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1. INTRODUCTION

In this paper we present general results for homotopies H for which the maps
H; may be defined in different domains. Conditions are put not only to guarantee
the existence of a coincidence point but also to guarantee that the coincidence set
contains a continuum (i.e. a compact connected set) which intersects a given set. Our
theory is based on the notion of ®-essentiality (see [1, 10] and the references therein).

The results in this paper were motivated in part by results in [1, 3, 4, 8, 9, 11].

2. PRELIMINARIES

We recall some results from the literature. Let X be a completely regular topo-

logical space and V' an open subset of X.

We consider classes A and B of maps.

Definition 2.1. We say FF € MA(V,X) (respectively F € B(V, X)) if F : V —
2% and F € A(V,X) (respectively F' € B(V, X)); here 2% denotes the family of
nonempty subsets of X and V denotes the closure of V in X.

Fix a U € B(V, X).

Definition 2.2. We say F € M Ay, (V,X) if F € MA(V,X) with F(z)N¥(z) =0
for x € OV'; here OV denotes the boundary of V' in X.
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Definition 2.3. Let ' € MAyy(V,X). We say F : V — 2% is W-essential in
MAgy(V, X) if for every map J € MAy, (V,X) with J]|gy = Flsy there exists
x €V with J(x) N¥(x) # 0.

The following result was established in [5, 10].

Theorem 2.4. Let X be a completely reqular (respectively normal) topological space,
V' an open subset of X and let F € MAuyy(V,X) be W-essential in MAgy, (V,X).
Suppose there exists a map H : V x [0,1] — 2% with H(-,n(-)) € MA(V,X) for
any continuous function n : V — [0,1] with n(0V) = 0, U(z) N Hy(x) = O for any
x €0V andt € (0,1], Hy=F and {x €V : U(z) N H(x,t) # 0 for some t € [0,1]}
is compact (respectively closed). Then there exists x € V with U (x) N Hy(xz) # 0; here
Hi(x) = H(z,1).

Next we present a homotopy result for W-essential maps. To achieve this we need
to change Definition 2.3 (see Definition 2.6 below).

Definition 2.5. Let X be a completely regular (respectively normal) topological
space, and V' an open subset of X. Let F,G € MAy (V,X). We say F = @ in
M Ay (V, X) if there exists a map H : V x [0,1] — 2% with H(-,n(-)) € MA(V, X)
for any continuous function 1 : V — [0, 1] with n(0V) = 0, Hy(z) N ¥(x) = @ for any
xedVandtel0,1], H =F, Hy= G and

{z eV :VU(x)N H(x,t)#0 for some t € [0,1]}

is compact (respectively closed); here Hy(x) = H(x,t).

The following conditions will be assumed in our next result:

[a¥)

(2.1) >~ s an equivalence relation in M Ay (V, X),
and for any map A € M Ayy(V, X) we have

[ if there exists a map J € MAyy(V,X) with J = A
in MAyy(V,X)and J(z) NU(z) =0 forall z € V
and if H:V x [0,1] is a map with H(-,n(:)) € MA(V, X)
for any continuous function 1 : V' — [0, 1] with n(dV) = 0,

(2.2) Hy(z)NW(x) =0 for any x € OV and t € [0,1], H; = A, Hy = J
and {z €V :¥(z)N H(z,t)# 0 for some ¢ € [0,1]}
is compact (respectively closed) and if p: V — [0,1] is a
continuous map with p(0V) = 0, then

\ {z €V :0#V(x)NH(z,tu(z)) for some t € [0,1]} is closed.

Definition 2.6. Let ' € MAyy(V,X). We say F : V — 2% is W-essential in
MAyy(V, X) if for every map J € MAy,(V,X) with J|sy = Flsy and J = F in
M Ay (V, X) there exists x € V with J(x) N ¥(z) # 0.
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The following result was established in [10].

Theorem 2.7. Let X be a completely reqular (respectively normal) topological space,
V' an open subset of X and assume (2.1) and (2.2) hold. Suppose F and G are
two maps in MAgy (V,X) with F = G in MAsy(V,X). Then F is W-essential in
MAyy(V, X) if and only if G is W-essential in MAgy (V, X).

Remark 2.8. Another homotopy result without conditions (2.1) and (2.2) can be
found in [6]: Let X be a completely regular (respectively normal) topological space,
V an open subset of X, F € MAy, (V,X) and let G € M Ay, (V, X) be U-essential
in M Ay (V, X) (Definition 2.3). For any map R € M Ay (V, X) with Rlsy = Flay
assume there exists a map H? : V x [0,1] — 2% with HE(-,n(-)) € MA(V,X) for
any continuous function n : V' — [0, 1] with n(0V) = 0, ¥(x)NHE(x) = ) for any z €
OV and ¢t € (0,1) and {z € V : U(x) N H(z,t) # 0 for some t € [0,1]} is compact
(respectively closed) and H = G, Hf* = R; here H}(z) = H®(x,t). Then F is U-
essential in M Agy (V, X). There is an analogue result also in [6] if G € M Agy (V, X)
is W-essential in M Agy(V, X) (Definition 2.3) is changed to G € M Ay, (V,X) is
W-essential in M Agy (V, X) (Definition 2.6).

Remark 2.9. The ideas presented in this paper could be applied to other natural
situations. Let X be a Hausdorff topological vector space, Y a topological vector
space, and V' an open subset of X. Also let L : dom L C X — Y be a linear (not
necessarily continuous) single valued map; here dom L is a vector subspace of X.
Finally T": X — Y will be a linear single valued map with L +7 : domL — Y
a bijection; for convenience we say T € Hp(X,Y). We say F' € MA(V,Y;L,T)
(respectively F € B(V,Y;L,T))if F:V —2Y and (L+T) " W(F+T) € MA(V,X)
(respectively (L + T)"YW(F +T) € B(V,X)). Fix a ® € B(V,Y;L,T). We say
F e MApy(V,Y;L,T) it F € MA(V,Y;L,T) with (L +T)"Y(F +T)(z)N (L +
T)Y" YU +T)(z) =0 forx € V. Now F € MAsy(V,Y;L,T) is (L, T)V-essential in
MAgy(V,Y; L, T) if for every map J € MAsy (V,Y; L, T) with J|sy = F|oy there
exists ¥ € V with (L+T)(J+T)(z)N(L+T) ¥+ T)(x) # 0 (this is the
analogue of Definition 2.3). There are analogues of Theorem 2.4, Theorem 2.7 and
Remark 2.8 in this situation; see [5, 6, 10] where the results and proofs are presented.
For example the analogue of Theorem 2.4 in this situation is: Let X be a topological
vector space (so automatically completely regular), Y a topological vector space, V' an
open subset of X, L : dom L C X — Y a linear single valued map and T" € H;(X,Y).
Let F € MAs, (V,Y;L,T)be (L, T)V-essential in M Ay (V,Y; L, T). Suppose there
exists a map H : V x [0,1] — 2¥ with (L +T)"YH(-,n(:))+T(-)) € MA(V, X) for
any continuous function 7 : V — [0, 1] with n(0V) =0, (L +T)"Y(H; + T)(z) N (L +
T)" Y (U+T)(x) =0 for any z € 9V and ¢ € (0,1], Hy = F (here Hy(z) = H(z,t)) and
D={zeV:(L+T) Y (V+T)(x)N(L+T) (H+T)(x) # 0 for some t € [0,1]} is
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compact. Then there exists z € V with (L+T) "' (H+T) () (L+T) " (V+T)(x) # 0.
If X is a normal topological vector space then the assumption that D is compact, can
be replaced by D is closed. It is easy to state and prove analogues of the results in

Section 3 in this situation; we leave the details to the reader.

Remark 2.10. It is of interest also to note other general classes of maps in the
literature. Consider classes A, B and D of maps. We say F' € D(V, X) (respectively
FeBV,X)if F:V — 2% and F € D(V,X) (respectively F' € B(V, X)). We
say F € AV, X)if F:V — 2% and F € A(V,X) and there exists a selection
0 € D(V,X) of F. There are analogues of Theorem 2.4 and Remark 2.8 for these

maps; see for example [7].

Recall a compact connected set is called a continuum. Whyburn’s lemma from

topology can be stated as follows.

Theorem 2.11. Let A and B be disjoint closed subsets of a compact Hausdorff topo-
logical space K such that no connected component of K intersects both A and B.
Then there exists a partition K = K; U Ky where K1 and Ky are disjoint compact

sets containing A and B respectively.

An easy consequence of Theorem 2.11 is the following (see [3]).

Theorem 2.12. Let X be a metric space and K a compact subset of X. Assume
that A and B are two disjoint closed subsets of K such that no connected component

of K 1intersects both. Then there exists an open bounded set U such that
AcU, UNB=0 anddUNK =0.

3. MAIN RESULTS

In many applications results are needed for homotopies H for which the maps
H; may be defined on different domains. The idea is to reduce the study of this
family to that of a new family (of course depending on the old one) defined on the
same domain. For notational purposes let Z be a topological space and €2 a subset of
Z % [0,1]. We write Q) = {x € Z: (,\) € Q} to denote the section of Q2 at .

In our next results we assume FE' is a completely regular topological space and U
an open subset of E x [0, 1] (note E x [0, 1] is a completely regular topological space).
We begin by presenting some results which guarantee the existence of a coincidence

point.

Theorem 3.1. Let E be a completely reqular topological space and U an open subset
of Ex [0,1]. Suppose N € MA(U,E) and fix ® : U — 2F with ®* € B(U, E x[0,1]);
here ®* (z,\) = (®(x,\),\) for (x,\) € U. Let H : U x [0,1] — 2EXI01 pe given
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by H(x, A\, ) = (N(z,\),p) for (x,\) € U and p € [0,1] and assume H(-,-,n(-)) €
MA(U,E x [0,1]) for any continuous function n : U — [0, 1] with n(dU) = 0. Also

suppose the following conditions are satisfied:

(3.1) { D ={(z,\) €U : ®*(x,\) N H(z,\, 1) # 0 for some p € [0,1]}

18 compact

(3.2) Hy is ®*-essential in M Apyy (U, E x [0,1]) (Definition 2.3);
' here Hy(x,\) = H(x,\,0) = (N(x,\),0) for (z,\) € U

and
(3.3) Oz, \) A N(@,\) =0 for (z,)\) € U.
Then there exists v € Uy ={y € E : (y,1) € U} with ®(x,1) N N(z,1) # 0.

Proof. Suppose there exists (xg, A\g) € OU and g € [0, 1] with ®*(x¢, A\o)NH (0, Ao, to) #
@ i.e. (q)(l’o, )\0), )\Q)H(N(ZL'Q, )\0), ,U()) 7’é @ Then Mo = )\0 and @([L’o, )\o)ﬂN([L’o, )\0) 7é @,
which contradicts (3.3). Thus

* (2, )N H(z,\,u) =0 for (z,\) € U and p € [0,1].

Now Theorem 2.4 (with X = F x [0,1], V = U and ¥ = ®*) guarantees that there
exists (z,\) € U with ®* (2, \) N H(z, A\, 1) # 0 ie. (P(x, A),\) N (N(z,N),1) # 0 ie.
O(z, \)NN(z,\) #Dand A =11ie x €U and ®(z,1) N N(z,1) # 0. O

Remark 3.2. If £ x [0, 1] is a normal topological space then (3.1) can be changed
to: D is closed.

Theorem 3.3. Let E be a completely reqular topological space and U an open subset
of E x [0,1]. Suppose N € MA(U,E) and fir ® : U — 2F with ®* € B(U,E x
0,1]); here CI)*(:c A) = (®(z,N), ) for (z,\) € U. Also suppose (2.1) and (2.2)
hold with X = E x [0,1], V = U and ¥ = & . Let H : U x [0,1] — 2Fx[01
be given by H(x M) = (N(z,\),p) for (z,\) € U and p € [0,1] and assume
H(-,-,n(-)) € MA(U,E x [0,1]) for any continuous function n : U — [0,1] with
n(OU) = 0. In addition assume (3.1), (3.2) (with Definition 2.6) and (3.3) hold.
Then Hy is ®-essential in M Apy (U, E x [0,1]) (in particular there exists v € Uy with
O(z,1)N N(x,1) #0); here Hy(x,\) = H(x,\, 1) = (N(z,1),1) for (z,\) € U.

Proof. As in Theorem 3.1 note
O*(x, \) N H(z, A\, u) =0 for (x,\) € OU and u € [0, 1].

Also the conditions in the statement of Theorem 3.3 guarantees that Hy = H; in
MApy (U, E x[0,1]). Theorem 2.7 guarantees that H, is ®-essential in M Agy (U, E x
0, 1]). O
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Remark 3.4. If £ x [0,1] is a normal topological space then (3.1) can be changed
to: D is closed.

Remark 3.5. We now consider the situation in Remark 2.9. Let E be a Hausdorft
topological vector space, Y a topological vector space, and U an open subset of
E x [0,1]. Also let L : domL C E — Y be a linear (not necessarily continuous)
single valued map. Now let L : domL = dom L x [0,1] — Y x [0,1] be given by
L(y,\) = (Ly,\). Let T : E — Y be a linear single valued map with L + T :
dom L — Y a bijection and let T : E x [0,1] — Y x [0, 1] be given by T(y,\) =
(Ty,0). Notice (L + T) Y y,\) = (L +T) 'y, \) for (y,\) € Y x [0,1]. There
are analogues of Theorem 3.1 and Theorem 3.3 in this situation. For example the
analogue of Theorem 3.1 is: Suppose N € MA(U,Y;L,T) and fix ® : U — 2V
with ®* € B(U,Y x [0,1]; L, T); here ®* (z,\) = (®(z, ), \) for (z,\) € U. Let
H:U x [0,1] — 2> be a map given by H(z, A, 1) = (N(x,\), ) for (z,\) € U
and p € [0,1] and assume (L + T)"Y(H(-,-,n(-)) +T) € MA(U, E x [0,1]) for any
continuous function n : U — [0,1] with n(dU) = 0. Also suppose the following

conditions are satisfied:
D={(x,\) €U : (L+T)" Y&+ T)(x,\)N
(3.4) (L+T)"Y(H,+ T)(z,)\) # 0 for some p € [0,1]}

is compact

(3.5) { Hy is (L, T)®*-essential in M Ay (U, Y x [0, 1]; E T); here
Hy(x,\) = H(x,\,0) = (N(x,),0) for (z,\) e U
and
(36) { (L+T)®+T)(x,\) N (L+T) (N +T)(z,\) =0
for (x,\) € OU; here (N +T)(x,\) = N(z,\) + T (x).

Then there exists v € U; = {y € E : (y,1) € U} with (L +T) 1 (® + T)(z,1) N
(L+T)"Y(N+T)(z,1) #0. If Ex[0,1] is a normal topological vector space then D

compact above can be changed to D closed.

Next we discuss the topological structure of the coincidence set.

Theorem 3.6. Let E be a completely reqular topological space and U an open subset
of Ex [0,1]. Suppose N € MA(U,E) and fix ® : U — 2F with ®* € B(U, E x[0,1]);
here ®* (z,\) = (®(x,\), \) for (x,\) € U. Let H : U x [0,1] — 2EXI01 pe given
by H(x,\, ) = (N(z,\),u) for (x,\) € U and p € [0,1] and assume (3.2) (with
Definition 2.3) and (3.3) hold. For any continuous map pu : U — [0,1] assume
A e MA(U, E x [0,1]) where

Az, \) = (N(z, \), (2, \)) for (z,)) € T.
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Also suppose

{ Q={(z,)\) €T : ®(z,\) N N(z,\) # 0}
(3.7) |
is compact and Qy # 0;

here Q = {z € E : (z,t) € Q} fort € [0,1]. Then Q contains a continuum
intersecting Qo x {0} and Q1 x {1}.

Proof. Note A = Qg x {0} € Q and B = ; x {1} C Q are closed and compact.
If there is no continuum intersecting A and B then from Theorem 2.11, €2 can be
represented as 2 = Q* U Q™ where Q* and 2** are disjoint compact sets with A C Q*
and B C Q*. Notice Q* and O** U 9U are closed and disjoint (note Q* N U = ()
since if there exists a (x,\) € U and (x,\) € Q* then (note (z,\) € Q* C Q)
®(x, \) N N(x,\) # 0 which contradicts (3.3)). Now there exists a continuous map
p:U — [0,1] with (> UoU) =0 and u(2*) = 1. Let

Az, \) = (N(z,\), u(z, ) for (x,\) € U.

From the statement of Theorem 3.6 note A € MA(U,E x [0,1]) and in fact A €
MAay (U, E x [0,1]) since if there exists a (x,\) € oU with ®*(z,\) N Az, \) #
0 then (®(x,\), ) N (N(z,A), u(z, ) # 0 ie. (P(x,A),A) N (N(z,A),0) # 0 ie.
®(z,A) N N(z,\) # 0 with A = 0, and this contradicts (3.3). Note Hy(z,\) =
H(z,X,0) = (N(z,A),0) so

Alov = Holou

since if (z, A) € QU then A(x,\) = (N(z, \), u(x, \)) = (N(x, A),0) because pu(Q2* U
0U) = 0. Now (3.2) guarantees that there exists a (x, \) € U with ®*(z, \)NA(z, \) #
0ie (®(z,\),\)N(N(z,\),u(x,\) #0ie &(x,\)NN(x,\)#0and X\ = u(z, N).
Note (z,\) € Q since (z,\) € U and ®(x,\) N N(x,\) # (). Now either (z,\) € Q*
or (z,A\) € **. Suppose (z,A) € Q. Then u(z,\) = 1s0o A = p(z,\) =1 and
®(z,1)NN(x,1) # Qie. (z,1) € B C O which contradicts (z,1) = (z, A) € Q*. Next
suppose (z,A) € O*. Then pu(x,\) =0s0o A = p(z,\) =0 and ®(z,0) N N(z,0) # 0
i.e. (z,0) € A C Q* which contradicts (z,0) = (z, \) € Q. 0O

Remark 3.7. We now consider the situation in Remark 2.9 (and Remark 3.5) and
the corresponding result is: Suppose N € A(U,Y;L,T) and fix ® : U — 2¥ with
d* € B(U,Y x [0,1];L, T); here ®*(x,\) = (®(x,\),\) for (z,\) € U. Let H :
U x[0,1] — 20U be given by H(x, \, 1) = (N(z, ), p) for (z,\) € U and p € [0, 1]
and assume (3.5) and (3.6) hold. For any continuous map g : U — [0, 1] assume
A e MA(U,Y x [0,1]; L, T) where

Az, \) = (N(z,\), u(z,\)) for (z,\) € U.
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Also suppose

Q={(x,\) €U (L+T) Y (®+T)(x, )N
(3.8) (L+T)Y(N+T)(z,\) # 0} is compact
and Q; # 0.

Then 2 contains a continuum intersecting 2y x {0} and Q; x {1}.

In our next result (3.3) is not assumed.

Theorem 3.8. Let E be a metric space and U an open subset of E x [0,1]. Suppose
N € MA(U,E) and fir ® : U — 2F with & € B(U,E x [0,1]); here ®*(z,)\) =
(®(z,\),\) for (z,\) € U. Assume

(3.9) ®(x,0) N N(z,0) =0  for (x,0) € OU.

Let H : U x [0,1] — 220U be given by H(x, \, 1) = (N (2, \), 1) for (x,\) € U and
w € [0,1] and assume (3.2) (with Definition 2.3) and (3.7) hold. For any continuous
map p: U — [0,1] assume A € MA(U, E x [0,1]) where

(3.10) Az, \) = (N(z,\), u(z, N))  for (x,)\) € U.

In addition for open bounded subsets W of U with Qo x {0} CW C U (so ®(z,0) N
N(z,0) = 0 for (x,0) € U\W), W NQ =0 and W N (OU N Q) = () assume
N € MA(W, E) and the following conditions holds:

(3.11) Hy is ®*-essential in M Agw (W, E x [0,1])

for any continuous map p: W — [0,1] assume
(3.12) A€ MAW,E x [0,1]))where A(x, \) = (N(z, \), u(z, \))

for (z,\) e W
and
(3.13) Y is closed and X, # 0;

here ¥ = {(z,A\) € W : ®(x,\) "N (z,\) #0} and &, = {x € E : (z,t) € B} for
t € [0,1]. Then Q contains a continuum intersecting Qo x{0} and (OUNQ)U(Q x{1}).

Proof. There are two cases to consider, namely Q NoU = () or QN oU # (. If
QN oU = 0 then (3.3) holds so the result follows from Theorem 3.6. Now suppose
QNoU #0. Let A=Qy x {0}, B=Q; x {1} and C =QnNoU(# 0). Notice C C
is closed and (3.9) guarantees that C' N A = (). Now from Theorem 2.11 either

(1). there exists a continuum of € which intersects A and C' (and we are finished),

or
(2). Q@ = Q* U Q™ where Q* and Q* are disjoint compact sets with A C Q* and
C C Q.
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Suppose (2) occurs. From Theorem 2.12 there exists an open bounded set V' with
(3.14) PCV, VNnQ¥=0 and 9V NQ=0.
Let W =UnNV. We now show
(3.15) ACWCU owWwnQ=0 and WnNOUNN) =0.
Note A C W since A C Q* C V and A C U from (3.9). Next notice that
oW =UNVN\UNV)SUNV\UNV)
(C\U) NV)U((V\V)n D)
=OUNV)UOVNU)C(OUNV)UV,

and note AV N Q = 0 (see (3.14)) and (AU N V)N Q = O (from (3.14) we have
VNO* =0 and note C = QN IU C Q* so we have VN QN OU = () and so
OW NQ = 0. Finally notice WNQ*™* = @ since W CUNV CV and VNO* = @ from
(3.9), so WNQ* =0 and C C O implies W N (0U N Q) = . Thus (3.15) holds.
Let
S={(x,\) eW:®(x,\)NN(z,\) #0}.
Note OWNX = (see (3.15) and note ¥ C ). Now Theorem 3.6 (note ¥ is compact)
implies that ¥ contains a continuum intersecting ¥y x {0} (C Qg x {0}) and ¥; x {1}
(C Q1 x {1}) and our result follows. O

Remark 3.9. We now consider the situation in Remark 2.9 (and Remarks 3.5 and
3.7) and the corresponding result is: Let E be a metric space and U an open subset
of E x [0,1]. Suppose N € MA(U,Y; L,T) and fix ® : U — 2¥ with ®* € B(U,Y x
0,1]; L, T); here ®*(z, \) = (®(x, \), \) for (z,\) € U. Assume

(316) (L+T) (@ +T)(z,0)N(L+T) (N +T)(x,0)=0 for (x,0) € IU.

Let H : U x [0,1] — 2> be given by H(x, A\, u) = (N(z, ), u) for (z,A) € U and
p € [0,1] and assume (3.5) and (3.8) hold. For any continuous map u : U — [0, 1]
assume A € MA(U,Y x [0,1]; L, T) where

(3.17) A(x,\) = (N(z,\), u(z,N))  for (z,)\) € U.

In addition for open bounded subsets W of U with Qy x {0} CW C U, dW NQ =0,
and W N (OUNQ) =0 assume N € MA(W,Y; L, T) and the following conditions
hold:

(3.18) Hy is (L, T)®*-essential in M Ay (W,Y x [0,1]; L, T)
for any continuous map px : W — [0, 1] assume

(3.19) A€ MA(W,Y x[0,1]; L, T) where
A(x,\) = (N(z,\), u(z, \)) for (z,\) € W
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and
(3.20) ¥ is closed and X, # (J;

here X = {(z,A) e W: (L+T) (@ +T)(x,\)N(L+T)""(N+T)(x,\) #0}. Then
(2 contains a continuum intersecting 2y x {0} and (OU NQ) U (2, x {1}).

In our next result {(x,\) € U : ®(z, \)NN(x,\) # 0} is compact is not assumed.
For convenience we assume E is a normed space (the proof when E is a metric space

is similar).
Theorem 3.10. Let E be a normed space and U an open subset of E x[0,1]. Suppose

N € MA(U,E) and fir ® : U — 2F with & € B(U,E x [0,1]); here ®*(z,)\) =
(®(x,\),\) for (z,\) € U. Assume (3.9) and the following condition holds:

(3.21) Qo is nonempty and compact;

here Qo = {x € E : (2,0) € Q} where Q = {(z,\) € U : ®(x,\) N N(z,\) # 0}.
Let H : U x [0,1] — 220U be given by H(x, \, ) = (N (2, \), 1) for (x,\) € U and
w € [0,1]. In addition for open bounded subsets W of U with Qo x {0} CW C U (so
®(x,0) N N(z,0) = 0 for (x,0) € U\W ) assume N € MA(W, E) and the following
conditions hold:

(3.22) Hy is ®*-essential in M Agw (W, E x [0,1])

for any continuous map p: W — [0,1] assume

(3.23) A € MA(W, E x [0,1]) where A(z, \) = (N(z, \), iz, )
for (x,\) e W
and
(324 {;:{(x,)\)EW:@(L)\)QN(:C,A)#@}
is compact and X # ().

Then Q contains a connected component intersecting o x {0} and which either in-
tersects (OU NQ) U (y x {1}) or is unbounded.

Proof. Since €y is compact there exists ng € N with Qg C B(0,ng). For n > ng let
U=UnN(B0,n) x[0,1]) and Q"= {(x,\) €Um: d(x,\)NN(z,\) #0}.

Note (3.9) implies 2 x {0} C U and as a result y x {0} C U". Also note if there
exists (x,0) € U\U" with ®(x,0) N N(x,0) # () then (2,0) € Qg x {0} C U", a
contradiction. Thus

®(x,0) N N(z,0) =0 for (x,0) € U\U".

For each n > ng, Theorem 3.8 (with U™ replacing U and note (3.7) holds with
U™ replacing U (see (3.24) with W = U")) guarantees that there exists (z,,0) €
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Qo x {0} and a connected component C,, of 2" containing (z,,0) and intersecting
QU™ NQM) U (QF x {1}) (here QF = {x € E: (z,1) € Q"}). Since {2y is compact the
sequence (z,) has an accumulation point o € €. Assume that there is NO connected
component of ) intersecting €y x {0} and (OU N Q) U (€ x {1}). Let Cy be the
connected component containing z, (and not intersecting (OU N Q) U (Qy x {1})).

Our result follows if we show C; is unbounded. Assume C, is bounded. Note
Co C U and CyN AU =  (since Cy does not intersect (U N Q) U (2, x {1})) so
Co C U, and note Cy , 29 x {0} are closed and bounded and as a result we can choose

an open bounded set V' with
CoU(Q x{0})CVCU.

Suppose 9V N Q = (. Note if there exists (x,0) € U\V with ®(x,0) N N(z,0) #
then (z,0) € Qy x {0} C V, a contradiction. Thus

P(x,0) N N(z,0) =0 for (z,0) € U\V.

Now Theorem 3.8 with V' replacing U (note Qo x {0} €V C U and VN Q = (
since Q C Q) implies that Q = {(z,\) € V : ®(x,\) N N(z, \) # 0} has a connected
component intersecting Qy x {0} (C Qg x {0}) and Q; x {1} (C Q; x {1}), which
contradicts the assumption that there is no connected component of €2 intersecting
Qo x {0} and (AU N Q) U (Q x {1}); here Q, = {z € E : (z,t) € Q} for t € [0, 1].
Thus
oV NQ#£0.

Note (9,0) € Q x {0} C V so (x9,0) and 9V N Q are closed disjoint subsets of
the compact set Q and the connected component of () containing (z¢,0) does not

intersect dV N Q (since Cyp C V). Now from Theorem 2.12 there exists an open
bounded neighborhood V; of (zg,0) with

(3.25) (20,0) € Vo, Von(QNaV)=0 and 9V,NQ=0.
Let W =V NV, Now W CV with
(3.26) (20,0) €W and OWNQ=0
since OW C (OV NV,) U (0VyNV) and note (V NVy) NQ =V, N (OV NQ) = 0 from
(3.25) and (Vo NV)NQ=3VoN(VNQ) =0V NQ =0 from (3.25).

Now V' is bounded and W is an open neighborhood of (x¢,0) so there exists a
nq > No with

(Xp,,0) €W and V C B(0,nq) x [0,1].

Note (x,,,0) € WNC,, so WNC,, # 0. Also note that C,,, meets (Ex[0, 1])\W since
C,, intersects (U™ N )U(Q]* x{1}) (and does not intersect (QUNQ)U(2y x {1})).

Now C,, is connected so C,, N OW # (). This is a contradiction since C,, N OW C
QUNOW CQNOW =0 from (3.26). O



560 D. O’REGAN

Remark 3.11. We now consider the situation in Remark 2.9 (and Remarks 3.5,
3.7 and 3.9) and the corresponding result is: Let E be a normed space and U an
open subset of E x [0,1]. Suppose N € MA(U,Y;L,T) and fix ® : U — 2¥ with
®* € B(U,Y x[0,1]; L, T); here ®*(z,\) = (®(x, ), \) for (z,\) € U. Assume (3.16)
and the following conditions holds:

(3.27) Qp is nonempty and compact;

here Qy = {x € E : (2,0) € Q} where Q = {(z,\) € U : (L+T) Y@+ T)(z,\) N
(L+T)" YN +T)(x,\) #0}. Let H:U x [0,1] — 2> be given by H(z, \, ) =
(N(z,\), ) for (x,)\) € U and u € [0,1]. In addition for open bounded subsets W of
U with Qo x {0} CW C U assume N € MA(W,Y; L, T) and the following conditions
hold:

(3.28) Hy is (L, T)®*-essential in M Ay (W,Y x [0,1]; L, T)

for any continuous map g : W — [0, 1] assume
(3.29) A e MA(W,Y x [0,1]; L, T) where
Az, \) = (N(z,\), p(z, \)) for (z,\) € W
and
LS={(x,\N)eW : (L+T) (D +T)(z, )N
(3.30) (L+T)"Y(N +T)(z,\) # 0}is compact
and X, # 0.

Then 2 contains a connected component intersecting g x {0} and which either
intersects (OU N Q) U (2 x {1}) or is unbounded.
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