)<Cm'

By reasoning as a first part of theorem and by contraction mapping principle, there
is a T* € (0,Tp) such that for each T € [0,T}), the equation (3.10) has a unique
solution v € Y (T%). The estimates (3.8) and (3.9) imply that 7™ can be selected
independently of 7" € [0, Tp). Set T' =T — % and define

u(z,t), t€[0,T]

u(z,t) = per
v(z,t—=T), te[T,To+%L]
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By construction @ (z,t) is a solution of the problem (1.1)~(1.2) on [T, Ty + L-] and
in view of local uniqueness, @ (z,t) extends u. This is against to the maximality of

[0,Tp), i.e we obtain Ty = oo. O

4. The Cauchy problem for the system of Boussinesq equation of infinite

order

Consider the Cauchy problem for the following nonlinear system

(A1) (um)y = A (um)y + Y amgu; (2,8) = Af (u), z€R', te(0,T),

(4.2) Uy (2,0) =p (), (Um), (2,0) =0 (z), m=1,2,...,N, NEeN,

where w = (uy,ug,...,uy), Gn; are complex numbers, ¢, () and 1, (z) are data
functions. Let [, = I, (N) (see [33, § 1.18]) and A be the operator in [, (V) defined
by

v
D(A) = u={u}, ||u||lg(N)=<Zzsjuz> <00y,

j=1
A=lamj], Amj=gm2”, m,j=1,2,...,N.
Let X,, = L? (R%;1,),Y*P4 = H*P (R";1,) and

1 1

Boy = By (R”; ), zq) LY = HOP (R 1) N L (R ).

From Theorem 2.5 we obtain the following result

Theorem 4.1. Assume @, ¥y, € Y2P9 and 1 < p < oo for% < 2. Suppose the
function w — f(u): R™ x [0,T] x Ey, — 1, is a measurable function in (x,t) €
R™ x [0,T] for u € Eyg; f(2,t.,.) and this function is continuous in uw € Ey, for
x,t € R" x [0,T]; moreover Af (u) € C® (Eo,;1,). Then problem (4.1)—(4.2) has a
unique local strange solution u € C?) ([0, Ty);Y2P9), where Ty is a mavimal time
interval that is appropriately small relative to M. Moreover, if

(43) sup (lullyaa + lull, + lullyana + lully, ) < o0

tel0,To)

then Ty = oo.

Proof. 1t is known that [, (V) is a UMD space. It is easy to see that the operator
A is R-positive in [, (N). Moreover, by interpolation theory of Banach spaces [33, §
1.3], we have
n. ]s n 2(1_%) n S(I_Lp)
EOQ = (H27p (R ;lqa lq) >Lp (R ;ZQ))%’[] = BP#] ’ <R ;lq ’ alq .
By using the properties of spaces Y*P4 YZ3P4 FE,, we get that all conditions of

Theorem 2.5 are hold, i,e., we obtain the conclusion. O
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5. The Wentzell-Robin type mixed problem for Boussinesq equations

Consider the problem (1.6)—(1.8). Let
b (8). (1 (6) e (3),, -5 9
5P

YPP = HoP (Q) NI (Q) Ry (Q) nL> (Q) .

Suppose v = (vq, Vs, ...,V,) are nonnegative real numbers. In this section, we

present the following result:

Condition 5.1. Assume ¢, € Y2P and 1 < p < oo for % < 2. Moreover, the

function u — f(u) : Q x [0,7] x B}, (Q) — LP(0,1) is a measurable for u €

1 1o
By, (Q), f(x,y,t,.,.) is continuous with respect to u € By, (Q) forx € R", y €

(0,1), t € [0,7] and f (u) € C® (B;p (Q) L7 (0,1)) for a.e. z € R", y € (0,1).

The main aim of this section is to prove the following result:

Theorem 5.2. Suppose the Condition 5.1 hold and a € W1 (0,1), a(x) > § > 0,
b, c € L*>*(0,1). Then problem (1.5)—(1.7) has a unique local strange solution u €
C® ([0, Ty); Y2P), where Ty is a mazimal time interval that is appropriately small

relative to M. Moreover, if

sup ([[ully2 + lJullx + lwllyzs + ludlx ) < o0
tel0,To)

then Ty = 0.

Proof. Let E = L?(0,1). It is known [29] that L? (0,1) is an UM D space. Consider
the operator A defined by (1.5). Then, the problem (1.6)—(1.8) can be rewritten in
the form of (1.1), where u (z) = u (z,.), f(z) = f (z,.) are functions with values in
E = L[*(0,1). By virtue of [31,32] the operator A generates analytic semigroup in
L%(0,1). Then in view of Hill- Yosida theorem (see e.g. [33, § 1.13]) this operator is
positive in L? (0,1). Since all uniform bounded set in Hilbert space is an R-bounded,
we get that the operator A is R-positive in L?(0,1). Then from Theorem 2.5 we

obtain the assertion. O
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