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1. INTRODUCTION

In this paper we consider the first-order linear difference equation with variable re-
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tarded arguments of the form
Az(n) + Y pi(n)z(ri(n)) =0, n €N, (E)
i=1

and the (dual) difference equation with variable advanced arguments of the form

m
Va(n) — Z gi(n)x(oi(n)) =0, mneN, (E")
i=1
where (p;(n))n>0, (¢i(n)),>;, 1 < i < m, are sequences of nonnegative real numbers,
and (7;(n))n>0, (04(n))n>1, 1 < i < m, are sequences of integers such that
Ti(n) <m—1, VYneNy and lim 7;(n) =00, 1<i<m (1.1)
n— oo
and
oi(n)>n+1, VYneN, 1<1<m, (1.2)
respectively.

Here Ny, N are the sets of nonnegative integers and positive integers, respectively,
A denotes the forward difference operator Axz(n) = z(n+1)—x(n) and V corresponds
to the backward difference operator Va(n) = z(n) — z(n — 1).

Set v = —min ,>¢ 7;(n) and note that v is a finite positive integer, if (1.1) holds.
1<i<m
By a solution of (F), we mean a sequence of real numbers (z(n))p>_, which

satisfies (E), for all n > 0. It is clear that, for each choice of real numbers c_,,
C—_yt1, -5 C—1, Co, there exists a unique solution (z(n))p>_, of (E) which satisfies
the initial conditions x(—v) = c_y, x(—v + 1) = c_yy1,..., 2(=1) = c_1, 2(0) = ¢p.
When the initial data are given, we can obtain a unique solution to (E) by using the
method of steps.

By a solution of (E’), we mean a sequence of real numbers (z(n)),,~, which satisfies
(E') for all n > 1. -

A solution (2(n))n>—v (or (z(n)),s) of (E) (or (E")) is called oscillatory, if the
terms x(n) of the sequence are neither eventually positive nor eventually negative.
Otherwise, the solution is said to be nonoscillatory.

While deviating difference equations with one argument have been studied widely
and extensively by several researchers, the study of such equations, especially systems
involving several arguments, is scarce and rare, most likely due to the complexity of
the analysis of those equations and lack of an established theory. However, recent
studies in biological, physical and economics systems, involving multiple feedback
mechanisms have stimulated interest on equations (E) and (E’). Hence, in the last
few decades, the oscillatory behavior, stability and existence of positive solutions of
equations (F) and (E’) has been the subject of several studies. See, for example,
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[1—18] and the references cited therein. Most of these papers though, are concerned
with the special case where the arguments are nondecreasing, while merely a small
number of papers are dealing with the general case where the arguments are not
necessarily monotone, see, for example, [2—4].

The motivation for considering non-monotone arguments is not of purely mathe-
matical interest. Several phenomena require the use of non-monotone arguments since
there are always natural disturbances, e.g. noise in communication systems, that af-
fect all the parameters of an equation. Therefore, the monotone arguments, adequate
from a mathematical point of view, become non-monotone almost always. In view of
this, an interesting question arising in the case when the arguments 7;(n) and o;(n)
are non-monotone, is whether we can establish oscillation criteria that substantially
improve on all the known results in the literature. This paper offers an affirmative
answer to this question.

The organization will be as follows. First, we present, separately for a delay
and advanced case, a short chronological review of the most interesting oscillation
conditions for the above equations. Next, we establish new sufficient conditions of
lim sup type, for the oscillation of all solutions of (F) and (E’). We base our technique
on the proper use of a recursive procedure leading to new inequalities which may
replace former ones. To verify the significance of the obtained results, we provide two
examples along with various comparisons among new and known criteria.

Throughout this paper, we are going to use the following notation:

k—1 k—1
> A =0 and J]AG)=1
i=k 1=k
m  n—1
o= hnnilgfz Z pi(J) (1.3)
=1 j=7(n)
m  o(n)
fe=liminf» " > 4(j) (1.4)
i=1 j=n+1
0, ifw>1/e
D(w) :==

lw—Vi-2w—w? v12—2w—wz, if we[0,1/¢]

MD ::limsupz Z pi(7)
n—oo .
i=1 j=r(n)

m o(n)

MA = 1imsupz Z q:(4)

N0 =1 j=n

where 7(n) = maxi<i<m 7:(n), 0(n) = mini<;<,, 0;(n) and 7(n), o;(n) are nonde-
creasing.
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1.1. RETARDED DIFFERENCE EQUATIONS
(CHRONOLOGICAL REVIEW)

In 2006, Berezansky and Braverman [1] and in 2014, Chatzarakis, Pinelas and Stavro-
ulakis [8] proved that if

1
lim sup sz and  a> -, (1.5)

?’L—>OO7’1

or
MD > 1, (1.6)

respectively, then all solutions of (E) are oscillatory.

Now let us come to the case considered in the present work, i.e., that the arguments
7:(n), 1 <14 < m are not necessarily monotone.

Set

h(n) = [nax. hi(n)  where  h;(n) = Joax 7 i(s), n>0 (1.7)

and

ar+1(n, k) = 1:[ ll — Zpg(i)arl(i,rg(i))] , relN

=1
Clearly, h;(n), h(n) are nondecreasing and 7;(n) < h;(n) < h(n) <n—1, for alln > 0.
In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if there exists

a subsequence 6(n), n € N of positive integers such that
m
Zpi(H(n)) >1, vn e N,

then all solutions of (E) are oscillatory.

Under the assumption that
> pin) <1, Vn > 0, (1.8)
i=1
the same authors proved that, if for some r € N

lim sup Z sz n),7(j3)) > 1, (1.9)

nee j=h(n) i=1

then all solutions of (E) are oscillatory.
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In 2017, Chatzarakis, Horvat-Dmitrovi¢ and Pasi¢ [3] proved that if, for some

{eN,
h(n)—1

1
lim sup Z P(j H — > 1, (1.10)
n—o00 J=h(n) i=7(j) 1 PE(Z)
where
n—1 h(n)—1 1
i=T(n) j=7(4) N

with P(n) = Po(n) = >_i-, pi(n), then all solutions of (E) are oscillatory.
Lately, Chatzarakis and Jadlovskd [4] proved that if, for some w € N,

h(n)—1

L 1
li P(¢ — >, 1.12
mew > P ]I 1-P,(i) (1.12)
£=h(n) i=7(£)
where

n—1 — j—1
Py(n)=Pn) |1+ > Pl)exp| > 0| (1.13)

t=7(n) j=7() i=7(j)

with P(n) = Po(n) = Y1, pi(n), then all solutions of (E) are oscillatory.

1.2. ADVANCED DIFFERENCE EQUATIONS
(CHRONOLOGICAL REVIEW)

In 2014, Chatzarakis, Pinelas and Stavroulakis [8] proved that if

MA > 1, (1.14)

then all solutions of (E’) are oscillatory.
Assume that the arguments o;(n), 1 <14 < m, are not necessarily monotone.
Set

_ A > .
p(n) = min pi(n), where pi(n) =minoi(s), n =0 (1.15)

and

1=n-+1 =1
k
br+1(n7k) = H [1—Zq€ Z oy ))] N r € N.
i=n+1

Clearly, p;(n), p(n) are nondecreasing and o;(n) > p;(n) > p(n) > n+1for all n > 1.
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In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if there exists

a subsequence #(n), n € N of positive integers such that
m
Zqi(H(n)) >1, VneN,

then all solutions of (E’) are oscillatory.

Under the assumption that
> ailn) <1, Vn > 1, (1.16)

the same authors proved that, if for some r € N,

’n)m

hmsupZZqz n),o:(j)) > 1, (1.17)

n—00
j=n i=1

then all solutions of (E’) are oscillatory.

Recently, Chatzarakis, Horvat-Dmitrovié¢ and Pasié [3] proved that if for some

¢ eN
p(n) a(j)

1
lim sup Q. — > 1, (1.18)
n—00 jzr:z i pl(n_[)Jrl 1- QK(Z)
where
Qi(n)=Q(n) |1+ Q(7) —_—, (1.19)
i=n+1 j=p(n)+1 1= Qi)

with Q(n) = Qo(n) = >_i~, ¢i(n), then all solutions of (E’) are oscillatory.
Lately, Chatzarakis and Jadlovskd [4] proved that, if for some w € N

p(n) a(f)

1
limsup > Q) [ —=—>1 (1.20)
n—o00 —n i=p(n)+1 1-— Qw(l)
where
B B a(n) o) el )
Quin)=Q) |1+ > Qe | 3 Q) [ 7= || @20
f=n+1 j=n-+1 i=j+1 = Qyu-1(4)

with Q(n) = 31", ¢;(n) = Qy(n), then all solutions of (E’) are oscillatory.
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2. BASIC LEMMAS
2.1. RETARDED DIFFERENCE EQUATIONS

The proofs of our main results are essentially based on the following lemmas.

Lemma 1. Assume that (1.1) holds and o is defined by (1.3) with oo > 0. Then we

have
m  n—1 m  n—1
liminf» 0 D pi(j) =liminfy S 7 pi() = o (2.1)
i=1 j=h(n) i=1 j=7(n)

where h(n) is defined by (1.7) and T(n) = maxi<;<m 7:(n).

Proof. Clearly, the sequence of integers h(n) is nondecreasing and 7(n) < h(n) <
n—1, for all n > 0. So

m n—1 m n—1
Z pz(]) < Z pz(])
=1 j=h(n) =1 j=7(n)
Hence
m n—1 m n—1
i ph) Slimint ), ) wl)
i=1 j=h(n) i=1 j=7(n)

Assuming that (2.1) does not hold, there exists o’ > 0 and a subsequence (6(n)) such
that 6(n) — oo as n — oo and

m  0(n)—1

nlimz Z pi(j) <o < a.

i=1 j=h(0(n))
By definition, h(0(n)) = maxi<i;<m hi(0(n)), where h;(0(n)) = maxo<s<o(n) 7i(s). It
is obvious that there is £ € {1,...,m} such that
BBM) = he(B())  and  hy(0(n) < he(0(n)), j € {1,...,m}.
But he(0(n)) = maxg<,<gmn) 7e(s), hence there exists 6'(n) < 6(n), 0'(n) € Ny such
that he(0(n)) = 7¢(0'(n)). Due to 7(¢'(n)) = maxi<;<m 7:(0'(n)), we have

7(0'(n)) = 7(0'(n)) = he(6(n)) = h(6(n))
and consequently
0'(n)—1

(n)
> pild)
=7(0"(n))

m  6(n)—1 m  0(n)-1

IR M) IRTUES 3

i=1 j=h(0(n)) i=1 j=7(0'(n))
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(o)
It follows that (Zz 1 Z? (f)e,ln)) pi(j )) is a bounded sequence, having a conver-
n=1

gent subsequence, say

which implies that

m  n—1
hmmfz pi(j) <d <«
This contradicts (1.3).
The proof of the lemma is complete. O

Lemma 2. Assume that (1.1) holds, o is defined by (1.3) with 0 < a < 1/e, and
x(n) is an eventually positive solution of (E). Then we have
lim inf M

n—oo  x(n)

> Ao, (2.2)

where h(n) is defined by (1.7) and Ao is the smaller root of the transcendental equation
A= e

Proof. Assume that (xz(n)),>—_. is an eventually positive solution of (E). Then
there exists ny > —w such that z(n), z(m;(n)) > 0, for all n > n;. In view of this,
Eq.(E) becomes

_ sz(n)x(ﬂ(n)) <0, VYn>n,

which means that (z(n)) is an eventually nonincreasing sequence of positive numbers.
By the definition of o and using Lemma 1, it is clear that there exists € € (0, )
such that
Z sz >a—¢e for n>n(e) >n;.
i=1 j=h(n)

We will show that

timinf 20 S 5 (2.3)

n—oo I n) -

where g (g) is the smaller root of the equation
ela=eA — )\,

Assume, for the sake of contradiction, that (2.3) is not valid. Then, there exists eg > 0

such that
e(a76)7

> 1+ €0, (24)
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where

vzlarggf% < Ao (€).

On the other hand, for any 6 > 0, there exists n () such that
rhn)

ppy > for n>n(9).
Dividing (F) by z(n), we obtain
Ar(n) N a(m)
el ;pz( )=o)
) SR ) <~ (-8 S piln),

or

Summing up the last inequality from h(n) to n — 1, we take

-1 m

3

n—1
Z Am()g Zpl (v=9)(a—e).

j=h(n) J?(j) j=h(n) i=1

But, since e* > x + 1, Vo > 0, we have

= Ax(g') ’f (x(j—i‘—l)_1>

(]
I

ity *U sonim N 2U)
n—1 .
= ex nx(j+1) —(n—h(n
- > p (10 L) - (i)
S nx(j+1) —(n—h(n
> j_zh(jn)<1+1 IED) — (i)

= (n—nh(n))+ Z In x() — (n—h(n))

j=h(n)

B J+1 z(n)
= Zl =In—

Jj=h(n)

or )
Bel) el
x
J=h(n)
Combining (2.7) and (2.8), we have

279

(2.8)
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ie.,
z(h(n)) (=) (a—2)

o) for large n.

Therefore,
z(h(n)) o -8 (a—e)

- )

v = lim inf
n—o00 T n)

which, as § — 0, implies
v > eV(a—e)
Combining the last inequality with (2.4), we obtain

ev(a—e) S gras)

1+e0 —

which is not valid, since g9 > 0. Therefore (2.3) is true. Since Ag (g) = X\ as € — 0,
(2.3) implies (2.2).
The proof of the lemma is complete. O

The next lemma provides a lower estimate for the ratio z(n+1)/x(h(n)), in terms
of the smaller root of d? — (1 — a)d + a?/2 = 0. The proof of this lemma is similar to
the proof of Lemma 2.1 in [7].

Lemma 3. Assume that (1.1) holds, h(n) is defined by (1.7), 0 < a < 1/e and x(n)

is an eventually positive solution of (E). Then

1
lim inf z(n+1)

minf Zo s 2 Dla). (2.9)

2.2. ADVANCED DIFFERENCE EQUATIONS

Similar lemmas for the (dual) advanced difference equation (E’), easily, can be de-
rived. The proofs of these lemmas are omitted, since they are quite similar to those

of the corresponding lemmas, for the retarded equation.

Lemma 4. Assume that (1.2) holds and (5 is defined by (1.4) with 3 > 0. Then we

have
m  p(n) m  o(n)
minfy Y ogi(j) =liminf > > ali) =8, (2.10)
el i j=n+1 e j=n+1

where p(n) is defined by (1.15) and o(n) = mini<;<m, 0;(n).

Lemma 5. Assume that (1.2) holds, f is defined by (1.4) with 0 < 5 < 1/e, and

x(n) is an eventually positive solution of (E'). Then we have

lim inf zlp(n) >N (2.11)

whee a(n)
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where p(n) is defined by (1.15) and Ao is the smaller root of the transcendental equa-
tion A = ePX.

Lemma 6. Assume that (1.2) holds, p(n) is defined by (1.15), 0 < 8 < 1/e and

z(n) is an eventually positive solution of (E'). Then

lim inf Ln —1)

minf 2 > D (o). (2.12)

3. MAIN RESULTS
3.1. RETARDED DIFFERENCE EQUATIONS

Based on Lemmas 1, 2 and 3, we further study (E) and derive new sufficient oscillation
conditions, involving lim sup, which improve on all previously known results in the

literature.

Theorem 7. Assume that (1.1), (1.8) hold, and h(n) is defined by (1.7). If for

some w € N

h(n)—1 j—1

L — 1
li Pl P(j — | > 1, 3.1
e 3 e (370 T o)
=h(n) j=T7(£) i=7(4)
where
n—1 n—1 j—1 1
t=r(n) j=r(t) i=7(j) w=l

with Ro(n) = M\ P(n), P(n)=>_1" pi(n) and X be the smaller root of the transcen-

dental equation \ = e™*, then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solu-

tion (m(n))nzfv
our discussion only to the case where z(n) > 0, for all large n. Let n; > —v be an

of (E). Since (=z(n)),>_, is also a solution of (£), we can confine

integer such that z(n) > 0, for all n > nj. Then, there exists no > n; such that
2 (7;(n)) > 0, for all n > ny. In view of this, Eq.(F) becomes

Ax(n) = — Zpi(n)a: (r:(n)) <0, forall n > na,
i=1

which means that (z(n)) is an eventually nonincreasing sequence of positive numbers.
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Taking into account the fact that 7 (n) < h;(n)

n) + <§:pz(n)> x (h(n

Axz(n) 4+ P(n)z (h(n)) <0,

On the other hand, by (2.2), for each € > 0, there exists a n(e) such that

or

z(h(n))
)

xr(n

Combining inequalities (3.3) and (3.4), we obtain

Az(n) + (Mo — €) P(n)z(n) <0,

or

Ax(n) + Ro(n,€)x(n) <0,

where

Ro(n,e) = (Mo —¢) P

Applying the discrete Gronwall inequality in (3.5), we have

n—1 1
x(k x(n —_—,
0> [T 7075

Now, dividing (E) by x(n) and summing up from k to n — 1, we get

n—1 . n—1 m (
== plh)
- (] : :
Jj= j=k i=1
or
n—1 AJ)(] n—1 <zm:
j=k x(]) j=k \i=1
ie.,
n—1 n—1
A —
y & P(j
56(
j=k j=k

< h(n), (F) implies that

>N —¢€, forall n>n(e) > no.

for all n > k > n(e).

(3.5)
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2@+
> In - +1-1
= { z(4)
B nilln x(j+1) _ z(n)
1) (k)
© Az(j) _ ., x(n)
250G) = )

or

z(n) ~ = z(4)
Since 7(j) < 7, (3.6) implies
Jj—1 1
z(7(4)) > x(j) =
=) 1 — Ro(i,€)
In view of (3.10), (3.9) gives
o) =T 1
In —= > P(j) = .
x(n ;ﬁ i}}j) 1— Ro(i,e)
or
nfl_ j—1 1
o) > atwexn | S PO T] 15
Jj=k i=7(j)

Summing up (E) from 7(n) to n — 1, we have

{=7(n) i=1
z(n) — z(r(n)) + z_: <ZP¢ (@) z(7(€)) <0
{=7(n) \i=1

283

(3.8)

(3.10)

(3.11)

(3.12)
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Since 7(¢) < h(¢) < h(n) < n, (3.11) implies that

n—1 . j—1 1
z(7(€)) > x(n)exp P(j) — | . (3.13)
(j§é> i}}j) L= Ro(i, 6))
Combining (3.12) and (3.13), we have
n—1 . n—1 . j—1 1
z(n) = a(r(n)) +z(n) Y Pl)exp ( > PO I —7) <0.
t=r(n) = i LT T

Multiplying the last inequality by P(n), we take

P(n)z(n) — P(n)z(r(n))

t=r(n) iy ey L Tl
Furthermore,
m m
Az(n) ==Y pi(n)z (r:(n)) < =z (r(n)) Y pi(n),
i=1 i=1
ie.,

. . n—1 . n—1 . j—1 1
Ax(n)+P(n)x(n)+P(n)x(n) P(¢)exp P(j) H — ) <0,
(=7(n) (j—rw) i=rp L flolis€)
. n—1 . n—1 . j—1 1
Ax(n) + P(n) |1+ P(f)exp P(j) z(n) <0
[ e—zr;m (j—rw) iEy) 1 - Roli €)>]
Therefore
Az(n) + Ri(n,e)z(n) <0, (3.15)
where
. . n—1 . n—1 . j—1 1
Ban =P |1+ . Ples | S P0) [[ ——— ||
e§n> (j;:e) i}}j) L= Ro(, 6>)]

Repeating the above argument, where (3.15) is used instead of (3.5), leads to a new

estimate

Az(n) + Ra(n,€)z(n) < 0,
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where

Ry(n,€) = P(n)
t=7(n) j=7) i=7(j)

n—1 n—1 Jj—1
1+ > ?(e)exp(z PG) 11 ﬁl(ze))]

By induction, we get

Az(n) + Ry(n,e)z(n) <0, (weN) (3.16)

where

Ry (n,e) = P(n)

n—1 n—1 Jj—1
1+ > ?(e)exp(z PG) 11 ﬁ)]

0=7(n) J=7(£) i=7(J)
and
h(n)fl_ j—1 1
z(7(€)) > z(h(n)) exp Z P(j) H "m0l (3.17)
o i T el

Summing up (E) from h(n) to n, we have

n

v+ 1) = (b)) + 3 Y pi(Oaln(o) =0,
¢ ) i=1

=h(n) ¢
w(n+1) —a(h(n) + > (sz (e)) z(7(0)) <0,
¢=h(n) \i=1

z(n+1) —x(h(n)) + POz (T(£)) <0.
Using (3.17), the last inequality gives

z(n +1) — z(h(n))

n h(n)—1 j—1
+a(h(n) > ?(e)exp( > PG ] ﬁ) <0. (3.18)

=h(n) Jj=7(0) i=7(j)

The inequality is still valid, if we omit the term z(n + 1) > 0, in the left-hand side:

n h(n)—1 j—1
—a(h(n) + 2(h(m)) S P(t)exp ( 7o) 1 %}) <0,
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ie.,
n h(n)—1 j—1 1
lim su P(0)ex P(j — | < 1.
mew > Plhes| > P6) ]I I —Rulie) | =
=h(n) j=7(€) i=7(j)

Since € may be taken arbitrarily small, this inequality contradicts (3.1).

The proof of the theorem is complete. O

Theorem 8. Assume that (1.1), (1.8) hold, h(n) is defined by (1.7) and o by (1.3),
with 0 < a < 1/e. If for some w € N

h(n)—1 j—1

lim sup Z P(¢)exp Z P(j) H T(Z) >1-D(a), (3.19)
) w

nee j=7(8) i=7(j)

where Ry, (n) is defined by (3.2), then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (z(n)),>—_, is a nonoscillatory
solution of (E). Since (—xz(n))

discussion only to the case where x(n) > 0, for all large n. Then, as in the proof of

n>_o 18 also a solution of (F), we can confine our

Theorem 7, for sufficiently large n, (3.18) is satisfied, i.e.,

n ,
= - 1
)2l ) S PO | 3 P0) T 103
=h(n) J=7(t) i=7(j)
That is,
n h(n)—1 j—1
5 =/ 1 x(n+1)
> Pen| Y PG [ m | <1 02
_ ; h
£=h(n) j=7(£) i=T(5) 1= Ry (ise) z(h(n))
which gives
n h(n)—1 j—1
; 5 B 1 .. .x(n+1)
lim sup P(¢)exp P(j) ——— | <1-liminf ———.
n—00 E:zh(:n) j:zr;é) i=];([j)1_Rw(Z’€) n—00 x(h(n))

Since 0 < o < 1/e, by Lemma 3, inequality (2.9) holds. So the last inequality leads

to
n h(n)—1 j—1 1
lim su P0)e P — | <1-D(a).
m sup > P(0)exp Z (j).H. o] = ()
£=h(n) j=7(£) i=7(j)

Since € may be taken arbitrarily small, this inequality contradicts (3.19).
The proof of the theorem is complete. O

Remark 9. It is clear that the left-hand sides of both conditions (3.1) and (3.19)
are identical, also the right-hand side of condition (3.19) reduces to (3.1) in case that
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a = 0. So it seems that Theorem 8 is the same as Theorem 7 when a = 0. However,
one may notice that condition 0 < a < 1/e is required in Theorem 8 but not in
Theorem 7.

Theorem 10. Assume that (1.1), (1.8) hold, h(n) is defined by (1.7) and o by
(1.3), with 0 < o < 1/e. If for some w € N

lim sup Z P(f)exp ( Z P(5) H 1_% (z)) > D}a) -1, (3.20)

=) =)

where R, (n) is defined by (3.2), then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (x(n)),>_, is an eventually pos-
itive solution of (E). Then, as in the proof of Theorem 7, (3.17) is satisfied, i.e.,

h(n)fl_ j—1 1
2(r(0) > z(h(m)exp | > PG) [] —7)
(j—rm iy L~ Fwlire)

Therefore, for a sufficiently large n, we have

Sy i T @)

n -1
z(7(0)) > z(n + 1) exp ( Z P(5) H _;) . (3.21)

Summing up (E) from h(n) to n, we have

n

z(n+1)—z(h(n) + > > pi () x(ri(£)) =0,

t=h(n) i=1
z(n+1) —z(h(n)) + Z <sz (€)> xz(r(£)) <0,
{=h(n) \i=1

x(n+1) —z(h(n)) + Z POz (T(0)) <0.
(Zh(n)

In view of (3.21), the last inequality gives

s(n+1)—a(h(m) + > POa(n+1)exp ( >, Po) 11 #H) <0

=t =)

or
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or
i—1
t(n+1) - = SN 1
z(n+1)4x(h(n)) | ———= E P(¢) exp E P(j) —— | —-1| <0O.
h — -
2(h(n) S5 Plarr/ S LI CL)
Thus, for all sufficiently large n, it holds
n n j—1
5 B(; 1 z(h(n))
Y. P)exp | > PG) J] — < —1.
—_ ; 1
t=h(n) j=r(0) = (i) 1 — Ry (i,€) x(n+1)

Letting n — oo, we take

n n j—1
lim sup Z P(f)exp Z Py) H _; < limsup x(h(n)) 1

n—oo t=h(n) j=r(0) =1 () 1— Rw (Z, E) n—oo a:(n + 1)

Since 0 < o < 1/e, by Lemma 3, inequality (2.9) holds. So the last inequality leads

to
n n Jj—1 1 1
lim sup Z P(¢)exp Z P(5) H - < -1
n—00 t=h(n) j=1(0) i=1(j) 1-— Rw (Z, 6) D (Oé)

Since € may be taken arbitrarily small, this inequality contradicts (3.20).

The proof of the theorem is complete. O

Remark 11. If R, (n,e) > 1, then (3.16) guarantees that all solutions of (F) are
oscillatory. In fact, (3.16) gives

Az(n) +x(n) <0

which means that x(n + 1) < 0. This contradics z(n) > 0, for all n > ng. Thus,
in Theorems 7, 8 and 10 we consider only the case R, (n) < 1. Another conclusion,
that can be drawn from the above, is that if at some point through the iterative
process, we get a value of w, for which R,(n) > 1, then the process terminates,
since in any case, all solutions of (F) will be oscillatory. The value of w, that is the
number of iterations, obviously, depends on the coefficients p;(n) and the form of the

non-monotone arguments 7;(n).
3.2. ADVANCED DIFFERENCE EQUATIONS

Based on Lemmas 4, 5 and 6, similar oscillation theorems for the (dual) advanced
difference equation (E’) can be derived easily. The proofs of these theorems are

omitted, since they are quite similar to the proofs for a retarded equation.
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Theorem 12. Assume that (1.2), (1.16) hold, and p(n) is defined by (1.15). If for

some w € N

p(n) a(f) . a(J) 1
hmsupZQ ) exp Z Q) H — | > 1, (3.22)

e mrmit iz 1T Pu(d)
where
. . o(n) a(f) B a(5) .
Qu(n) =Q(n) |1+ Z £) exp Z Q) H T % 0 (3.23)
f=n+1 Jj=n+1 i=j+1 w—1(%)

with ®o(n) = AoQ(n), Q(n) = Y.I", qi(n) and X be the smaller root of the transcen-

dental equation \ = e then all solutions of (E') are oscillatory.

Theorem 13. Assume that (1.2), (1.16) hold, p(n) is defined by (1.15) and B by
(1.4), with 0 < g < 1/e. If for some w € N

p(n) a(f) a(j)
— . 1
lim sup E Q(0) exp E Q>) H 5.0 >1-D(f), (3.24)
oo j=p(n)+1 i1 L~ Pu(i)

where ®,,(n) is defined by (3.23), then all solutions of (E') are oscillatory.

Theorem 14. Assume that (1.2) and (1.16) hold, p(n) is defined by (1.15) and S
by (1.4), with 0 < B < 1/e. If for some w € N

p(n) O )] 1 1
lim sup Q ) exp Q(j —_— | > -1, 3.25

where ®,,(n) is defined by (3.23), then all solutions of (E') are oscillatory.

Remark 15. Similar comments to those in Remark 11, can be made for Theorems
12, 13 and 14, concerning equation (E’).

3.3. DIFFERENCE INEQUALITIES

Slightly modifying the proofs of Theorems 7, 8, 10 and 12—14, we can establish the

following result on deviating difference inequalities.

Theorem 16. Assume that all conditions of Theorem 7 [12] or 8 [13] or 10 [14]
hold. Then
(i) the retarded [advanced] difference inequality

m

)+ Zpl ) <0, neNy |Vz(n)— Zqz(n)x(az(n)) >0, neN

i=1
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has no eventually positive solutions;

(ii) the retarded [advanced] difference inequality

Ax(n) + Zpl(n)x(n(n)) >0, neNy |Vz(n)— Zqz(n)x(az(n)) <0, neN|,
i=1 j

has no eventually negative solutions.

4. EXAMPLES AND COMMENTS

The examples in this section illustrate how the conditions established in this paper

imply oscillations, where the previously known conditions fail.

Example 17. Consider the retarded difference equation

Ax(n) + %x (1 (n)) + %x (12(n)) + %Ox (rs(n)) =0, neNy,  (41)

with (see Fig. 1, (a))

n—4, ifn=>5u
n—1, ifn=>5u+1
Ti(n)=4¢ n—>5 ifn=5u+2 and
n—3, ifn=5u+3
n—=6, ifn=>5u+4

where p € Ny and Ny is the set of nonnegative integers.

a L
dr(n) P A () ’
s Vs
L £ 6 ¥
c # s
A ¥ " b4 3 e S A
2 I O
4 e 4 ’
3 - | | J v | A A |
J s 3
; Lo e N
3 y [ o 2 2 N
// . [ | // ’ | I
I [ . [ I B
o T O S O Y O S L7 20 n
e e (R T ) S 3 05 6 7 & 9
. | | | -1
-2 : & =2
=3 + -3
-4 ie

(a) i )]

Figure 1: The graphs of 7 (n) and hy(n)
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By (1.7), we see (Fig. 1, (b)) that

n—4, ifn=>5u
n—1, ifn=>5u+1
hiln)=¢ n—2, ifn=>5u+2 and
n—3, ifn=5u+3
n—4, ifn=>5u+4

>
w
—~
S
~
I
>
—_
S
~
I
[\)

Consequently

h(n) = 112%)(3 {hi(n)} = h1(n) and 7(n)= 121;‘32{3 7i(n) = 11 (n).

It is easy to see that

3 n—1 3 Sp
a = liminfy 3 pi(j) =lminf > > pi())
i=1 j=7(n) i=1 j=5u
29 29 37 509

= 500 T 7000 T 2500 _ 5000

= 0.1018

and the smaller root of equation e = X\ is \g ~ 1.12087.
Also, Zle pi(n) =0.1018 < 1, i.e., (1.8) is satisfied for all n > 0.
Observe that the function Fy : Ng — R defined as

no hm)-1 j—1 1
Fu(n)= > P@exp| > PG ] T-Ru()
t=h(n) J=7(6) i=7(J) w
attains its maximum at n = 5u, p € Ny, for every w € N. Specifically,
5p 5pu—5 7j—1 1
Fi(bu)= Y P()exp| > P(j) TR0
(=5u—4 j=7(£) i=7(j) 1
with
_ - i-1 i1 v—1 1
u=r(1) v=T(u) &=7(v) 0

By using an algorithm on MATLAB software, we obtain
Fy(5u) ~ 1.0066

and therefore
lim sup Fi(n) ~ 1.0066 > 1.

n—o0
That is, condition (3.1) of Theorem 7 is satisfied, for w = 1. Therefore all solutions
of (4.1) are oscillatory.
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Observe, however, that

1
a=0.1018 < =,
e

3 5u
MD = hmsupz Z pi(4)

K00 i1 j=5u—4

29 20 37
o5 (22 ST gs09 <1
b (500+1000+2500> 0509 <1,

S 3
Yo D pild)ar(u—4,7()))
j=5pu—4 i=1
29 29 T
= — — 4,50 — — 4,50 — —4,5u —
rog (On =450 =5) + gorsar (5u — 4,50 = 6) + oar (5 — 4,50 = 7)
29 29 T
— — 4,50 — — 4,50 — — 4,51 —1
teog (Ou—4,5u—8)+ sorar (5 — 4,50 = 9) + 5nar (5 — 4,50 = 10)
29 9 T
— — 4,50 — — 4,50 — — 4,50 —
teog? (Ou—4,5u=5)+ sorar (5 — 4,50 = 6) + 5pay T (5 — 4,50 = 7)
29 29 37
— 4,50 — — 4,50 — — 4,50 —
tegg? Ou—4,5u—=T)+ a1 (5 — 4,50 = 8) + 5nay (5 — 4,50 = 9)
29 29 37
——a; ' (5u—4,5u—4 5u— 4,51 —5 5i— 4,51 — 6
teng@r (O =450 —4) + gorsar (u — 4,51 = 5) + oormar (5 — 4,51 — 6)
29 1 N 29 1 N 37 1
~ 5001—0.1018 ~ 1000 (1-0.1018)> 2500 (1 —0.1018)*
29 1 29 1 37 1
+— T+ =+ 5
500 (1 —0.1018)" 1000 (1 —0.1018)” = 2500 (1 —0.1018)
29 1 29 1 37 1
+— + 5 + 3
5001 —0.1018 = 1000 (1 —0.1018)" ~ 2500 (1 — 0.1018)
29 1 29 1 37 1
+— 5+ T+ =
500 (1 —0.1018)° 1000 (1 —0.1018)" ~ 2500 (1 —0.1018)
2 2 1 1
) ) 57 ~ 0.6973346.

=1 ~
+500 + 10001 — 0.1018 + 2500 (1 — (),1018)2

Thus,

n 3
limsup > " pis)a; H(h(n), () ~ 0.6973346 < 1.

n—00 j=h(n) i=1

Finally, by a MATLAB program, we obtain

n h(n)—1 1 5u 5u—>5 1
lim su P4 ————— = limsu P(j S
n~>oop _z: (j) _1_[ 1- Pl (Z) ,u~>oop __27 (]) H 1- Pl (Z)
j=h(n) i=7(j) J=5p—4 i=7(4)

i

~ 0.7321 <1
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and
n h(n)—1 1 5u 5u—5 1
lim sup Z P(0) H ——— = limsup Z P(0) H S
n Sty e LT P10 R R B $10)
~ (0.8915 < 1.

That is, none of conditions (1.5), (1.6), (1.9) (for r = 1), (1.10) (for £ = 1) and (1.12)
(for w = 1) is satisfied.

Comments. It is worth noting that condition (3.1) achieves a significant im-
provement, approximately 97.76%, over the corresponding condition (1.6). We get
that estimate by comparing the values on the left-side of these conditions. The im-
provement over the conditions (1.9), (1.10) and (1.12) is very satisfactory, around
44.35%, 37.49% and 12.91%, respectively.

Finally, observe that conditions (1.9), (1.10) and (1.12) do not lead to oscillation,
from the first iteration. On the contrary, condition (3.1) is satisfied from the first
iteration. This means that our condition is better and much faster than (1.9), (1.10)
and (1.12).

Example 18. Consider the advanced difference equation

79 39 19
Va(n) — mx (o1(n)) — mﬂ? (02(n)) — mﬂ?

with (see Fig. 2, (a))

(o2(n)) =0, mneN, (4.2)

n+5, ifn=7u+1
n+1, ifn="Tu+2
n+2, ifn=Tu+3
oin)=¢ n+1, fn="7u+4 and
n+4, ifn=7u+5
n+2, ifn=7u+6
n+1, ifn=Tu+7

where p € Ny and Ny is the set of non-negative integers. By (1.15), we see (Fig. 2,
(b)) that

n+2, ifn=Tu+1
n+1, ifn="7Tu+2
n+2, ifn=Tu+3
pi(n)=< n+1, fn=Tu+4 and
n+3, ifn=7u+5
n+2, ifn=Tu+6
n+1, ifn=Tu+7
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A
o, (n) piln)
16 L 16|
15 | 15
L ] LA B 34
14 : a7 14 } : JI/
120
3 b 1A 13 [
12 [ 1 000 1 g0 700
! T b poshr
1" I AR " SR
10 ! [ 10| . [
’ DR BEEERE
T L “ Lep g bt
$ L I O RN 4 L N B
N e N [ P R A
! [ T ! AT
6l @ [ T T R R f [ N R B
i L [P T R
o LRk A R R 3 B T I A O S A
al ! [ S N N T A 4 [ S I R B
| R A T A [ S T T R
S O A O O e S A O T T R i L% S O S A T T B
I A R A T B T 2 | A O A
. {/l [ O S T dobr ey } : :
[ | [ [ I A I
S L I N N B N '} S T S U S S N B
2 3 4 5 6 7T 8 9 10 1101213 14 123 4 5 6 7 8 9 10 111213 14

Figure 2: The graphs of o1(n) and p1(n)

Consequently,

p(n) = min {pi(n)} = pi(n) and o(n) = min oi(n) = o1(n).

It is easy to see that

o 3 Tu+3
B = 1;%@2 5wt - )=lminfd > a(
1=1 j=n+1 1=1 j=Tp+3
79 39 19
= + + =0.137

1000 = 1000 = 1000

and the smaller root of equation e* = X is \g ~ 1.17459.
Also, E'L:l qi(n) = 0.137 < 1, i.e., (1.16) is satisfied for all n > 1.
We observe that the function F': Ng — R defined as

l)(n)_ a(€) a () 1
Nawer| S @ [ o
t=n Jj=p(n)+1 i=j+1 (4)

with Q(n) = Zle gi(n) = 0.137, attains its maximum at n = 7u + 5, u € Ny, for
every w € N. Specifically,

Tu+8 a(0) a(j) 1
Fi(Tp+5)= Y Qe | > Q0) ] T 5.0
(=Tp+5 J=Tu+5 i1 L= ®a(2)

with

o o(v)
(i) = Q) |1+ Z u) exp Z Q(v) H =200
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By using an algorithm on MATLAB software, we obtain
Fi(7p+5) ~ 1.0230.

Thus
limsup Fy(n) ~ 1.0230 > 1.

n—oo
That is, condition (3.22) of Theorem 12 is satisfied for w = 1. Therefore, all solutions
of (4.2) are oscillatory.

Observe, however, that

3 Tn+8
MA = limsupz Z qi(j)
MO0 =1 j=Tu+5
79 39 19
4. ~ 0.54 1.
(1000 o000 " 1ooo> 0548 <
Also,
Tu+8 3
D DG (Tt 8,0i())
J=Tu+5 i=1
19 | b (T 8,01 (T 4 5)) + by (T + 8,01 (T + 6))
1000 | +b7 N7+ 8,01 (Tu+ 7)) + by *(Tp + 8,01 (T + 8))
39 byt (T + 8, 00(Tp 4 5)) 4+ b7 (T + 8, 09 (7u + 6))
1000 | +b7 (T + 8, 00(Tu+ 7)) + by (Tu + 8, 02(Tp + 8))
19 byt (T +8,03(Tp 4 5)) 4+ b7 (T + 8, 03(7u + 6))
1000 | 4by (T4 8,03(Tp 4+ 7)) + b7 1 (Tp + 8, 03(7u + 8))
19 by (T + 8, T +9) + b7 (T + 8, 7u + 8)
1000 | 4by (T4 8, 7p +8) 4+ by (T + 8, 7u + 13)
39 by (Tu+8, T+ 10) 4+ by (Tp + 8,7 +9)
1000 | 40y (T 48, 7T+ 9) + by (T + 8, T + 14)
19 by (T + 8, T+ 11) + b, (Tp + 8, T+ 10)
1000 | +b7 (7T + 8,7+ 10) + b7 1 (T + 8, T + 15)
S P S I . N
~ 1000 | 1-0.137 (1-0.137)°

L3 1 = L, 1
1000 | (1 —0.137)* 1-0137 (1 -0.137)°

L 19 1 = 1 N 1
1000 | (1 —0.137)° (1-0.1377%  (1-0.137)7
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~ (.7856.

Therefore
p(n) 3

limsup > > q:(j)b;  (p(n), 0i(4)) ~ 0.7856 < 1.

N0 ien i=1

Finally, by using algorithms on MATLAB software, we obtain

p(n) a(j) 1
nO j=n i=p(n)+1 !
and
o) o) .
O ey, i=p(n)+1 - Ql(Z)

That is, none of conditions (1.14), (1.17) (for r = 1), (1.18) (for £ = 1) and (1.20) (for
w = 1) is satisfied.

Comments. It is worth noting that condition (3.22) achieves a significant im-
provement, approximately 86.68%, over the corresponding condition (1.14). We get
that estimate by comparing the values on the left-side of these conditions. The im-
provement over the conditions (1.17), (1.18) and (1.20) is very satisfactory, around
30.22%, 22.56% and 5.37%, respectively.

Finally, observe that conditions (1.17), (1.18) and (1.20) do not lead to oscillation
from the first iteration. On the contrary, condition (3.22) is satisfied from the first
iteration. This means that our condition is better and much faster than (1.17), (1.18)
and (1.20).

Remark 19. Similarly, one can construct examples to illustrate the other main
results.
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