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ABSTRACT: In this paper, we consider the impacts of noise on ordinary differential
equations. We first prove that the weak noise can change the value of equilibrium
and the strong noise can destroy the stability of equilibrium. Then we consider the
competition between the nonlinear term and noise term, which shows that noise can
induce singularities (finite time blow up of solutions) and that the nonlinear term
can prevent the singularities. Besides that, some simulations are given in order to

illustrate our results.
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1. INTRODUCTION

The theory of stochastic differential equations (SDEs) has been very well developed
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since the seminal work of the great mathematician Kiyosi Ito in the mid 1940s. Ex-
istence and uniqueness of solutions of SDEs have been extensively studied by many
authors [7, 15] under the conditions that both dirt and diffusion coefficients satisfy
linear growth and global Lipschitz condition. SDEs (as well as stochastic functional
differential equations) with non-Lipschitzian coefficients have received much attention
widely, see, e.g., [5, 6, 9, 10, 14], just mention a few. In the present paper, we aim to
study the impact of noise on the solutions of ODEs, see [12].

Given a probability space (€2, F, P) endowed with a complete filtration (F%)i>o.
For simplicity, we only consider the case that the image belongs to R. That is, we

consider the following problem
dXt = b(Xt)dt + O'(Xt)th, X() =T Ec R, (11)

where W; is white noise. In this paper, we focus on the effect of noise.

Firstly, in Section 2, we consider the following special case
dX; = (B — X2) Xydt + k() X dW;,  Xo =z €R, (1.2)

where o > 0,8 > 0 and k(t) is a continuous function. In this case, we can write
the explicit solution of (1.2) and thus we can prove the effect of noise clearly. We
2
prove that weak noise, a8 > kT*" (km = tlim \/ % fg k2(s)ds), can change the value of
— 00

2
ké", can destroy the stable of equilibrium, see [2]

equilibrium and strong noise, af <
for similar results.
Secondly, in Section 3, the competition between nonlinear term and noise term

will be investigated. Consider the following problem

dX; = (—ky X))dt + ke X[ AW, >0,
XO =T,

where k1 > 0,ko € R, m > 1 and v > 1 satisfying (—1)Y = —1. It turns out that the
noise can induce singularity (finite time blowup) and the nonlinearity can prevent the
solution blowing up, see the reference [3, 4].

Lastly, apart from the analysis proof, we shall give some simulations in Section 4,

which show that our results are right.

2. A SPECIAL CASE

In this section, we are interested in the effect of noise on equilibrium. The effect of

noise on blowup time is also investigated.
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Now, we consider the following equation

(2.1)

dX; = Oé(ﬁ — XtQ)Xtdt + k(t)Xtth, t >0,
Xo =,

where a > 0,8 > 0 and k(t) is a continuous function. Let Y (t) = e~ Jo k()W () X (¢).
It6 formula implies that

dY (t) = o <5 - %k%) —e2fo k<8>dW<8>y2(t)> Y (t)dt.

Set Z(t) = e~Bt+3 Ji ¥ (9)dsy (1) The above equality gives

1

Z3(t) = ,
( ) -2 + 204f e2l(ap— = [ k2(s)ds)t+ [y k(s)dW (s)] ¢

Thus we have

e e2l(aB—g¢ [§ K (s)ds)t+ [ k(s)dW (s)] 59
t) = : :
() w2 20 [} 2835 Jo K (r)dr)s+[g k(r)dW (1] g 22)

In particular, k(t) = 0, (2.2) becomes
e2a,3t

2 —
X (t) - .1}'_2 +B_1(62aﬁt _ 1)7

which yields that

lim X2(t) = 8. (2.3)

t—o00

Theorem 2.1. Let X (t) be the solution of equation (2.1). If af > b 2=, then for any
e > 0, there exists tg > 0 such that

1 t k2 2 2T2
P{‘—/X2(s)ds—(6—ﬂ>‘>6forsomet>T}<exp —();67
t Jo 20 32 [y k2(r)dr
for all T > ty, where k,, = thm v § 1 f k2(s)ds. In particular, ast — oo,
—00

k?2

almost surely. If af < < tm 2, then the solution X (t) — 0 almost surely as t — co.

Proof. The proof of this lemma is similar to [13, Lemma 2.1]. We only give the
outline of the proof. From (2.2), it is easy to see that

¢
%/0 X2(s)ds = % log z(t) — % log z(0), (2.4)
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where z(t) = 272 + 2a fot 62[a(ﬂf%)s+f5 k(AW (1] 1. Define
t

2(t) = 2/ 2la(B—ziz [o k> ()ds)s] g6
0

Then it is easy to show that for any sufficiently small ¢ > 0, there exists ¢j > 0 such
that for ¢ > t§,

1 I 1
k2, — —ae < —/ k%(s)ds < k2, + ae (2.5)
8 t /) 8
and
to . 1
/ e20Bs =[5 K (1dr) gg < M exp (2@61& — k2t + gast) , (2.6)
0

where M is a constant satisfying

1 1
log [ ———— = M) < ~aet. 2.7
Og<2aﬂ—kfn+§+ >—8°‘5 (2.7)

On the other hand, there exists ¢ > t$ such that for ¢ > ¢,

1 1 1
exp <2a6t8 — k2t — gastg) < 5 exXP (2@51& — k2t — gast) , (2.8)

and

1 1
1og< 115 T ) > ——qet. (2.9)
2(aﬂ — §km + EO{&) 8

Therefore, for ¢ > t§, it follows from (2.5) and (2.6) that
t
Aty = 2 / 2la(B=5i7 Jo ¥ (s)ds)s] g
0

+* t
= 2 / ? 2Bty J§ K ()] gg 4 o / 2Pz Jo K ()l g
0

)

th t ,
< 2/ © eQ[(y(B—ﬁ f(; kz(s)ds)s]ds + 2/ eQ[a(,@‘— ’;’f’; )s+§o¢es]d$
0 ty
té 2 1 t k,2 d 1
_ 2/ e L CIOE P A
0 aff — = + %ae
2 1 * 2 g% 1 *
X |exp | 2a0t — kit + gaat —exp | 2a8ty — ki to + gaEto
1 , .1
< | —————+ M) exp (208t — k2t + Zact). (2.10)
af — 2+ tae 8

Similarly, by (2.5) and (2.8), we have

t
() = 2 / (2l 5k J1 K (5)ds)al g
0
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t
> 2/ 62[(1(57% fg k2(s)ds)s]d8
2
L ,
Z 2/ 0 62[(1(57 kif )sféaes]ds
0

1

k2, 1
aff — =+ + gae

1 1
X [exp (204575 — k2t + §a€t> — exp (204,8756 — k2 th + gagt(ﬁ)}

1 1
= exp <2a6t — k2t + —aet) : (2.11)
2(af — 2 + Lae) 8

Then taking logarithm to (2.10) and (2.11), it is easy to see from (2.7) and (2.9) that

1
(204/5 R - iae) t <logz(t) < (2046 — k2 + Zas) t. (2.12)

Recall that

;/ K(r)dW,, 0<s<t
\/kaQ(r)dr 0

I E2(r)dr

W) Here x(u) is a standard Brownian
0

is a time changed Brownian motion y (
motion with of time u. Therefore,

[ . B t dr fOSkQ(r)dr
V()= [ kyaw. = [ )dx<7f0tk2(r)dr>'

Let C; = log(2a) and Cy = log(z~2 + 2a). For any ¢ > 0, take ¢y > ¢ such that

. —2 . —2
1 —loge™)] __ |Ca—loga=)] _

atg ato

For any T > tg, define

Qr=<Kwe: — forall0 <u <1

aeT aeT
— < x(4) < —/—,
4\/f0T k2(r)dr 4\/fOT k2(r)dr

Then from the well-known Doob’s inequality (see [11, 13])

P(Qr) > 1—exp of? T
—exp | ————
’ 32 fOT k2(r)dr

and for each w € Q, and t > T, and s < ¢, one can prove |Y(s)] < 2L, see [13]. It
follows that for w € Qp, and t > T,

205(t)e” 1% < 2(t) < 2(z7 2 + 20)3(t)e 19,
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together with (2.12), implies that

1 1
(204/5 — kfn — 5046) t+Cy <logz(t) < (2046 — kfn + 5045) t+ Cs.

It follows from (2.4) that for w € Q and t > T,

k2 1 —2) -1 -2
6__m_£ C; — og /X ds<6—— f Cy — log(x )
20 2 ato

By the definition of ¢y, we have for w € Q and ¢t > T,
k2 t k2
6—2——6< /XQ(s)dsgﬂ——m—i—e,
e

which is the desired result when a8 % we let 6 [+ ¢ and then we

get af3 >k

. k2
5___g< /X ds < — 7 +e.
2a

Letting € — 0, We arrive that X () — 0 almost surely as t — oo.

When af <t 2 it follows from the following property of Brownian motion ([8])
B
lim sup —t =1 as.

t—oo V2t loglogt

that X (t) — 0 almost surely as ¢ — co. The proof of Theorem 2.1 is complete. [l

Remark 2.1. From Theorem 2.1, it follows that the weak noise can change the

value of equilibrium and the strong noise can destroy the stability of equilibrium.

3. COMPETITION BETWEEN NONLINEAR TERM AND NOISE
TERM

In this section, we consider the role of competition between nonlinear term and noise
term. Before that, we first list out what type of noise can make the solution of (1.1)
keep positive.

dXt = f(Xt)dt + O'(Xt)th, X() = X. (31)

Using the test function (see [1])

0, (—00,0],
2k>r® 1
Yr(r) = T; 24> 1\3 [01, 2_kl]7
r—gp— 5 (r—%)7 l55: %)
r—= ﬁa [%700)7

and Ito formula, it is not hard to get the following Proposition.
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Proposition 3.1. Assume that the function f(r) is continuous on R and such
that f(r) > 0 for » < 0 and o(r) satisfies the local Lipschitz condition, i.e., there
exists constant m > 1 such that |o(x)| < ls|z|™, where I, is the local Lipschitz
constant. Then the solution of (3.1) with nonnegative initial datum remains positive,
ie., Xy >0, as.,t>0.

Consider the following problem

dX; = (—klet’y)dt + kQX,;det, t>0,
(3.2)
Xo =,
where k1 > 0,k2 € R,m > 1 and 7 > 1 satisfying (—1)Y = —1. When k; > 0

and (—1)Y = —1, the existence of local solution of (3.2) can be obtained by Picard
iteration, see [5, 9, 10]. When (—1)" =1 and k; < 0, the solution of (3.2) will blow
up in finite time, see [3, 4, 7).

Theorem 3.1. Assume that m > 2

5, T 1S a nonnegative constant satisfying

1+
2 _ 2m—(147) om
ks o 2m = (149) <1+7) " (k)T (3.3)

2 2m mk3

Then the solution of (3.2) will blow up in finite time in L*(Q), that is, there exists a
constant T* > 0 such that

[N

lim (E|X¢|*)? = co. (3.4)

t—T*—0

Proof. It follows from Proposition 3.1 that the solution X; > 0 holds almost surely.

By It6 formula, we have
t t t
Xi=a? —2/‘61/ X2“d8+2k2/ XMW, +k§/ X2ms,
0 0 0

Taking expectation on both sides of the above equality and letting £(t) = E[X?], we

have
t t
£(t) = 2% — 21@@/ X2 ds + kgE/ X2mds, (3.5)
0 0
or, in the differential form
d&(t
£(0) = 2.

By Jensen’s inequality, we have

E[X7H] < [EX2m]F7 | E[X27] > (E[X2))" (3.6)
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and e-Young’s inequality yields

14y

. k3 ~
2k; (E[X2™]) " < ?QIEXE’” + ki, (3.7)
B 1+y 5
where ki = W (i;—kZ) S (2k1)?7=0F9 . Submitting (3.6) and (3.7) into
2
(3.5), we get

df(t) k2 m 7

£(0) = 2%

This implies that, for %fm(O) — k1 > 0, we have %fm(t) — k> 0 and £(t) > &, for
t > 0. An integration of equation (3.8) gives that

T < /E(T) 2dr
— Jeo) k%?”m—leil

/°° 2dr
£(0) k%?“m — 2/;‘1
< 00,

2dr _
kng —2kq

the proof. O

which implies that 7(¢) must blow up at a time 7™ < fgo(%) . This completes

Next, we consider the case that 1 < m < HTA’

14~y

Theorem 3.2. Assume that 1 < m < =

and x is a nonnegative constant. Then

(3.2) has a global solution.

Proof. It follows from [5, 10, 16] that (3.2) has a local solution on [0, T]. By Propo-
sition 3.1, this local solution is positive. Now, we prove the solution does not blow

up in finite time. Similar to the proof of Theorem 3.1, we have

d&(t) +1 2m v2
= = 2k E[X] EsE[X™

dt 1[t]+2[t]7 (3.9)
£(0) = a2,

where £(t) = E[X?]. By Hélder inequality and e-Young’s inequality, we have
2("":1) 1+y—2m
(X2 < (BIGT]) T (EIX) T
< REX, ]+ kEXT], (3.10)

where

2(m—1)

c 1ty =2m (k(y =D\,
k1= v—1 (2(m—1) (k) Tz
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Submitting (3.10) into (3.9), we get

LD o BT + b
< ke,
which yields that
£(t) < €(0)eM. (3.11)

Suppose ( is the lifetime of X (¢). Define
Tr = inf{t >0, X%(t)>R}, R>0,
It is clear that 7 tends to the lifetime ¢ as R — +o0. (3.11) implies that
E[X2(t A mg)] < E[X2(0)]e"".
Letting R — +o00 in above inequality, by Fatou lemma, we get
E[X2(t A €)] < E[X2(0)]e™ . (3.12)

Now if P(¢ < 4+00) > 0, then for a large T > 0, P(¢ < T) > 0. Taking t = T in
(3.12), we get

E[1c<r X*()] < E[X2(0)]e™". (3.13)

Since X?2(¢) = oo on a positive measure subset ( < T, the left hand side of (3.13)
is infinite, while the right hand side is finite, which is impossible. Therefore P({ =
+o0) = 1. O

Remark 3.1. Combining Theorems 3.1 and 3.2, we find the competition between
the nonlinear term and noise term. The value m = (1 + v)/2 is a threshold for
equation (3.2). For example, considering the equation (3.2) with v = 3, we have the
following results. When 1 < m < 2, equation (3.2) has a global solution; when m > 2,
the solution of equation (3.2) will blow up in finite time; when m = 2, it follows from
the proofs of Theorems 3.1 and 3.2 that the solution of equation (3.2) will blow up in
finite time if k3 > 2k; and equation (3.2) has a global solution if k3 < 2k;.

4. SIMULATIONS

In this section, we give some simulations to illustrate the results of Theorems 2.1, 3.1
and 3.2. Firstly, taking the initial date 2 = 0.1, o = 1, 8 = 2 and k(t) = v/2, we have
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Figure 1: The case that a8 > k., /2 Figure 2: The case that a8 < k;, /2
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Figure 3: The case that a8 = k2, /2 Figure 4: The case that k1 < 0 and
(-1 =

aff > % It follows Theorem 2.1 that %fot X2%ds — B — gi, see Fig 1. Under the
same initial data, taking o = 1, 8 = 0.5, k(t) = v/2, and a = 1, B = 2 and k(t) = 2,
2

we have aff < k—2’k and aff = %, respectively. It follows from Theorem 2.1 that the

solution goes to 0 as times goes to infinity, see Figs 2 and 3.

In order to verify the results of Theorems 3.1 and 3.2, we take the initial data
2 = 2 holds for Figs 4-8. It is easy to verify that the condition (3.3) holds for = = 2,
k1 =ko =1or ky =1, ko = 2. First we note that if k&; < 0 and « > 1, then the
solution of (3.2) will blow up in finite time in L?(2), see Fig 4. Theorem 3.1 shows
that if m > 42, the solution of (3.2 ) will blow up in finite time in L?((2), see Fig
5. Theorem 3.2 shows that if m < 112, the solution of (3.2 ) exist globally, see Fig
6. When m = HT'Y, from Remark 3.1, the solution of equation (3.2) will blow up in
finite time if k3 > 2k; (see Fig 7) and equation (3.2) has a global solution if k3 < 2k,
see Fig 8.
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Figure 7: The case that m = H'T” and Figure 8: The case that m = 1+Tﬁyand
k% > 2k ]f% < 2k
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