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ABSTRACT. In this paper we present an existence result for a class of impulsive differential
equations with causal operators and prove that the solution set is compact in the space of regulated
functions. The results are obtained under conditions with respect to the Hausdorff measure of

noncompactness. An application from optimal control is given to illustrate our main result.
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1. Introduction and preliminaries

The study of functional equations with causal operators has recently been devel-
oped and some results on existence, stability and control are found in the monographs
[7, 14, 23]. The term causal operators or Volterra abstract operator was introduced
by Tonelli [39] (see also Tikhonov [38], [40]). The theory of these operators has the
advantage of unifying some classes of differential equations as: ordinary differential
equations, integrodifferential equations, differential equations with finite or infinite
delay, Volterra integral equations, and neutral functional equations, and so on. Many
papers in the literature address various aspects of the theory of causal operators.
Control problems involving causal operators were studied in [4, 8, 18, 36]. A new
class of abstract integral equations has been introduced in [17]. We note that differ-
ential equations with causal operators were studied by several authors, see [1], [3],
[9]-[12], [19], [25]-]33] and the references therein. The properties of the solutions of
the differential equations with causal operators were studied in [2, 21, 34, 35, 40].
The existence of solutions for impulsive differential equations with causal operators

in finite dimensional spaces were studied in [19, 26].
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Let E be a real separable Banach space endowed with the norm ||-||. For z € E
and r > 0 let B.(x) :== {y € E;|ly — z|| < r} be the open ball centered at x with
radius 7, and let B,[z] be its closure. The space of all (classes of) strongly measurable

0]

— F such that

ol = [t ||P) <

for 1 < p < ooand [[u(-)|,, = esssup,ejo [|u(t)|| < oo, will be denoted by LP([0, 0], E).
This is a Banach space with respect to the norm |[u(-)||,,. We denote by PC([0,], E)
the set of all functions w : [0,b] — E such that u is continuous at t # t, left continu-
ous at t =t and the right limit u(¢;) exists for k = 1,2,...,m. Then PC([0,b], F)

is a Banach space with respect to the norm |Ju(-)|| = supg<;<; [|u ()]].

functions u(-) : [0,

The following definition of causal operator was given by Tonelli [39].

An operator @ : PC([0,b], E) — L} (]0,b], E) is a causal operator or a Volterra
operator if, for each 7 € [0,b) and for all u(-),v(-) € PC([0,b], E) with u(t) = v(t)

for every t € [0, 7], we have Qu(t) = Qu(t) for a.e. t € [0, 7].

In this paper we study the following functional impulsive differential equation:

W (1) = (Qu(t)), ae. t€[0,0]~ {t1,ta, ... tm ),
(1.1) wlth) = ulty) + L(u(ty)), k=1,2,....m
u(0) = ¢,

where @ : PC([0,b], E) — L*([0, b] E), 1 <p < o0, is a continuous causal operator,
EeEmeNO=ty<t;<ty<---<t, <tpy =band [, : F — FE isa continuous
operator for each k£ = 1,2,...,m. Now we provide some examples of impulsive
differential equations that can be included in impulsive differential equations with

causal operators of the form (1.1). The impulsive differential equation

u'(t) = F(t,u(t), a.e. t € [0,0] \ {t1,ta, ..., tm},
w(td) =u(ty) + L(u(ty)), k=1,2,...,m,
u(0) = ¢,

can be considered as a causal impulsive differential equations by identifying F'(¢, u(t))

with (Qu)(t). Another example is the general integro-differential equation

u'(t) = fo (t,s,u(s))ds), ae. t€[0,b ~{t1,ta,...,tm},
(1.2) u(tg):u( k)—l—fk(u( 2 ) E=1,2,....m
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Also, the differential equation with “maxima”:

u'(t) = F (t,u(t),ggsaéu(s)) ,ae te 0,0 N A{t,ta, .. tm )y
u(th) = u(ty) + I(u(ty)), k=1,2,....m,
u(0) =&,

is another example of a causal impulsive differential equation. Finally, we remark

that the Fredholm operator, given by

= /Oa K(t,s,u(s))ds

is a causal operator if and only if K (¢,s,u) =0 for t < s < a.

We denote by y(A) the Hausdorff measure of non-compactness of a nonempty
bounded set A C E, and it is defined by ([13], [20]):

X(A) = inf{e > 0; A admits a finite cover by balls of radius < }.

This is equivalent to the measure of non-compactness introduced by Kuratowski (see
[13], [20]).

If dim(A) = sup{||lz — y||;z,y € A} is the diameter of the bounded set A, then
we have that x(A) < dim(A) and x(A) < 2d if sup,4 ||z]] < d. We recall some
properties of y (see [13], [20]). If A, B are bounded subsets of E and A denotes the
closure of A, then

(1) x(A) = 0 if and only if A is compact;

(2) x(4) = x(A) = x(eo(A));

(3) x(AA) = |A[x(A) for every A € R;

(4) x(A) <x(B)if A C B;

(5) x(A+ B) = x(4) + x(B);

(6) If T': E— FE is a bounded linear operator, then v(T'A) < ||T'|| v(A).

If V. PC([0,b], E) is equicontinuous, then

Xpe (V) = sup x(V (1)),
te[0,b]

where V' (t) := {u(t) : u(-) € V'}, is the Hausdorff measure of non-compactness in the
space PC([0,b], E) (see [13]).

We recall the following lemma due to Kisielewicz [22, Lemma 2.2].

Lemma 1.1. Let {u,(-);n > 1} be a subset in L*([0,b], E) for which there exists
m(-) € LY([0,b],R,) such that ||u,(t)|| < m(t) for each n > 1 and for a.e. t € [0,0].
Then the function t — x(t) := x({un(t);n > 1}) is integrable on [0,b] and, for each

t €[0,b], we have
X ({/Ot un(t)dt;n > 1}) < /Otx(t)dt.
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2. An existence result

Consider the following functional impulsive differential equation:

L (E) = (Qu(t)), ae. t € (0,6~ {ti, ta, ... ],
(2.1) (t,j)—u(tk)JrIk(( ), k=1,2,....m
u(0) =

where ) : PC([0,0], E) — LP([0,b], E), 1 < p < o0, is a continuous causal operator,
EeEmeN O=ty<t;<ty<-- <ty <tmy1 =0b, Iy : F — E is continuous for
each k=1,2,....m

We consider the following assumptions:

(Hy) Q : PC([0,b],E) — L*([0,b], E), 1 < p < o0, is a continuous causal operator,
and [, : £ — FE is continuous for each k =1,2,...,m.
(Hz) For each r > 0 there exist ¢,n € Lp([O,b],R+) such that, for each u(-) €
PC([0,b], E) with sup [Ju(t)|| < r, we have

0<t<b

(Qu)(D)] < 9(t)  forae. te[0,b],

Z [ Te(u(ti)]| < /tﬁ(T)dT for s,t € [0,0] with s < ¢.

s<tp<t
(H3) For each bounded subsets A C PC([0,b], E) and B C E there exist constants
Ya, 0% >0 (k=1,2,...,m) such that

(2.2) X((QA)(1)) < 7.x(A(R)),

and
X(Ix(B)) < 05x(B), k=12,....,m,
for all ¢t € [0,b], where (QA)(t) := {(Qu)(t) : u(-) € A}.

By solution of (2.1) we mean a function u(-) : [0,0] — E such that u(0) = &,
u(+) is continuous on (tx,txy1) for k=1,2,...,m, u/(t) = (Qu)(¢) for a.e. t € [0,b]
{ti,ta, ..., tm}, and w(t)) = u(ty) + L(u(ty)), k=1,2,...,m

It is easy to show that (see [13]) a function u(-) € PC([0,b], E) is a solution for
(2.1) on [0, b}, if and only if

(2.3) u(t) = u(0) + / s+ Y I(u(ty)) for t € [0,5].

O<tp<t
For a fixed £ € E, by Sr(€) we denote the set of solutions u(-) of Cauchy problem
(2.1) on an interval [0, 7] with 7" € (0, b].

Theorem 2.1. Let Q : PC([0,b], E) — L*([0,b], E) be a causal operator such that
conditions (Hy)—(Hs) hold. Then, for every & € E, there exists T € (0,b] such that
the set Sr(§) is nonempty and compact set in PC([0,T], E).
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Proof. First we shall show that there exists 7' € (0,b] such that the set Sp(§) is
nonempty. Let 6 > 0 be any number and let r := ||£|| + §. We choose T" € (0, b] such
that

/Tlp(s)ds < 40/4 and /Tn(s)ds <d/4
and we consider the set 0B defined as follows 0
B ={ue PC([0,T], E); |lu(t) =& <6}
Further on, we consider the integral operator A : B — PC([0,7], E) given by

(Au)(t) =¢ +/0 (Cu)(s)ds + Z Ii(u(ty)), fortel0,T]

O<tp<t

and we prove that this is a continuous operator from B into B. First, we observe
that if u(-) € B, then supy<,<; ||u(t)|| < r, and so [|(€u)(t)|| < 2(t) for a.e. t € [0,T7].

Hence, for each u(-) € B, we have

H(AU)(t)—ﬂIS/O l(€w)()llds+ > [[Z(ult)]

O<tp<t

< [ lea@lass X (i)

0<trp<T

< [ wo <

and thus, A(B) C B. Further on, let u,(-) — u(:) in B. Then we have

[(Aun)(#) = (Au) (@) S/O [(€un)(s) = (Cu)(s)llds
+ D Iua(t)) = LCulty)|

< / 1(@un)(5) — (€u)(s)]|ds
+ 37 | ua(t)) = L(uty)]|

0<trp<T
1/p

< T ( | tewe - <¢u><s>||pds)
+ > [ e(un(ty)) = Te(ulty)]|

0<tp<T

ifl<p<ooand1l/p+1/¢=1, and

sup |[(Pun)(t) — (Pu)(#)[| < T esssup [|(Cun)(s) — (€u)(s)|

0<i<T 0<t<T

+ 3 [ Iun(ty)) = InCu(ty)|

0<trp<T
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if p = co. Using Lemma 1.15 from [30], by (H;) and (H3) it follows that

Sup [(Aum)(8) = (Au)(®)]] =0 as m — oo,

so that A : B — B is a continuous operator. Moreover, it follows that A(B) is
bounded. Further on, we show that A(B) is equicontinuous on [0 T). Let ¢ > 0. On

the closed set [0,77], the functions t — fo s)ds and t — fo s)ds, are uniformly
continuous, and so there exist 7 > 0 such that

/stzp(r)dr /:’r](T)dT

for every t,s € [0,T] with |t —s| <n. Let t,s € [0, T] are such that |t —s| <n. If we
suppose that 0 < s <t < T then, for each u(-) € B, we have

[(Au)(t) — (Au)(s)]]
:‘/O(QU)(T)CZH > fk(u(t;))—/ T)dr — > Ii(u H

<¢g/4 and <e/4

0<trp<t 0<trp<s
/|| @mldr+ 3 |[Tu)]| < / L ()] dr <e.
s<tp<t

Therefore, we conclude that A(B) is uniformly equicontinuous on [0,7]. Next, we
construct a sequence {u,(-)},>1 of continuous functions u,(-) : [0,7] — E as follows.
Let n € N. Fori=1,2,...,n, we define u}(¢t) = ¢, t € [0,7] and

ul=1(t), ift €10,(: —1)T/n]

wi (1) = €+ i (@ui ) (s)ds
+ Y L(uin\(ty)), ifte (i — 1)T/n,iT/n],

0<ty <t—T/n

for ¢« > 1. Tt is easy to see that if ¢ € {1,2,...,n — 1} and [Ju/,(¢)]] < r for t €
0,47 /n], then ||ult(t)|| < r for t € [0,iT/n] and, by (Hy), ||(€u’)(t)| < 9(t) for a.e.
t € (0,77 /n] and

' t—T/n
S )] < / n(s)ds

0<trp<t—T/n
for t € [0,¢T/n]. It follows that

t—T/n
i (1) — €]l = / @) eds+ Y ()

0<trp<t—T/n

t—T/n ] .
< / leu)s)lds+ S @)

0<trp<t—T/n

t—T/n
< / [(r) + ()] dr < 6,



IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS 417

for all ¢ € [0, (i + 1)T/n]. Since ||ul(¢)|| < r for t € [0,T/n], then by induction on
k we have that |[ul(¢)|| < r for all k = 1,2,...,n, t € [0,¢7/n]. In the following,
to simplify the notation, we put u,(-) = u?(-), n € N. Since u"(s) = u""!(s) for all
s €[0,(n—1)T/n] and € is a causal operator, then
(Cu™)(s) = (Cu 1) (s) forall s €[0,(n—1)T/n].

Moreover, we have that u?(t;) = u(t;) and so Iy (ul(ty)) = I (u2='(t;)) for
0 <ty <t—T/nwithte [T/n,(n—1)T/n]. Next, if t € [(n —1)T/n,T], then
t—T/n < (n—1)T/n and consequently

t—T/n t—T/n
/ (Cur)(s)ds :/ (Cu 1) (s)ds
0 0
for t € [(n —1)T/n,T]. It follows that the sequence {u,(-)},>1 can be written as

3 for t € [0,7/n]
E4 [T (s)ds + Y Lu(un(ty)) for t € [T/n, T,

0<tk<t—T/n
for every n € N. Moreover, it is easy to see that u,(-) € PC([0,T], E) for all n > 1.
Further, if 0 <t < T'/n, then we have

[(Aun) () = un(t)]| =

Unp (t) =

/0 t(@un)(s)ds

T/n
< / 1S(t — 8)(Cu)(s)ds

T/n
< (s)ds.
0
If T/n <t <T,then we have

[(Aun) () = un(t)]| = H/O(@iun)(S)dsﬂL > Ilun(ty))

O<tp<t

t—T/n
_/0 (Cuy,)(s)ds — Z T (un(ty))

0<ty <t—T/TL

g/t l(€u)($)llds+ > | Zelun(tp)]]

—T/n T /n<ty, <t
t
<[ W enwidr

t—T/n
Therefore, it follows that
(2.4) sup [[(Auy,)(t) — un(t)]| — 0 as m — oo.

0<t<T

Let A = {u,(-);n > 1}. Denote by I the identity mapping on B. From (2.4) it follows
that (I — A)(A) is a equicontinuous subset of B. Since A C (I — A)(A) + A(A) and
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the set A(A) is equicontinuous, then we infer that the set A is also equicontinuous
on [0,7]. Set A(t) = {un(t);n > 1} for t € [0,7]. Then, by Lemma 1.1 and the

properties of the measure of non-compactness we have

o) < x ([ earsas) +x /:T/nm)(s)ds)

x| Y LA®))

0<ty <t—T/TL

Note that, given € > 0, we can find n(¢) > 0 such that ftt_T/nw(s)ds < ¢/2 for
t € [0,7] and n > n(e). Hence we have that

o/ ET/H<¢A><s>ds) -~({/ jT/n<¢um><s>ds; wznie) )

t
<2 sup / P(s)ds < e.
t

n>n(e) Jt—T/n

Using the last inequality, we obtain that

X(A(t))§x< / <¢A><s>ds)+ S (RAE)).

0<trp<t—T/n
Since for every t € [0,7], A(t) is bounded then, by Lemma 1.1, (H3) and the and

properties of the measure of non-compactness we have that

Y(A®) < / N (@A) () ds + 3 0 x(Iu(A(#)))

<[ e A(s))ds + 3 S (A()

for every t € [0,T]. Therefore, if we put m(t) := x(A(t)), t € [0,7], then we infer
that

m(t) < /0 yem(s)ds + Y oFmity),

for every t € [0,T]. Then, by Gronwall’s lemma for impulsive integral inequalities
(see [13, Theorem 1.5.1]), we must have that m(t) = x(A(t)) = 0 for every t € [0,7].
Moreover, since (see [13]) X, (A) = supg<icr X(A(t)) we deduce that x,.(A) = 0.
Therefore, A is relatively compact subset of PC([0,T], E). Then, by Arzela-Ascoli
theorem (see [13, Theorem 1.1.5]), and extracting a subsequence if necessary, we may
assume that the sequence {u,(-)}n>1 converges on [0,7] to a function u(-) € B.
Therefore, since
sup (A6 = ue)] < sup [(Au)(D) = ()0

+ sup |[[(Aun)(t) — un(t)[| + sup [lun(t) —u(t)||
0<t<T 0<t<T
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then, by (2.4) and by the fact that A is a continuous operator, we obtain that
sup)0 < t < T||(Aw)(t) — u(t)|| = 0. It follows that

U(t)I(AU)(t)=§+/ (€u)(s))ds + D Ip(u(ty))

0 0<tj<t

for every t € [0, 7], that is u(-) = Au(-). Hence

u(t):§+/0 (€u)(s)ds + > Ii(u(ty)), forte[0,T]

0<trp<t

solve the Cauchy problem (2.1), that is, u(-) € Sr(§) and so Sp(£) is a nonempty
set. Since A is continuous, then Sp(&) is a closed subset in PC([0, 7], E'). Moreover,

since S7(§) = A(Sr(§)) it follows that x((Sr(€)) () = x(A(Sr(§)) (t)) for every
t € [0, T], where (Sr(§))(t) = {u(t);u € Sr(§)}. Therefore, following the same
argument as above, we obtain that relatively compact subset of PC([0,T], E). Since
St(€) is a closed subset in PC([0,T], E) it follows that Sr(§) is a compact subset in
PC([0,T],E). O

Remark 2.2. The conclusion of Theorem 2.1 is also true if we replace the condition
(2.2) with the condition:

(H%) For each bounded subsets A C PC([0,b], E) there exists v4 > 0 such that

(2.5) X((€A)(t)) <+, sup x(A(s)) for every t e [0,b].

0<s<t

3. An optimal control problem

In the following, we shall establish necessary conditions for the existence of an

optimal solution for the control problem:

u'(t) = (Qu)(t), fora.e. t € [0, 7]~ {t1,t2, ..., tm}
B1) ) = ulp) + L), k=12...m,
u(0) = & minimize g(u(T)),

where ¢g(-) : E — R is a given function. For this aim, it will need to establish some
preliminary results. For a fixed £ € E we denote by Ar(§) the attainable set of
Cauchy problem (2.1); that is, Ar(§) = {u(T);u(-) € Sr(§)}-

Lemma 3.1. Assume that Q : PC([0,b], E) — LP([0,b], E) is a causal operator such
that the condition (Hy)—(Hs) hold. Then the multifunction Sy : E — PC(]0,T], E) is

UPPET SEMICONTINUOUS.
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Proof. Let K be a closed set in PC([0,T], E) and G = {£ € E;Sr(§) NK # (0}. We
must show that G is closed in E. For this, let {{,},>1 be a sequence in G such that
&, — &. Further on, for each n > 1, let u,(-) € Sr(&,) N K. Then

w®) =6+ [ (Queds+ 3 (1)

0<tp<t

for every t € (0,7]. As in proof of Theorem 1.1 we can show that {u,(-)},>1 converges

uniformly on [0, 7] to a continuous function u(-) € K. Since

u(t) = lim u,(t) =¢ —I—/O (Qu)(s)ds + Z Ii(u(ty))

n—00
0<tp<t

for every t € [0, 7], we deduce that u(-) € Sr(§) N K. This prove that G is closed and

s0 & — Sp(&) is upper semicontinuous. O

Corollary 3.2. Assume that @ : PC([0,b], E) — LP(]0,b], E) is a causal operator
such that conditions (Hy)—(Hs) hold. Then, for any & € E and any t € [0,T] the
attainable set Ai(§) is compact in C([0,t], E)and the multifunction (t,§) — Ai(§)is

jointly upper semicontinuous.

Theorem 3.3. Let Ky be a compact set in E and let g(-) : E — R be a lower
semicontinuous function. If Q : PC([0,0], E) — L*([0,0], E) is a causal operator
such that the condition (Hy)—(Hs) hold, then the control problem (3.1) has an optimal
solution; that is, there exists & € Ko and uo(-) € Sr(&) such that g(uo(T)) =

inf{g(u(T)); u(-) € Sr(&). & € Ko}

Proof. From Corollary 3.2 we deduce that the attainable set Ar(&) is upper semi-
continuous. Then the set Ap(Ky) = {w(T);u(-) € Sr(§),€ € Ko} = Uger, Ar(§) is
compact in E and so, since g(+) is lower semicontinuous, there exists & € Ky such
that g(uo(T")) = inf{g(u(T)); u(-) € Sr(&), & € Ko}- [

4. An example

Consider the following impulsive differential equation:

+f0 yu(s))ds, ae. t€[0,b] ~A{ti,ta, ..., tm},
(4.1) u(t;;) = u(t;) + (fjkﬂ At dt) ult k), k=1,2,...,m,
u(0) = ¢,

where g (-),A(-) € LP([0,b, E), p > 1, and K : [0,0] x [0,0] — L(F) is strongly
continuous. Let M := sup sco | K (2, 5)[|. Assume that
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(f1) f :[0,b] x E — E is a Carathéodory function; that is, t — f(¢,u) is strongly
measurable for all u € E, u +— f(t,u) is continuous for a.e. t € [0,b], and there
c () < LP([Ov b]v R-I—)

LF(tw)l < et), te[0,b], uek,
(f2) For each bounded set A C E there exist {4 > 0 such that
x(f(s, A)) <lax(A) for every t € [0,].
If we put
(Cu)(t) :== g(t) + /OtK(t, s)f(s,u(s))ds, te][0,b],
and

tet+1
To(u) = (/ A(t)dt) v k=12....m,
ty

for all u € CP([0,b], E), then equations (4.1) can be written in abstract form (2.1).
It is easy to see that € : PC([0,b], E) — L*([0,b],E), 1 < p < oo, is a continuous
causal operator, and I, : E — F is continuous for each k = 1,2,...,m. Next, by (f1)

we have that

[(€u)(®)]] < [lg@)] +/0 LKt )] - (1S (s, uls))l ds
< [lg@] +M/0 c(s)ds < [lg(®)] + M |lc]],,

so that ¢(-) := [|lg(-)[| + MY* ||e, € L*([0,b],R) and
l(Cu)(®)]| < w(t)  for ae. t € [0,8].

Now, let s,t € [0,b] be such that s <t and let {t,,t,41,...,6} C {t1,t2,...,tm} be
such that s <t, <t,.1 <---<t. <t. Then,

T

Z UIE | / @) Jute) | < / A0t s

k=v
< [ Nullop Ate)ar
that is,
> Hk(utty)]| s/ 0 (7) dr,
k=v s

where 7 (-) := |lul|op A(-) € LP(]0,b],Ry). Therefore, (Hs) is verified as true. Next,
it A C PC(]0,b],F) is a bounded set, then using the properties of noncompactness
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measure, Mean Value Theorem (see [23]) and (f2), we have

x«anw»:x({mw+1éﬂau$f@ﬂ4@m$ueA})

:X<{Avﬂt$ﬂ&M@MaueA})

(conv
= Mbx ({f(saA(S))
< Mbl 4 sup x(A(s)

0<s<t

),

that is,
X((€A)(t)) < va sup x(A(s)) for every t € [0,D].

0<s<t

Also, it is easy to see that
X(Ix(B)) < 8px(B), k=1,2,...,m,

for each bounded set B C E, where 0% := fti’““ A(t)dt, k =1,2,...,m. Consequently,
all the hypothesis of Theorem 2.1 are satisfied (see also Remark 2.2), so that (4.1)

has a solution on [0, b].
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