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1. Introduction

The aim of the present paper is to investigate the existence of infinitely many

solutions for the following perturbed fourth-order Kirchhoff-type problem

(1.1) { T(u) = Af(x,u) + pg(z,u) + h(u), =€ (0,1),
w(0) = (1) = w(0) = w'(1) = 0

where A is a positive parameter, p is a non-negative parameter,
1
T(u) =u" + K </ (— Al (z)]? + B|u(x)|2)d1’) (Au" + Bu)
0

in which K : [0, +o0o[— R is a continuous function such that there exist positive
numbers mg and my with mg < K(t) < my for all £ > 0, and A and B are two real
constants, f,g:[0,1] x R — R are two L?>-Carathéodory functions and i : R — R is

a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.,
|h(t1) — h(t2)| < Lt — 1o
for every t1,t3 € R, and h(0) = 0.
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The problem (1.1) is related to the stationary problem

0*u po B [F Ou, O

Parz — \n " 2L ), =0

for 0 < z < L, t > 0, where u = u(z,t) is the lateral displacement at the space
coordinate x and the time ¢, E the Young modulus, p the mass density, h the cross-
section area, L the length and p, the initial axial tension, proposed by Kirchhoff
[19]. The equation (1.2) is an extension of the classical D’Alembert’s wave equation
by considering the effects of the changes in the length of the string during the vi-
brations. Some interesting results can be found, for example in [3, 9, 27]. On the
other hand, nonlocal boundary value problems model several physical and biological
systems where u describes a process which depend on the average of itself, as for
example, the population density. We refer the reader to [2, 12, 15, 16, 22, 24, 26] for

some related works.

Owing to the importance of fourth-order two-point boundary value problems in
describing a large class of elastic deflection, many researchers have studied the exis-
tence and multiplicity of solutions for fourth-order two-point boundary value prob-
lems, we refer the reader to [1, 4, 5, 6, 20, 23]. Moreover, since fourth order equations
of Kirchhoff type arise in the theory of bending extensible elastic beams on nonlinear
elastic foundations, in [29, 30, 14, 21] the existence and multiplicity of solutions for

nonlinear fourth order equation of Kirchhoff type was studied.

In the present paper, using a smooth version of [8, Theorem 2.1] which is a more
precise version of Ricceri’s Variational Principle [25, Theorem 2.5], requiring that the
nonlinear term f has a suitable oscillating behavior at infinity, we establish the exis-
tence of a precise interval A such that for every A € A and for every L?-Carathéodory
function ¢ satisfying a certain growth at infinity, choosing u sufficiently small, the
problem (1.1) admits a sequence of generalized solutions which is unbounded in the
space E which will be introduced later (Theorem 3.1). Replacing the conditions at
infinity of the nonlinear terms, by a similar one at zero, we obtain a sequence of gen-
eralized solutions strongly converging to zero; see Remark 3.7. In our results neither
symmetric nor monotonic condition on the nonlinear term f is assumed. We require
that f has a suitable oscillating behaviour either at infinity or at zero. Ricceri’s Vari-
ational Principle and its variants have been successfully used to ensure the existence
of infinitely many solutions for boundary value problems in the papers [5, 7, 13, 16].
We also refer to [11] in which the authors obtained a type of a three critical point the-
orem and applied the theorem to investigate the multiplicity of solutions to discrete

anisotropic problems with two parameters.
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2. PRELIMINARIES

Our main tool to investigate the existence of infinitely many solutions for the
problem (1.1) is a smooth version of Theorem 2.1 of [8] which is a more precise

version of Ricceri’s Variational Principle [25] that we now recall here.

Theorem 2.1. Let X be a reflexive real Banach space, let ;¥ : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semicon-
tinuous, strongly continuous, and coercive and V is sequentially weakly upper semi-
continuous. For every r > infx @, let us put

(T) L inf Supved)*l(—oo,r) \II<U) - \Il<u)
14 o u€d~1(—oco,r) r— @(U)

and

v:=lminf o(r), d0:= liminf o(r).

r—-+o0 r—(infx ®)+

Then, one has

(a) for every r > infx ® and every \ €]0, ﬁ[, the restriction of the functional
Iy=® — AU to ®(—o0,r) admits a global minimum, which is a critical point
(local minimum) of I, in X.

(b) If v < 400 then, for each X\ €0, %[, the following alternative holds:
either

(b1) I possesses a global minimum,
or

(by) there is a sequence {u,} of critical points (local minima) of I, such that

lim ®(u,) = +o0.

n—-—+00
(¢) If 6 < 400 then, for each X €]0, %[, the following alternative holds:
either

(c1) there is a global minimum of ® which is a local minimum of I,

or

(co) there is a sequence of pairwise distinct critical points (local minima) of I

which weakly converges to a global minimum of ®.

Assume that
{ A B A B }
max — — < 1.

w2 gt a2 gt
Set
B A B A B
O = Imax ﬁ’_ﬁ’ﬁ — ﬁ,()
and

0 :=+1—o0.
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Let X := H?([0,1]) N H{ ([0, 1]) be the Sobolev space endowed with the norm
1/2

Il = ([ (@) — AW (@) + Blu(o) i

which is equivalent to the usual one and, in particular, one has

1
2.1 o < ——||ull,
1) lulloe < 5—lul

(see [4, Proposition 2.1]).
We suppose that the Lipschitz constant L > 0 of the function h satisfies

. L
mln{l, mo} > W

A function uw : [0,1] — R is a generalized solution to the problem (1.1) if
u € C3([0,1]), " € AC([0,1]), w(0) = u(1) = 0, «"(0) = v’(1) = 0, and u™ +
K (fol(—f‘llw(ﬂf)|2 + BlU(x)lz)dl") (Au” + Bu) = Af (2, u(x)) + pg(z, u(x)) + h(u(z))
for almost every x € [0, 1], and it is a weak solution to the problem (1.1) if u € X
and

/0 (o (@) K ( /0 AW @) + B\u(:c)|2)dx>
« /0 (A ()0 () + Bu(w)o(a))de — A /0 s ule) o)
_ /0 o, u(e) (@) /0  h(u(a))o(x)dz = 0

for every v € X. Each weak solution to the problem (1.1) is a generalized one (see
[4, Proposition 2.2]). If f, g are continuous, then each generalized solution u of the

problem (1.1) is a classical solution.

A special case of our main result is the following theorem.

Theorem 2.2. Let f : R — R be a nonnegative continuous function such that

3 €
lgrfjgof W =0 and hgrgigop W = +00
Then, the problem
T(u) = f(u) + h(u), z € (0,1),
u(0) =u(l) =u"(0) =u"(1) =0

has an unbounded sequence of classical solutions.
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3. Main Results

Let
F(z,t) = /tf(x,f)dg for all (z,t) € [0,1] x R,
0

t
= / K(&)d¢ forallt >0
0
and

H(t) = /Ot h(§)d¢  for all t € R.

Moreover, set

-1
kzzaw(%_%x 3) .

27 9 40
Then, 0 < k < 1/2 (see [4] page 1168).
Put
min{l,me} — 55

max{1,mi} + ﬁ’

S F(x,t)dx
C := liminf f HPiri<e (z,¢)
§—+oo 62

and
5
[§ F(z,&)dx
D := limsup -®
E——+o0 52

We formulate our main result as follows.

Theorem 3.1. Assume that

(Ay) F(x,8) >0 for all (x,€) € ([0,2]U[2,1]) x R;
(AQ) C < krD.
Then, setting

272> L 27262 ) L
A\ = D (max{l my} + 252) and Ay = 5 <m1n{1,m0} - m)

for each \ € (A1, \a), for every arbitrary L*-Carathéodory function g : [0,1] x R — R
whose potential G(x,t) fo x,&)d¢ for all (z,t) € [0,1] x R, is a nonnegative
function satisfying the condition
1
1 su G(x,t)dx
(3.1) Goo = i Jo SUPlaze G, 0

21262 (min{1, mo} — ;557 ) E—+oc 2

< +00

and for every p € [0, g \[ where g5 = é(l — /\%), the problem (1.1) has unbounded

sequence of generalized solution in X.
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Proof. In order to apply Theorem 2.1, fix A € (A1, \2) and let g be a function satisfies

the condition (3.1). Since A < Ay, we have p1, 5 = i(l—/\—’;) > 0. Now fix i € (0, p, 5)
A
1+§A22000'

A €]z1, 2] If Goo # 0, since fi < Hg.x, W Obtain /\—’_\2 + 1G < 1, and so

and put z; = A\ and 2z, = If Goo = 0, clearly, z1 = A, 22 = Ay and

_)\2
1+%)\2Goo

namely, A\ < z,. Hence, since A > \; = 2, one has \ €]z1, 22[. For each u € X, we let
the functionals &, ¥ : X — R be defined

> )\,
B(u) %/01 o ()P + %f{ (/01(—A|u'(:v)|2 + B|u(a:)|2)d:)3) - /01 H(u())dz,

and put
Ii(u) = ®(u) — AU (u).

It is well known @ is a differentiable functional whose differential at the point u € X
is the functional ®'(u) € X*, given by

O (u)(v) = /0 1 o (2)" (z)dz + K ( /0 1(—A|u’(:c)|2 + B|u(x)|2)d:r)
X /O 1(—Au’(:c)v’(:c) + Bu(z)v(z))dz — /0 1 h(u(z))v(z)de

for every v € X. Moreover, ® is a weakly sequentially weakly lower semicontinuous
on X. Indeed, consider an arbitrary v € X and {u,}>>; C X such that u,, = u in X.
Due to the compact embedding X into C(]0,1]), we have that w, — u in C([0, 1]).
This implies

1 1
2) & ([ AP + Blu@Pir) = & ([ AR+ Blu)P)
0 0
and
1 1
(3.3) / H(uy(x))dx — / H(u(x))dx.
0 0
Moreover,the weakly sequentially lower semicontinuous property of the ||.|| implies
(3.4) liminf || > ||l
From (3.2)—(3.4) we have

liminf ®(u,) > ®(u).

n—-4o0o
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() = %/01 " () 2z + %f{ (/01(—A|u'(:v)|2 + B|u(:)3)|2)dx) _ /01 H(u(z))da

v

1 1

guin{Lma}ul* =L [ fulz)Pdo
0

. L

5 (min{t.ma} - 5 )

taking the condition min{1, mg} > ﬁ into account we observe @ is coercive. More-

v

over, ® is strongly continuous. The functional ¥ is also a differentiable functional
whose differential at the point u € X is the functional ¥'(u) € X*, given by

V(w)(v)= [ flou@)o@de+5 [ gl u(@)o)dr,
0 A 0

for every v € X. On the other hand, the fact that X is compact embedding X
into C'[0, 1] implies that the functional W is continuously differentiable with compact
derivative. Hence ¥ sequentially weakly (upper) continuous (see [31, Corollary 41.9]).

Now set
Qa.§) = F(2.9) + §G(a.6)

for all (z,&) € [0,1] x R. Let {£,} be a sequence of positive numbers such that

&, — +00 as n — oo and

! 1
S ZI}',t d S ,t dr
(3.5) lim fo MPjt<¢n Q(z, t)dw — lim fo UP g <¢ Q(x,t) .

n—00 57% E——+o0 62

For all n € N, put 7, = 2726%(min{1,my} — 5= )&2. Since

47252
1 ) L
5 (minfL.ma) = 5 ) P < o)
for each uw € X and bearing (2.1) in mind, we see that

d(—o0,7,) ={u e X; d(u) <r,}

1 L
— {u € X; 5 (min{l,mo} - 47T262) ul)? < T‘n}

CH{u e X; |u(z)| <&, for each x € [0,1]}.
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Note that ®(0) = ¥(0) = 0. Hence, for all n € N, one has
SUPyed—1(—c0,rn) \II<U) - \Il<u>

SO(T ) uE@f%?—oo,rn) Tp — (ID(u)
Supv661>*1(—oo,rn) (U>
< "
1
- 1 fo SUD|y|<¢,, Q(z,t)dx
= 27262(min{1, me} — %) &2
1
1 Jo supjy<e, F(x,t)da
L ) 52

47252 n

<
27202 (min{l, mg} —
H fol supjy<¢, G2, t)da?}

) &
Moreover, Assumption (As) follows that
1
max F'(z,t)dx
lim inf 201 < +00
E—+o0 52 ’
so we have
1
max F(x,t)dz
: t|<én
(3.6) nILHQO o It & < 400.
Then, (3.1) together with (3.6) ensures
1 _ ol
lim fO maxﬂfgg F(aj7t>d$ + lim gfo max\ﬂffg G(x,t)dx < +OO,
which follows
F(z,t) + £G(z,t)|d
i Jo WAl <e, | (?2 )+ 5G@. lde
Therefore,
o maxy<¢, [F(z,t) + £G(z,t)|dx
3.7 v < liminf o(r,) < lim =2 =" A < +00.
(37) n—-+00 (ra) n—oo  2m252(min{l,mo} — =55)
Since
fol maxy<e, [F (2, 1) + §G(x, t)]dz [ maxy<¢, F(z,t)dz [ fol maxj<¢, G(z,t)dx
3 - : X {2 |
bearing (3.1) in mind, one has
1
- fo maxy<¢ Q(x, t)dx
§—+o0 2m202(min{1l, mo} — ﬁ)g
1 maxmgé‘ F(flf, t)dl’ I %GOO

. J
< lim inf 0
= §—>—:OO 27T252(min{1,m0} - 47r%62 )£2

(3.8)
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Moreover, since G is non-negative, we have

J5 Qz, §)dx J& F(z,&)dx
(3.9) lim sup —*————— > limsup 5
§—+oo 5 §—+oo 5

Therefore, from (3.8) and (3.9), and from Assumption (Ay) and (3.7) we have

)\ 27er2 (max{1,mi} + —47552) 27m26%(min{1, moy} — ﬁ) 1
)\e]zlazZ[Q} 5 , . [C O’

. ff Q(x,8)dx lim inf§—>+oo Jo sup‘t‘%Q(m,t)dm
lim sup o BT ¢

1% go1cn

For the fixed A, the inequality (3.7) concludes that the condition (b) of Theorem 2.1
can be applied and either 5 has a global minimum or there exists a sequence {u,,}
of weak solutions of the problem (1.1) such that lim,, .« ||u|| = 4o0.

The other step is to prove that for the fixed A the functional I5 has no global minimum.
Let us show that the functional /5 is unbounded from below. Since

1 1 J § F(z,§)dx

< lim sup
A (max{l,mi} + g55) &too &

21242
k

there exists a sequence {n,} of positive numbers and a constant § such that n, — oo

as n — oo and

1 1 I3 F(x,m,)dx
(3.10) T <0< 5o AN
A B (max{l ml} + 47r252) M
for each n € N large enough. For all n € N define
— 0% (2 — 3y if z € [0, 2]
wy(x) == ¢ Ny, if 2 €]3, 3]
0 (2 — 2p 4 1) if o €]3,1)

We clearly observe that w, € X and ||lw,||> = %2772 and so

2m25?

(3.11) d(w,) < (max{l my} + LW) n?.

On the other hand, bearing (A;) in mind and since G is nonnegative, we have

oojot

(3.12) U(w,) > / F(z, 1,)dz.

It follows from (3.10)—(3.12) that

I (wy) = ®(wy,) — AV (wy,)
27262 L o (R
< ? <max{1 m1} + 262> 2 —)\/% F(x,n,)dz

27242 L <
< (max{l my}+ 252) n2 (1 — )
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for every n € N large enough. Since MA@ > 1 and 7, — 0o as n — oo, we have

lim I5(w,) = —o0

n—oo

and it follows that I3 has no global minimum. Therefore, taking the fact

1 L )
o(u) < 5 (max(1mi) + oz ) lul

into account, by Theorem 2.1 (b), there exist a sequence {u,} of critical points of
I5 such that lim,, ., ||u,|| = +00. Since the weak solutions of the problem (1.1) are
exactly the solutions of the equation I&(u) = 0 and they are also generalized solutions,

the conclusion is achieved. O

Now we present the following example to illustrate the result.
Example 3.2. Let K(t) =2+ sint for all ¢ € [0, +00),

flat) = { e (5t4(1 — COS(%t)) +13(t — 1)et sin(%t)) if (x,t) € 0,1] x (R —{0})
| ! if (z,t) € [0,1] x {0}

g(xz,t) =g(t)=t+1forall z € [0,1] and t € R, and h(t) = arctant for all £ € R and
A=B=1. Clearly, mp=1,m; =3, = /1 — # and L = 1. A simple calculation
shows that

t

F(z,t) := { 8x2t5(1 —cos(%)) 1; Ez,g € [0,1] x (R —{0})
if (z,4) € [0, 1] x {0}.

It is clear that

IS sup|y<¢ F(z,t)dx
C := lim inf =2 = =0
E oo £ ’

[ F(z,€)da

and
o 1 - fol supyy<¢ G (v, t)dx _ 1
21282 (min{1, mo} — ;) -+ &2 472 — 5’

Hence, by Theorem 3.1, for every A € (0, 4o00) and u € [0,472 — 5) the problem

w4 (2 -+ sin (fo (<@ + u(@) P)dz) (" + u))
= Af(z,u) + p(u+ 1) + arctan u, z € (0,1),
u(0) = u(1) = u"(0) = u"(1) = 0

has a sequence of generalized solutions which is unbounded in X.
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Remark 3.3. In Theorem 3.1, if we assume that the function f is nonnegative, the

assumption (As) can be written as

5
I fOl F(QE‘, g)dl‘ . f§8 F([L’, g)dl’
liminf =———— < k7limsup *——75——
£—~+o0 5 £ 400 5
1
as well as g\ = i(l - 27r252(min{1?\m0}—4_12'75) liminfe W) Moreover, in

the autonomous case, putting F(t) = f(f f(&)d¢ for all t € R, the assumption (As)

assumes the form
.. P& kT, F(§)
it X8 < K i FLE)

and in this case, we have

87262 (max {1, m } + ;=55 ) 27262 (min{1, mo} — )
= G and \y = T
: © o F(§)
klim SUD¢ 400 g2 liminfe_ 4 e

A1

=L A im i £(E)
and pi,\ = Goo (1 2262 (min{1,mo}— %) lim infe 4o €2 )-

Here we point out the following consequence of Theorem 3.1 with p = 0.

Corollary 3.4. Assume that Assumption (A;) in Theorem 3.1 holds and

2252 L
D > i (max{l,m1}+m)

and

_ L
C < 27%5? (mm{l,mo} — W) :

Then, the problem

has an unbounded sequence of generalized solution in X.

Remark 3.5. Theorem 2.2 is an immediately consequence of Corollary 3.4.

Now, we give the following consequence of the main result.

Corollary 3.6. Let f; : [0,1] — R be a nonnegative continuous function, and put
Fi(t) = [y fi(s)ds for allt € R. Assume that

Fi(§)
52

(Bg) limsup,_,, Fzg@ = 400.

(By) liminfe < 400,
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Then for every a, 3 € L*([0,1]) with min,ecp{c(x), (x)} > 0 and o # 0, and for
every nonnegative continuous function f2 i R — R satisfying supgcg F2(§) > 0 and
20~ —oo where Fy(t fo f2(&)dE for allt € R, for each

62
. <O 2726 (min{1, mo} — 1%5) )
Fi(§)
52

liminfe o

fo x)dzr) liminfe 4

the problem

{ T(u) = Ma(@) fi(u) + B(z) fo(w) + h(u), =€ (0,1),
u(0) =u(l) =u"(0) =u"(1) =0

has an unbounded sequence of generalized solution in X.

Proof. Put f(z,t) = a(x)fi(u) + B(x)fo(u) for all (z,t) € [0,1] x R. From the

assumption (By) and the condition lim infe . Fz(f) > —o0 we have
5 5
[$ F(z,&)dx fz x)dr + Fy(§) [5 B(x)dx
limsup ————— = lim sup 5 . = +00.
E——+o00 5 §—+oo 6

Moreover, from the assumption (B;) and the condition supgcg F2(§) > 0 we obtain

F(x,t)dx !
lim inf f Supy<e £ ) < (/ a(x)d:c) lim inf Fi(e) < 400
0

£—+o00 52 £—+o00 52

Hence, the conclusion follows from Theorem 3.1 with pu = 0. O

Remark 3.7. We point out that the same statements of the above given results can

be obtained by considering
K(t) = ait + ay for t € [a, f]
where ay, as, a« and 3 are positive numbers. In fact, in this special case we have
K(t) = /t lars + as] ds =
0

mo = a1 + as and my = a1 8 + as.

(alt + a2)2 _ CL_%

for t >0,
2&1 aq

Remark 3.8. Replacing £ — +o0o with £ — 07 in Theorem 3.1, by the same way as
in the proof of Theorem 3.1 but using conclusion (c) of Theorem 3.1 instead of (b),
we can obtain a sequence of pairwise distinct generalized solutions to the problem

(1.1) which converges uniformly to zero.

We finally present the following example to illustrate the result.

Example 3.9. Let K(t) =2+ cost for all ¢ € [0, 00),

() = 2t + 2at sin?(Int) + 2ot cos(Int) sin(Int) if ¢ €]0, +oo]
0 if t €] — 00, 0].
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where a > 51 is a real number, A(t) = Vt?+1—1forallt e R, A=B =1, u=0.
In this case, we have § = /1 — %, L=1,7 = %, k= (27% — 2)-25. Putting
F(t) = [ f(£)dE for all t € R, we have
F(t) = t2(1 + asin®(Int)) ?ft €0, 00|
0 if t €] — 00,0].

Setting a, = e "™, b, = e~ (5D for every n € N, one has

e FE) L Flan)
and
F F
(3.14) D :=limsup (26) > lim (S") =a+1.
£—0t 5 n—eo bn
By (3.13) and (3.14) we obtain
.. P& kT, F(§)
hgrg(l)gf 5 < v hgni?)ljp e
as well as
2(127% — 11) 4n% -5
(a+ 1k = 2
c 8m26% (max{1l, m} + ;%5) 2m26*(min{l,me} — ;552) ‘
K lim supg_, g+ % ’ liminfe_, o+ %

Therefore, by applying Remark 3.3 and Remark 3.8, for every A € (2(2121;; 1), 4”22_5>

the problem

w4 (2 -+ cos [ (=1 (@)2 + |u(@) P)de ) (u" + )
= Af(u) +Vu2+1-1, z € (0,1),
u(0) =u(l) =u"(0) =u"(1) =0
has a sequence of pairwise distinct generalized solutions which converges uniformly

to zero.

Remark 3.10. If f, g are non-negative functions, arguing as given in the proof of
[17, Lemma 3.4.] one has, the generalized solutions ensured by the previous theorems
are non-negative. In addition, if either f(z,0) # 0 for all z € (0,1) or g(x,0) # 0 for
all z € (0,1), or both are true, the solutions are positive.
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