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ABSTRACT: A prey—predator model with weak Allee effect in prey growth,
Holling type—III functional response in predator growth is proposed and its dynam-
ical behaviors are studied in detail. The existence, boundness and stability of the
equilibria are qualitatively discussed. Hopf bifurcation analysis are also taken into
account. We present some numerical simulations to illustrate our theoretical analysis.
Through computer simulation, we found the position of each equilibrium point in the
phase diagram that we drew. In the bifurcation diagram we found the threshold for

undergoing Hopf bifurcation.
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1. INTRODUCTION

Dynamical complexity of interacting prey—predator models are extensively studied
by several researchers to understand the long time behavior of the species. A wide
variety of nonlinear coupled ordinary differential equation models are proposed and
analyzed for the interaction between prey and their specialist predators. All these
models are based upon the classical Lotka—Volterra formalism, however, some of
them belong to a specific class known as Gause type models[1], [2], [3]. Researches
on predation systems are always a popular issue in contemporary theoretical ecology
and applied mathematics [1], [2], [4], [5], [6], [7], [8], [9], [10], [11].There have been
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extensive studies and applications in the prey-predator system with different types of
functional response to describe the stability and other dynamics[12], [13], [14].There
are also lots of people do researches on the predator-prey interaction within homo-
gencous environment with Allee effect in prey growth [4], [8], [11]. We consider the
predator—prey interaction within homogeneous environment with weak Allee effect
in prey growth, Holling type—III functional response in predator growth is governed

by [4] as follows:

AN —Ng(N) ()P,
o =en(N) — a(P)P,

where g(N) = r(1 — &£)(N + L) and p(N):aZfV—NQQ, and subjected to positive initial
conditions N (0), P(0) > 0. N is the prey population and P is the predator population,
q(P) is the per capita depletion rate of predators, ¢ is the conversion efficiency from
prey to predator, K is the carrying capacity, g(IV) is the per capita prey growth rate,
r is the intrinsic growth rate of prey, L is the Allee effect threshold, p(N) is the
prey dependent functional response, and c is the prey capture rate by their specialist

predators. So we get:

dN N bN?

Y Nr1 - YN+ L) - P

dT T( K)( + ) CI,+N2 ) (2)
dP bN?

T _C(ia—f—NQ)P_mP’

where a,b,c and m are all positive parameters. m is the intrinsic death rate of preda-

tors.

2. WEAK ALLEE EFFECT

In order to reduce the number of parameters in forthcoming calculations, we can

rewrite the model in terms of dimensionless variables and parameters as follows:

dx az?
2 (1 — =
dy _ o2

dt  yta2? o

_ N _ _ ) _ L _ _a _ m __ b
Herex—f,y—P,t—KrT,oz—W,ﬁ—F,’y—W,U—mandé—m.

It’s easy to see 0 < x < 1. The dimensionless Allee threshold is 8 and satisfies the
restriction 0 < g < 1 for strong Allee effect and —1 < 5 < 0 for weak Allee effect by
[4].
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3. BOUNDNESS,EQUILIBRIA AND EXISTENCE

In order to obtain the equilibria of system (3), we consider the prey nullcline and

predator nullcline of this system (3), which are given by:

2

oz
s )t 8) - 2y =0,
O ey=0 |
’y+x2y y=u

We easily see that system (3) exhibits four equilibrium pointsEy = (0,0), E; = (1,0),

— il y oy
E, = (24,y.). Here z, = /5%, y. = -y 5_6)((!\/5#6)(74-5_{,). And for the
Fer
positive equilibrium point(s), we have =~ < 1 and § > 0.

—0

Theorem 1. All the solutions of system which start in R%r are uniformly bounded.

Proof. We define a function x = (1 + 6 — o)z + ay. Therefore, the time derivative
of the above equation along the solution of system (3) is

dx dx dy

E = (77+5—0')E +Oé%
(n+68—o)az? adz?

_ 3 2
=Mm+6—o)[—2"+ (1 —p)z"+ Px] — PO y+7+x2y—a0y.
Now for each 0 < < o and 0 < x < 1, we have
d 0 — 2
i (6= o)+ (1= B + ]+ + 5 — o) — L TOT
i adx? B aa’y+aox2 anfy+a77x2
y+a227 v+ a2 v+ a?

=+ 0 —0)[~2® + (1 = B)a® + ] +n(n + 6 — o)z

(n+6 — o)ax? — adz? + acx? — anz? aoy — any
v+ a2 Y v+ 22 Y

aoy — aipy
<(1— _ S Pt kol 4
<(A=B)mn+d—-0)+nn+d—o) o

<A-B8)n+d—0)+nn+d—o)
=n+1=p)n+d—-o0).

Hence we can find w > 0 such that

dx
E—an—w.

From the above equation, we have % < —nx + w, which implies that
w

() < e (0) + %(1 ) < max(x(0), ).
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Moreover, we have lim sup x(¢) < £ < M (say) as t — oo, which is independent of the

initial condition. O

4. STABILITY ANALYSIS

In this section, we deal with local, global stability analysis of system(3).

Theorem 2. (i) Trivial equilibrium point Eqy is always a saddle point.

(i4)Ey is stable for 6 < o(v+ 1) and is a saddle point otherwise. Ey = (1,0)is
globally stable when o > o+ 4.

(iii) Coexistence equilibrium E, is locally asymptotically stable for

(2l 90, 30,2 (7 +2.2)(5 - 0)

>
p —207vT4 — 0y

and s unstable node otherwise.

Proof. Let

Fly) =2l - 0)(a + §) — 2y
52 :

9(@,y) = =y — oy

So, we get the Jacobian matrix:

C?f[(jw,y) C?féw,y)
J=1 oyl Bgéi{y) :

ox y
Of(x,y) 200yxy
——={1-2)z+B8)+tz(l—2)—2(z+8) - ———=,
5 (1 —z)(z+ ) +z(1—2z) —x(z+pP) 1 22
of(z.y) _ aa?
oy  yta?
dg(x,y) _  20ywy
Oz (v +a2)*
9g(z,y) _ dz®
oy  y+a?

So, the Jacobian matrix for the system (3) evaluated at Ey is given by

N
a0
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Ey is always a saddle point. The Jacobian matrix for the system (3) evaluated at Eq,

we find
Ji= [ et 5%
0 e
First eigenvalue A\; = —3 — 1 is negative, hence FE; is stable 1f — 0 < 0 implying

d <o(y+1), and E is a saddle point when § > o(y + 1). The Jacoblan matrix for
the system (3) evaluated at F, is given by

20y T4 Y 2
* VLY« ’
Gra.n)? 0
= (T
where z, = /5% and y. = )( ERElSan =:2) The characteristic polyno-
570
mial is

H(\) =X —T\+D.

2
Here T' = (1= ) (244 0) 24 (1 =24 ) =24 (22 +8) — m% and D = (;’f;g)(ié_:i:g)g.

Thus, we have the following conclusions.
2 (A—wa)rn _gp 13, 2 ) (60
()T <0and 8> [ PR + ](7+ )(6—0)
is locally asymptotically stable.
29(=w)ex gy 40 2] (ndp 2)(5—0
(2)UfT>0and g < [ T hwa? ](7 Y(8—0)

is unstable.

, then the positive equilibrium

—20yx—07y

 p—" , then the positive equilibrium

Next, we proof the conclusions.

Let
200 4 Y
T =(1 = 2.) (e + B) + 2(1 — 2.) — a0 + ) — — L2
(7 + 2.2)
2 * Yx
:—333*2—2633*—#23;*4-5_%3/2
(v + 2.2)
29(1 — . ) (7
=—3z,%2 — 2Bz, + 2z, + B — y(d—= )(i + )
Y+ x.
29(1 -z )z 29(1—x.)B
=-3 *2—2 « + 21, _ B
x Bxy + 22, + B Nt 2,2 y+ 7.2
29(1—z)B  2y(1 —w)zs ,
=—2Bz.+ B — T2yt + 23, — 32,
=[-2z,+1- 7(4— a;)] Al +ﬂ?2)$ o — 30,2
fy Tk ")/ Ty
—2z.3 + 2.2 — vy 29(1 — 4 )T )
- - 2, — 3.
= ﬁ_ ’Y( .13*).13* +21‘*—3x*2:0

(v + 2.2 )(5—0) v+’
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We easily see that

YHz.2

N(-w)z. 9, o 3;3*2} (v+z2)(0 —0)

= —207vxs — 0y

Finally, we proof E; = (1,0) is globally stable when o > a + 4.

Consider the Lyapunov function:

Vizy) = 2o =17 +y.

The derivative of V' along the solution of the system (3) is

. az? Sx2
V =(z — 1)[z(1 - - _
(@ = Dle(1 = 2)(o+ ) =~ ]+ Ty — oy
az? dx?
= —2(1—2)? — 1 _
z(1—2)"(z + B) vﬂjgy(w )+7+x2y oy
ax? dx? v+ 22
= —2(1—2)? — 1 _
z(1—2)"(z + B) %Lxgy(w )+7+x2y oL

az?y(x —1) — da?y + (y +a*)oy

— — ol -2)a+ ) -

v+ z?
=—z(1—2)*(z+5) - az’y(r —1) —fﬁfi!é‘f' (v + 2oy
=—az(1-2)%(z+B) — (ax® — az? _75:5—2;2_ oz?)y + o
If ax® — a® — 622 + o022 > 0 then V < 0. So 0 > a + 6. O

5. BIFURCATION ANALYSIS

Hopf Bifurcation
From Theorem 2, system (3) undergoes bifurcation if

{27(;;7;*2)7" -2z, + 33:*2} (v +2.2)(6 — o)

8=

—207vxs — 0y

The purpose of this section is to show that system (3) undergoes a Hopf bifurcation
M—Qm*—‘rﬁr*z](’y-i-m*z)(é—a)

1f6 — [ Ytxx

at By = (x.,ys) by choosing [ as the bifurcation parameter. Denote

P, . We analyze the Hopf bifurcation occurring

NUorre 9, +32.2] (v + 2.%)(6 — o)

fo = [ —207vxs — 0y
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when B=00, we have T' = (1—..) (2« +B) +u (1 =) — 24 (24 + ) — 222%Ue. — (). Thus,

(v+z.2)?
. . . . . . . 2
the Jacobian matrix J, has a pair of imaginary eigenvalues A = 44 (;f; >) (%f_:f*g)z :

Let A = A(B) £ B(B)i be the roots of A> — TA + D = 0, then

A? — B? — AT + D =0,

2AB —TB =0,
and
AL
2
B V4D — T2
= 5 ,
dA x*2—2x*3—'y7é0

% B=80 2y +x2)
By the Poincare-Andronov-Hopf Bifurcation Theorem, we know that system (3) un-

dergoes a Hopf bifurcation at E, = (x4, y.) when 8 = (.

6. NUMERICAL SIMULATION

In this section we intend to find the position of the three equilibrium points of the
system (3) in the phase diagram by computer simulation.

We selected the parameters:
6=02,a=0.5,vy=04,0 =0.36,0 = 0.4.

Given three initial values, we find a stable equilibrium point E; = (1,0) in the phase
diagram as shown in Figure 1, and combined with the theoretical proof given earlier
in this paper, we find that the same conditions are met:0.36 < 0.4 % (0.4 + 1) = 0.56.
We did not change the parameters and changed their initial values. We found two
equilibrium points Ey = (0,0) and F; = (1,0) in the phase diagram. We also found
that the saddle point Fy is shown in Figure 2. E; = (1,0) is still in a stable state.

We change its parameters again:
8=02,a=057=04,§ =0.36,0 =0.2.

We found three equilibrium points on the phase diagram as shown in Figure 3.
Through the image we find that F, = (x.,y.) is in a stable state, and the equi-
librium points Ey = (0,0) and F; = (1,0) are unstable. By calculating the parameter
values, we find that it also conforms to the theoretical proof we made earlier in this

article.
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Figure 1: One equilibrium point
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Figure 2: Two equilibrium points

Next, we use the Allee item as a bifurcation parameter for numerical simulation,
and draw a hopf bifurcation diagram as shown in Figure 4. It is found that branching

occurs at f = —0.3, which is also in line with our inference.
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Figure 3: Three equilibrium points
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Figure 4: Hopf bifurcation diagram

7. CONCLUSION

A kind of predator-prey model with Allee effect and Holling type—II functional re-

sponse is studied by [4]. We change its functional response, establish a predator—prey
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model with weak Allee effect and Holling type—III functional response. The dynamic
behavior of the system includes: the calculation of equilibrium point, the proof of
the stability of the equilibrium point, the existence proof of Hopf bifurcation, and
the critical value of Hopf bifurcation with Allee term as bifurcation parameter is ob-
tained. Finally, we verify our idea by computer simulation, give the position of three

equilibrium points and draw a bifurcation diagram.
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