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1. INTRODUCTION AND PRELIMINARIES

In 1988, the theory of analysis on time scales was introduced by Stefan Hilger [11]
in his Ph.D thesis in order to unify and extend continuous and discrete calculus.
One of the most important problems in analysis on time scales is to consider the
stability of dynamic equations. There have been many papers dealing with this topic.
However, as far as we know, authors have used only the second Lyapunov method

(method of Lyapunov functions) to investigate whether a dynamic equation is stable
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or not, see [6, 9, 12, 16, 17]. Meanwhile, the first Lyapunov method (method of
Lyapunov exponents to know the growth rate of a function) was a quite classical and
basic concept for differential and difference equations [14, 16, 17] and it is a strong
tool to study the linear systems. But so far there have been no works dealing with
the concept of Lyapunov exponents for functions defined on time scales. The main
reason for this situation is that the traditional approach to Lyapunov exponents via
logarithm function is no longer valid because there is no reasonable definition for
logarithm function, which one regards as the inverse of the exponent function on the
time scale, even if there were some works trying to approach this notion, see [3].

In this paper, we introduce an approach to the first Lyapunov method for dynamic
equations on time scales. Although we can not define the logarithm function on time
scales, the idea of comparing the growth rate of a function with exponential functions
in the definition of the Lyapunov exponent is still useful on the time scales. Therefore,

instead of considering the limit

1 t
limsup — In M,
t—o0 t
we can study the oscillation of the ratio
t
7|f( ) as t — oo
(A (f, to)

in the parameter « to define the Lyapunov exponent of the function f. Where e, (¢, to)
is the exponential function with a certain parameter a.

This paper is organized as follows. In Section 1 we give a brief survey on the
theory of time scales. Section 2 defines Lyapunov exponent for functions defined on
time scales and establishes its fundamental properties. Section 3 deals with the Lya-
punov exponents of the solutions of linear dynamic equations. The relation between
Lyapunov spectrum and the stability of a linear dynamic equation on time scales is
considered in Section 4.

Firstly, we introduce some basic concepts on time scales. A time scale is a
nonempty closed subset of the real numbers R, and we usually denote it by T. We
assume that a time scale T has the induced topology from the real numbers with
the standard topology. We define the forward jump operator and the backward jump
operator o,p : T — T by o(t) = inf{s € T : s > t} (supplemented by inf() = sup T)
and p(t) = sup{s € T : s < t} (supplemented by sup() = inf T). The graininess
p: T — RYU{0} is given by p(t) = o(t) —t. A point ¢ € T is said to be right-
dense if t < supT and o(t) = t; right-scattered if o(t) < t; left-dense if ¢ > inf T and
p(t) = t; left-scattered if p(t) < t, and isolated if ¢ is simultaneuosly right-scattered
and left-scattered. For every a,b € T, by [a,b], we mean the set {t € T : a <t < b}.
The set T* is defined to be T if T does not have a left-scattered maximum; other-
wise it is T without this left-scattered maximum. Now, let f be a function defined
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on T. We say that f is delta differentiable (or simply, differentiable) at t € T* pro-
vided there exists an « such that for all € > 0 there is a neighborhood V around
t with |f(o(t)) — f(s) — a(o(t) — s)| < elo(t) — s| for all s €V. In this case we de-
note the a by f2(t), and if f is differentiable for every ¢t € T*, then f is said to be
differentiable on T. If T = R then delta derivative is f’(¢) from continuous calcu-
lus; if T = Z then the delta derivative is the forward difference, Af, from discrete
calculus. A function f defined on T, valued in a Banach space Y, is rd-continuous
if it is continuous at every right-dense point and if the left-sided limit exists at ev-
ery left-dense point. The set of all rd-continuous function from T to Y is denoted
by Cia(T,Y). A function f € C,a(T,R) is regressive (resp. positively regressive) if
T+ p(t)f(t) #0 (resp. 1+ pu(t)f(t) > 0) for every t € T. We denote R (resp. RT)
the set of the regressive functions (resp. positively regressive). A matrix function
A € C,qR(T,R™ ™) is regressive (resp. positively regressive) if det(I + u(t)A(t)) # 0
(resp. det(I + u(t)A(t)) > 0) for all t € T.

Theorem 1 (see [5]). Let A(t) be a regressive n x n matriz function. Then, the
initial value problem (IVP) 2 = A(t)x,z(ty) = xo has a unique solution x defined
on T.

By this theorem, if A(t) is regressive then the IVP X2 = A(t)X, X (ty) = I has a
unique matrix-valued solution, says ® 4 (¢, o).
Theorem 2 (see [5]). Let A(t) be regressive. Then the following statements hold,

1. Any solution x(-) of the IVP z® = A(t)x, z(to) = zo can be written as x(-) =
P (- to)zo.

2. The cocycle property is valid D4 (t,7) = ®a(7,5)Pa(s,t) for allt,s, 7 € T.
3. Dy(t,to) is invertible.
Remark 3. When A(¢) is not regressive, the solution of the corresponding matrix-

valued IVP X2 = A(t)X, X (ty) = I (t > tg) also exists uniquely but in general it
does not exist for ¢ < ¢y and P 4(t, o) may not invertible (see [10, 19]).

We are concerned with the one dimension case. Let p : T — R be a regressive
function. The unique solution of IVP & = p(t)x,z(tg) = 1 is called ewponential
function on the time scale T. We denote this function by e, (-, to).

In the following, one lists some fundamental properties of the exponential functions

which will be used in this paper.

Theorem 4 (see [1, 5]). Given p(-),q(-) € CtaR(T,C), for all s,t € T, we have

1. ep(t,t) =1, eo(t,s) =1.
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o
o

p(0(t),5) = (1+ u(t)p(t))ep(t, s).
)

3. ep(t, s)eq(t, 5) = epaq(t, s), where (p® q)(t) := p(t) + q(t) + p(t)p(t)q(t).

ep(t, s) @
bt — Croalbs) where (S )(t) = Eroo)
1
R

6. If p(-),q(-) € RT and p < q then 0 < ey(t, s) < eq(t, s), for allt > s.

Lemma 5 (Gronwall’s Inequality (see [1, 18])). Let u,a,b € Crq(T,R), b(t) = 0 for
allt € T. Then, the inequality
t
u(t) < alt) + /b(s)u(s) As for allt >ty
to

implies
t

u(t) < a(t) + /a(s)b(s)eb(t, o(s)) As for allt > to.

to

We refer to [5, 10, 13] for more information on analysis on time scales.

From now on, we fix ty € T and denote Ty, := [tg,00) N T. For our purpose, we
assume that the time scale T is unbounded above, i.e., sup T = oo and the graininess
w(t) is bounded on T, that is, p, = sup,erp(t) < oo. This is equivalent to the
existence positive numbers my,ms such that for every t € T, there exists ¢ = ¢(t) € T
satisfying m; < ¢ —t < mq (also see [19, p. 319]). Furthermore, by definition, if
a € RT™NR then a > fﬁ for all t € T. As a consequence we have

1 1
inf(RT™ NR) = ——, supplemented by 0= 0.
M

2. LYAPUNOV EXPONENTS:
DEFINITION AND BASIC PROPERTIES

2.1. DEFINITION OF LYAPUNOV EXPONENTS

The idea of comparing a considered function with exponential function motivates us
to use R™ NR as possible values of Lyapunov exponents. Moreover, similar to the
case of analysis on the real line R, Lyapunov exponent of the zero function is —oo, the
left extreme exponent, that is infimum of all possible values of Lyapunov exponents.

Of course, Lyapunov exponent may be +o0o, the right extreme exponent.
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Definition 6. Lyapunov exponent of the function f defined on Ty, valued in K
(K =R or K= C), is a real number a € R™ such that for all arbitrary > 0

PAGI .
O e (tite) @1)
lim sup _f®L = 00. (2.2)

t—oo €goe (t; tO)

The Lyapunov exponent of the function f is denoted by Y[f].

We introduce the concept of extreme exponents. If (2.1) is true for all a € RTNR
then we say by convention that f has left extreme exponent, Y[f] = —1/p. = inf(RTN
R). If (2.2) is true for all a € RTNR, we say the function f has right extreme exponent,
Y[f] = 4+oo. If T[f] is neither left extreme exponent nor right extreme exponent, then
we call T[f] by normal Lyapunov exponent.

The next lemma shows a necessary and sufficient condition for the existence of

the normal Lyapunov exponent.

Lemma 7. Let f: Ty, — K be a function. Then, f has a normal Lyapunov exponent
if and only if there exist two real numbers A,y € R with A # inf(RT NR) such that

for Lf()]
t—oo e (t,tg) 0 h?iigp ex(t, to)

= 0. (2.3)

Proof. Let the Lyapunov exponent Y[f] of f be normal, this means that —M% <

T[f] < oo. Choose f“% < A < Y[f] < v < oo. Since for small enough ¢ > 0,

A< Y[floe(t) < Y[fl®e(t) < forany t € T. From (2.1) and (2.2) it follows (2.3).
Suppose that there are A and + such that (2.3) takes place. Set

A=XeRTNR: % is unbounded on Tto}, o)
B={\ €R'NR: limy_,oo L }

ex, (t,to)

Since A € A and v € B, hence A, B # (). Furthermore, if x € A and y € B then
x < y. As a consequence, A is bounded from above, B is bounded from below and
sup A <, inf B > . It is easily seen that sup A = inf B and we denote this common
value by a. For every e > 0, let €1 be a positive number satisfying a e > a +¢;. By
the definition of a,

Ol )

= O7
t—o0 ea@s(t7 tO) oo Cater (t> tO)

which deduces lim;_, o, % = 0. In addition, by setting g5 = %

have a © e = % < a— ey € RT. Therefore, ealei((tt),‘to) > eailfit&"to) is unbounded

from above since a — g9 € A. Thus a satisfies Definition 6.

we
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For the uniqueness, let b be a real number satisfying (2.1) and (2.2). We show
that @ = b. Suppose on the contrary that a < b. By choosing ¢ > 0 satisfying
pa(1 4 pslal)e? + 2(1 + plal)e + (a — b) < 0 we see that ae < bSe.

Hence, eqg:(t,to) < epse(t, to) which implies eag‘gi((tt),‘to) > eblej:;((?,‘to) and we have a
contradiction. Lemma is proved. O
Example 8.

1. In case T = R, the definition 6 leads to the classical one of Lyapunov exponent,
ie.,

) In|f(t
(1) = x17) = timsup 0L
t—o0
2. In case T = Z, it is easy to see that
) In|f(n
In(1+7Y[f]) = hmsuloM =x[f].
n—00 n
Furthermore, the left extreme exponent is inf(R* NR) = —1.

2.2. SOME FUNDAMENTAL PROPERTIES

Property 9. Let f,g: T, — K be the functions, we have
LTI = L.
2. T[0] = inf(RT NR) (left extreme exponent).
3. Ylef] = Y[f], where ¢ # 0 is a constant.

4. If a € RTNR and (2.1) is satisfied for any € > 0 then Y[f] < a. Similarly, if
a € RTNR and (2.2) holds for any ¢ > 0 then Y[f] > a.

5. IF ()| < |g(t)| for all large enough t then Y[f] < Y[g].

6. If f is bounded from above (resp. from below) then Y[f] < 0 (resp. Y[f] > 0).
As a consequence, if [ is bounded then Y[f] = 0.

Proof. The proof immediately follows from the definition of Lyapunov exponents. [

Property 10. For any A € RN C, we have
1. Ylea(,to)] = Tleqy (-5 to)]-
2. Tlex(,to)] does not depend on ty.
3. If q(-) € R* then

Tleq(-, to)]<limsupg(t). (2.5)

t—o00
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4.
Tle(-, to)]< limsup RA(£)<|A|. (2.6)
t—o0
5.
RA< lim in RA) <Y [ex(-, to)]. (2.7)
Proof. Since
RN if u(t) =0
3 . 1+ sA|—1 H
RA(t) = lim ——M—M— = _
0= o PBHpON =1 ) 2o,
u(t)

it follows that

RA < RA(L) <|A| VEeT
. ~ 2.
=R\ < liminf RA(¢) < limsup RA(E) < |A|. (28)
t—o0 t—o0

1. Tt is known that |ex(t,to)| = eg, (t,to) (see [10], Theorem 7.4). Thus, T[ex(-,t0)] =

T[eﬁ)\('atO)]'

2. For t; > tg, we have e)(t,t9) = ex(t,t1)ex(t1,t0). Furthermore, since A € R N C,

ex(t1,to) # 0. Therefore, by Property 1.3 we see that Tlex(+,t0)] = Ylex (-, t1)].

3. Set aw = limsup¢(t) = lim supgq(t). For any € > 0, we can find T > ¢y such that
t—o0 T—oot>T

q(t) < a+¢ for all t > Tp, which implies that 0 < eq.)(t,Tp) < eaye(t, Tp). Hence,

T [eqy(To)] < Yleate(-,To)] = a + & by Property 1.5. Since € > 0 is arbitrary,

T lex(-,to)] < o

4. This property follows from (2.8) and the Properties 2.1; 2.3.

5. Let 8 = liminf RA(t) = lim inf RA(f). We see that RA < 3 by (2.8). In case

t—o0 T=o00 t=T

B = —H% the inequality is trivial since Y [ex(+,t0)] = _71*' We consider the case
8 > _;71*' For any sufficiently small ¢ > 0, we can find T, > ¢y such that —71* <

B—e < RA®t) for all t > Tp. Hence, 0 < eg—c(-,To) < eg, (-, To) which follows
that 8 —e = Yleg—c(-,T0)] < T [eqy(To)] = T [eq, (-, t0)] = Tlea(-,to)]. Thus,
B < Ylex(v,to)]. The proof is complete. O

Corollary 11. 1. If € RTNR then 8?%)\(15) =\, and hence Ylex(-,t0)] = A
2. If T =R then Ylex(-, to)] = x[e**~t)] = R\ (A € C).

3. If T is a homogeneous time scale, i.e., u(t) = h # 0 then Ylex(-,to)] = T[(1 +
hA)t—to] = % Especially, if T =7 then Y[ex(-,to)] = |1 + A| — 1.

Property 12. Y[f + g] < max{Y[f], Y[g]} and if Y[f] # Y[g] then the equality
holds.
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Proof. Set a = Y[f], 8 = T|g] and suppose that o < 8, a, 3 € RT NR. It is seen

that
G+ Ol o0l e
eﬁ@a(tvto) 65@5(t,t0) 65®€(ta to) ’
which implies Y[f + g] < 8.
Let a < 8. Choosing any small enough € > 0 to a® e < S ¢ gets

(a0l l9(0)] £ 0)
wa&mﬁm_%N%Q
9(t)] £ (0)

> lim su — limsu =00
t~>oop eB@E(ta tO) t—)oop ea@iz‘(t to)

lim su
taoop €Boe (t7 tO) t— o0

This means that Y[f + ¢g] > 8. The proof is complete. O
Remark 13.

1. If either « or B or both is the left extreme exponent or oo then the above

inequality is also valid.

2. We always have T[> I | ¢;fi] < maxigicn Y[fi], where f; is continuous on
[to,0)T, ¢; # 0. Moreover, if there exists an index ¢ such that Y[f;] >

Y[f;], Vj#ithen Y[YI ¢ fi] =Y[f]

Because o, 3 € RT N R does not imply a + 8 € R™ N R, we can not expect
Y[fg] < Y[f] + T[g] as in the case T = R. However, we have

Property 14. Y[fg] < T[ey[f]@y[g](o,to)}.
Proof. Denote a = Y[f] and 8 = Y[g]. For all € > 0 one has

| (fg)(®) | __ e 1@
€T (eans(to)@e(t t0)  €ame, (t,t0)  egame, (L to)
€app (t, tO)eel DeaPes (t, tO)

EY[eamp (- to)]Des (t,t0)e<(t,to) 7

where €1, 2,3 > 0 are chosen such that (¢; ® ey @ e3)(t) < ¢ for all t € Ty,. Since

b IOL oo o)

=0
=00 €ame, (t, tO) Tt—o0 Cades (t tO)

and
hm ea@ﬂ (t t())

t=00 €xle,gp(- to)]@sd(t to)

it follows that lim (f9)(®)]
200 €T eq a5 (- to)]@e (T T0)
Y[fg] < Ylersjerg (- to)]. The proof is complete. 0

=0,

= 0. According to Property 1.4 we have
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Definition 15. The function f is said to have exact Lyapunov exponent (shortly,
exact exponent) « if
£ @)

t
lim &:O and lim ——*—— =00
t—o0 ea@s (t7 tO) t—o0 60(@6 (t) to)

3

for any ¢ > 0.

Property 16. If at least one of the functions f and g has exact Lyapunov exponent
then Y[fg] = Ylex(sjarg (- to)]-

Proof. Suppose that f has exact exponent. For any £ > 0, there is a sequence t,, T co
such that lim —@)l__ — & Since f has exact exponent, lim Y (9| N——

n—oo €riglos(tn;to) n—oo €x(floe (tn;to)
Therefore,

Jim sup |(fg) @)l > lim | f(tn)] im lg(tn)l
t—oo  er[floT[glee(t,to) ~ n—oo ex[fjas/2(tn, to) n—o0 ev(glac/2(tn; to)

= 00,

which implies that Y[fg] > Ylex[sa1(g (- to)]. The proof of Property 5 is complete.
O

Remark 17. If both functions f and ¢ have exact exponents then so does the
function fg, and Y[fg] = Yler[fjerg (- to)]. Generally, if all of functions fi, fa, ..., fm
have exact exponents then

Tfifo-fm] = Tlevrarife. @ r(fm) (5 to)]-
Remark 18.
1. In case T =R, T[fg] < Ylevifarg (s to)] = TIf] + Tg].

2. In case T = Z, T[fg] < Ylev(sarig (- to)] = T[f]+ Ylg] + T[f]T[g] (or equiva-
lently x[fg] < x[f]+ x[9])-

3. Since T[f] ® Y[g](-) € R, by the relation (2.5) we have

Y(fg) < timsup{ (7] & Tlg) (1)}

= lim sup{(Y[f] + Y[g] + u(t)Y[f]T[g]) (1)}

t—o00

Y[f] + Ylg] + Y[f]T[g] limsup p(t) if Y[f]Y[g] = 0

— t—o00

TLf]+ Yol + Y[fIY[gl liminf p(2) if TY[f]T[g] < O.
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2.3. EXPONENTS OF MATRIX FUNCTIONS

The Lyapunov exponent of a matrix function F(t) = [fi;(t)]mxn, where fi; : Ty — R,
is defined by Y[F] = max; ; Y[f;;]. It is easy to see that Y[||F||] = Y[F] and T[F]
has all properties 1, 3 and 4 as the case of Lyapunov exponent of one dimensional

functions.
2.4. EXPONENTS OF INTEGRALS

Theorem 19. Given a continuous function f defined on Ty,. Let

X F(s)As if Y[f] <0

F(t) =
JEFs)Asif Y[ =0

Then Y[F] < T[f].

Proof. Set A = YT[f] and suppose A € RT. By definition, for any €1 > 0 there exist
C > 0 and Ty > tg such that

‘f(t)| < Ce)\@el (t,to), vt 2 TO' (29)

Suppose that A < 0. Let ¢ > 0 and choose £; > 0, 5 > 0 and 3 > 0 such that,
APer < A+ea< APeezand A+ e <0 for all t > tg. For all t > Ty, we have

F(t) < C/ expe, (8, t0)As

C/ Exrtey (S, t0) As eA+52(t,t0)

T X+e
—C €,\®5(t to)

ErBeCes (t tO)

S m A+ea eq,(t o)
Hence,

F(t — 1 o)

130) < ¢ 20 (for all £ > 0).

exae(t,to)  A+ez et to)

Using Property 1.4 gets T[F] < \.
The case A > 0 can be proved by a similar way. If A = Y[f] is the left extreme
exponent or oo, then we also have Y[F] < Y[f]. The theorem is proved. O
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3. LYAPUNOV EXPONENTS OF THE SOLUTIONS
OF LINEAR EQUATIONS

3.1. LYAPUNOV SPECTRUM OF A LINEAR EQUATION

Consider the linear equation
2 = A(t)z, (3.1)

where A(t) is a regressive and rd-continuous n x n-matrix. It is known that the
equation (3.1) with the initial value x(tg) = ¢ has a unique solution x(t) = x(t; to, xo)
on T.

Theorem 20. Let M = limsup [|[A(t)||. If x(-) is a nontrivial solution of the
t—o0
equation (3.1), then Y[z (-)] < M. Furthermore, if limsup pu(t) < -, then one has
t—o0
the appreciation —M < Y[z(-)] < M.
Proof. The first assertion can be proved by a similar way as in the continuous case
[8, Chapter III, Section 3] by using Gronwall’s Lemma.

We prove the second one. Let T7 > Ty satisfy u(t) < ﬁ, for all t > Ty. It is easy
to see that égl(t T1) satisfies the adjoint dynamic equation

(@31 (t, 1) = =0, (o (t), T1)A(t)
= =@, (6, T0) (I + p(t) A1)t A(1).

Therefore,

ST = T — /T B (s, T[T + () A(s)]"“A(s) As.
Hence,
@5 T <1+ [ 11+ pu(s)A(s) LA 194" (s, T1)|| As.

T

Using Gronwall’s Lemma gets

197" (s, TOI < ez aw)-nac )t 1),

which implies that ||(I);11(S, T1)||_1 > e@|\([+u(t)A(t))—1 MA@ (t, Tl)
Since p(t)||A(t)|| < 1, by Hille-Yosida Theorem we have

e L
I+ @A) < T— s

This deduces S||(I + u(t)A)) | AD)| = —|A®)|| > —M € RTNR, for all t > T}.



378 K.C. NGUYEN, T.V. NHUNG, T.T. ANH HOA, AND N.C. LIEM

Furthermore,
|z(?)]] —1 1
> [y (s, 1)l
[|z(T) || A
2z (e r+nmam)-1aw(t T) = e-m(t, Tr).
Thus, Y[z(-)] = Y[e—m(t,T1)] = —M. The proof is complete. O

If T =R, then p(t) = 0 we find again a popular inequality
~M < T[z()] = x[z()] < M.

The set of all finite Lyapunov exponents of the solutions to the equation (3.1) is

called Lyapunov spectrum of this equation.

Theorem 21. The Lyapunov spectrum of the equation (3.1) has n distinct values

at most.

Proof. The argue is similar to the proof of Theorem 2.1 in [2]. O
3.2. LYAPUNOV’S INEQUALITY

Denote by X(¢,to) the fundamental solution matrix of the equation (3.1) satisfying
X (to, to) = Xo € R™™™ and W (t, tg) = det(X (t,tg)). We see that W is the solution
of the equation W2 = a(t)W (see [13]), where a(t) is defined by
. det(I +sA(t) -1 trace A(t) if u(t) =0
at) = lim s = detrrpwam)-1
s —n o wu(t) #0.
Since A(+) € CoqR(T,K**™) and pu(t) = o(t) —t is rd-continuous, a(-) € C,qR(T,C).
Therefore, the equation W2 = «(t)W with the initial condition W (¢, ) = det(Xy)
has a unique solution W (t, o) = det(Xo)ea(t, to).
Let {x1(t),z2(t),...,xn(t)} be a system of regular fundamental solutions of the

equation (3.1), i.e., a system of fundamental solutions has the property that Lyapunov
exponent of some solution combined from arbitrary solutions of this system will be
equal to the Lyapunov exponent of a solution attending in the combination. In other
words, if z(t) = kyzq (t)+kaxa(t)+- - -+ kpa, () then Y]x(-)] = Y[x;(+)] with some i (by
the finiteness of the set of Lyapunov spectrum, it is easy to find such a fundamental
solution system).

Denote by S = {a1 < az < -+ < ay} the set of Lyapunov spectrum of (3.1). In
adddition, suppose that a; € RT NR, for all i = 1,2, ..., n. .

Theorem 22 (Lyapunov’s inequality).

Tlea(10)] < Ylea dasm...oan (: to)]-
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Proof. By definition

W = Z SgN(0) To(1)1 - - - To(n)ns
cEO

where x; = (215, T2i,-..,Tn;)] and © is the set of all permutations of n elements
1,2,...,n. Therefore,

T[W] <max Y [330(1)1 .. -xo—(n)n]

oce®
< glgg T |:6T[zo(1)1]®"'@T[zo(n)n] (.’ to)]
- glea‘é( T [er[io(l)l] (" to) e eT[Itr(n)n] (.7 t()):|

< Tlea, (+t0) -+ €a, (5 t0)]
=T [ear@-aa, (- T0)]-
Thus we get Yleq (-, to)] < Y]ea,@-@a, (s to)]. The proof of the theorem is complete.
O

Example 23. In case T = R one has

Tlea(-to)] = limsup

t—o0 — b0

/t(trace A(s))ds

to
and
T [eal@"'®an('7t0)] =a1+ -+ a,.

Thus, we get the Lyapunov’s inequality for ordinary differential equations in [15].

Remark 24. The question of equality if
Tlea (- to)] = YTlear  a, (- to)]
is still open even if the matrix A is constant? However, the answer will be positive if

we have one more condition.

Consider the equation (3.1) with A(t) = A being a constant and regressive n X n-
matrix. Let A\;,;i = 1,2,...,n be the eigenvalues of A. We show that a(t) = \; ®
Ao... ® Ap,. Indeed, let

det(A = XI) = (=1)" X" + (=1)" ta, A" 1 4o —a X+ ao.
Then, by Viete’s Theorem
> A iy =ang, forallk=12,..,n
i1 <ig <. <ip
Therefore,
I+sA)—1
aft) = lim JtUHsA =1L
s\ (t) s
= aop(t)" "t +arp(t)" 24+ ap_opu(t) + an_1.
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On the other hand, by induction

AL @ Age @ M) = D N+ D> Aid;u(t)

i<j
D0 NAM((B)? A ()"
i<j<k

=aop(t)" P Faip®)" 2+ -+ a,1 = aft).

Hence,
AL B Ao B An(t) = alt), ViteT. (3.2)

Theorem 25. If for any eigenvalue \; of the matriz A the function ey, (,to) has

the exact Lyapunov exponent then

Tlea(:,to)] = Tlea, wars...00, (5 t0)];
where a; = Tlex, (-, to)].
Proof. From Remark 17 and (3.2) we have
Tleal: to)] = Tlear x (-, to)] = T ex, (- to)]
=Ylear Tlex, (o) (5 t0)] = Tlear  a, (- t0)]-

The proof is complete. O

4. LYAPUNOV SPECTRUM AND
THE STABILITY OF AN EQUATION

We also consider the equation
2 = A(t)z, (4.1)

where A(t) is a regressive and rd-continuous n x n-matrix and ||A(¢)|| < M, Vt € T,.

Definition 26. The trivial solution z(¢) = 0 of the equation (4.1) is said to be ex-
ponentially asymptotically stable (shortly, the equation (4.1) is exponentially asymp-
totically stable) if all solutions x(t) of the equation (4.1) with the initial value x(to)

satisfy the relation
()|l < Nllz(to)lle-alt, to), t > to,t € T,

for some positive constants N = N(tg) and « > 0 with —a € R*.
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If the constant IV can be chosen to be independent of ¢y then this solution is called

uniformly exponentially asymptotically stable.

Theorem 27. Consider the equation (4.1) with the stated conditions on A(-).

Then,

1. The equation (4.1) is exponentially asymptotically stable if and only if there

exists a constant o > 0 with —a € RY such that for every ty € T, there is

N =N(tg) =21 to ||Pa(t,to)]]| < Ne_n(t,tg) for allt > tg,t € T,.

2. The equation (4.1) is uniformly exponentially asymptotically stable if and only
if there exist constants o > 0, N > 1 with —a € R such that ||®4(t,0)] <

Ne_q(t,tg) for allt > to,t,to € T,.

Proof. Every solution of the equation (4.1) satisfying the initial condition x(ty) = xq

can be expressed xz(t) = ®4(t,t0)xo. Combining with the definition of exponential

stability we have the proof.

O

Theorem 28 (A spectrum condition for exponential stability). Let —« := max S,

where S is the set of Lyapunov spectrum of the equation (4.1). Then, the equation

(4.1) is exponentially asymptotically stable if and only if o > 0.

Proof. Let {z;(-) = (z1:(), 22i(), ..., 2ni(:))T}, i = 1,2,...,n be a system of funda-
mental solutions of (4.1). By assumption Y[x;(-)] < —a < 0 for all i = 1,2,...,n,

which implies that

Lol
t—o0 6—@/2(t7 tO)

Therefore, there is Ty > 0 such that

lz:i(t)|| < e_ajaltite), Vt=To, i=1,2,...,n.

. * * i (L .
Taking N* > 1 such that N* > sup; ;< 1o<t<T, %, we obtain
sup lzi(t)|| < N*e_qs2(t,to), Vit =to.

1<ig<n, to<t<To

If (-) is an arbitrary nontrivial solution of (4.1), then there are constants ay, as, ...

such that

x(t) = Z a;x;(t).
i=1

7an

Since {x1(to), z2(to), ..., Tn(to)} forms a basic of R™ and the norms are equivalent in

R™, there is a constant ¢, independent of z(ty), such that c||z(to)|| = >, |a;|. Hence,

2@l < Y lailllz ()] < N lail)e—ayalt o)
i=1 1=1
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< Nla(to)lle—ay2(t: to),

where N = ¢N*. This means that the equation (4.1) is exponentially asymptotically
stable.

Conversely, suppose that (4.1) is exponentially asymptotically stable. Then, there
exist numbers N > 1,a > 0,—a € RT such that [|z(t)|| < Ne_q(t,to) for any
solution x(t) of (4.1). By Property 1.5 we have T[z(-)] < —a. This means that
max S < —a < 0. The proof is complete. O

Consider the case, A is a regressive constant matrix
2 = Az (4.2)

Denote the set of all eigenvalues of the matrix A by o(A). From the regressivity of
the matrix A, it follows that o(A4) C R.

Theorem 29. If the equation (4.2) is exponentially asymptotically stable then
Tlex(-,to)] < 0 for all X € o(A). Suppose, in addition, that every X\ € o(A) is uni-
formly regressive, i.e, there is a constant § > 0 such that |1+ Au(t)| > 6 for all t € T*.
Then, the assumption Ylex(,to)] < 0 implies that the equation (4.2) is exponentially
asymptotically stable.

Proof. Suppose that the equation (4.2) is exponentially asymptotically stable. Let
A € 0(A) and x( be its corresponding eigenvector. Since x(t;tg, xo) = ex(t,to)xo is a
solution of (4.2),

[#(t; to, zo) || = [ex(t, to)[l|zol| < Nl|zolle—a(t,to),
where N > 1,a > 0,—a € RT. Hence, T[ea(:,t0)] < —a < 0. We define the
generalized A-polynomial by

t
1
pg‘(t,T) =1 and pz(t,T) = / pz_l(s,T)As.

- 1+ Au(s)
Using this notation, we obtain an explicit representation for the time scale matrix
exponential (see [7])

m s

Daltito) =YY Ruppiy(tto)ex, (£ ko), (4.3)
i=1 k=1
where R, are constants and A1, Ao, ..., A, are the distinct eigenvalues of A with the
respective multiples s1, s2, ..., S, (M < n).

Assume every A € o(A), Tlea(-,to)] < 0 and A is uniformly regressive.
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Let e > 0. Using L’Hopital’s rule (see [4]) we have

A
t 1
fto |1+)\[L(S AS — (fto |1+)\N(5)‘A3>
. = lim
t—oo e (t,1p) t—>00 ee(t, o) t—00 (es(t,to))A
= lim ! < lim ——
oo |1+ Apu(s)|ec(t, to) oo edec(t, tp)

=0.

Since ¢ is arbitrary, it follows from Property 1.4 that Y[p7(-,%p)] < 0. By induction
we get Y[pp(-,t0)] <0,k =0,1,2,... Therefore,

T[p?(t,to)e,\(t,to)} < T[eT[pﬁ(t,to)]éBT[ek(t,to)] (. to)]
= Tlexpa ,t0)) (B to)exien t.t)] (t: to)]
< Ylexfest,0)) (£ T0)] = Tlea(t, to)]
<.

Combining this inequality, the expression (4.3) and Theorem 28 follow the proof.
O

Corollary 30. If for any A € o(A) we have S\ # 0 and Yex(-,t0)] < 0, then the
equation (4.2) is exponentially asymptotically stable.

Proof. The proof follows from the fact that if S £ 0 then A is uniformly regressive.
O

Theorem 31. Suppose that imsup,_, RA(t) < 0 for all X € o(A). Then, the

equation (4.2) is exponentially asymptotically stable.

Proof. From the assumption and the inequality (2.6), we see that Tlex(-, )] < O,
for all A € o(A).
Set a = limsupt_mo RA() < 0, € o(A).

Choose 0 < & < —§. Then, there exists Ty € T such that sup,>q, RA() < a+e
which implies (?R)\ D 5)( ) < 2 <0, for all t > Tp. Hence, lim;_, G@A@E(f,to) = 0.
Applying L’Hépital’s rule ([4 ]) obtains

A ' 1
lim su t,to)e t,t0)| < limsu ————As X eg t,t
tﬁoop|p1( 0)exae(t;to)] tﬁoop " 11+ Ma(s)| ERAEBs( 0)
A
~ fim (fto \1+Au S)IAS) T 6§/fé>\@e(t’ to)

= lim ——
t—o0 A Firgeel
B (ee(s?u@g)(t, to)) “o GRAD e)(t) x |14 Au(t)]

(L) (tito)

=00 (RA @ &) (t)
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Therefore, p}(t,to)exac(t,to) is upper bounded by certain constant C' when ¢ is large
enough, which implies that

P2 (¢, to)e(t, to)| = [p1(t, to)exae (£, to)|ece (t, to) < Ceac(t, to).
Thus,

Y[py (£, to)ex(t, to)] < Y[Ceae(t, to)]

< sup(Ee) = s < <o
< su =sup — < - .
v Py ep(t) 1+ epts
By induction we can prove that
T[p?(t, to)@)\(t, tO)] < Oa
forall k=0,1,2,...
Using the expression (4.3) and Theorem 28 we can complete the proof. O

Note that if A(-) € RT, §/)‘§)\(t) = A(t) for all t € T. Therefore, in the following we

have a corollary of Theorem 31.

Corollary 32. If o(A) C (—00,0) N R then the equation (4.2) is exponentially
asymptotically stable.

Example 33. Consider the equation z2(t) = Az(t) on the time scale

with
L —-24 0 48
A= — _
o 1 24 24
33 —72 —48

It is clear that
0 ifte U 2k,2k+1),

p(t) =
1 ift e U {2k + 1},

the left extreme exponent is —1. Further,
1 1
o(A) = {—2, -1+ ii’ -1 - 21’}
and all A € o(A) are uniformly regressive.

i) With A; = —2 and ¢ € |2k, 2k + 1], we have

t o(7)
e_2(t,0) = exp/ —2ds H (1 —2u(7)) exp/ 2ds = e 2t (—1)ke?*,
0

T€lo ¢ T
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On the other hand,

e,%(t,o)zexp/ —fds 11

TGI() +

o(r) 1
(1 — f,u ) exp/ §ds

1 .
—e2k forall t € [2k,2k + 1].

_ 14
pr— 2
€ %

N}

By comparing these expressions, we see that there exists ¢ > 0 such that |e_5(t,0)| <
ce_y1(t,0). Hence

Tle—2(-,0)] < Yle_

(,0)] = —% <.

N

ii) When Ay = —1 + 14, we have

~ 1 —1+4i)-1 -1 if u(t) =0,
Pao(t) = fim LHsCLH20I=1 1 1 ult)
sN\p(t) S 7~ 1 ifu(t) =1,
thus )
Tlex, (+,0)] < limsu RAg(t) = — — 1 < 0.
exa (0] < Timsup s (1) =
iii) Similarly, with A3 = —1 — %z we also get

. = 1
Tler, (+,0)] < hgsogp RA3(t) = 7B 1<0.

Therefore, by Theorem 29, the above equation is exponentially asymptotically stable.
Make a note that the equation x2(t) = —2x(t), t € T = U, [2k, 2k + 1] is expo-
nentially asymptotically stable, meanwhile lim sup,_, . ﬁ(—2) (t) = 0. This indicates

that, in general, the inverse of Theorem 31 is not true.
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