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THE SOLUTION OF THE HEAT EQUATION
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ABSTRACT: We would like to propose the solution of the heat equation without
boundary conditions. The methodology used is Laplace transform approach, and the
transform can be changed another ones. This attempt is more advanced than the
existing method and has a meaning in that it is approached in a general way without
restricting the boundary conditions. The solution of heat equation is presented by

using the property of integrability of transform.
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1. INTRODUCTION

The solution of the partial differential equations is a general method to obtain the
solutions by using Fourier series which is the basis of Fourier transform, which is
one of the integral transforms. The efforts have been pursued to solve the PDEs
using other integral transform other than Fourier series. A representative example
of these transforms is Laplace transform, and Laplace-typed transform can be used
as an alternative to Laplace transform. This-typed integral transforms are mainly
Sumudu|[1-3], Elzaki[4-6] and G-transform|[7-8], and these transforms are not yet well-
resolved to solve the heat equation. For this reason, this research is deemed necessary.

To find the solution of the heat equation in which the boundary conditions are not
given is not well treated in this way so far. In this research, the solution of the heat

equation in which the boundary conditions are not given is obtained by using Laplace
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transform. The strong point of integral transform is well-represented in computed
tomography (CT) or magnetic resonance imaging (MRI) which obtain the projection
data by integral transform and produce the image with the inverse transform.

Ang [9] has dealt with the problem of solving the one-dimensional heat equation
subject to given initial and nonlocal conditions. Using the method of the Laplace
transform, Mainardi[10] showed that the fundamental solutions of the basic Cauchy
and signaling problems can be expressed in terms of an auxiliary function. In the
process of solving this diffusion problem numerically, the Laplace transform method
is used to eliminate the dependence on time[11]. On the other hand, Begacem[12] has
mentioned applications of integral transform in nonlinear fractional and stochastic
differential equations and systems.

The main objective of this paper is to give a solution of the heat equation with-
out boundary conditions by using the method of integral transforms. This study is
meaningful in that it suggests points to be considered in existing studies.

Theorem 5 deals with finding the solution using Laplace-typed transforms when
boundary conditions are not restricted. The obtained solution is as follows; We con-

sider
ou 5 0%w

%= 92 (1)
subject to u(x,0) = f(x) where u(z,y, z,t) is the temperature at a point (x,y, z) and
time ¢, and f(x) is the initial temperature. Of course, ¢> = K/po, where K is the
thermal conductivity, p is the density, and o is the specific heat. Then the solution

u(x,t) equals to

C o (-T2 2
—47rt/ e Ue=rl/4te%) ¢ (1) dr .

If we changed the tool of transform to G-transform, a generalized Laplace-typed

transform, then the representation of transform has to be changed to

c 1 e - jz—7|
§U°‘+5/ e Vi flr) dr

—00

for an integer o and for U = G(u).

2. THE SOLUTION OF THE HEAT EQUATION WITHOUT
BOUNDARY CONDITIONS

Lemma 1. (Boundedness theorem) Let I = [a,b] be a closed bounded interval and
let f: I — R be continuous on I. Then f is bounded on I [13].

Lemma 2. Let Vi and Vo be normed linear spaces, and let T : Vi — Vo be a linear

operator. Then T is continuous if and only if there is a non-negative number A such
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that
[[T(0)]| < Allv]]

holds for each v in V4 [14].

Lemma 3. (Lebesque dominated convergence theorem(LDCT) [14]). Let (X, M, 1)
be a measure space and suppose { frn} is a sequence of extended real-valued measurable
functions defined on X such that

a) lim, o0 frn(x) = f(z) exists p-a.e.

b) There is an integrable function g so that for each n, |fn]| < g p-a.e.

Then f is integrable and

lim fndu:/ fdp.

We note that the above lemma gives a validity to the following equality

/ZgndM:Z/gndM
n=1 n=1

for (g,) is a nondecreasing sequence.
As a study of comprehensive forms, we have proposed the intrinsic structure and

properties of Laplace-typed integral transforms in [7] as

Flu) = G(f) = u® / T et fr 1)

for «v is an integer and for G is a generalized integral transform. In general, Laplace
transform has a strong point in the transforms of derivatives, that is, the differen-
tiation of a function f(¢) corresponds to multiplication of its transform £(f) by s.
While, if we choose G_2(f) as

Galf) = [t rw @)

then this transform is giving a simple tool for transforms of integrals. That is, the
integration of a function f(t) corresponds to multiplication of G_o(f) by u, whereas,
the differentiation of f(t) corresponds to division of G_o(f) by u. This means that
the integer « is applicable to —2 in (1). This transform is meaningful in that it can
select values of various «. In (2), Laplace transform has a value a = 0, Sumudu one

has o = —1, and Elzaki one has o = 1.

Lemma 4. The following properties are valid in G-transform/[8].
(A) (u-shifting) If f(t) has the transform F(u), then e® f(t) has the transform

F(—2L ),

1—au
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That 1is,
u

G_ale™ f(1)] = F(

).

1—au

(B) (t-shifting) If f(t) has the transform F(u), then the shifted function f(t —
a)h(t — a) has the transform e=*/“F(u). In formulas,

G _o[f(t — a)h(t — a)] = e~ /" F(u)

for h(t — a) is Heaviside function(We write h since we need u to denote u-space.)

(Ca)
1 1
G2o(f') = EY - ﬁf(o)
(Cb)
o1 1,
G o(f )ZEY—EJI( )—ﬁf (0)
for'Y = G_o(f) and for f is n-th differentiable.
(Cc)
n 1 1 L, 1 7
Go(f™M) = ﬁy - Wf(o) - Jf (0) - Wf (0) -
1 _
—=f"70(0)

for n is an arbitrary natural number.

(D) Let F(u) denote the transform of an integrable function f(t) i.e., F(u) =
G_3[f(t)]. Then

t
Goal [ fr)ir] = uP(u)
holds for t > 0.

(E)
Go(f *g) = u?G_2(f)G-2(9)

where * is the convolution of f and g.

(e dG 2 1
G2(f) (u) = Ju = aY T aG-2tf)
(Fb)
Ga(f)'(w) = ¥ = 2G ot/ (O)(1 + =) + G2 (1)
(Fe)
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for a constant a = fooo f@®)/t dt and for Y = G_o(f)(u) under the condition of the
limit of f(t)/t, as t approaches O from the right, exists.

(Fd) G_2(ty') = Y +u(dY/du) and G_5(ty") = dY/du + (1/u?)y(0) for Y =
G2(f)(u).

From now on, let us check the solution of heat equation without the boundary

conditions.

Theorem 5. (heat equation without the boundary conditions)

Let us consider the heat equation

@ 0%w

2
= C ].
ot 0x? (1)
subject to u(x,0) = f(x) where u(z,y, z,t) is the temperature at a point (x,y,z) and
time t, and f(z) is the initial temperature. Of course, ¢> = K/po, where K is the
thermal conductivity, p is the density, and o is the specific heat. Then the solution

u(x,t) equals to

C o (lo—712 2
—47rt/ e~ (lz=rlP/4te) ¢ (7) dr

In this equation, if we changed the tool of transform to G-transform, a generalized

Laplace-typed transform, then the representation of transform has to be changed to
o0
EUO‘JF% / eiﬁ?‘mfﬂf@') dr
2 —00

for an integer o and for U = G(u).

Proof. Taking Laplace transform on both sides, we have

02U
2
sU(x,s) —u(z,0) =c e

for U(z, s) = £L[u(z,t)]. Organizing the equality, we have

LU

c W—sU(m,s)z—f(m). (4)
At first, let us find the solution Uj, of
2
0227(2] —sU(x,s)=0.

Az

Since the trial solution is u = e**, we can easily find the solution U}, of the form of

Un(z,8) = c1e¥*%/¢ + cpeV3/°, (5)
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Next, let us find the particular solution U, of (5). Clearly, the Wronskian of bases is

—2+/s/c, and so,

e [T e L (—F(T) g T
Up(l‘,S) = —e\c / 627 dT—Fe_fT / M dr

From (4) and (5), we have

N

Uz, s) = cle@ + e e — 2—\6/5 e /0 e~ {Tf(r) dr

c viz [T e

—i—me* e ; e f(r)dr

(1 — 2[/ 7) dr) e “f“+(cQ+2f T p ) dr) e

Note that the integrability of U ensures the boundedness of it. Since U is bounded

c (o)
61_2—\/5/0

Similarly, since U is bounded as x — —oo0,

as r — o0,

Ccg = — 2\/—/ dT_2\/_/ ) dr.

Thus
¢ E [ ¢ _vE [T e
Uas) = 5z [ E IO dra g [ i i
:L ~ ﬁ(“’*"') - ‘ %(xf‘r)
2\/5/35 e f(7) dT+2\[ f(r) dr
_ [T e
NG / e f(r) dr (7)

Since ,

e~ e—a\/g

):77

setting a = |z — 7|/c, we have

e—1|?

e a2 _efuﬁ|x—7'|

- Y

Vit 2V/s

and hence,

u(z,t) = £71(U(z,8)) = £_1(2—\c/§ /_Oo 6_4(”—T)f(7) dr)
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—c/ £- et T))f(T) dr

ef(|x77|2/4tc2)f(7') dr .

c
B vAamnt
In this theorem, the tool of transform can be changed to another transform such as a

generalized transform, G-transform. Then the above (7) has to be changed to

C 1 o - jz—7|
§U“+5/ e v f(r) dr

—00

for an suitable integer o and for U = G(u). Note that F'(u) is defined by

O

In theorem 5, if the temperature u(x,y, z,t) is a continuous on 0 < u < L, by
lemma 1, u is bounded on the interval. The boundedness of the transform U follows

from the integrability of it. Let us check some related things.
Corollary 6. In theorem &, if the temperature

u(z,t) ~(e=rIP/4) p () dr

\/ 4drt
is a continuous on 0 < u < L, then ||ul|1 is a norm and u is bounded.

Proof. Since a continuous function on [0, L] that vanishes almost everywhere must
vanish everywhere, we have f = 0, and so u = 0. The remaining conditions of normed

space are clearly established. On the other hand, the linearity of u is established from
the linearity of f. Hence, by lemma 2, u is bounded. O

Example 1. Let us consider a semi-infinite insulated bar

ou 5 0w

at ¢ oz2
subject to w(z,0) = Ty, w(0,t) = 0 and w(x,t) = 0 as x approaches 0.
Solution. In a similar way to theorem 5, we obtain the solution

w(z,t) =Ty erf(z/2eV/t)

where

erf(z \/_/ eV dt.
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In the above example, erf(x) is called the error function.

Of course, Laplace transform can be changed to another transform, and it is well
adapted to wave equation. Hence, now that let us change to integral transform to
a generalized transform, G-transform[7]. Let us check the solution of semi-infinite

string by G-transform in terms of a typical example as appearing in [15].

We consider the semi-infinite string subject to the following conditions.

a) The string is initially at rest on the z-axis from = = 0 to co.

b) For t > 0 the left end of the string is moved in a given fashion, namely, according
to a single sine wave w(0,t) = f(t) = sint if 0 < ¢t < 27, and zero otherwise.

¢) Furthermore, limw(z,t) = 0 as  — oo for t > 0.

Of course there is no infinite string, but our model describes a long string or
rope(of negligible weight) with its right end fixed far out on the z-axis[15]. If so, let
us find the displacement w(zx,t) of the above elastic string. It is well-known fact that
the equation of semi-infinite string can be expressed by

2 2
= o ®

subject to w(0,t) = f(t), lim w(z,t) =0 as © — oo, w(z,0) =0 and w¢(z,0) = 0.

In [16, 17], we have dealt with the validity on exchangeability of integral and limit

in the solving process of PDEs by using dominated convergence theorem of lemma 3.

Example 2. We consider the above equation (8). Taking G-transform, we have

the solution
T

w(e,t) = f(t = 2)h((t = =) =sin(t - =)

c

for £ <t < 2 + 27 and zero otherwise, where h is Heaviside function|7].

Let us check another heat equation without boundary conditions.
Example 3. Let us consider

ou 5w

ot Ox?
subject to u(z,0) = 3sin(27x).
Solution. Taking Laplace transform on both sides, we have

Ve N
U(z,s) =cie = +cge” = + sin(2mx).

5+ 472
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The boundedness of U follows from the integrability of U. Hence, as © — —oo, we

have co =0 and as * — oo, ¢; = 0. Thus

Uz, s) = PG sin(2mx),
and so
u(z,t) = 36_4”2t5in(27rx).
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