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ABSTRACT: This paper is devoted to limit-dynamics for dispersive-dissipative
wave equations on an unbounded domain. An interesting feature is that the stochas-
tic term is multiplied by an unbounded Laplace operator. A random attractor in
the Sobolev space is obtained when the density of noise is small and the growth rate
of nonlinearity is subcritical. The random attractor is upper semicontinuous to the
global attractor when the density of noise tends to zero. Both methods of spectrum
and tail-estimate are combined to prove the collective limit-set compactness. Fur-
thermore, a probabilistic method is used to show that the robustness of attractors is

basically uniform in probability.

AMS Subject Classification: 35B40, 35B41, 37L30
Key Words: stochastic wave equation, Laplace-multiplier noise, random attractors,

probabilistic robustness, unbounded domain

Received:  2017-09-26 ; Accepted: 2017-12-20;
Published: January 26, 2018 doi:  10.12732/dsa.v27i1.9
Dynamic Publishers, Inc., Acad. Publishers, Ltd. https://acadsol.eu/dsa

1. INTRODUCTION

This paper investigates probabilistic robustness of random attractors for dispersive-

dissipative wave equations driven by a Laplace-type noise:

d(ug + au — Au — SAu) + (Au — Au + f(z,u))dt
= g(x)dt +eSuodW, x€R3. (1)

with the initial conditions: u(0) = ug and us(0) = uy, where o, B, A > 0, g € L?(R3),
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W is a real-valued Wiener process and S = I — SA. The term eSu o dW means a
Laplace-multiplier noise with a density ¢ > 0, see [15].

The deterministic equation (¢ = 0) is used to mathematically describe the spread
of longitudinal strain waves in nonlinear elastic road and weakly nonlinear ion-acoustic
weaves (see [2, 6, 16]). The terms —Awu; and —Auy in Eq.(1) are called the viscosity
dissipative and the dispersive terms respectively (see [12]). The well-posedness and
dynamics for deterministic equation were widely investigated in [19, 27] and [3, 4, 23]

respectively.

Recently, Jones and Wang [12] studied the random attractor for dispersive-dis-
sipative wave equation perturbed by additive noise, i.e. Su = h where h is a known
function. The wave equation without the dispersive term was also discussed in Wang
[21] and Yang, Duan and Kloeden [24] for such additive noise and in Wang, Zhou and
Gu [22] for usual multiplicative noise, i.e. Su = u, also see [8, 9, 11, 13, 17, 18, 20,
25, 26, 32).

However, one hardly convert Eq.(1) for § = I into a random equation. If the noise
is multiplied by a Laplace operator, then, it is possible to convert it into a coupled

first-order system without stochastic differential.

In this paper, the first goal is to prove the existence of a random attractor on
E = H'(R3)2. We need two assumptions: the nonlinearity f has a subcritical growth,
and the density ¢ of noise is small. Note that the second assumption is special for the
equation with a Laplace-multiplier noise and different from the usual assumptions in

literatures.

The second goal is to prove convergence (or robustness) of the random attrac-
tors to the global attractor as the density € tends to zero. By applying the abstract
result given in Li et al.[14], we need to verify the uniform absorption (Section 3), the
collectively limit-set compactness (Section 4) and the convergence (Section 5) of the
random system. In particular, the novelties and difficulties come from verifying the

limit-set compactness.

The third goal is to prove that the robustness of attractors is basically uniform
in probability, that is, the random attractor converges to the global attractor,
uniformly in a probabilistic subspace of probability 1 — n for any small n > 0. This

topic of probabilistic robustness seems to be new in literatures.
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2. SMALL LAPLACE-MULTIPLIER NOISE

2.1. TRANSLATION OF VARIABLES

Let z := uy + du for a suitable § > 0. We have

U = —0u + 2, (2)
d(z — BA2) + ((a — §)z — (1 — BS)Az + §1u — S2Au)dt

+ f(z,u) — g)dt = eSu o dW, (3)
u(z,0) = ug(x), z(x,0) = uy(x) + dug(x), (4)

where, §; := A —ad + 6% and 63 := 1 — § + B6°.

We then identify the Winner process W (-,w) with the standard process w(-) on a
metric dynamical system (2, F, P,6;), where Q = {w € C(R,R)| w(0) = 0} with the
Frechet topology, F is the corresponding Borel o-algebra, P is the Wiener measure
and 0; is a group defined by 6;w(:) = w(- + t) w(t) for (w,t) € Q@ x R.

By [5], there is a solution y(fw) = —d f 7(6,w)(7)dr for the Ornstein-Uhlenbeck
equation: dy + dydt = dW (t).

Lemma 1. [1, 10]. The mapping t — y(Osw) is continuous and tempered on Qo with
P(Qp) =1,

y(Ohw) _ L 0 _

Jm S5 = i [ veas=o )
L0 L")

t_lgimoo i ly(Osw)|™ds = — Ym > 0, (6)

for all w € Qp, where I is the Gamma function.

Let v(t,w) := z(t,w) — ey(bw)u(t,w). By (2), (3), we have

ug = v — ou + eyu, (7)
— BAv + (= 0)v — (1 — B0)Av + d1u — d2Au + f(x,u)

=g —eyv + efyAv — (ebsy + 2y )u + (ebay + £*By*) Au, (8)

u(z,0) = uo(x), v(x,0) =wui(x)+ dug(z) — ey(w)uo(x), 9)

where 03 := a — 39, 04 := 1 — 3.
2.2. HYPOTHESES AND CONTINUOUS RDS

Hypothesis F. f : R? x R — R is continuous with r-th growth:

|f(xa S)| < ’Yl|s|r + ¢1(x)7 ¢1 € LQ(R3)7 (10)
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f(xv 8)8 > ’72F(x7 S) + ¢2(£L'), ¢2 € Ll(R3)a (11)
F({E, S) > ’73|S|r+1 - ¢3({E), ¢3 € Ll(R3)7 (12)
o) <l oula), g€ HUED) (13)

where 7 € [1,4], v, > 0 and F(z,s) := [} f(z,7)dr.
We then choose § > 0 such that 6; >0 (i = 1,2,3,4) and set

1

k1 := min{a — ¢, Tﬁé, 3,072}, (14)
ko = max{2(d + 1), 202 D) 204 +5) 20+ m (15)

51 ,8 52 3

Hypothesis S. The density of noise is small: € € (0,eg], where

. K1

co=min{l, — "L 1 16
0 { 30k2( = + %)} (16)

Let E = HY(R3) x H*(R?) with the norm:
1
lelle = (vl + BIVoll® + d1lul® + 62| Vul|*) > (17)

for ¢ = (u,v) € E. || - || g is equivalent to the usual Sobolev norm.

By following the argument of [19], one can prove that for each w € g and ¢§ =
(u§,v§) € E, the problem (7)-(9) has a unique solution ¢°(-,w, »§) € C([0,00), E).
By [5], ®°: RT x Q¢ x £ — E is a continuous random dynamic system (RDS) on E,

where, for each ¢ < g,
(bs(ta w, 508) = 506 (t7 w, 908) = (U'E('v w, U’S)a UE('7 w, US)) (18)
Let ® be a universe of all tempered random sets D such that

lim e 55| D(6_yw)||% = 0. (19)

t——+o0

3. COLLECTIVELY UNIFORM ESTIMATES

Lemma 2. For each D € © and w € Qq there is a Th = T1(D,w) > 0 such that for
allt > Ty and ¢y € D(0_w),

l(t, 0-e, o) % < ¢ + cR*(w), (20)

where,

0
R (w) ;:/ eFrstVEYO) bers [0 1y(0rw) Hy(0r0)Pdr gy o 4 oo (21)
— 00
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Moreover, for all s,t > 0, we have,

(s, 09—, 00) | %
< cemrrstens [*7 y(0rw) +Hy(Orw) Pdr 2 / r d
ce (lpollz + . (z,uo)dx)

s—1
e / 1 (T—sHD)+VElY(Oow)|+ers [170 |y(0-w) [ Hly(6:0) 2dr gy o

—t

Proof. Taking the inner product of Eq.(8) with v in L?, we have
d
E(H@H% +2 /}R3 F(z,u)da) + 261 || oll T + 20(f (2, u), u)
< 26y(f(9c,u), U) + 2(971}) + I + I

where Iy, I are defined and estimated as follows.

Iy = = =2ey]|v|]* — 2eBly|| Vol® + 2ed1 |y |u]|* + 2¢0a]y[[| Vul|?
1 1
< 2elylligllE < semalylllells < semallyl + lul)llels-

Since € < g9 < 1, it follows from the definition of ko that
Iy : = —2(ebsy + £*y?) (u, v) + 2(ebay + £>By*) (Au, v)

< sera(lyl + [y el

l\9|’—‘

By the Young inequality, we see that

1
2(g,v) < 2[lollllgll < ellellplgll < SrillelE + e

By (10), we see 6v2 > k1 and F + ¢3 > 0. By (11),
26(f (). u) = 200 [ Flayu) +28 [ 6a(o)
>2/§1/qu +2/€1—(5’}/2 /¢3 +2(5/¢2

By 71 < ka3 and (10),
22y(f(ayu),0) < 2] [l e+ 22yl
R
<2era(lyl + 1) | aluldo + 2elyllnlull (by (12)
R

1
<2era(lyl + [yl*) /3 Fz,uw)dz + Sralol s + ee(lyl + [yl)-
R

Substituting (24)-(28) into (23), we find

Gl +2 [ Pla,u)da)

169

(22)

(25)

(26)
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+ (1 — emally] + W)l + 2 / F(z, u)dz) < eV,

Applying the Gronwall lemma over [0, s] for any s > 0, we find

(29)

(o o)l +2 [ Flavu(s,w,uo)do

< gmmistenz [g Iy(07w)\+|y(9TW)|2dT(||<P0||?; + 2/ F(z,up)dz)
]RS

te / " R (=) VEI(8) e [ [y(8) [+ ly(0rw) Pdr g
0

(30)
Replacing w by 0_,w in (30), we find, for all s,¢ > 0,

(s, 6,0l +2 [ Pl u(s, 0 uo))do
R

< cemrastere [IT W) HyO-)Pdr () o2 +/ F(x,ug)dx)
R3

—t
+C/S e (st VEly (0w rera [ [y(0-w) Hy(0-w)PdT g o
—t

(31)
which implies (22) in view of (12). In particular, we have

llp(t, 01w, o)l %

SCe*mtﬂﬁzﬁ)t\y(GTw)\Jrly(eTw)IQdT(H(po||%+/ F(z,up)dz)
R3

0
n C/ 1 H Va0 rera [0 1y(0:0) [y (0r)PdT gg 4 o

t

By Hypothesis S, we know that there is a Ty = To(w) > 0 such that

0
ERz /_ ) ly(0-w)| + |y(0-w)*dr < 60”2(257%) N ZF\%Z))

KR1KR2 2 1 1
- + )= —rat, forall ¢ > Tp.
30/432(\/%—6 + %)( /TF(S 6) 301%1 or a 0

By (5), vely(fsw)| < —55k1s for all s < —Tp. Therefore, we have

(33)

— 0
/ s+ VEI(Bu) Hera [0 1y(07w) [ +ly(0,w)[%dr gg < / eHBrsds < 4oo
— 00

— 00

which implies R°(w) (given in (21)) is finite. On the other hand, by (19) and (33),
we see that for g € D(0_w), when t — +o0,

ce*l{lt“rEKz fEt |y(97w)|+‘y(97w)‘2dr||SOO||2E S Ce—%ﬁltHfD(e_tw)HQE 0.

By the Sobolev embedding H' < LP for p € [2, 6],

ce—rattena [, |y<eTw>|+\y(afw>\2dT/F(x o)
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29
<ee” (1 + [luo ;1 + Nl l]|uol

)

<cem B 4 e(e” FD T ug|20) T 4 ce 595 |2

r+

= 4 cem 5 D(O_w)||,

<cemamt 4 C(e—%thD(G_tw)H%E)

which tends to zero as t — +oo in view of (19). O

4. TAIL-ESTIMATE AND SPECTRUM
We need an auxiliary estimate.
Lemma 3. Let Hypotheses F be satisfied. We have
lvell e + lluellF < ce @1+ el E + el F). (34)
Proof. We multiply (8) with v; to obtain
oell® + BVl = I + Iz + I, (35)

where we estimate I, I, I3 as follows.

I :=—(a—0)(v,v) + (1 — BO)(Av,v) — 61 (u,v) + da(Aw, vy)

Jloell + 81Vl + cllol
By (10) and H! < L? for p € [2,6],
B = (g.0) = (f@ewo) < [l ulde + o]
< %HWHQ + c+cllullg l[oell g + llvellll
< Il + Z8IVul? + e+ ol®),
similarly, the rest terms on the right-hand side of (35) are bounded by

I3« = eBy(Av, vy) + 2(edsy + 2 By?) (Au, vy) — 2(e03y + €2y?) (u, vr)

1 1
—ey(v,ve) < llvell* + Zﬂﬂv’vtll2 +e+ eyl + )l

By 1+ |y| + |y|? < 2¢el¥!, we obtain (34). O
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4.1. COLLECTIVE TAIL-ESTIMATES

Lemma 4. Let D €® and w € Qy. We have

lim sup  sup ||¢° (¢, 0_ww, vo)|| B0y =0
t,k%JroowoeD(e_tw)egso ” (7 e )” (©0) ’

where Oy, = {x : |z| < k}, Of = R3\Oy, and E(O%) = H'(0O%)?.

Proof. For k > 1, we let pi(x) := p(li—lj

function such that p =0 on [0,1] and p =1 on [2, 00).

) for x € R3, where p : R — [0, 1] is a smooth

We take the inner product of (8) with pxv in L2, after some calculations, we obtain

d
7 pk(|go|2+2F(m,u))+2m/pk|<p|2+26/pkf(a:,u)u

S25y/Pkf(xvu)u+2/kag+Hl+H2+H3a
where |¢| == ([v]2 + 8|Vo|? + 61 |ul? 4 62| Vul?)2 and
H,:= —2ey/ prlv)? — 2663// pk|Vv|2dx+2561y/ pr|ul*da
R3 R3 R3
<2 240 < 1 2 2d
< 2elyl | pulelde < Sewa(lyl +1y7) | prlel dz,
R3 R3

Hy: = 25(523// pr|Vul2dr — 2(ed3y + 62y2)/pkvu
]RS

1
+2(ebiy +200) [ podu < gemallyl + 1) [ pnleide
R

Similarly,
Hy: = —20, /ut(Vu k) — 265(5 ey)/u(Vu Vor)
=28 [ o(Tu Vpu) - (1= 35) + 2:89) [ o(T0- V)
< 2L+ llE + lell3)-
The Young inequality implies that

1
2 [ mag <e [ pulellol < 5o [ pulel? +c [ ol

By (14), we see 62 — k1 > 0, then
26/pkf(a:,u)u > 2572/ka(a:,u) +26/pk¢2(x)
> 2Ky /PkF(fﬂaU) +2(Kk1 — 672) /Pk¢3 + 26/Pk¢2~
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By (15), 71 < K273, then the Young inequality implies that

2y [ (o, wu < 22yl [ pual™ 4 2elyl [ pululjon
< 2ol + o) [ rapelul 26l [ pufulen]

1
< 2ol + o) [ puF o) + 5o [ oulol

+ellyl + ) / pi(163] + |61 ]%).

173

(40)

Since limy—s 400 fgs pe(l9]? + [d2] + @3] + |$1]?)dz = 0, it follows from (37)-(40) that

for every n > 0, there is a Ky > 1 such that

d :
= | il + 2P (@, w)

+ (1 = zrallyl + 1) [ (ol + 2 (@,0)

<1+ o E + llelE), for k > Ko.
We use the Gronwall lemma to find that for all £ > K,
/pklw(t 0w, pol* + 2/ka(x, u) < cQ1 +en(Qz2 + Qs),
where, as t — +00
Q) = ce—mtrera S, \y(&w)\ﬂy(emn?dr/pk(|¢0|2 + P, u0))
tends to zero. It is easy to see that

t
0 = / o1 (=) 421y (8w ez [O, 1y(6rw) [ +y(6-w) 2T g
0

is finite. It suffices to prove the finiteness of the following term:

t
Qs = / 1 (5= +2ly(Ou )l ke [, y(6-w) | +lyOrw)Pdr | gy 2r g
0

where p(s) = p(s,0_1w, p). For this end, we use (22) to obtain that

3
||<)0(57 e—twv QO)HQE S Z q(s, t)7
j=1

where

g1 (5, 1) 1= cemAsteRe [T O +y(0-w) Py o 42



174 R. WANG, Y. LI, AND F. LI

ga(s,t) := cerreten J1 \y(&rw)\+|y(9rw)|2d7/ F(z,ug)dz,
R3

s—t
g (s, 1) = C/ 1 (a=st)+ly(Osw)l+era [0 ly(Ow)|+ly(0rw)|%dr g 1 (.
—t

Then, we have Q3 < CZ?=1 Q3,5, where
t
Q?;,j — / erﬂ(s—t)+2\y(9.;—f,w)\+€n2 I ‘y(er)|+‘y(97—w)|2d7q;(S’ t)ds,
0

for j = 1,2,3. After some calculations, we have
Q31 < Ce sratterns I, Iy(OTw)\Jrly(OTw)\szH(pO||ir
< c(e” T D(0-w)|[3)" — 0

as t — +00. By the same argument, we have Q3.2(t,w) < CQg,Q, where,

Q32 : = e Fratterm 2, ly(ew)my(&w)ﬁm(/ F(z,uo(0_w))dz)"
: .

< e[ (G u0)|unl + [oalde)” (by(10)
]R?)
< ce B e ug |7 + ce B gy | uol|”
\ B 2 .
< cem B e T g [3) T+ e uo|?)
r T2 T r
< ce BT 4 o€ BMD(0_w) | 3) T + cle”FM|D|R)E,
where, we take the minimal coefficient 1/15 in (19). Then Q32 — 0 as t — 400 and
thus @32 is bounded. By the tempered property of y, one can verify that Q33 is
finite and thus Q3 is finite.
Finally, by using F' + ¢3 > 0 (sce (12)), it follows from (42) that

4
/ prlelPdr < ZQi(t, k,w) + c/ |p3|ldz — 0
RS o¢

i=1

as t,k — 4o00. The proof is complete. O
4.2. ORTHOGONAL DECOMPOSITION

Let &,(x) := 1 — pi(z) for k > 1, and
® = (ﬂ76) =& = (gkuvfkv)v (43)

for each solution ¢ = (u,v) of system (7)-(9). Then, ¢ € H'(Oz;) x H'(Oay) has the
orthogonal decomposition:

p=Po®(I—PF)p:=¢i1+ @i2=(U1,01)+ (U 2,02), (44)
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where P; : L?(Ogy) x L*(Ogi) — Y; x Y; := span{e1, ez - -+, e;} x span{er, ez - -, €;} is
a canonical projection and {e;}52, is the family of eigenfunctions for —A in L?(Og;)
with corresponding positive eigenvalues Ay < Ay < -+ < \; — oo as j — co. We also
see V; x Y; C HY(Ogr) x H'(Ogg), thus it easily follows from (43) that

kaU = Av — UAfk — 2V¢&; - Vo, (45)
kaUt = A@t — UtAgk — 2V§k . Vvt, (46)
& Au = Au — ulé — 2VEL - Vu. (47)

Multiplying (7)-(8) by & and substituting (45)-(47) into the obtained results, we have

Uy =0 — 0u+ eyu (48)
vy — BAD + (a— 6)v — (1 — BO)AT + d1a — d2Aw
= & f(z,u) + &kg — eyt + eByAT — (ed3y

+ 2y + (ed4y + £26y*) At — J (49)

where

J 1= Pue A&y 4+ 28V E - Vur + (1 — BO)vAE, + 2uly, + efyv ALy,
+2(1 = B6)VE - Vv + 202VE - Vu + 2eByVEy - Vo
+ (€64 + 2 By* Jul&y, + 2(04y + £2By*)VE - V.

Lemma 5. Let D €®, w € Qg and k> 1. We have

lim sup  sup [|[(I — P;)&p® (1, 01w, 0o0)|l B(0,,) = 0. (50)
t,i=+00 0 eD(0_w) e<eo
Proof. Applying I — P; to (49) and taking the inner product of the result equation

with 7; 2, we have

2

2+ BV 2?) + 2(a — 0)||vi2]|* + 2(1 — 86)[| VWi 2]

9 5.
+ 201 (4,2, Vi2) — 202(Aty 2,0 2) = —=2(&k f (2, 1), Vi2) + 2(§kg, Viy2)

> —2eBy|| VUi 2||* — 2(ebsy + £°y°) (U, i 2)

+ 2(ebay + £28y2) (A, 112) — 2], T12). (51)

— 2¢ey||v; 2|

Applying I — P; to (48), we have

? (52)

o d, , ,
2(ti,2,v5,2) = EHW@HQ + 26|15 21> — 2ey || 2]

d
— Z(A'ELLQ,TH,Q) = EHVQ’LQHQ + 26||V71i72| 2_ 25y||Vai,2||2. (53)
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Then, it follows from (51)-(53) that

d
£||85i,2||?5 + 261 |@i 2B < —2(&k f (2, 1), i2) + 2(Ekg, Vi2)
+ i+ J2 —2(J,0;2), (54)

where Jy, Jo are given by

Jp = — 25y||17¢,2||2 - 265y||V17i,2||2 + 26(512/”7._1%2”2 + 2652y||Vﬂi,2||2
< 2elylllizllE 5 era(lyl + Y1) |2l
Joy = —2(edzy + g2y )(u, V;2) + 2(e04y + 626y2)(Aa, V;.2)
% (9] + ) 21203

Let p = 2;2 [0,1) since r € [1,4]. Then, by the interpolation inequality and the

Young inequality, we see

e S 2) < [ Gl lalde+e [ oo alds
< cllull 1| Vool 52l + cllén [z
< A Tl V82l + AZY 611952
< grallpialll + NSl +ergh. (5)
By the Young inequality and g € L?(R?), we have
2ekg, 12) < AL IVEia ] < Trallpeallh + ATk, (56)
By (34), we can similarly obtain that
(J,502) < [ T1172ll < AL ITNIVE Ll < AL 1B
rall@ialll + AT e el + el + o)
ll@ially + AT+ gl + ). (57)

IN

IN

Substituting (55)-(57) into (54) and noting A4 1 + )‘z+1 — 0 as i — 400, we obtain
that for n > 0, there is an i3 € N such that for all i > iy,

d
£||<Pi,2||% + (k1 — era(lyl + 1)l @il B
< neelI(1+ [loll% + llell3). (58)

Applying the Gronwall lemma to (58) over [0, ¢] and replacing w by 6_,w, we find

i 2(t; 0w, (I = P)(Ep0)) | Tzsy < ne(@2 + Qs)
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0
emrtrers SOt OB (1 — By (o) (59)

where @2, Q3 is finite as given in the proof of Lemma 4. By || — P;|| <2, & < 1 and
(33), we see that for ¢ > Ty,

_ 0 24r
e rattens [2, [y(0-w)|+|y(0-w)%d ||(I—H)ﬁmpo(@—tw)ﬂ%(u@)
< e 15D () [Fypay — 0 as t — +00,

which implies (49) as required. O

5. CONVERGENCE OF THE SYSTEM

Proposition 6. Let ¢° := (u®,v°) and ¢° := (u°,v°) be the solutions of (7)-(9) for
e >0 and ¢ = 0 respectively. Suppose the initial value o5 — ¢ in E as e — 0, then,
for each T > 0,

lim sup ||¢°(t,w,95) — ¢"(t,¢0)| e = 0. (60)
e—0 te[0,7]

Proof. Let V¢ := (U®,V?) with U® = u® — v’ and V¢ = v® — " for ¢ € (0,&0), By
(7)-(8), we obtain that

Uf =V*& —38U° + eyu’, (61)
Ve — BAVE + (a — §)VE — (1 — BO)AVE + §5,U° — 02 AU

= f(x,u’) — f(z,u) — eyv® + eByAv®

— (e03y + 2y*)u + (ed4y + 2 By?) Auc. (62)

Taking the inner product of the Eq.(62) with V¢, we have
d €112 €112 €12 €112
2 IVEIE+BIVVET) +2(a = ) [VEI" + 2(1 = B3)[VVE|
+ 251(U€, VE) — 252(AUE, VE)

= 2(f(x,u’) — f(x,u), V) = 2ey(v°, VE) + 2eBy(Av®, VE)
— 2(ed3y + 2y%) (uf, V) + 2(ed4y + 2 By*) (Auf, VE). (63)

We multiply (61) by V¢ and substitute the result into (63) to obtain

d

£H‘I’€H% + 26 | OF|5 < 2(f (2, 0®) — flz,u), V) + 2. (64)
where we use the Young inequality to bound the term J:

J:=eBy(Av®, V) —ey(v®, V) + ed1y(u®, U%) + eday(Vu®, VU?)
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— (e83y + %y?) (uf, V) + (ed4y + 2 By?) (Au®, VF)
< ml| 8N E/2 + ec(lyl + [yl )1 B-
By the mean value theorem,
[f (2, u®) = fla,u)] < e(|dal + [w®]" 7 + [uf|"H|UF).
So, by H' « L?"~2 (since 2r — 2 < 6), we have
2(f(w,u’) — flw,u),V?)
< cllballel[VEINU N5 + el M+ DI 6 VE s
< cllgalla VAU + C(||UE||2r 2+ 15 2) 1UZ L6Vl s
< cIVEINUZa + el 5" + a1 U [V
< el )% + el Il + Iz HINeelE
< ml|CENE + e+ [l@fll "+ el e E.
Therefore, substituting (67)-(65) into (64), we find
D10 < K1) [0 + 2K (1, ),
where, by applying the Gronwall lemma to (29) over [0, 7], both
Ki(t,w) = (14 [l¢°ll5 " + [u’ln") and
K5(t,w) = c(ly(@w)| + ly(@w) )75

are bounded when ¢ € [0,7] and € € (0, o). Hence,
d g 1>
D w3 < ey + <0
Applying the Gronwall lemma to (68) over [0,¢] for t < T, we see
sup [[W°(t)[|% < O ¥°(0)||% + eCT.

t€[0,T]

By |[¥¢(0)[|% = |l¢§ — #5lle — 0, we obtain (60) as required.

6. ROBUSTNESS OF RANDOM ATTRACTORS

(67)

A random compact set A° € D is said to be a ®-random attractor for the RDS ®¢
(given by (18)) if it is invariant, i.e. ®°(t,w)A%(w) = A*(Ow) for t > 0, w € Qp, and

D-attracting, i.e. for each D € © and w € (),

tiigloo distg(®°(t,0_w)D(0_1w), A*(w)) = 0.

For the details, see [28, 29, 30, 31]. If e = 0, we obtain a semigroup ®° with a global

attractor A on E (see, e.g. [4, 5]).
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Theorem 7. For each ¢ € (0,g¢], the random dynamical system ®° has a unique
D-random attractor A° = {A°(w) :w € Q} on E = HY(R?)2. Moreover,

lim distp(A® (w), A%) =0, weQ. (70)

Proof. By the abstract result given by [14, Theorem 4.1], it suffices to verify the
following three aspects.

(i) Covergence. ®° — ®° as ¢ — 0, which is established by Proposition 6.

(ii) Collective absorption. For each € € (0,¢¢], let

Ke(w)={p € E: |olf < c1+ R*(w))}, (71)

where R°(w) is defined by (21). By Lemma 2, K¢ is a closed, bounded and random
D-absorbing set for ®¢. Moreover, by (21) and (71),

. . c
< — .
Ehi%HlC (W)llEms) < c+ Pt € Q

It is easy to show U.¢(0,,)K° € . Then, the family {K° : e € (0,e0]} is collectively
absorbing.

(iii) Collective limit-set compactness. Let D € ® and w € ©y. We need to
show the Kuratowski measure xg M (T) — 0 as T — oo, where,

M(T) = | ®°(t,0-w)D(0_w).

t>T e<eq

For this end, let n > 0 be small. By (36), we take 77 > 0 and k > 1 such that
lellpog) <mn,  forall ¢ € M(Ty). (72)
By (50), there are ¢ € N and T» > T; such that
(I = P) (&)l p(Qar) <m,  forall ¢ € M(T3). (73)

By (20), there is a T3 > Ty such that M (T3) is bounded in E(R?), which implies that
the set {&xp @ © € M(T3)} is bounded in E(Q2x). Therefore the set {P;(Ekp) @ ¢ €
M (T3)} is bounded in a finitely dimensional subspace and thus it is pre-compact such
that

XE(Qa {Fi(&kp) = p € M(T3)} = 0. (74)
By (73)-(74), we have

XE@Qa{&ke : € M(T3)} < XE(Qu){Piléhe: © € M(T5)}
+ XE(Qu 1 — ) (&p: ¢ € B(T3)} < 2n. (75)
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Since &k = @ on Qy, it follows from (75) that

X (M(T3)) = xe@Quiky - v € M(T3)} <21, (76)

By (72) and (76), we arrive at

Xe®s) (M(T3)) < XB(Qw) (M (T3)) + XB(Q:) (M (T3)) < 4n,

which shows the needed conclusion. The measurability of attractors can be proved

by the same method as given by [7]. O

7. BASICALLY UNIFORM ROBUSTNESS

In this section, we will prove that the robustness (given in Theorem 7) is basically

uniform in probability. The following lemma is well known.

Lemma 8. If {F,}°2, is an increasing family taken from F, then P(USL,F,) =
limy, o0 P(Fy). If {Gn}3%, is a decreasing family taken from F, then P(Ny=,G,) =
lim,, 00 P(Gr).

Theorem 9. Let A% and A° be the random attractors given in Theorem 7. Then,
for any e, — 0 and n > 0, there is a Q, € F with P(Q,)) > 1 —n such that

lim sup distp(A™ (w), A%) = 0. (77)
E"HOWEQW

Proof. We set h,(w) = distg (A" (w), A°) and

O ={weQ: lim h,(w) =0}, Q=0\Q.
n— oo

Then, by Theorem 7, Q1 D Q and thus P(;) =1, P(Q) = 0. On the other hand, it

is easy to prove

=N Ulwe:h(w) >

k=1m=1n=m

P?‘I’—‘
—

Note that Us2, {w € Q: hy(w) > 1} decreases as m increases. By (ii) of Lemma 8,

lim P( fj {weQ:hn(w) > %})

m—o0
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Then, for each 7 > 0 and k € N, there is an m(k) € N such that

P( U {wEQ:hn(w)E%})<2ﬂk
n=m(k)

Setting

which proves P(2,) > 1 — 7. On the other hand, for each 1’ > 0, there is a
ko = ko(n') € N such that ki < 7, in this way, we find an m(kg) such that
Q, c ﬂzo:m%){w €N h,(w) < }, then

1
sup hp(w) < — <7/, for all n > m(ko),
we, kO
which implies (77) as required. O
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