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ABSTRACT: This paper studies the approximate controllability of an impulsive
neutral stochastic integro-differential equation with nonlocal conditions and infinite
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cal and impulsive conditions is first proved utilizing fixed point theorem, stochastic
analysis, fractional calculus and solution operator theory. Then, a new set of suffi-
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ear system is approximately controllable. Illustrating the obtained abstract results,

an example is considered at the end of the paper.
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1. INTRODUCTION

Recently, differential equations involving fractional derivative have gained consider-
able popularity and importance, mainly due to its demonstrated applications in nu-

merous diverse and widespread fields in science and engineering. Fractional calculus
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has been successfully applied to problems in systems biology, physics, chemistry and
biochemistry, hydrology, medicine, and finance. In many cases, these new fractional-
order models are more adequate than the previously used integer-order models, be-
cause fractional derivatives and integrals enable the description of the memory and
hereditary properties inherent in various materials and processes that are governed by
anomalous diffusion. The fractional viscoelastic model, that is the linear viscoelastic
model involving fractional order operators in the constitutive equations, is capable of
describing the behavior of various viscoelastic materials utilizing a few parameters.
Hence, there is a growing need to find the solution behavior of these fractional dif-
ferential equations. For more details, we refer to the monographs [2], [3] and papers
[25, 27, 37, 38, 40, 43, 44]. In addition, neutral differential equations of integer or
fractional order arise in various areas of real world problems which play an important
role in the theory of functional differential equations, and receive much attention in
the last few decades. Such equations find many applications in natural sciences and
technology, for example, a study of heat conduction in materials with memory, but as
a rule, they have specific properties making their study difficult both in the aspects of
ideas and techniques. For more details, see [15, 19, 22, 29, 39, 43, 44, 45, 47, 48] and
references cited therein. For the study of differential equations with nonlocal initial
conditions, we refer to the papers [11, 12, 17, 19, 20, 36, 37, 39, 40, 42, 44, 49, 50, 52].

On the other hand, stochastic differential equations play a prominent role in a
range of application areas, including biology, chemistry, epidemiology, mechanics,
microelectronics, economics and finance. Some of the typical applications of nonlinear
stochastic differential equations are the vibration of tall building and bridges under the
action of wind or earthquake, vehicles moving on rough roads, ships and offshore oil
platform subjected to wind and ocean waves, price processes in financial markets and
electronic circuits subjected to thermal noise. For more study of stochastic differential
equations and their applications, we refer to the monographs [8, 9, 10]. Recently,
existence, uniqueness and stability results for stochastic differential equations have
been studied in [14, 15, 16, 19, 22, 28, 41, 42, 43, 45]. In recent years, many systems
in physics and biology exhibit impulsive dynamical behavior because of sudden jumps
at certain instants in the evolution process. A lot of dynamic systems have variable
structures subjects to stochastic abrupt changes resulting from abrupt phenomena, for
example, stochastic failure and repair of components, changes in the interconnections
of subsystems, sudden environmental changes and so on. For some recent works on
the existence results of impulsive stochastic differential equations, we refer the reader
to monographs [6, 7] and [14, 22, 23, 28, 39, 42, 43].

The study of controllability plays an important role in the control theory and
engineering. The problem of controllability of various kinds of differential, integro-

differential equations and impulsive differential equations are studied, see. The ap-
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proximate controllability is the weaker concept of controllability receiving much atten-
tion. In this case it is possible to steer the system to an arbitrary small neighborhood
of the final state [17, 18, 20, 21, 24, 32, 33, 35, 50, 51]. However, stochastic control the-
ory which is a generalization of classical control theory has rarely been reported. As a
matter of fact, the accurate analysis or assessment subjected to a realistic environment
has to take into account the potential randomness in the system properties, such as
fluctuations in the stock market or noise in a communication network. All these prob-
lems in mathematics are modeled and described by stochastic differential equations or
stochastic integro-differential equations with delay and impulse. The biggest difficulty
is the analysis of a stochastic control system and stochastic calculations induced by
the stochastic process. For more details, see [14, 16, 19, 23, 34, 36, 39, 50, 52].

In this paper, we study the the following integro-differential equation with infinite
delay involving nonlocal and impulsive conditions in a separable Hilbert space (E, || -
H7 <5 >)

C DIfu(t) + /0 (t — 5)G(s, s, /0 a1 (s, 7, un)dr)ds] = Au(t) + Ba(t)

—|—F(t,ut,/0 as(t, s,us)ds) + H(t,ut,/0 as(t, s, us)ds) dVZt(t)’ t€[0,T](1.1)
w(0) + g(u) = ug = ¢ € By, ' (0)+h(u) =u; € E, (1.3)

where 1 < ¢ < 2, “D{ is the generalized fractional derivative in Caputo sense, A :
D(A) C E — E is a closed and linear operator with the domain D(A) defined in a
Hilbert space E, t;(i = 1,--- ,m) are the fixed number such that 0 =ty <t; <--- <
tm =T, and Auli—y, = u(t]) — u(t; ), where u(t}) and u(t, ) denote the right and
left limits of u(t) at t = ti, respectively. The W(t) denotes the K-valued Wiener
process with a finite trace nuclear covariance operator Q. The control function z(-)
takes the values L?([0,7],U), where U is a Hilbert space and B is a bounded linear
operator from U into E. The history u; : (—00,0] = E, w(0) = u(t +6), 6 <0
belongs to an abstract phase space B, and the initial function ¢ = {¢(t) : t €
(=00, 0]} is a Fo-measurable, B, random variable independent of Wiener process W (t)
with finite second moments. The nonlinear functions G, F : [0,T] X B, x E — FE,
H:[0,T)x%B, x E > LIK,E), aj,as,a5 : Dy x B, — E and I;,J; : E - FE
are appropriate mappings satisfying certain conditions to be specified later, where
Dy ={(t,s) € [0,T) x[0,T) : s <t} and L(K, E) denotes the space of linear bounded
operators from K into E. For study of differential equations with infinite delay, we
refer to the [4, 5].

The rest of the paper is organized as follows. Section 2 provides some basic
notations and preliminaries. Section 3 establishes the existence of the mild solution

to the nonlocal stochastic fractional system involving impulsive effects by utilizing
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stochastic analysis, resolvent operator and fixed point theorem. Section 4 derives
a set of sufficient conditions proving approximate controllability approximate of the
stochastic system. An example is also considered at the end of the article illustrating

the application of obtained results.

2. PRELIMINARIES

In this section, some basic definitions, preliminaries, theorems and lemmas and as-
sumptions which will be used to prove existence result, are stated.

Throughout the work, we assume that (E,| -|,< -+ >g) and (K,| - [,<
-,» > ) are separable Hilbert spaces. The symbol C([0,T]; E) stands for the Ba-
nach space of all the continuous functions from [0,7] into E equipped with the
norm || z(t)llc = sup,epo, |l 2(t)| e and LP((0,T); E) stands for Banach space of

all Bochner-measurable functions from (0,7) to E with the norm

el = ([ )l
(0,1)
Let (Q2, F,P) be a complete probability space with a normal filtration {F;};>o that
satisfies the right continuity and Fy containing all P-null sets of F. An FE-valued
random variable is an F-measurable function u(t) : @ — E and the collection of
random variables U = {u(t,w) : @ — Elepo,r)} is called a stochastic process. In
general, we can write u(t) instead of u(t,w) and u(t) : [0,7] — E in the space of U.
Assume that {w(t)};>0 is a K-valued Wiener process with finite trace nuclear covari-
ance operator Q and Tr(Q) = > "2, \; < oo that fulfills Qe; = \;e;, where {e;}52; is
a complete orthonormal basis of K. Thus, w(t) = Y o, v/A:Bi(t)e;. Here {B;()}52,
are mutually independent one-dimensional standard Wiener processes. Suppose that
Fi = o{w(s) : 0 < s < t} is the o-algebra generated by W and F, = F. Also, we
define

[6l|% = Tr(¢Q¢") Z IV Xiges||?, for ¢ € L(K, E).

If ||¢]lo < oo, then ¢ is said to be a Q Hilbert-Schmidt operator. The space
Lo(K,E) = LY = Ly(K, E) represents the space of all Q-Hilbert-Schmidt opera-
tors ¢ : K — E. The notation Lo(Q, F,P,E) = L(f2, E) stands for the Banach
space of all strongly measurable, square integrable H-valued random variables with
the norm ||y(- )HL2 = (EHy(~7w)||2E)1/2, where the E is known as expectation defined
by E(y fQ ylw

Let J = (—o0, T]. The notation C(J, L2(£, E))) stands for the Banach space of all
[

continuous maps from J into Lo(Q2, E) fulfilling the condition sup, 5 E[|y(f)[|* < oc.
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To treat the impulsive neutral stochastic fractional differential equation, we present

the abstract space phase B,,. Let v : (—o0,0] — (0, 00) be assumed to be a continuous

function with [ = ffoo v(t)dt < co. For any ¢ > 0, we define
B, = {p:(—00,0] = E such that (E|p(¢)|?)'/? is a bounded and measurable on
0
[—¢,0] and / v(s) sup (E|p(¢)})Y2ds < oo} (2.1)
—00 ¢€J0,s]

It is not difficult to verify that B, is a Banach space endowed with the norm

0
lells, =/ v(s) sup (Elp(¢)*)'/?ds, for all p € B, (2.2)

—o0 s<¢<0

ie, (B, | - |l=s,) is a Banach space [5].

Next, we consider the space
Br = {u:(—00,T] = E such that u|;, € C(Jy, E) and there exist u(t, ) = u(ty)
and u(t)),uo = ¢ € By, k=0,1,--- ,m}. (2.3)

Here ul 5, denotes the restriction of u to J = (tx, tk+1],k = 1,--- ,m and the notation
C(Jk, E) stands for the space of all continuous E-valued stochastic processes {u(t) :
te Jy,k=1,---,m}. Let || - || be a seminorm in By which is defined by

[ullr = [luolls, + SFPT](E(W(S)lQ))”Q, u € Br. (24)
s€|0,

Now, we give the following lemma [29].

Lemma 2.1. [28]If u € B, then fort € J, u, € B,. Moreover,

UE[u@)|*)'? < [luells, <1 Sl[lopt](Ellu(S)IIZ)”2 + [luolls, (2.5)
se|0,

here | = f?mv(s)ds < 0.
Now, we state some basic definitions and properties of fractional calculus.

Definition 2.2. The Riemann-Liouville fractional integral operator J of order ¢ > 0

is defined as

JIF(t) = 1)/O(t—s)q*1F(s)ds, (2.6)

I'(q
where F € L'((0,T), E).

Definition 2.3. The Riemann-Liouville fractional derivative is given as

DIF(t)=DJ" 1F(t), m—1<qg<m, meN, (2.7)
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where D" = 47 e LY((0,T); E), J;""% € W™((0,T); E). Here the notation

drm >

Wm™L1((0,T); E) stands for the Sobolev space defined as

m—1 k
WmH(0,T);E) = {yeE: 3z LN(0,T)E):y(t)= Y dk%
tmfl h=0
+m * Z(t), t e (O,T)}

Note that z(t) = y™(t), d, = y*(0).
Definition 2.4. The Caputo fractional derivative is given as

CDeF(t) = ﬁ /t(t —8)"TOT T ()dt, m—1 < a < m. (2.8)
m—a) Jo
where FF € C™~1((0,T), E) N L*((0,T), E).

Definition 2.5. The definition of one parameter Mittag-Leffler function is given by

Eo(2) = ;; Tlak+1)’

and two parameter function of Mittag-Leffler type is defined by

oo k a—p3
z 1 ux et
K, = 1 A o d 3 0< 0,2 € (Cv
#(2) ];)F(ak:—i—ﬁ) 27Tz/cua—z K o p, 2
where C' is a contour which starts and ends at —oo and encircles the disc |u| < |2|/?

counter clockwise. The Laplace transform of the Mittag-Leffler is defined as
Pt

= , ReXA>p'e p>o0.
)\a+pa p P

L(t" ' EBa, p(—p"t"))

For more details, we refer to [3].

Definition 2.6. [37]Let A: D(A) C E — E be a closed linear operator. A is said
to be sectorial operator of type (M, 0, u) if there exist 0 < § < w/2, M >0 and p € R

such that the g-resolvent of A exists outside the sector
j+ So = {i+A: A C, Jarg(—N)| < 0},

and

_ M
(AL —A)7H < ma A&+ Sp.

Definition 2.7. [37]Let A be a densely defined operator in E that satisfies the

following conditions:
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(i) For some 0 < 0 <7/2,, p+Sog={pu+r:A€C, |Arg(—\)| <6},
(74) There is a constant M > 0 such that

M
I = A)7H < 5, Aép+Se.
A=l
Then, A is the infinitesimal generator of a semigroup 7 (¢) fulfilling |7 (¥)|| < C.

Moreover,

T(t) = L,/Ne’\tR()\,A)d)\,

21 J§

where T is a suitable path for A ¢ p+ Sp and A € L.

Definition 2.8. [37]A closed linear operator A : D(A) C E — FE said to be a
sectorial operator of type (M, 6, q, n) if there exist 0 < 0 < 7/2, M > 0 and p € R
such that the g-resolvent of A exists outside the sector

4 So={u+ M :xeC, |[Arg(—\?)| < 0},

and

INTT = A)7H < M/IXT = |, AT ¢ i+ Sp.

Remark 2.9. If A is a sectorial operator of type (M, 8, q, i), then it is not difficult
to see that A is the infinitesimal generator of a g-resolvent family {S;(t)}:>0 in a

Banach space and

S,(t) = %/fe”AHR(M,A)dA, (2.9)
K1) = %/ﬁe”)\q*QR()\q,A)dA, (2.10)
R,(t) = 2im_/fe*fR(xz,A)dA, (2.11)

and T is a suitable path.
Now, the definition of the mild solution to equation (1.1) is presented.

Definition 2.10. A stochastic process u(t) : (—oo, T| — FE is said to be mild solution
of equation (1.1) if:

() u(t) is measurable and F; adapted for all ¢ € (—oo, T] having cadlag path on
t > 0 almost surely.

(#4) u(t) is B, valued and the restriction of u(-) to the interval (t;,t;41], @ =

- ,m is continuous.
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(#it) For each t > 0, u(t) satisfies the following integral equation

o(t), te (00,0,

Sq(@)[6(0) — g(u)] + Kq(t)[ur — h(w)]

—f .t —8)G(s, us,fo ay(s,, u-,-)dT)

u(t) = —i—fO (t — s)Bx(s)ds + fo S)F(s,us,fos as(s, 7, u.)dr)ds  (2.12)
+f0 (t —s)H (s, ug,fo as(s, T, uT) dr)dW (s)

+ 20t <t Sqt — ti) Li(u(ts))

+ 2 0et, <t Kot = ti) Ji(u(ts)), t €[0,T].

Lemma 2.11. For any HT € L*(Fr,E), there exists o(-) € L%(Q, L*([0,T], L3))
such that up = Bur + fo (s)dW (s).

Define the operator I'} : E — E associated with the linear system of (1.1) as
T
Iy = / Ry(T — $)BB*R(T — s)ds, R(\T{)=(A+T¢)"", (2.13)
0

It is convenient at this point to define operators

T
rr = / Ry(T — s)BB*R}(T — s)ds,
Ttk
Fi: . \ Ry(ty — S)BB*R;(tk — s)ds,
k—1
(A Fit 1) = ()\I+Ftk 1) 1 for a>0’ k:l) ,m (214)

where B* denotes the adjoint of B, ||B|| = Mp and R;(t) is the self adjoint of R,(t).
Generally, we consider z(t) = 22 (t,u) = B*R:(T — t)R(A\, T )k(u(-)), where

EUTHO (8)dW (s) = Sy(T)[$(0) — g(w)] — Ko(T)[us — h(w)]
+fo o(T = 8)G(s,us, [5 ar(s, 7, ur)dr)ds

)

~ Iy Rq(T— $)F (s, us, [y az(s,7,u,)dr)ds
)
az(

ffoT — s)H (s, ug,fo as(s, 7, u, )d7)ds, t €[0,t]
Bur + fo )AW (s) = Sq(T)[6(0) — g(u)] — Kq(T)[u1 — h(u)]
ku(+)) = —l—fo — G(s U, [ a1(s, 7, ur)dT)ds
fo ( (8 ub,fo as(s, T, u, )dr)ds

fo (T —s)H(s, ug,fo as(s, 7, ur )dT)dW (s)
- ZS (T = ti)Ii(ult:)

_Zizl Kq( —ti)Ji(u(t;)), t € (tiytiga], i=1,--- ,m.

(2.15)
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Let u(t, ¢, ) be the state value of system (1.1) at time ¢ corresponding to the con-
trol z € L (J,X). In particular, the state of system (1.1) at t = T, u(T, ¢, ) is
known as the terminal state with control x. The set R(T, ¢,x) = {u(T,¢,z) : © €
L7 ([0,T], X)} is said to be reachable set of system (1.1).

Definition 2.12. The system (1.1) is said to be approximately controllable on [0, T']
if R(T, ¢, ) = Ly(Q, F, E), where R(T, ¢, z) denotes the closure of the reachable set.

Now, we state the Krasnoselskii-Schaefer fixed point theorem which is our main
tool to establish our existence result.

Theorem 2.13. [26] Let ¥1 and ¥y be two operators defined on E such that
(1) Wy is contraction,
(i) Wy is completely continuous,

then, either
(1) the operator equation Uiy + Way =y has a solution, or
(2) the set G ={y € E: MiU1(y/ 1) + MUy =y} is unbounded for Ay € (0,1).

3. EXISTENCE OF MILD SOLUTIONS
For proving existence of the mild solution, we need to impose following assumptions
on the data of the system (1.1)-(1.3).

(A1) The operator S, (t), K,(t) and R,(t),t > 0 generated by A are compact in D(A)
stuch that supc o7 [Sq(0)] < M, supyeio) [Kq(t)]| < M and supqcio ry 1Ryl
< M.

(A2) (i) G:[0,T] x B, x E — E is continuous function and there exists a constant
L¢g > 0 such that
E||G(t,u1,v1) = G(t, uz, v2)|* < Lallluy — 2|, +Ellor —wafP],  (3.1)
for all u;(j = 1,2) € By, v;(j = 1,2) € E and ¢ € [0, ] with

C1= sup [|G(t,0,0)|.
te[0,T]

(#4) There exists a constant L,, > 0 such that

]E||/ ai(t,s,u1) — g(t, s,us)|ds||* < L, ||ug —v1||2%v, Vitel0,T],ur,v1 € By,

and C2 = T'sup; s)ep, llai(t; s,0)].



10

(43)

(A4)

A. CHADHA, S.N. BORA, R. SAKTHIVEL

(1) The function F' : [0,T] x B, x E — E is a nonlinear function that satisfies
following conditions

(1) t — F(t,u1,us) is measurable for each (uj,us) € B, X E.

(4) (u1,u2) — F(t,u1,us) is continuous for almost all ¢ € [0, T7.

(#4i) There exist a continuous function mp : [0,00) = (0,00) and a continuous

increasing function O : [0,00) — [0, 00) such that
E[|F(t,ur,us) |5 < mp)Or([uills, +ElluslE),

for all (u1,us) € B, x E and ¢ € [0,7T].
(2) For each (t,s) € Dy, the function as(t,s,-) : B, — E is continuous and
as(+, -, u) : Dy — E is measurable for each u € 9B,. There exist a constant

L, > 0 and a continuous increasing function W,, : [0,00) — [0, 00) such that

Ellas(t, 5,w)|? < Loy Way (lull3,)s ¥ u € B,

(1). The function H : [0,T] x B, x E — L(K, E) satisfies the Carathéodory
condition and there exist a function mg(t) € Lioe(J,RT) and a nondecreasing
function O : [0,00) — (0, 00) such that

E|[H (t, w1, u2)|[3 < mu()Ou([[urll3s, + Elluz|l%),
vV (u1,u2) € B, X E, t€[0,T].
(2). For each (t,s) € Dy, the function as(t,s,-) : B, — FE is continuous and
the map as(+,-,2) : D1 — E measurable for each z € ®8,. There is a constant

Mq, > 0 such that Ellas(t,s,z)||> < mqe,Oa,(]2]|3, ), for all (t,s) € D; and
z € 9B, where W,, : [0,00) — [0, 00) is a nondecreasing function.

The functions I;,J; : E — E(i =1,--- ,m) are completely continuous functions

and there are positive constant ®%, W4 > 0 such that

E|L(2)|E < @1, EJi(2)|E < ¥, ¥ z€ E.

The function g,h : B, — FE are continuous and there exist some constant
Eg,fh > 0 and E;, E,ll > 0 such that

Elg(z1) —g(22)llF < Lgla — 2|,
Elg(z)ll < Lglzl%, + L,
E|h(z1) — h(z2)|% < Lallor — 2k,
Eln(z)| < Lulzlk, + I,

for all zq1, 29,2 € B,,.
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T ~ o0 ds
(A7) [, m(s)ds < ff(O) orTenG o0 Where{(0) = 7=

, m(t) = max{m(t), TL}

x PM>*T? x myp(t), 52 PM?Tr(Q)T x my(t)}

32
(1-N) (1-N)
£ = maX{Laz » Mag }a @(y) = maX{Wag (y)7 903 (y)}v

m(t) = max{

and M , N are defined later.

Theorem 3.1. The system (1.1) has a mild solution on (—oo,T) if the assumptions
(A1)-(A7) are satisfied and

0 = 32 [L9+L;L+T2LG(1+LQ) <1 (3.2)
Proof. We first consider the operator T : B — B defined by

o(t), te (—o0,0],

Sq()[0(0) — g(u)] + Kq(t)[ur — h(u)]
—fot K,(t —s)G(s, us=f0 ai(s,, ’LL-,—)dT)
Tu(t) = —&—fot R,(t — s)Bx(s)ds + fo — 8)F (s, us,fos as(s, T, u, )dr)ds
+f0tR t—s)H(s ug,fo as(s, T, UT)dT)dW( )

2 0<t, <t Sat — i) Li(u(ts))

+ 20wt <t Kot — i) Ji(u(ts)), t€[0,T].

(3.3)
We shall show that the operator T has a fixed point in the space B, which is the
mild solution of (1.1).
For ¢ € B,,, we define (;AS by

Then y € Bp. We also define a function
0, te(—o0,0],
2(t) = ( ] (3.4)
z(t), te[0,T],

for every z € C(J,E). We set u(t) = y(t) + z(¢t) for each t € [0,77]. It is clear that
u is the solution for problem (1.1)-(1.3) if and only if z satisfies z9 = 0, t € (—o0, 0]
and

2(t) =Sq()[=9(y +2)] + Ky () [ur — h(y + 2)]

t s
Kt — 8)G(s,ys + 2u, / a1(s, 7 yr + 3)dr)ds
0 0
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t t s
+ / R,(t — s)Bx(s)ds + / R,(t—s)F(s,ys + 53,/ as(s, T, Yyr + Z;)dT)ds
0 0 0
t 5
[ Ryt - $)H(s, . + 2, / as(s,7,ys + 27)dr)dW (s)
0 0
+ ) Syt —ta)i(y(t) Y Kt ) Tily(t) + 2(t),
0<t;<t o<t;<t
€ [0,T7. (3.5)
Let BY = {2z € Br: 20 =0 € B,} and for any 2z € BY.,, we get
Izllr = llzolls, + sup (Bllz()]]*)"/? = sup (E||=(2)[*)"/>. (3.6)
te[0,T] te[0,7]

It can be easy to verify that (B9, || - |9 ) is a Banach space.
Now, we define the operator ¥ : B9, — BY. by

0, te(—o0,0],
Sa(®)=9(y + ) + Ko(®)lur = hly +2)] = [y Kolt = 5)
xG(s,ys + zs,fo a1 (8,7, yr + 27 )d7)ds + fot R,(t — s)Bx(s)ds

\I/Z(t) _ +f0 (8 Ys +stf0 2(5 T, Yr +37—)d7')d8 (37)
+ 5 Ry H(s,ys + 25, [5 as(s, 7,y- + 2.)dr)dW (s)
+qu —m(> 2(t:))
o<t; <t
+ > Kyt —t)Ji(y(t:) + 2(t:)), t € [0, 7).
0<t; <t

In order to prove the existence result, it is enough to prove that ¥ has a fixed point.

To this end, we introduce the decomposition of operator ¥ as
W12(t) = Sq()[—g(y + 2)] + Kq(t)[ur — h(y + Z)]
t s
Kyft = 9G(s,p + 2 [ arlsmy, +2)dnds, (39)
0 0
for t € [0, T, and
t t s
Woz(t) :/ R,(t — s)Bx(s)ds + / Ry(t—s)F(s,ys + 'z},/ as (s, T, yr + 27 )d7)ds
0 0 0

t S
[ Ryt - ) H (s 0. 1 5 / as(s,7,ys + 2 )dr)dW (s)
0

+ Z Sl (y(t:) + 2(t:))
+ Z Ji(y(t:) +2(t;)), t€[0,T). (3.9)

0<t; <t
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Set B, = {y € BY : Ellyll3o <7, r>0}. Clearly, B, a bounded closed convex set in
T
BY.. For y € B, and Lemma 2.1, we have that

lye +Zel%, < 20wl + 1Z05%,),

<4 sup Ely(n)lE + llyolls,) + 4% sup E[Z(7)[% + [|Zll%,)
T€0,t] 7€[0,t]

< 4lol5, + 2 + MZE[¢(0)[F))- (3.10)

A

For establishing the existence result with the help of Theorem 2.13, we show that ¥,
is a contraction while ¥y is compact operator. To this end, we divide the proof into

a several steps.

Step 1 ®; is a contraction on BY.
Let 21,22 € 8BS and t € [0,¢;]. Thus, we have

E|[(¥121)(t) — (P122) (1) |5 < 3E[[Sq()[9(y + Z1) — gy + 2)][1?
+ 3E[| Ky ()[A(y + 21) — h(y + 2)]|I?

t S
1 3E| / Ky(t — 5)[G(s s + Fis. / ar (5, C, g + £i)dC)
0 0

- G(Sa Ys + nga/ a1(3, vac + @C)dC)]dSHQa
0
<3MPLy||21 — 22|)? + 3M2Ly |21 — 2| + 3M>T
t s
X / EHG(S?yS + 2\137/ a1(87<ayC + é\lf)dc) - G(S7y8 + 2\257
0 0

| als.oue + e Pas,

0

SIM2Ly|121 - Bl + 3M2La|% - B2 + 3M*T2La |15, — Salls,
+ Loy 3¢ = Zcllf, |

<BM*(Lg + Ln)||Z1 = Z2|” + 3M*T?La (1 + Lq,) x [ sup [[Z1(t) — 22(t)|?
te[0,T]

+1(Z)oll* + 1(Z2)011%],

—3M2 [Lg +Lh+T2LG(1+Lg)}HzA1 — 53 (3.11)

Using the facts that [|(Z1)0]|3;, = 0 and |[|(Z2)0l|3;,. We take the supremum over ¢, we

obtain
[(W121) — (¥122)[|7 < Of|z1 — 22|17, (3.12)

where © = 3M? [Lg + L, +T?Lg(1+ Lg)} . By inequality (3.2), we conclude that ¥,
is a contraction on BY%.

Next, we show that ¥, is completely continuous in following steps.
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Step 2. We first prove that W5 maps bounded sets into bounded sets in %%. To

this end, it is enough to show that there exists a positive constant M such that for
each z € B, one has E||(¥22)(t)||% < M. Now, for each z € B, and for t € [0,T]

E[|(W22)(t)]I%

<

IA

IN

t t
S5E|| / R,(t — s)Bx(s)ds||* + 5E|| / R,(t — s)F(s,ys + Z,
0 0

s t
| aals, oy + 2y )ds|? + 5EI [ Ryt - )H (s, + 2.
0 0

[ aals, oy + 20dr)aw s)P 4 SE] Y Sy(e - ) iGults) + )P
0 0<t; <t

+5E|| Z Kot —t:) Ji(y(t:) + 2(8)[1%
0<t; <t

t t t
5013 / |Ry(t — 5)]|ds / | Ry(t — $)||E]lz(s) ds + 5 / |Ry(t — 5)||ds
t s
x / IRy (t — 8| - E|lF (s, s + 2, / ax(s, 7, yr + 3,)dr) | 2ds
0 0

t s
+5/ IRy (t = )1 - EllH (s, ys + 2/ ag(s, 7, yr + 2, )dr)||*ds
0 0

+5 Y Sa(t =t Lily(ts) + 2@ +5 Y BIK,(t — t) Ji(y(ts) +2(8)) |,

0<t; <t 0<t; <t
t s
S5MEMAT?0Q + 5M>T*? / mp(s)Op(r* +T / LayWa, (r*)d¢)ds
0 0
t s m
+STM2Tr(Q) / ()0 (" + T / My Oy (r*)AC)ds + 512 S !
0 0 i=1

+5M?Y W7 =M, (3.13)
i=1

where O is estimated as

()12

IA

T
1B" Ry (T — s)R(A, FoT){yT +zr+ /O o (s)dW (s) — Sq(T)[¢(0) — g(y + 2)]
T s
—Kq(t)(u1 —h(y +2)) + /0 Kq(T = 5)G(s,ys + 35,/0 a1 (s, ¢, ye + z)dC)ds

- Z Sa(T = i) Li(y(ti) + 2(8:)) = Y Kyls — i) Jily(t:) + 2(t:))
i <t .

T s
—/ Rq(T—s)F(s,ys+29,/ ag(s,C,y<+3<)dC)ds—/ R,(T — s)
0

0 0
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xH(s,ys + 257/ as(s, ¢, yc + Et)dC)dW(S)}IQ,
0

M2ZM?

< 8=

T
{QHyT 202+ 2 [ Elo(s)lads + 220216l + L + LY
0
F2MP [ |+ Lir” + L]+ M 37 @4 M2 3702 4+ MPT?(2L6(1+ 2L, )r°
i=1 i=1

T s
+4LGCo + 2C1] + M>T? mp(s)Op(r’ + T/ Ly W, (r*)d{)ds
0 0

T s
+M?Tr(Q) ></ mpy(s)Op(r +T/ mas@ag(r*)dg“)ds}
0 0
- 0,

where 1* = {63, + 2(r + MZE[6(0)]3)]

Thus, we get E||(¥22)(¢)||% < M.

Step 3. &, is continuous.

Let {z,}72, be a sequence in B, with z, — z € B, as n — oco. By the continuity of
F,H, g,hand I;, J;(i=1,--- ,m), we have

F(S; Ys + (En)s»/ f(S»T» Yr + (gn)r)dT) — F(Says + 2\sa/ f(s,T, Yr + E‘r)dT)’
0 0

H(57y8 + (gn)%/ Q(57T7 Yr + (QH)T)dT) - H('S?ys + 2Sv/ 9(577.7 Yr + 2'/\7')d7->7
0 0

9(s,ys + (Za)s,m)  —  9(s,ys +Zs,m),
h(s,ys + (Zn)s,m) — h(s,ys +7Zs,m), as n — oo,

For t € [0,T], we get
E[|(D22n)(t) — (222) (1)l

< 5IE||ZS (y(ti) + Za(ts)) — Li(y(t) + 2(8:)]II?

+5E|| Z Kyt = t)[Ji(y(t:) + Za(ts)) — Jily(t:) + 2(t:)]ds||*

t;i<t

+5E|| /0 Ry(t = 5)BB"Ry(T — s)R(A, FoT){(En)T —2r = 5,09y +Zn)

—9(y +2)] = Kq(t)[h(y + Zn) — h(y + 2)] Z (y(ti) + Zn(t:))
— Li(y(t:) ZK (t = t)[Ji(y(ts) + Zn(ts) — Ji(y(ts) + 2(t:))]ds

T

[ KT = (G + G, / an(s, e + (Ba)o)do)

0
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s T
- G(Sa Ys + 2€7A (11(8, CayC + %)dC)]dS - A Rq(T - S)[F<Says + (En)Sa

S

/ a2(3a gvyc + (En)C)dC) - F(Says + /Z\sa/ a2(8a C7yC + EC)dC)]dS
0 0
T s
— [ R = 9+ G [ anlo e+ B)o))
0 0
s t
_H(says"_gsv/ QB(SaCayﬁ+2t)dC)]dW(s)}ds||2 +5]E|| R(I(t_s)
0 0
[F (5,95 + (Ba)s, / ax(5,C, v + (Ba)o)dC)
0
_F(s,ys + 30, / as(s, C.ye + 2)dC)]ds| 2
t s
15E| / Ralt — 8)[Hs,ye + Gu)s, / as(5, ¢y + (3a)c)dC)
0 0

CH(soye + 2, / a5 (5, o yc + 20)dC))AW ()] = 0, as 1 — co.
0

Step 4. U5, maps bounded sets into equicontinuous sets of ;..
Let 71,72 € (3, tix1],4=1,-+ ,m with 75 > 71. For z € B,
E[W22(r2) — Wo2(m1) |5

< BE| Y [Sglr2 —t:) — Sy(m — t)|Ti(y(t:) + 2(t:))||°

0<t; <t

BB Y ([ (r2 — ti) — Ky (m — )] Jiy(ts) + 2(8)) I
0<t; <t

+5E| /O " Ry(rs — 5)Ba(s)ds — /O " Ry(r1 — 5)Ba(s)ds|?
#58] [ 7 Ryra = (s e [ an(on+ )i JRICES
<5+ Fe [ an(ou G+ 2000l 458 [ Ryl =)
xH(s,ys—FEm/Os 3(s, ¢, ye + Z¢)d¢)dW (s / Ry(11 —s)
X H (5, s + B, / a5, €, + 2)AC)AW (5)]
< 5 3 ElSy(r—ts) — Salm — 012 - I Li(y(t) + 2(t:))]

o<t <t

+5 Y E|Ky(r — t;) — Ko(m — )1 (y(t:) + 2(t:) > + 10M>MB (72 — 71)

0<t; <t

x/ EH’I(S)”2dS+1O/ |Rg(m2 — s) — Rg(m1 — 5)||ds
0

T1
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X / IRq(r2 = 5) = Ry(11 — 8)|[E||Bx(s)||*ds + 10M? (2 — 71)
0

T2 S
x / E|F (s, ys + 3., / as(5, G, ye + 50)d0) |2 ds
T1 0

T1
410 [ Ry(r2 — 5) = Ry(r1 - 9)]ds

0
< [ IR = 5) = Ryl = BN+ 22 [ anls. G + o)) s

0 0

+1277(Q)

></ EHRq(t—s)H(s,ys—i—QS,/ as(s, C, ye +2<)dC)||2ds+10Tr(Q)
0

T1
B

T1
x / 1Rq(r2 = 8) = Rg(m1 — 5)|PEl|H (s, s + 2/ as(s, ¢, yc + Z)dC) | *ds
0 0

Thus compactness of Sq(-), K4(-) and Rg(-) gives the continuity in the uniform oper-
ator topology which implies that the above inequality tends to zero as 7y — 7». This
implies that the set {¥sz: z € B,} is a family of equicontinuous functions.

Step 5. U5 maps B, into a precompact subset of BY..

Obviously, the set V(0) = {W2(0)} is relatively compact in E. For ¢ € (0,T], we
decompose the Wy by U = Ay + As as

S

t t
Alz(t):/o Rq(tfs)Bx(s)der/o Rq(tfs)F(s,strES,/o as(s,C,yc +2z¢)dq)ds

t s
+/ Rq(t—s)H(s,ys+ES,/ as(s, Coye + 2)dO)AW (s), ¢ € [0,T), (3.14)
0 0

te(0,T]. (3.15)

Now, it will be shown that A;(B,)(t) = {(A12)(t) : z € B,.} is relatively compact for
every t € [0,T]. Let 0 <t < s <t; be fixed and let € be a positive real number such
that € < t. For z € B,., we consider

t—e t—e s
(AL2)(t) = / Ry (t—s)Ba(s)ds + / Ry(t—5)F (s, ys+ 5, / aa (s, €. ye4+52)dC)ds

t—e
—|—/ R, (t — s)H(s,ys + 25,/ as(s, ¢, yc + z¢)dQ)dW (s), te[0,T].
0 0

By the compactness of Sy(t), R,(t) t > 0, we have that the set Ue(t) = {(A{2)(t) : z €
B} is relatively compact in E for each € with € € (0,¢). Thus, we have E||(A12)(t) —
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(Af2)(8)|I%
< 31E||/ Ry(t — 5)Ba(s)ds|?
+31E||/ St — 5)F(s y+2/ as(s, ¢, ye + 50)dC)ds |2
0

+3E||/ gt —5) (s,ys+25,/ as(s, G yc + Z)dO)dW ()|
0

IN

t
MEMEOE + 300 [ me(9)0 (4l + P+ MENGO)3)
t—e

T [ LWar (A0l + P+ MPE| (OB ds + 301°Tr(Q)e
0

t

<[ mu)0n (A0l + 6+ GO T [ ma,Ou, (ol

t—e

+ 2(r + ME|[(0)[[3)])dC ) ds.

As € — 0, the right hand side of above inequality tends to zero. Thus, there are
relatively compact sets arbitrary close to the set U(t) = {(A12)(t) : z € B,} and
U(t) is relatively compact in E. It is not difficult to show that A;(5,) is uniformly
bounded. Since W5 is equicontinuous. Thus, by the Arzeld-Ascoli theorem, we deduce
that Ay is compact.

Next, we show that Ao(B,)(t) is relatively compact for every ¢t € [0,T]. For
t € [0,t1], it is obvious. Now for t € (¢;,t;41],i = 1,--- ,m and z € B,, we need to
show that U = {31, Sq(t — ;)L (y(t:) + 2(t:) + Yoiey Kot —t:)Ji(y(t:) +2(t;))ds -
t € (tiytiv1], 2z € B} is relatively compact in C([t;,t;11]; E). By the compactness of
Sq(t), Kq(t) t > 0 and assumptions on I;, J;, we conclude that the set {d°1" | Sy(t —
t) L (y(t) +2(t:)+ > Kq(t—t:) Ji(y(t;)+2(t;))ds, z € B, } is relatively compact in
E. Tt can be easily prove that the functions in U are equicontinuous. Thus, from the
Arzeld-Ascoli theorem, it follows that A, is compact operator. Hence, W5 = Ay + As
is completely continuous operator.

Step 6. Theset G = {u € F: A\{ ¥y (u/A1)+ 1 Pou = u} is bounded for A\; € (0,1).
Consider the nonlinear operator equation of the form

2(t) = MUz(t), 0< A <1, (3.16)

where ¥ is defined by the equation (3.7).
Let z € BY be a possible solution of equation (3.16) that gives that

2At) = MSy(D)]-g(y+2)] + MK (D) —hly+2)]+ M Y Syt — ;)
o<t <t
xIi(y(t) + 2(t:) + M Y Kyt (y(t:) + 2(t;) +/\1/K (t—s)

t; <t
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t

xXG(s,ys + Zq,/ a1(s,C, yc + 2Z¢)dC)ds + M / R,(t — s)Bx(s)ds
0

0

+>\1/ R t—S 5 ys+257/ (12 C yC+ZC)dC)
0

+/\1/ Ry(t —s)H(s ys+zs,/ ag(s, ¢, ye + 2 )dC)dW (s),
te0,7]. i (3.17)
Let v(t) = 4(||¢ll%, +1°(r + M3ZE[¢(0)[|%)) for each ¢ € [0,T]. By using assumptions
(A2)-(A5), we get
Ell2(8)]* < 8E[|Sq(t)[-g(y + 2)]*
+ 8E|| Ko (t)[ur — h(y + D>+ 8E| Y Sy(t—t:)

0<t; <t

x Li(y(t:) + 2(6))|° + Bl Y Kq(t — i) Jily(ts) + 2(t:)|1* + SE| /0 Kyt —s)

t; <t

s t
XG@w3+%l/th@£4k+2ﬂKMﬂV+SM| Ryt — 5)Ba(s)ds|
0 0
t S
+ 3| mwﬂw@%+@/am@w+amww
0 0

t s
+ SE| RAffﬁHSWy+%Z/ad&@m+2ﬁﬁﬂwwwa
0

M*MET?

<8M?|| — Z48M2Y DL 4 8M?Y Wi 464
I =gy +2)* + Z + Z + A

=1 =1

{2]E||yT+3T||2

%, + Lglly + ZII* + Ly + 2M*[|Jua |®

T

+ 2/ Ello(s)||5ds 4+ 2M?|
0

+ Lally +21° + Lj)

m
+M2Zt1>’ MQZ\IJ + M*T?[2Le(1 + 2L, )r* 4+ 4LaCo + 2C1]
+ M?T mF(S)@F(IIyﬁ%II%ﬁT/ LayWas (lye + Zcl1%,)dC)ds + M*Tr(Q)
0 0

T s
< [ muOu .+ 2l + T [ maOuluc + Zlfs, )Ods | +8MT

0 0

t s
></O [ Ry(t — s)[lmp(s)Or llys+33|\%v+T/O LayWa, (lye + Zcl13,)dC | ds

+8Aﬂngyé7mA@eHm%

“%%+T/7mxmmy 53, )dC)ds
0

2%, + Li)+8M2> @
i=1

<16M?[L, Zi%, + LY+ 1602[uy |2
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i MAMAET?
+ 8M? Z Wh + 64— x

T
- {2E||yT 211 +2 | Blo(s)lhds + 2210l
i=1 0

+ Lyllye + 2%, + L) + 202 [uall% + Lully + 212 + L] + M2 > &) + M2 > U}
=1 i=1
T
+ M2T? [2LG(1 + 2L, )0(t) + 4LaCo + 261} + M2T? / me(s)
0
s T
<O (v(s) + T / Loy Woo ((O))dC ) ds + M>Tr(Q)T / ()0 (1v(s)
0 0

+ T/ My Oy (1(C))dC)d } + 8M2T? {ZLG(I 2L, )(t) + 4L6Ca + 201}

+ 8M2T2 mp(s)Op <u( )+ T/g LayWa, (v (c))dg> ds + 8M?*Tr(Q)T
0

/mH @H +T/ May O ( )dC)

Therefore
M 32T212M2 s
u(t) < < [ e 0r (1) + 7 [ LWt i
1-N
2 2M2T
+3z r( /m @H +T/ My Oy ( )dg)ds (3.18)
where

M = A(||¢|l3, + M2PE[¢(0)]]%) + 64M>2LL + 64M>12L}, + 6412M>(|Jus | %)
MAMAT?

3212 M2y @ 43212 M* Y W + 25612
EEIDSUELRID DRSS

=1 i=1

{QEyT + 27|

T m
+2/ Ello(s)|gds + 2M?||¢ll5, + 2M>Ly + 2M>Lj, + 2M>|[un |1 + M* ) ]
0

i=1

+M22\Iﬂ +2M?*T?*(2LGCo + Cy) + M?T? / mp(T)OF <u( )
=1

+T/ Lo, Wa, (v (C))d§>d7+M2Tr / my(7)O (v(7)

+T / MayOus ((€))dC)d }+16M2T2(2L0C2+Cl),

and

GAMAMATA

N = G42M2L, +64M22L, + 812( 5

+ 8M2T2)LG(1 +2L,))
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256 M* MET*
+7

v 12 x {2MQZQ + 2M2Eh}. (3.19)

Denote the right hand side of the inequality (3.18) by £ and obtain

v(t) <(t), vV telo,T], (3.20)
with £(0) = Ejﬁ' Therefore, we have
, 32 t
gty = T [ZQMQTQ x mp(t)0p (v(t) + T /0 LGQW@(V(S))ds)

AN
w
[\
¢
o
S
S
N
X
3
)
@
|
Iy
=
+
S
o\*
~
S
5
iy
N
=
V)

INA
S
&

mO[or (6 + T [ LaWl)as)

o () + 7 /O e (e(s))ds)]. (3.21)

where m(t) = max{(liQN) X PM>*T? x mp(t), (132]\7)12M2T7’(Q)T x mpy(t)}. Let
us consider p(t) = £(¢) + fot TLO(&(s))ds, where £ = max{Lg,, Mg, }, and O(y) =

max{Wa, (y), Oa, (y) }. Thus, ©(0) = £(0), £(t) < ¢(t) and

¢'(t) + TLO((1),
m(t)[Or (1)) + Ou(p(t)] + TLO(p(1)),
m(t)[Or(¢(t) +Oulp(t)) + O(p(1)], (3.22)

where m(t) = max{m(t), TL}. This implies that

@' (t)

IN

~— ~—

)
)

t
t

IN

e(t) ds T d ° ds 5
< m(s)ds < .
/@(0) Or(s) + On(s) + O(s) — / (s < J o Or(®) T On(s 10" ¢

which shows that ¢(t) is bounded on [0, T]. Therefore, there exists a constant € > 0
such that ||ul|3. < v(t) < &(t) < ¢(t) < € for all t € [0,7], where constant € depends
on the function Or, Oy, 0, mr, myg, m and m. Therefore, it implies that the set G
is bounded on [0, T]. Hence, by the Krasnoselskii-Schaefer type fixed point theorem,
there exists a fixed point z for ¥ on B, such that Wz(t) = z(¢). Since u(t) = y(t)+2(¢),
therefore u(t) is the mild solution for the problem (1.1)-(1.3) on [0, T1. O
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4. APPROXIMATE CONTROLLABILITY

This section presents the main result on approximate controllability of system (1.1)-

(1.3). For this, we have to make the following assumptions:

(B1) The function G : [0,T] — B, x E — E is continuous, and there exists a constant
51 > 0 such that
]EHG(ta uy, UQ) ||2 S Clv

for t € [0,7] and u; € B, us € E.
(B2) There exists a constant Cy > 0 such that

E||F(t,u1,us)||? < Ca, ui € By, us € E, t €[0,7T).

(B3) There exists a constant C > 0 such that

E||H (t,u1,us)|? < Cs, uy € By, uy € B, t €0,T).

Theorem 4.1. Let us suppose that assumptions of Theorem 3.1 hold and (B1)-
(B3) are fulfilled and the linear system corresponding to system (1.1)-(1.3) is ap-
proximately controllable on [0,T)]. Then, stochastic control system (1.1) involving

fractional derivative is approzimately controllable on [0,T].

Proof. Let u(-) be a fixed point of ¥ in B7. Theorem 3.1 gives that any fixed
point of the operator ¥ is the mild solution of the system (1.1)-(1.3). By using the
stochastic Fubini theorem, any fixed point of ¥ is a mild solution of (1.1) if u(¢)
fulfills

uMT) = ur — AR, T E(u()), (4.1)
where
k(u?(-)) =Eur + /O a(s)dW (s) = S4(t)(6(0) — g(u?)) = Kq(t)(ur — h(u?))
—iSq(T—ti)Ii(u’\(ti)) =) K (T —t;)J; / K, (T - s)
i=1 t;<t

X G(s, 1, / ax (s, ¢, ud)dC)ds
T s
—/ Rq(T—s)F(s7u;\7/ ag(s,C,u&\)dC)ds
0 0
T s
- [ BT =9t [ aats Cad)dc)aw )
0

0

By the assumptions (B1)-(B3), we have that F,G and H are uniformly bounded on
[0,7]. Then there are subsequence, denoted by {G(s,us, ﬁ) ay(s, ¢, uC )d¢)},
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{F(s,u}, [; az(s,¢,u)d()} and {H(s,u, [; as(s, ¢, ud)d¢)} which converges weakly
to say G(s), F(s) and H(s) in E,E and L(K, E), respectively. On the other hand,
the operator A(AI + I'T)~1 strongly as A — 0% for all s € [0,7]. Thus, by Lebesgue
dominated convergence theorem, we have that for ¢ € [0,T7,

[w(T) = ur® < 6E[IAR(, IG) [Eur

T
+ /0 o (s)dW (s) = Sq(1)[6(0) — g(u™)] — Kq(s)(ur — h(u*))]|
+ 6E|| i AR(ATG)Sq(T — ti) Ii(u (t:)) ||

i=1

+ 6E|| Z AR T) K (T — t3) Ji(u(t:) 2

+6E||/ )\R()\,FOT)Kq(Tfs)x[G(s,u;\,/ a1(s, ¢, up)d¢) — G(s)]ds|?
OT Os
+6]E||/ AR(A,F{)Rq(T—s)x[F(s,ug,/ as(s, ¢, ul)dC) — F(s)]ds|?
0T Os
+61E||/O AR(AT{)Ry(T — s) X [H(s,uiy/o as(s, ¢, up)d¢) — H(s)]dw(s)|?
—0, as A — 0.

This gives the approximate controllability of (1.1). O

5. EXAMPLE

Consider an impulsive neutral stochastic partial differential equation with nonlocal
conditions

t
DIy (t,w) / / Yed(7=9) (T,w)des—/ (t —s)
0

0

/ / b1 (71)ba(12)dT1dTods] = % + p(t, w) +/ ai(t,s,w,y(s,w))ds

— 00

// tyas(s, 7, w,y(s, w) des+/ 1(t, s, w, y(s,w))ds

// 63$Twy(sw))drds) IZ()O<t<T w € [0,7],

y(ta O) = y(t’ 77) =0, y/(tv 0) = y/(t’ 7T) =0, (52)
y(0,w) +/0 ky(w, 2)y(t, z)dz = ¢(t,w), te€ (—o00,0], (5.3)
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¥ (0,w) + / " ka(w, 2)y(t, 2)dz = (t, w), (5.4)
Ay(t,w)|i—s, = Li( / di(t — s)y(0, w)ds, (5.5)
Ay (tyw0)oms, = Ji(y(t,w) = / Filt — 5)y(6, w)ds, (5.6)

where I;, J; € C(R,R), ¢ = 1,--- ,m, W(t) denotes a standard cylindrical Wiener
process in E defined on a stochastic space (2, F, P) and E = K = L?([0, 71]) with the
norm || - ||, g : [0, T] x [0, 7] — [0, 7] is continuous in ¢, © D{ represents the generalized
Caputo fractional derivative of order 1 < ¢ < 2.

Choose U = E = L?([0,7]). Define the operator A : D(A) C E — E by y"’ = Ay
with the domain

D(A) ={y € E:y, 3 are absolutely continuous, y” € E and y(0) = y(7) = 0}.

Then, we have that A is densely defined in E and it is the infinitesimal generator of a
resolvent family {S,(¢) : t > 0}. Further, A has a discrete spectrum with eigenvalues
of the form —n?, n = 0,1,2,--- and corresponding normalized eigenfunctions are
given by y,(w) = \/% sin(nw). Additionally, {y, : n € N} is an orthonormal basis
for &Y and

yfze YY)y, ¥y € B, >0,

Now, we take v(t) = 2!, t < 0. Then we have | = ffoo v(s)ds = 1/2(here s < 0) and
define

0
1Y/, :/ v(s) sup (E|y(0)]?)%ds.

—o00 0€(s,0]
Clearly, (%B,, || - ||ss,) is a Banach space. Thus, for (¢,y) € [0,T] x B, with y(0)(w) =
y(0,w), (0,w) € (—00,0] x [0,7]. Let y(t)w = y(t, w) and define the bounded linear
operator B : U — E by Bz(t)(w) = u(t,w), w € [0,7], v € U. Thus, the functions
G:[0,T|xByxE = E, F:[0,T]xB,xE — Eand H: [0,T]x B, xE — Lo(K, E)
are given as

t

G(t,¢,/0 ay(t, s, d)ds)(w) :/ 64(T_t)¢(7',w)d7'

_ * /Ot /OOC b1(t)ba(7)¢(T, w)drds,

t 0
F(tv¢>/0 a2(t,s7¢)d8)(U)) :/ al(t’s7wv¢(s7w))ds

_ / / tyas(s, T, w, ¢(s,w))drds,
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0

H(t. 6. / as(t, s, §)ds)(w) = / &t 5, w, 8(s, w))ds

e o
+/0 /_Oogz(t)gs(S,T,w,gb(s,w))deS,

where:
(1) b1,b2 : R — R are continuous, and

0 $))2 1
e ([ B

— 00

(2) The functions as, ¢z : R — R are continuous and a;,¢;(j = 1,3) : R — R are
continuous and there exist continuous functions p;, ¢; : R — R(i = 1,2, 3,4) such that

lay(t,s,z,9)] < pi()p2(s)lyl, (ts,2,y) € RY,
las(t,s,z,y)] < ps(t)pa(s)lyl, (t,s,7,y) € R,
it s,z,y)| < qt)g(s)lyl, (¢ s,z,y) € R,
Es(t, s, z,y)| < as(t)aa(s)lyl, (ts,2,y) € R,

with

a_ 0 (P2(5))2 1/2 a_ 0 (p4(5))2 1/2
Ll—(/oo() ds)™* < oo, L2—(/7Oo ds)™* < o0,

v(s v(s)
T _ 0 (g2(s))? /2 < o0 and LE — 0 (qa(s))? )12 < oo
Ll(/oo’l)(s) ds)*= < dLQ*(/foo o(s) ds)™* < 0.

(3) The functions d;, f; and L;, = (fEOO (di)zds)l/z7 Ly =(J°

e ﬂds)lm, where

oo wv(s)

i=1,---,m, m € N are finite.

Thus, the system (5.1)-(5.6) can be reformulated as (1.1)-(1.3) and neutral fractional
stochastic system with nonlocal and impulsive conditions corresponding to (5.1)-(5.6)
is approximately controllable. Therefore, we may easily verify all the assumptions
of Theorem 3.1, 4.1 and hence, fractional control system (5.1)-(5.6) is approximately

controllable on (—oo, T.
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