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ABSTRACT. We consider a fractional version of the Heston model where the two standard Brow-
nian motions are replaced by two fractional Brownian motions with Hurst parameter H € (1/2,1).
We show that the stochastic differential equation admits a unique positive solution by adapting and
generalizing some results of Y. Hu, D. Nualart and X. Song on singular equations driven by rough
paths. Moreover, we show that the fractional version of the variance, which is a version of the

fractional Cox-Ingersoll-Ross model, is still a mean-reverting process.
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1. INTRODUCTION

In classical quantitative finance, it is usual to suppose that risky asset price’s
dynamics are driven by Brownian motions, as proposed for the first time by Bachelier
in 1900 in his Ph.D thesis. Developed by Fisher Black, Robert Merton and My-
ron Scholes in the seventies, the famous Black and Scholes model remains popular
nowadays. Indeed, as closed pricing formulae are provided for European call and put
options, the model is easy to implement. Although, the constant volatility assump-
tion of the model [7] contradicts the empirical observations, i.e. the implied volatility
generally depends on time [14, 8]. This led to consider more sophisticated models,

e.g. dynamics with local volatilities [13], but also stochastic volatility models [10, 1].

Despite these improvements, we may observe in practice a long-term correlation
between the underlying asset prices, see [20]. To address this issue for the Heston
model, a natural idea is to replace the two Brownian motions by fractional Brownian
motions (FBM), see [5, 21]. Indeed, heavier tail distributions and long-range depen-
dence are some of the interesting features of the FBM models that confirms their
relevance, see [2, 4]. The fractional Black-Scholes (FBS) model, one of the first FBM

models, appears to be more efficient and flexible than the classical Black and Scholes
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model to reproduce the behaviour of the stock dynamics despite its limited capacity
to fit the market data, see [3].

In this paper, we introduce and study the stochastic differential equation defined
as the fractional version of the Heston model (FHM) when the Hurst parameter
H € (1/2,1). Precisely, we first recall the definition of a fractional Brownian motion
and we formulate the existence and uniqueness theorem for the stochastic differential
equation in the fractional Heston model. We show that there exists a unique solution
which is positive. The proof is based on singular equations driven by rough paths
which are studied in Section 3. This section generalises results of [11] to a larger class
of drivers. We then deduce the existence of solutions to singular equations driven by
a FBM in Section 4, which is also a generalisation of [11]. Moreover, we show that
these solutions are not necessary stationary. For specific drivers, we give an explicit
expression of the expectation. This allows to deduce an explicit expression of the
expectation of the fractional Cox-Ingersoll-Ross (CIR) process, which may be seen a
generalisation of the case H = 1/2 to the case H > 1/2. In particular, the fractional

CIR process is mean-reverting.

2. FRACTIONAL HESTON MODEL

2.1. Reminder on the fractional Brownian motion. Fractional Brownian mo-

tions were first introduced by Kolmogorov in 1940 [12].

Definition 2.1. A Gaussian stochastic process (Bf!);>q of Hurst parameter H €

(0,1) is called (standard) fractional Brownian motion, if
1. The paths of B are continuous and satisfy B = 0.
2. E[B'] =0 and Var[Bf'] = t*#, for any ¢ > 0.

3. The increments of B are stationary.

4. The process B admits the covariance function

1
(2.1) prs = E[By'B] = 5(\t\2H [ — [t — ")

Existence of such Gaussian processes satisfying (2.1) is discussed in [17]. The

class of FBM processes may be splitted into two categories apart from the standard

Brownian motion, i.e. when H = % It H e (%,1), the increments of F'BM are
positively correlated so that the process B satisfies a long dependence behaviour

1
>
the increments of BY are negatively correlated, it may be used to model intermittency

useful to describe phenomenon with memory and persistence. When H € (0, 5), as

and anti-persistency, see [18]. In this paper, we only consider FBM processes with



FRACTIONAL HESTON MODEL 537
Hurst parameter H € (3,1). In 1968, Mandelbrot and Van Ness [15] gave the following

stochastic integral representation of a FBM process:

(2.2)

1 t 1 0 1 1
Bl = ——— / t—sH_EstvL/ t—sH_2——sH_2st), t>0
! (] e BT EE >
where B is a standard Brownian motion. The first term models the current innovation
or shock and the second part contains a moving average of historical shocks, see [15].

We recall the following properties, see [15]:

Theorem 2.2. A fractional Brownian motion B satisfies the following properties
1. The process B is self-similar.

2. The trajectories of BY are almost surely nowhere differentiable.

The following definition may be found in [21].

Definition 2.3. A stationary process (Y;):>o with finite variance is said to have long
range dependance if its autocorrelation function Cy(7) := cor(Y;, Y;.,) decays as a
power of the lag 7: Cy(7) ~ LT(,:), as T — oo, where o € (0, 1) and L is slowly varying

at infinity, i.e. for all @ > 0, L(at)/L(t) — 1 as t — 0.

As shown in [15, 19], a fractional Brownian motion B such that H € (3,1)

admits a long-range dependence.

2.2. Main result. Let us consider the following stochastic differential equation:

(2.3) dS, = pSydt + /V,S,dB .t € [0, 00),
(2.4) AV, = k(0 — Vy)dt + o\/VidBP? | t € [0,00),

where (BY B%f) is a two dimensional FBM process with the Hurst parameter
He (1/2,1)and k > 0,0 >0, un € R and o > 0 are constants. We also suppose that
Vo > 0 and Sy > 0 are given. Recall that, as in the classical Heston model, we could

suppose that there exists a constant p > 0 satisfying

1,H 1,H p2,H 2,Hy . 1,H 1,H 2.H 2.H
COV(Bt+dt - B, >Bt+dt - By7) = E(Bt—l—dt - B, )(Bt—i—dt - B;)

(2.5) = p(dt)*™, t, dt >0.

This implies that the correlation between two increments of BY# and B?* per unit

of time is the constant p. Nevertheless, we do not need this assumption is this paper.

The following theorem, which is the main goal of this paper, states that the system
of SDEs above admits a unique solution. By definition, we call it the price dynamics
of the risky asset S in the fractional Heston model. Moreover, Equation (2.4) defines a
fractional version of the CIR model. We shall prove below that it is a mean-reverting

stochastic process, i.e. lim;_,, EV; = 6.
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The proof of existence and uniqueness is based on the study of singular equations
driven by rough paths given in Section 3. This generalizes results of [11] that allow

to consider singular equations driven by a FBM as done in Section 4.
Theorem 2.4. The S.D.E’s (2.3) and (2.4) admit unique positive solutions.

Proof. Let us introduce W = 072V, Then, (2.4) reads as

AW, = k(0720 — W,)dt + /W, dB}™, t €[0,T).

This is the singular equation (4.2) of Section 4 with g(t,2) = ko=2(0 — o®z). This

function satisfies the required Condition C, hence the S.D.E. (2.4) admits a unique
positive solution by Theorem 4.6. Notice that the integral with respect to B> is a
pathwise Young integral, see [9]. Moreover, V' is almost surely continuous and admits

finite moments of all orders.

In order to show that (2.3) admits a unique positive solution, we shall apply the
results of [16, Section 5.3.3] to the S.D.E.

(2.6) dY, = pdt +\/V,dBM, Yy = 0.

It suffices to verify that the two functions o(t,z) = +/V; and b(t,z) = u satisfy
[16, Conditions Hy, Hs, Section 5.3.2] for some constants that may depend on w € Q.
The only difficulty is to show that the process v/V is Holder continuous of order H.
As V' is positive and a.s. bounded on every interval [0, 7], T' > 0, this is equivalent to
show that V or W are Hdélder continuous of order H. By the proof of Theorem 4.6,
W = X?/4 where X is the positive process

t
(2.7) Xt:X0+/ 2Xg(s, X2/4)ds + B}, te[0,T).
0

As V is positive and a.s. bounded, the process s — X 'g(s, X2/4) is a.s. bounded
on [0, 7] hence the integral process in the expression of X is Lipschitz. We deduce
that X is Holder continuous of same order H than B*#. Since X is a.s. bounded on
0,77, we get that W is Holder continuous of same order H. We conclude that the
S.D.E. (2.6) admits a unique solution Y on each interval [0, 7] hence it is possible to

conclude on [0, 00).

Therefore, by the change of variable formula [16, Section 5.2.2], we deduce that
the process S := Spe¥ satisfies (2.3) and is positive. Reciprocally, suppose that S is
a.s. positive and satisfies (2.3). Consider w € Q such that a(w) := minge(o 77 S(w)/So >
0 where T" > 0. We construct a function v on R which is twice differentiable and
satisfies y(z) = log(x) for all * > «a(w). Applying the change of variable for-
mula to the deterministic function v(S.(w)/Sy), i.e. for w fixed, we deduce that the
function t — v(Si(w)/Sy) satisfies the same S.D.E. (2.6) than Y in the pathwise
sense hence y(S(w)/Sy) = Y(w) by [16, Theorem 5.3.1] and [16, Section 5.3.3]. As
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v(S(w)/Sy) = log(S(w)/Sy), we deduce that S = Spe¥ a.s. We then conclude as
T — oo. U

In the classical Heston model, the volatility process satisfies the stochastic differ-
ential equation (2.4) with H = 1/2. We then deduce that ¢ — EV, satisfies an o.d.e.
of first order and finally

EVi=Vo—0)e ™ +0, t>0,

so that 6 = lim;_,,, EV;. We say that V is mean-reverting. Note that the increments
of V' are not weakly stationary by Lemma 4.2. By Corollary 4.8, we deduce the

following result:

Proposition 2.5. The fractional volatility process V', solution to Equation (2.4),
satisfies
(2.8) EV,=Vo—0)e™™ + 0+ e 6y(t),

242H
2

where 0y 1s a differentiable function which satisfies éy(t) € (0, Z%—) for all t > 0.

This implies that the variance V' of the fractional Cox-Ingersoll-Ross (CIR) pro-
cess (2.4) is larger when H > 1/2 than it is when H = 1/2. Nevertheless, we still
have lim; .., E'V, = 6.

We leave for further research a deeper study of the FHM regarding long range

dependence, as well as discretization of the process and pricing in finance with this

model.

3. SINGULAR EQUATIONS DRIVEN BY ROUGH PATHS

For any s < t, we consider the Banach space of continuous functions C([s,t])
equipped with the topology of the supremum norm we denote by || f||(s.4, f € C([s,]).
When a continuous function is defined on a subset I of R, we naturally extend the
notation by denoting its supremum by || f||;. The space of Holder continuous functions
of order 3 > 0 is denoted by C%([s,t]) and its norm is

[f(z) = f(¥)|

|z — y|? ’%yebﬁﬁv f e C?([s,1)).

Il = sup {
We consider the deterministic differential equation driven by a rough path ¢ of [11]:
t
(3.1) Ty = T +/ f(s,xs)ds+ o(t), te]0,00),
0

where xy > 0 is a constant, ¢ is continuous and ¢(0) = 0. We impose conditions on

f.
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Definition 3.1. We say that a function f = f(¢,x), (t,x) € Ry x (0,00) is locally
Lipschitz with respect to the space variable x on = € (0, 00) if for all ¢, C' > 0 such
that ¢ < C, and T' > 0, we have | f(t,z) — f(t,y)| < Lrcclr—y| whatever z,y € [¢, C]
and ¢ < T for some Lipschitz constant Ly . depending on T’ ¢, C.

Condition C}:

1. f is a locally Lipschitz function with respect to the space variable x on x €
(0, 00).

2. There exists constants m,~y > 0 such that f(¢,2) > —m — vz for all x > 0 and
t>0.

3. The mapping t — f(t,x) is continuous for all x > 0.

Note that the conditions we impose on f are weaker than the conditions of [11].
In particular, f is not necessarily differentiable with respect to = € (0,00) and x +—
f(t,x) is not necessarily non increasing. The following condition is also considered
when ¢ € C?([0,T]) for all T > 0, where 8 € (0, 1), to obtain a solution to (3.1) on

the whole interval [0, 00).

Condition C?: For every T > 0, there exists € > 0, 79 > 0, a € (7! = 1,371
and positive constants ¢, d, such that f(t,x) > ca™ —d for all t € [T — ¢,T] and

UES (07 70]

Theorem 3.2. Let f = f(t,z), (t,x) € Ry x(0,00), be a function satisfying condition
C}. Then, there exists a unique positive solution to (3.1) on some maximal interval
0, T*) such that xp« = limy_p- 2, = 0 ewists if T* < co. Moreover, if ¢ € CP([0,T))
for all T >0, then T™ = oo under Condition C?.

Proof. By the assumptions on f, note that for all ¢, C such that 0 < ¢ < C, and for
all A > 0, we have || f]|j0,a]x[e,c] < 00. To see it, we use the local Lipschitz property of
f with respect to the space variable as well as the continuity of f with respect to the
time variable. Note that we may reformulate the problem if we replace f by f+mVd
and ¢ by @(t) = ¢ — (m V d)t so that we may assume without loss of generality that
m = d = 0. Let us consider a fixed constant C such that C' > 3x,. It is also possible
to find T, € (0, 1) small enough so that, by uniform continuity, ||¢||j,z) < 4 and,
as Ty — 0, we have C7| fllp1)x-1a0,c] < (270)7" and Ty < 0/(4yC) in the case

where v > 0 in Condition C}. Consider the following iterative scheme:

t
(3.2) 't = g +/ f(s,z0)ds+o(t), tel[0,Tp), n>0
0

where ¥ = z, for all t € [0,T}]. Let us show by induction that z7 € [27 g, C] for all
t € [0,Tp]. This is the case with n = 0. Suppose that this holds with z". As 2" > 0,
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we deduce by assumption with m = 0 that f(s,2?) > —~va? for all s € [0,7p] hence
t t To
/ f(s,z0)ds > —7/ xhds > —7/ 2ds > —yCTy > —47wy, t€[0,Ty).
0 0 0
Moreover, ¢(t) > —4'zy by construction of Ty hence
et > 20 — 47 g + p(t) > 27 .
Let us show that ||2"(|j0.,) < C. We have

27 < Jaol + 1 lps-rz0.crTo + llllom:

|20 + 27" 1 fll10,11x[2- 120,07
<C + T ’ ’ < C.
<o (I 1l <

The last inequality is deduced from the conditions imposed on C' and Ty. Let us
define

gn(t) = |27 —a}], t€[0,Ty), n>0.

By continuity, note that ||g||jo,r,] < 0o. Since f is locally Lipschitz with respect to
the space variable on (0,00), let us consider a constant k& = k(7}, xo, C') such that
|f(s,2) — f(s,y)| < k|lz —y| for all z,y € [27 20, C] and s € [0, Ty]. By (3.2), we get
that \
gna1(t) < k/ gn(s)ds, te€0,Tp], n>1.
0

By induction, we then deduce that g,.1(t) < ||g1ljo,r)k"t"/n! for all t € [0,T;)].
Therefore, the sequence gn,41 = g1 + 21 o(gi41 — ¢;) is absolutely convergent with
respect to the supremum norm hence uniformly converges to #(7) on [0, Ty]. Moreover,
it is trivial that =) satisfies (3.1) on [0, Tp).

Let us now prove that the equation (3.1) admits a unique positive solution on
every compact [0,7], T > 0. To see it, consider two solutions x and y and let us
consider ¢ = ¢y = min{|zy|, [y;| : t € [0,T]} > 0 and C' = Cp = max(||z||j0.17; ||¥/lj0,77)-
We then deduce that

t
|u—mmﬂSk/nx—mm¢m
0

where k = k(T,c,C) is a constant such that |f(s,z) — f(s,y)| < klz — y| for all
z,y € [c,C] and s € [0,7T]. By induction, we deduce that ||z —y||joq < 2Ck™t" /n! for
allt <T. Asn — oo, we get that ||z — y/jo.7] = 0 hence z = y.

Consider the set A 5 Ty of all T > 0 such that (3.1) admits a unique positive
solution ™) on [0, T]. Note that if T}, T; € A satisfy T} < Tb, then (™) and z(%)
coincides on [0,77] by uniqueness. Therefore, we may define the function x; := xgt)
ont € [0,7*) where T* = sup A. This function satisfies the equation (3.1) on [0,7™)

and is uniquely defined and positive.

If T* = oo, we may conclude about the lemma. Otherwise, we show that

lim;_, 7« z; exists and lim; .7« z; = 0. Indeed, in the contrary case, there exists [ > 0
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and a sequence (t,),>1 such that t, — 7% and z;, — 2l as n — oo. We may assume
without loss of generality that x;, € (I,3l). Fix a constant C' > 6/ and 7y > 0 small
enough such that Ty < [(4yC)~tif 4 > 0, such that |p(u) —p(t)] < 47Uif [t—u| < Ty
and C7Y| fllo.r+x-1.0) < (27¢)~". Note that T does not depend on n. Consider

0

an arbitrary n > 1. Let us introduce the following scheme: z” = x;, and for m > 1:

(3.3) :)3;“*1 =1y, + / f(s,2)ds + o(t) — @(tn), te€[tn,tn+T15], n>0.

As above, we may show by induction that 2" € [271, C] for all t € [t,,t, + T;] and
all m > 1. Then, we also deduce that the sequence (z™),,>; uniformly converges to

some function z" on [t,,t, + T;] such that

(3.4) 20 =y, + /f "ds+ @(t) — p(tn), tE [tn,tn+T5], n>0.

We then define ¥} = x:1j04,)(t) + 27" 11, 1, +71(t) on [0, ¢, +T5] where we recall that x
is the solution to Equation (3.1) on [0,7™). Note that " satisfies Equation (3.1) on
0,t, + T§]. Therefore, by definition of 7%, we deduce that t, + 1§ < T* for all n. As

15 does not depend on n, we deduce as n — oo that Tjj < 0 hence a contradiction.

Let us now suppose that Condition Cg holds and 7™ < co. Then, zp+ = 0 and,
as x; € (0,70) if t € [T* — €,T%), for some € > 0, we get that f(s,xs) > 0 for all
s € [T* — €, T") since we assume without loss of generality that d = 0. We deduce a

contradiction by repeating the arguments in the proof of [11, Theorem 2.1]. O

We may reproduce the proof of [11, Theorem 2.1] under our assumptions and

under a weaker assumption than [11, (iii)]:

Condition C}: For all T > 0, there exists positive constants hy and er, ez > 0
such that |f(¢,z)] < hp(z™' +1) for all z € (0,¢r) and |f(¢,2)| < hr(x + 1) for all
z € (ek,00) and t < T.

Theorem 3.3. Let [ be a function defined on R x (0, 00) which satisfies Conditions
Cs and C;, it =1,2. Then, for any v > 2 and for all T > 0, the unique solution x to
(3.1) satisfies

33) lellozy < Crr (1 + o) exp {Cmu + el >}
where C1,, 37 and Cy g1 are constants depending on v, 3, T and f.

Proof. We exactly follow the proof of [11, Theorem 2.1] but we do not use the as-
sumption (iii) of [11]. With Y= :L’V recall that (111) is used in [11] to obtain the
following inequality: |f(u,y. )yu 7| (yu + yu ;) where ¢ is a constant de-
pending on the function h of (iii). Instead, since f is locally Lipschitz, there exists
under Conditions Cz}, ¢ = 1,2, a constant Ly ; depending on f and T such that
|f(t,z)] < Lys(x +1) for all x € [eh,00) and t < T. Therefore, we deduce that
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1

| f(u, yj)yu 7 < LTf(yu + yu Y if y > eT Otherwise, if y% < €%, we have the
inequality |f(u, ya )yu ”| < hT(yu + yu 7). F mally, for all uw < T, we deduce
the inequality |f (u, ya )yu ”\ < L(f, T)(yu + yu T+ yu 7 for some constant L(f, T)
depending on f and T'. This 1mphes that, in the proof of [11, Theorem 2.1], w

replace HyH[S g by the sum HyH[S g+ [19lls,g- This substitution does not change the

desired inequality because, as in the proof of [11, Theorem 2.1], we use the 1nequahty

z* <1+ forall @ € (0,1) to bound from above the three terms ||y|| (54, ||y||[S tf and

||y||[st] by 1+ [[yllis,q- O

4. SINGULAR EQUATIONS DRIVEN BY A FRACTIONAL
BROWNIAN MOTION WITH HURST PARAMETER H € (1/2,1)

Let us consider the singular stochastic differential equation
t
(4.1) Xt::)so—l—/ f(s,X,)ds+ B, t>0,
0

where 2y > 0, BY is a fractional Brownian motion with Hurst parameter H € (1/2,1)
and f is function which satisfies Conditions Cz and Cz}, 1 = 1,2. Repeating the proof
of [11, Theorem 3.1] with the results of Section 3, we obtain the following:

Theorem 4.1. Suppose that xy > 0 and f is a function which satisfies Conditions Cg
and C%, i = 1,2. Then, there exists a unique positive pathwise solution X to Equa-
tion (4.1) such that E(||X||’[’07T}) < oo forallp>0and T > 0.

The following result is classical; we use it to show Theorem 4.3, which implies

that the increments of X are not stationary at least when f(0, X,) < 0.

Lemma 4.2. Let X be an integrable process on Ry and consider the function ¢(t) =
EX,—Xqy,t > 0. If the increments are weakly stationary, then ¢ is additive. Therefore,

if ¢ is continuous on Ry, p(t) = at for all t > 0 where « is a constant.

Proof. As the increments are weakly stationary, we easily deduce that ¢ is additive,
i.e. p(t+h) = ¢(t)+p(h). By induction , we deduce that p(nt) = np(t) for all n € N.
If a,b € N, with b > 0, we get that bp((a/b)t) = p(at) = ap(t). This implies that
©(qt) = qp(t) for all non negative rational numbers gq. We then conclude by density
and continuity with (1) = a. O

Theorem 4.3. Suppose that xy > 0 and f is a function which satisfies Conditions Cg
and Cz}, i =1,2. Consider the positive solution X to Equation (4.1). If the increments
of X are weakly stationary and, if the mapping t — Ef(t, X;) is continuous at 0, then
EX: = Xo+ f(0,Xo)t for allt > 0. In particular, f(0,Xo) > 0.
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Proof. The function ¢ defined by

)= & [ 16, Xpds = [ B5Gs. X )as

is differentiable at zero and we have ¢'(0) = f(0, Xy). Moreover, EX; = Xo+¢(t). As
E(|| X ||jo,r) < oo for all T > 0, we deduce that the mapping ¢t — EX; is continuous
and so is . Suppose that the increments of X are weakly stationary. By Lemma 4.2

 is linear hence we have p(t) = f(0,xo)t for all ¢t > 0. O

Note that the mapping ¢ — E f(t, X;) is continuous at 0 in the following case.

Corollary 4.4. Suppose that f(t,z) = f(x) = az™' — bz where a > 0 and b € R.
Then, the mapping t — Ef(t,X;) is continuous at 0. Therefore, when b > 0 and

x2 > ab™', the increments are not weakly stationary.

Proof. As E(||X||j0r1) < oo for all T > 0, we deduce that the mapping ¢ — EX;
is continuous at zero. Moreover, following the arguments used in the proof of [11,
Proposition 3.4], we get that EX,; ' < X' if t € [0, o] where t, > 0 is small enough.
Indeed, it suffices to notice that f’(x) is bounded from above, which implies that
the Malliavin derivative (DsX;)o<s<t is a bounded process so that Proposition 3.4 is
still valid in our more general case. Finally, by the Jensen inequality, we get that
(EX;)™' < EX;' < X;'ift € [0,t). Since the mapping t — EX; is continuous
at zero, we finally deduce that lim, .o EX;* = X;'. This implies that the mapping
t — Ef(t,X;) is continuous at 0. When b > 0 and z2 > ab™', we get that f(x) < 0

so that the increments are not weakly stationary by Theorem 4.3. U

Remark 4.5. In the case where t — EX; ' is continuous and f(t,z) = f(z) =

ax~! — bx, we may show that

t
EX; = zoe % + ae‘bt/ EXu_leb“du, t > 0.
0

Let us now consider the singular stochastic differential equation

t t
(4.2) Y, = wo +/ g(s,Ys)ds +/ VY.dBE >0,
0 0

where yo > 0 and ¢ is a function which satisfies the following conditions denoted
by Condition C,. Notice that the conditions imposed on ¢ in [11] are not correctly
formulated as the authors made a small error when defining f in terms of g. When

corrected, our conditions remain weaker.
Condition Cy:

1. The mapping t — g(t, x) is continuous on [0, co) for all z > 0.
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2. The function ¢ is locally Lipschitz with respect to the space variable x on z €
(0, 00) and there exists constant m,a > 0 such that g(¢,z) > —ma'/? — ax for
allz > 0and t > 0.

3. For every T > 0, there exists € > 0, 79 > 0, a € (87! — 1,47!) and positive
constants ¢, d, such that g(t,z) > cx 2" — da'/? for all t € [T — ¢, T] and
z € (0,7).

4. For all T > 0, there exists positive constants hr and ek, €2 such that we have
lg(t,z)| < hp(1 4+ 21/2) for all x € (0,€}), and |g(t, z)| < hy(z + 21/2) for all
r € (62,00) and t < T

Theorem 4.6. Let g be a function satisfying Condition C,. Then, Equation (4.2)
admits a unique positive pathwise solution Y such that E(||Y||’[’0 71) < 00 for allp > 0.

Proof. Let us consider the function f9(t,z) = 2z 'g(t,2?/4) for all t > 0 and = > 0,
ie. g(t,y) = f9(t, 2y"/?)y*/?. Using the change of variable z = 2y'/2, the chain rule for
young integrals yields that Y is a positive solution to (4.2) if and only if X = 2Y/? is
a positive solution to (4.1) with the driver function f9. As f9 satisfies the conditions
of Theorem 3.2 as well as Conditions Cz and Cy if and only if ¢ satisfies Condition Cg,
we deduce that Equation (4.2) admits a unique positive pathwise solution Y given by
Y = X?%/4 where X is the unique positive solution to (4.1) with the driver function
1o. O

Note by [16, Proposition 5.2.3], under Condition C,, we may estimate the expec-

tation of Y; as follows:

(4.3) BY, = yo + /0 CBg(rYo)dr 4 8(1). 6(t) = % /0 ' p(r)dr

(4.4) p(r) = / ED,X,(r —s)*"2ds, t,r>0,
0
where D is the Malliavin derivative operator, X = 2v/Y is the solution of Equa-
tion (4.1) with f = f9 and
fot,x) =227 g(t,2*/4), t>0,2>0.

Moreover, if f9(t,z) = f(z) is differentiable, we have

t
(45) Dth = exXp {/ f/(Xr)d'f’} 1s§t-
We deduce the following:

Theorem 4.7. Let g = g(z) be a function satisfying Condition C, and let Y be
the unique positive solution to Equation (4.2). Suppose that the derivative of f9 is
bounded from above and the mapping t — Eg(Y;) is continuous at zero. Then, if
the increments of Y are weakly stationary, we necessarily have EY; = yo + vt for all
t >0, where 0 <v < g(Yp).
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Proof. As E(||Y||’[’07T}) < oo for every T' > 0, the function ¢(t) = FY; — Xo, t > 0 is
linear hence EY; = yo + vt for some v > 0 by Lemma 4.2. Moreover, by (4.3) and
(4.5), we deduce a constant C' > 0 such that EY; < yo + fg Eq(Y,)dr + Ct*# for all
t < 1. We divide this inequality by ¢ > 0 so that

1 t
v < ;/ Eg(Y,)dr +Ct*#71 t > 0.
0
As t — 0, we deduce that v < g(yo). O

The following result implies that the increments of Y are not weakly stationary

if g is an affine function such that g(0) > 0.

Lemma 4.8. Suppose that g(x) = a — fx, © > 0, where a > 0 and 5 € R. Then,
(4.6) EY; = yoe ™ + %(1 — ey e P (1),

with the convention (1 — e Pt) /3 =t when 3 = 0. Moreover, when 3 >0, 0 < §(t) <
27121 for all t > 0.

Proof. Note that the derivative of f9(x) = az™' — bz, a = 2a- and b = 271 3 is bounded
from above on (0,00). We deduce that (D;X;)s<: is bounded on any interval [0, 77,
T > 0. Moreover, note that ¢t — DX, is continuous except at the point ¢t = s. By
the dominated convergence theorem, we deduce that the mapping p is continuous
on any interval [0, T]. Therefore, § is differentiable and ¢’ = p. Moreover, by (4.3),
p(t) = EY, satisfies the o.d.e. ¢'(t) + Bp(t) = p(t) + a. We then conclude. When
B >0,0<D,X; <1 hence we deduce that 0 < §(t) < 27124 for all t > 0. O
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