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1. INTRODUCTION

In the recent years, the investigation of fractional differential equation has been pick-
ing up much attention of researchers. This is due to the fact that fractional dif-
ferential equations have various applications in engineering and scientific disciplines,
for example, fluid dynamics, fractal theory, diffusion in porous media, fractional bio-
logical neurons, traffic flow, polymer rheology, neural network modeling, viscoelastic
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panel in super sonic gas flow, real system characterized by power laws, electrody-
namics of complex medium, sandwich system identification, nonlinear oscillation of
earthquake, models of population growth, mathematical modeling of the diffusion of
discrete particles in a turbulent fluid, nuclear reactors and theory of population dy-
namics. Fractional calculus is the generalization of the ordinary differentiation and
integration to arbitrary non integer order. The fractional differential equation is an
important tool to describe the memory and hereditary properties of various materials
and phenomena. For more details on fractional calculus see [2, 10, 19, 20].

On the other hand, control problems have attracted many physicists, engineers
and mathematicians and notable contributions have been made to both theory and
applications. The notion of controllability has played a central role throughout the
history of modern control theory. This is the qualitative property of control systems
and is of particular importance in control theory. Many dynamical systems are such
that the control does not affect the complete state of the dynamical system but only
a part of it. On the other hand, very often in real industrial processes it is possible to
observe only a certain part of the complete state of the dynamical system. Therefore,
it is very important to determine whether or not control of the complete state of the
dynamical system is possible. So, here the concept of complete controllability and
approximate controllability arises. Roughly speaking, controllability generally means
that it is possible to steer the dynamical system from an arbitrary initial state to the
desired final state using the set of admissible controls. Controllability is also strongly
connected with the theory of minimal realization of linear time-invariant control sys-
tems. Conceived by Kalman [9], controllability study was started systematically at
the beginning of the sixties. Since then various researches have been carried out
extensively in the context of finite -dimensional deterministic linear systems, non-
linear systems and infinite dimensional systems using different kinds of approaches.
Controllability of deterministic systems is widely used in many fields of science and
technology.

On the other hand, noise or stochastic perturbation is unavoidable and om-
nipresent in nature as well as in man-made systems, so we have to move from de-
terministic models to stochastic models. Stochastic differential equations play an
important role in formulation and analysis of mechanical, electrical, control engineer-
ing, and physical sciences. Motivated by these facts many researchers are showing
great interest to establish an appropriate system to investigate qualitative properties
such as existence, uniqueness, controllability and stability of these physical processes

with the help of fractional calculus, Stochastic analysis and fixed point theorems.

Klamka [12] studied the controllability of linear stochastic systems in finite di-
mensional spaces with delay and without delay in control. In [11], Klamka and Socha
discussed about the controllability of stochastic systems. Mahmudov et al. [17, 16]
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established results for controllability of linear and semilinear stochastic systems in
Hilbert spaces. Shen and Sun [15] studied the controllability of stochastic first order
nonlinear systems with delay in control in finite dimensional as well as in infinite
dimensional spaces.

On the other hand, non local conditions introduced by Byszewski et al. [4] are the
conditions given by an expression where the value of an unknown function is expressed
by the value(s) of this function at regular intervals rather than continuously over the
history period. He has done a great work on nonlocal condition problems and claim
that these types of conditions are usually more precise for physical measurements
than the classical ones as more information was taken into account at the oneset of
the experiment. In recent times, many researchers have studied the existence and
uniqueness of the mild solution of semilinear systems with nonlocal conditions.

Kumar.S and Sukavanam [13] established sufficient conditions for the controllabil-
ity of second order deterministic systems with nonlocal conditions in Banach spaces
using Sadovskii’s Fixed point theorem. Shukla et al.[14] established sufficient con-
ditions for the approximate controllability of retarded semilinear stochastic system
with nonlocal conditions by assuming that the corresponding linear system is approxi-
mately controllable. Arora and Sukavanam [1] established the controllability of second
order semilinear stochastic system with nonlocal conditions using Sadovskii’s Fixed
Point theorem. Very less papers deal with the controllability of fractional stochas-
tic systems of order p € (1,2]. Farahi and Guendouzi [7] studied the approximate
controllability of fractional neutral stochastic evolution equations of order p € (0, 1]
with nonlocal conditions using Sadovskii’s Fixed Point theorem. In [8], Guendouzi
and Farahi established results on the aproximate controllability of semilinear frac-
tional stochastic dynamic systems with nonlocal conditions in Hilbert Spaces using
Schefer’s Fixed point theorem.

To the best of our knowledge, the existing articles in the literature concentrate
to examine the existence, uniqueness and controllability of mild solutions for frac-
tional stochastic systems of order p € (1,2] in Hilbert space H using Banach Fixed
Point Theorem, Schefer’s Fixed Point theorem. there is no work reported on the con-
trollability of fractional stochastic system of order p € (1,2] using Sadovskii’s Fixed
Point Theorem. Motivated by the above analysis, in this paper we establish sufficient
conditions for the approximate controllability of fractional stochastic system of order
p € (1,2] with nonlocal conditions using Sadovskii’s Fixed Point Theorem.

2. PROBLEM FORMULATION AND PRELIMINARIES

Let Y, U and K be the separable Hilbert spaces. Let (€2, S, P) be a complete probabil-
ity space equipped with a normal filtration Sy, ¢ € J = [0, 5] such that the filtration
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Qy is a right continuous increasing family and g contains all P-null sets. Let w be a
Q-Wiener process on (€2, S¢, P) with the covariance operator @ such that tr@Q < co. A
Y-valued random variable is a & measurable function y(¢) : 2 — Y and the collection
of random variables S = {y(t) : @ — Y|t € [0,b]} is called a stochastic process. We
assume that there exists a complete orthonormal system e in I, a bounded sequence
of nonnegative real numbers A\, such that Qe = Agex, k = 1,2,--- and a sequence
By, of independent Brownian motions such that

<w(t),e >= Z\/Ak <eg,e>DBg(t), eeckted
k=1

and S; = $%, where Sy is the o-algebra generated by w. In order to define
stochastic integrals with respect to the Q-Wiener process w(t), we introduce the sub-
space Ko = QY2(K) of K which is endowed with the inner product (yi,¥2)i, =
(Q~'2y1,Q~"/?yy) and is a Hilbert space. Let £, = L5(QY/2K;)) be the space of
all Hilbert-Schmidt operators from Ql/ 2IC to ) with the norm

llelZe = tr((9Q"*)(0Q"?)"),

for ¢ € £9. Clearly, for any bounded linear operator ¢ € £(K,)), this norm reduces
to

lelZ = tr(0Q¢") = >[IV Al
k=1

Let L2(92,S3p,Y) be the Banach space of &, measurable square integrable ran-
dom variables with values in the Hilbert space Y. Let LZ(J,)) be the space of
all $y-adapted, Y-valued measurable square integrable processes on J x €. Let
C([0,b]; La(€2, 3¢, Y)) be the Banach space of continuous maps from [0, b] into Lo (€2, Sy,
12

V) satisfying the condition sup E||x(t)||* < cc.
teJ

Let Y» be the closed subspace of C([0,b]; L2(€2, 3%, Y)) consisting of measurable
and Sy - adapted ) valued processes ¢ € C([0,b]; L2(©2,,Y)) endowed with the

norm
1/2
]|y, = (sup E|¢(t)l2y>
t€(0,0]

where E is defined as integration with respect to probability measure P.

In this paper, we consider a mathematical model given by the following semilinear
fractional stochastic system of order p € (1,2] with nonlocal conditions of the form
dw(t)

—2 . teJ
dt’e

cDfz(t) = [Az(t) + Bu(t) + §(t,z(t))] + o(t, z(t))
z(0) = =xo+g(x), 2/(0)=21+g1(x)

(2.1)

where p € (1,2], D is the caputo fractional derivative and the positive constant
b < oo. Here, the state x(.) takes values in a Banach space ) and the control function



SEMILINEAR FRACTIONAL STOCHASTIC SYSTEM 49

u € Lé(J, U); a Banach space of admissible control functions. A is the infinitesimal
generator of strongly continuous p-order cosine family {C,(¢)} on the Banach space
Y. B is a bounded linear operator from the Hilbert space U into ). The maps
f:dxY =YV, o0:Jx)Y— Lg are nonlinear suitable functions; xy and xq are
Qg measurable ) valued random variables independent of w; g, g1 are continuous
functions from C(J,Y) — Y.

For simplicity of considerations, we generally assume that the set of admissible
controls is Uyq = L& (J,U).

Now, we discuss some basic concepts of fractional calculus, stochastic integral and
semigroup theory of linear operators.

Here C([0,b];Y) and C([0,b]; V) denote the space of functions which are contin-

uous and 1-time continuously differentiable, respectively.

Definition 2.1. [10]. If z(¢) € L1([0,0]; V), then the Riemann-liouville fractional
integral of order p > 0 is defined by

JPx(t) = F(lp)/o (t — s)P1a(s)ds

where I'(p) is the Gamma function defined as I'(p) = [~ e "t7~dt.

Definition 2.2. [10]. The Riemann- liouville fractional derivative of a function
z(t) € L1(]0,b]; ) of order p € (1,2] is defined by

1 d2 t
_ P2 72— _ -
Definition 2.3. [10]. The Caputo fractional derivative of order p € (1,2] is defined
by
) 9 p o 1 ¢ [ &
Dtl'(t) = ‘]t D ZE(t) = I@—p)lg (t—S) p|:dS2I(S):| dS,

where x(t) € L1([0,0]; ¥) N C*([0,b]; V).
Consider the following fractional order system:
‘Dja(t) = Ax(t), 2(0) =n 2'(0) =0, (2.2)

where p € (1,2]; A: D(A) C Y — Y is a closed and densely defined operator in a
Banach space ). Applying Riemann fractional integral of order p on both sides of
(2.2), we get

1 ¢ o1
x(t)=n+ 1_‘(/))/0 (t — )P~ Ax(s)ds (2.3)
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Definition 2.4. [2]. Let p € (1,2]. A family {C,(t)}+>0 C L(Y) is called a solution
operator (or a strongly continuous p-order fractional cosine family) for (2.2) if the
following conditions are satisfied:

1. C,(t) is strongly continuous for ¢t > 0 and C,(0) = I;
2. C,(t)D(A) € D(A) and AC,(t)n = C,(t)An for all n € D(A), t > 0;

3. C,(t)n is a solution of (2.2) for all n € D(A), t > 0.

A is called infinitesimal generator of C),(t). The strongly continuous p-order frac-
tional cosine family is also called p-order cosine family.

Definition 2.5. The fractional sine family S, : [0,00) — L()) associated with C,
is defined by

Sp(t):/Oth(s)ds, >0

Definition 2.6. The fractional Riemann-Liouville family P, : [0,00) — L(})) asso-
ciated with C), is defined by

Py(t) = Jf 71 C(t)

Definition 2.7. The p-order cosine family C,(t) is called exponentially bounded if
there are constants M > 1 and w > 0 such that

IC, ()] < Me®*, ¢ >0 (2.4)

An operator A is said to belong to C?(), M,w), if the system (2.2) has an p-order
cosine family C,(t) satisfying (2.4).

Lemma 2.8. [21] Let G : J x Q — L§ be a strongly measurable mapping such that
b

/ EJ|G(8)|[? pdt < co. Then
0 2

JEH /OtG(S)dw(S) ' < Lg /OtEHG(S)HZEgdS

forallt € J and p > 2, where L¢g is the constant involving p and b.

Definition 2.9. A function = € )» is said to be the mild solution of (2.1) if it
satisfies

z(t) = Cp(t)(zo+g(x)) + S, () (21 + g1(2)) + /O Pp(t = s){Bu(s) + (s, z(s)) }ds
+ /0 P,(t—s)o(s,z(s))dw(s), t € [0,b] (2.5)
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Definition 2.10. The stochastic system (2.1) is approximately controllable on [0, b]

if R(b) = La(2, 30, V).

Definition 2.11. (Kuratowski measure of noncompactness(MNC)) The Ku-
ratowski measure of noncompactness(MNC) of the set M in the Hilbert space ) is
the greatest lower bound of those € > 0 for which the set M can be covered by finitely
many sets of diameter < e that is

w(M) =inf{e > 0: M may be covered by finitely many sets of diameter < e}
for every bounded subset M in the Hilbert space ).
Lemma 2.12. For any bounded set U,V C Y, we have the following results:

1. u(U) =0 if and only if U is precompact;

2. w(U) = p(econvU) = u(U), where convU and U denote the convex hull and

closure of U, respectively;
3. w(U) Cc(V), whenU CV ;
4. p(U+V)<uU)+uw(V), where U+ V ={u+v:uecU;veV};
5. (U UV) < max{pU); u(V)};
6. u(A\U) = \u(U), for any X € R;

7. If the map @ : D(Q) C ¥ — K is Lipschitz continuous with constant k, then
w(QU) < ku(U) for any bounded subset U C D(Q), where K is a Hilbert space.

Definition 2.13. (Condensing Operator) A condensing (or densifying) operator
is a mapping under which the image of any set is in a certain sense more compact
than the set itself. The degree of noncompactness of a set is measured by means of
functions called measures of noncompactness. The contractive maps and the compact

maps are condensing.

Theorem 2.14. [23](Sadovskii’s Fixed point theorem) Let N be a condensing
operator on a Banach space V', that is, N is continuous and takes bounded sets into
bounded sets, and (N (D)) < u(D) for every bounded set D of V with (D) > 0. If
N(S) C S for a convez, closed and bounded set S of V', then N has a fized point in

S.(Here pi(.) denotes the Kuratowski measure of non-compactness).

To prove our main results, we list the following basic assumptions of this paper:
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(H1) Ais the infinitesimal generator of a p-order cosine family C,(t) on V and there

exists a constant M > 1 such that

G, < M

(Hy) The functions §: J x V — V and ¢ : J x V — Ly° satisfy linear growth and
Lipschitz conditions. Moreover, there exist positive constants Ny, No, K7 and
K5 such that

15t @) = f(E I < Nille —yll?, 1178 2)]2 < Na(1+ [Ja]?)
lo(t,2) = ot yllig < Kille =yl ot 2)ll7g < Kol + ||=]*)

(H3) The functions g and g; are completely continuous functions and there exist some

positive constants M, and M,, such that
llg(@) = gW)II* < Mllw = ylI*,  llg(@)|* < My(1 + ||=[*)
lg1(2) = 1 W)II* < M, ||z = ylI*, lgr(@)|* < My, (1 + [[[*)
for all z,y € C(J,V)

(Hy) The linear fractional system corresponding to system (2.1) is approximately
controllable on [0, b]. That is, for each 0 < t < b, the operator B(SI+W¥?)~! — 0
in the strong operator topology as 8 — 0%, where

b
who= /Pp(b—s)BB*P;(b—s)ds
t

is the controllability Grammian. It is already known that the linear determin-

istic system corresponding to (2.1)

Dl (t) [Az(t) + Bu(t)ldt, teJ } (2.6)

z(0) = o and 2/(0) = x;

is approximately controllable on [t, b] iff the operator 3(31+W?)~1 — 0 strongly
as B — 01 [22].

3. MAIN RESULTS

Let us recall one lemma concerning approximate controllability, which will be used in
the proof.

Lemma 3.1. [17] For any zy, € La(2,3,)), there exists ¢ € L3 (J, LY) such that
b
zp, = Exy —|—/ ¢(s)dw(s).
0
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Now for any 8 > 0 and z, € La(£2, Sy, V), control function is defined as

uP(t,z) =

BRI (b 1) [(ﬂf Ll (Ew —Cy(B) (o + 9()) — S,(B) (a1 + gl<x>>)
' by—1 s)dw(s
+ [+ o <>]

— B*Pj(b—t) /0 (BI + W) "LP, (b — s)f(s, x(s))ds

— B*P;(b—t)/ (BI+ Y2 P, (b — s)o(s,2(s))dw(s)

0
Lemma 3.2. There exists a positive constant M, such that for all x,y € Yo, we
have

M,
Ellu’(t,z) — o’ (t,y)|* < *2||:C—y||2 (3.1)
Ellu”(t,2)|* <

Aﬁﬂ (1+|j2]?) (3.2)

Proof. Let us take z,y € ). Now, using Holder’s inequality, Lemma 1 and the
assumed conditions, we get

2
Ellu(t,2) — (1, y)|? < 4EHB*P;<b S (BI+ 1Y) b)) — g(w)]

* Pk —1
+4E|[B* Py (b—t)(B] + ¥,")

2

Sp(b) [91(37) - 91(?/)]

B 0= 0) [ (51 )P0 ). o(s) — (s, p(o)ds

BP0 0) [ (1407 P00 - 9lo(s.0(5) — ols,y(s) (s
Mbr—1 2 2 2

_BQH |( — ) M (Mgnx—yanglnw y|y2)

e (2 ) (v / MElJa(s) — y(s)13ds + Lo /tK1E|$(S)—y(s)||2ds)

y
=— (V7 be su x s)||?
~ et (B Tty g 2, sup Blete) ~vis)3

2
+ 4K

+4E

2

s€[0,b]
2p—1 )
B Lok sup Ella(s) — y(s)] ]
F( ) s€[0,b] Y
4 b1\ 2 b2e p2r—1
<B2M4< ) {M + My, + =N+ ———L Kb} x —yl?
—-62|| H F(p) g g F(p) 1 F(p) Gl H y”y2
M,

=l — vl
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2
1
where M, = 52|B|2M4(bp( )> [Mg + Mg, + ( )Nl + F( ) "L K1b| and p, q are
conjugate indices.

Similarly, we can prove the second inequality. So, the proof of lemma is completed.

For any 8 > 0, define the operator F : Yo — Vs by

(Fpa)(t) = Cp(t)(wo+9($))+5p(t)($1+91(fﬂ))+/0 P,(t—s)[Bu(s, z)+f(s, 2(s)))ds

P,(t —s)o(s,z(s))dw(s).

0

To prove the required result, we will use the Sadovskii’s Fixed Point theorem to prove
the existence of a fixed point of the operator Fs defined above in Theorem 3.1. By
assuming the approximate controllability of the corresponding deterministic linear

system (2.6), we will prove the approximate controllability of system (2.1).

Theorem 3.3. Assume hypothesis (Hy) — (Hy) are satisfied. Then the system (2.1)
has a mild solution on [0,b] provided that

MbP=1N\ " ( MZb2M,
1OM2(M9—|—M91)+5< ) ) ( 2 “ 4+ 52Ny + L, KQb) (3.3)
and
Mbr—1 MZbM,,
(ALY (M ) <o 64

Proof. Now the proof is divided into several steps.
Step 1. For any = € ), F(x)(t) is continuous on J.
Proof of Step 1. Let 0 < t; <ty <b. Then for any fixed z € ), it follows from

Holder’s inequality, Lemma 1 and assumptions on the theorem that

E[|(Fp)(tz) — (Faz)(t1)]]* < S{EII(Cp(tz) = Cp(t1))(zo + g())|I?
+E[[(Sp(t2) — Sp(t1)) (21 + g1(2)) ||

—HE/ (1 — 5) — Py(t1 — 8)]f(s, 2(s))ds

+E / Py(ts — 8)§(s, x(s))ds
[

2

+E

+E / Py(ta — s)o(s,z(s))dw(s)
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—&-]EH/Otl[Pp(tg—s)—P(1—3)}Bu (s 2yds||

<8 [2 <E|<cp<t2> — Cp(t1))aoll? + E[|(Cy(t2) — Cp(t1))g()||?
+E|[(S,(t2) — Sp(tr))z1 ]2

+1E||(5p(t2)—Sp(fl))gl(ﬂf)l2) +t1/01EH[ p(ta = 5) = Py(ts — s))f(s, x(s))[|ds

i (%)@ ) | E|lf(s, 2(s))|ds

+ LG/O E[|(Py(t2 = 5) = Py(t1 — 8))o (s, x(s))||ds

i (%)LG / fﬂzno(s,x(swds

+t1/01E|\[ (ta — s) — Pp(tl—s)}BuB(s,m)Hst

Mbr=1\? t2
+ ||B 2< > to —t / E||u” (s, z)||?ds.
1B T0p) (ta —t1) ; [[u”(s, )|

Since C,(t) , S,(t) and P,(t) are strongly continuous. So, using Lebesgue’s dominated

ta
—HEH/ P,(ty — s)Bu”(s,z)ds
ty

convergence theorem, we get that Fg(x)(¢) is continuous on J.
Step 2. For each positive integer ¢, let By = {2 € Vs : E|[z(?)[[3, < ¢}, then the
set By is clearly a bounded, closed and convex set in V. Using Holder’s inequality

and assumption (ii), we derive that

2 <x( | t |Pp<ts>f<s,x<s>>|yds)2

ys(w V([ I aoplas)

b / E[lj(s, () [3.ds

IE‘ /Oth(ts)f(s,z(s))ds

2 t
b ; Na(1+ Ellz(s)[[3)ds

(")
()
<<m;1>2w\r2 /Ot (1 + Sim]mm(sn@) ds
()
(o)

bN2b(1 + ||2][3,)

b Na (1 + ||l13,,)
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Which deduces that P,(t — s)f(s,z(s)) is integrable on .J, by Bochner’s Theorem [18],
F3 is well defined on B,,.

Similarly using lemma 2.8 and assumption (i7), we derive that
2 t
2
<L, [ EIR(1 = o(s.a() gy

( 5 1>2/0 El|o (s, 2(5))l[79ds

e [ £t - s1ots.nto)auts

Mbr—1\? [t
<L ( ) [ Ka1+ Bt )
Mpr~?
<t.( 4. ) /(1+sup E (s >|2y>ds
0 s€[0,b]
2
<L ( >K2b1+||x|y2)

Mbp 1)
<Ly | ——— | Ksb(1 + ||z]||?
(5 ) Kab1-+ lel)

Now, we claim that there exists a positive number ¢ such that Fg(B,) C B,.
If it is not true, then for each positive number ¢, there is a function z4(.) € B,
but Fz, doesnot belong to By, that is E|[Fgx4(t)[[3, > ¢ for some ¢ € J.

On the other hand, from assumptions (ii),(iii) and lemma 1, we have

¢ < EllFpea ()3 =E|\0p<t>(xo+g<x»+sﬂ< a1 + g (a / Pyt — 5)[Bu’(s,2)

Filsal)ds + [ Pyt = s)als,a(s))du(s)
0
<5EMPE||zo + g(2)|]? + 5M2E||z1 + g1 ()]

Mbr=1\? M, Myt
+5(F<>) MEp? =L > (1+|x||y2)+5( ) ) b*Na (1 + [|l13,,)

Myr—1
( ) Lo Kob(1 +|z][3,)

<51\42(2Ellﬂﬂoll2 +2El|g(2)|[*) + 5M?(2E||21[* + 2E|g1 (2)][*)

Y

MbP~ 1) M, (Mb _1)

+5 MY + ||z[[3,) + 5 b*Na(1 + ||2|[3
(P ) M2 el +5( A ) #Nat1+ lelf,)
Myt

+5( ) LoKob(1 + [Jalf3,)

<5Z\f“[ZEIIxollz +2My (1 + [[a][3,)] + 5M 2B 1] + 2M,, (1 + []2][3,,)]

Mbr~1 M, Mbr~1
eo (M0 v e i) () w4 ey
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Mbr=1\? )
+ 5(F(p)) L,K5b(1+ HxHyz)

<5MP[2E||zo]|* + 2My (1 + )] + 5M[2E 21 ||* + 2My, (1 + q))]

Mbr=1N\? M, Mbr—1\? ,
+5<F(p) ) M3b ﬁ2(1+q)+5< ) ) BNy (1 + q)

+ 5(2\?2;1)2%1(21)(1 +4q)

< |:10M2E|£L'0|2 + 10M? M, + 10M>E||z1||* + 10M>M,,

Mb—IN\? ( MEVM,
¢ Ny + L, K. 10M>2 M,
+5(r<p>)( g TP 2*””)%[0 ‘

MbP=\? [ MEb>M,
+10M2M1+5< > ( B~
! L'(p) 32
Dividing both sides by ¢ and taking the limit as ¢ — oo, we get
Mbr! > 2 <M§b2Mu
L'(p) 32

This contradicts condition (3.3). Hence for some positive number ¢, FgB, C B,.

+ 2N,y + L,,Kgbﬂ q.

10M? (M, +Mg1)+5< + b2 Ny +LUK2b> >1

Step 3. Now, we define operators F, and Pg, as
(Fpz)(t) = Cp(t)[ro+ g(x)] + Sp(t)[x1 + g1(z)]
(o)) = [ Polt=s)[Bu (s.0) + (s, alo)lds + [ Polt = s)o(s,a(s)do(s)
0 0

for t € J.

Here, we will prove that Fg, is completely continuous, while Fg, is a contraction
operator.

By assumption (iii), it is clear that Fg, is a completely continuous operator.

Next we show that Fg, is the contraction operator. For this, let z,y € B, then
for each t € J, we have from assumption (ii) and Lemma 4 E||(Fg,2)(t) — (F,y)(t)[[3,

< 3]EH/OtP,,(ts)B[uﬁ(s,x)uﬁ(s,y)]ds :

Y
2

38| [ Pyt s 0(6) — (o)

Yy
2

+a | Pyt~ 9)o(s,2(5)) — (s, y()]de(s)

Mbr—1\ 2 ¢
3( ) M / Ellu® (s,) — u” (s,9)|ds

Yy

IA

L(p)

+3(J‘ffzp)) / Elf(s, 2()) — (s y()|Pds
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+3(Mb) / Ello(s,2(5)) — (s, y()] Pdu(s)

L'(p) / ,
< o(MEEY arzo et ol +3( M) il -
+3<J\l{b(;)1>2Lalxyl§;2
< 3(%12;1; (M‘%BZM“ +bN; +Lg> e —yll3,

Taking supremum over ¢ € [0, b], we get

Sup E[|(Fp,2)(t) = (Fa,y) O3 < Lollz — yll3,,
€10,

therefore
|(Fg,2) — (F,)ll3, < Lollz —yll3,

Mb=1\? / M2bM,
L0:3( ) ( B +bN1+L,,)<1

where

I'(p) B2
Thus Fg, is a contraction mapping.
Now we have Fg = Fpg, + Fg, is a condensing map on B, so all the conditions of
Sadovskii’s Fixed Point theorem are satisfied. Hence we conclude that there exists a
fixed point z(.) for Fg on By, which is the mild solution of (2.1).

Theorem 3.4. Assume that (Hy) — (Hs) hold and {P,(t) : t > 0} is compact.
Moreover, if f and o are uniformly bounded, then the system (2.1) is approxzimately

controllable on [0, b].

Proof. By Theorem 3.1, Fg has a unique fixed point say zg in V2. Now, we can

show using stochastic Fubini Theorem that zg satisfies
2a(t) = = 861+ 92 (Eay — Cylb)(an + g(a) — S,(0)(er + ()
b
b8 [ BT+ 0 B = (s, ws(9)ds
0

b
8 [ B+ B b - 9)as,3a()) ~ $(s)ldo(s) (3.5)
0
Using the uniform boundedness of f and o, there exists D > 0 such that
1§(s;2a(s)II* + [lo (s, 25(s)|* < D

in [0,5] x Q. Then we have a subsequence denoted by {f(s,zs(s)),0(s,z5(s))} weakly
converging to say {f(s,w),o(s,w)} in Y x LY. Using the compactness of P,(t), we get
Pyl — 9)i(s,25(5)) = Pplb— 9)i(s): Polb— 5)0(5,2(5)) = Pylb— $)o(s) in J x O
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Now, from the above equation, we get

IN

Ells(b) — ]2 6\ ]ﬂ(/ﬂ Ll [ﬂzzb O, (B0 + 9(a)) — S,(0) (@1 + m(x))}

¥ GJE(/ 1851+ 82)o(0) g )
v oou( [ 831+ 1[2,0 = )l aa(e) ~ ol

b 2
+oe( [ 19T+ w R0 (el

+

(
<
T 61E( / BT + W) 16— 9o (s, 75(s)) — 0(8)]||2Lgd3)
( / b||/3<ﬁf+rz>1Pp<b—s>a<s>||igds)]

since by assumption (Hy), for all 0 < s < b the operator 3(3I + ¥?)~1 — 0 strongly
as B — 0% and ||B(BI + ¥5)~1| < 1. Thus by the Lebesgue dominated convergence
theorem, we obtain E||zs(b) — x||> — 0. This gives the approximate controllability
of system (2.1).

4. EXAMPLE

Let us consider the control system governed by the following partial differential equa-
tion:

DPy(t, ) = Yau(t, @) + p(t, x) + f(t, y(1)) + U(f,fl?(t))L; tel0,b]
y(t,0) =y(t,m) =0; for te€]0,b)

y(0,2) + Y uy(ti, ) = yo(w), te] (4.1)

1= 1

0.13 +Z/8L Siy T —yl( )

where p € (1,2], one can take arbitrary nonlinear function f satisfying the condition
(Hs). Let Y = Lo[0, 7] be as in introduction. Let control function p : [0,0]x(0,7) — R
be continuous in ¢.

Define A: D(A) CY — Y by

where D(A) = {w € Y : w,w’ are absolutely continuous, w"” € Y, w(0) = w(n) = 0}.

2
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Then, A has the spectral representation

+oo
Aw = Z —n?(w,w,)w,, w € D(A),

n=1
where w,(s) = \/gszn ns, n = 1,2,3, ... is the orthogonal set of eigenfunctions of A.
A is the infinitesimal generator of a strongly continuous cosine family {C(t) : t € R},
defined on ) which is given by

—+oo
C(tyw = Z cos nt(w, wy)w,, w e Y,

n=1
and, the associated sine family is given by

“+oo
1
Stw = Z ﬁsin nt(w, wp)w,, w e,

n=1

Let the control operator Bu : [0,b] — ) defined by

(Bu)(t)(y) = pu(t,y); y € (0,m).

For p € (1,2], since A is the infinitesimal generator of a strongly continuous cosine
family C(t), from the subordinate principle [2], it follows that A is the infinitesimal
generator of a strongly continuous exponentially bounded fractional cosine family
C,(t) such that C,(0) = I, and

Co(t) = /000 P1,p/2(5)C(s)ds, t>0

where ¢y ,/2(s) = t_p/2¢p/2(5t_p/2>v and

- oo (—LL’)”
(@) _nZ:On!F(—anrlfv)’ O<y<l

The functions g, ¢ : C(J,Y) — Y is defined as

n k
9)(@) = Y aupltine) and g ()(w) = Y- (o)

i=1
for 0 < t;,s; < band z € [0,7].

The problem (4.1) can be rewritten as

DY) = Ay(t) + Bult) + (1 2(0) + ol 2(0) S te [0,
y(0) = wo+9();
y'(0) = yi+aly)

Therefore, by Theorem 3.1, if the hypothesis (H;) — (Hy) are satisfied, the differential
system (4.1) is approximately controllable on [0, b].
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