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1. INTRODUCTION

A strong motivation for studying fractional differential equations comes from that fact
that fractional order derivatives and integrals have extensive applications in viscoelas-
ticity, analytical chemistry, electromagnetic, neuron modeling and biological sciences.
There has been a significant development in fractional differential equations in recent
years, see, for example, the books of Kilbas et al. [3], Miller and Ross [7], Podlubny
[9], Tarasov [10], Lakshmikantham et al. [4] and the references therein.
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Integro-differential equations can arise from many physical processes in which it
is necessary to take into account the effects of memory due to the deficiency. For
example, it can serve as a model in some gas diffusion problems and in some heat
transfer problems with memory. As we all know, integro-differential equations provide
a continuous analogue to countable systems of ordinary differential equations. When
one end of an extensible beam whose ends are a fixed distance apart, is hinged while
the other end is attached with a load, the mathematical model describing the vibra-
tions of this beam contains a nonlinearity with the dynamical boundary condition;
this always remains a very popular application in engineering.

Optimal control theory plays an important role in the design of modern control
systems. Since the end of last century, optimal control problems have attracted much
attention [5, 17]). Until now optimal control problems on Banach spaces have been
considered in many papers(see e.g.[1, 8, 14, 11, 12]). However, up to now optimal feed-
back control of fractional integrodifferential equations of mixed type have not been
considered in the literature. In order to fill this gap, this paper investigate the opti-
mal feedback control problems of a system governed by fractional integrodifferential
equations of mixed type via a compact semigroup in Banach spaces.

In [15], J.R. Wang, Y. Zhou and W. Wei investigated optimal feedback control of
a system governed by the following semilinear fractional evolution equations:

Dix(t) = Ax(t) + f(t,z(t),u(t)), te J=1[0,T], 0<qg<1,
x(0) = o,

where ¢D? is the Caputo fractional derivative of order ¢ and A : D(A) — X is the
infinitesimal generator of a compact Cop-semigroup {7'(¢), ¢ > 0} in a reflexive Banach
space X . The control function u(.) takes values in the Polish space U. f: Jx X xU —
X is a given function satisfying some assumptions.

Strongly inspired by the above work, in this paper, we shall be concerned with
the existence theorems for optimal feedback control problems of systems governed by

the following fractional evolution equation:

Dix(t) = Az(t) + f (¢, z(t), (Sz)(t), (Tx)(t),u(t)), t € J =[0,0],
0<g<1, (1.1)
x(0) = xo,
where D9 is the Caputo fractional derivative of order q. A : D(A) € X — X is
the infinitesimal generator of a compact Cy-semigroup {T'(t)(t > 0)} in a reflexive

Banach space X. .J = [0,b]. S is a nonlinear integral operator given by

(S2)(t) = / K (t, 7)g(r, x(r))dr,

g:JxX — X and K € C(J x J, R) are given functions satisfying some assumptions.

The control u € U[0,b], U0, ] is a control set which we will introduce in Section 2.
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The rest of this paper is organized as follows. In section 2, some notations and
preparation results are given. In section 3, the existence of mild solutions and feasible
pairs for fractional impulsive evolution equations are presented. We introduce an

existence result of optimal feedback controls for Lagrange problem (<) in section 4.

2. PRELIMINARIES

In this section, we introduce the notations, definitions, and preliminary facts that will
be used in the remainder of this paper.

Throughout this paper, let X be a reflexive Banach space with the norm ||.|| and
U be a Polish space. Let C(J, X) denotes the Banach space of all X-value continuous
functions from J into X with the norm [|z(|¢(s,x) = supe s [|2()]].

Throughout this paper, we suppose M = sup;c(o o) [|T'(t)]| < co. Let U[0,b] =
{u : J — Ulu(.) is measurable}. Any element in UJ0,b] is called a control on J.
Define |27 |5 = supye.e, [12(s), Or(2) = {y € X[y — 2] < 1.

Firstly, let us recall the following known definitions. For more details, see [3, 7, 9].
Definition 2.1 The fractional integral of order ¢ with the lower limit zero for a

function f is defined as

L[ f(s)

I f(t) = ds, t>0 0 2.1
()+f( ) P(Q)A (t_s)lfq 57 > I q> I ( )

provided the right side is point-wise defined on [0,00), where I'(.) is the gamma

function.

Definition 2.2 The Riemann-Liouville derivative of order ¢ with the lower limit zero

for a function f :[0,00) — R can be written as

Lo dy [P f(s)

Definition 2.3 The Caputo derivative of order ¢ for a function f : [0,00) — R can
be written as

n—1
°DE, f(t) ="DIf(t) =D gf<k>(0)], t>0,n—1<qg<n. (2.3)
k=0

Remark 2.4
(1) If f(t) € C™[0,00), then

¢4 _ 1 ! f(n)(s)
DLIO = =g |, G

Iy M), t >0, n—1<q<n.
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(74) The Caputo derivative of a constant is equal to zero.

(¢i7) If f is an abstract function with values in X, then integrals which appear in
Definition 2.1 and 2.2 are taken in Bochner’s sense.

Definition 2.5. [6] Let X and Y be two metric spaces. A multifunction ' : X — 2Y

ia said to be pseudo-continuous at t € X if

(N T(0:(1) = T'(¢).

e>0

Based on [13, 18], we give the following definition of mild solutions for the system

(1.1).
Definition 2.6. By a mild solution of the system (1.1) we mean that a function

x € C(J,X) which satisfies the following integral equation

x(t) = Sq(t)xo + fg(t — 7)Yt —7) f (1 2(7), (Sz)(7),u(r)) dr, t€J  (24)

/ £,(0)T(t70)d0, T,( —q/ 0¢,(0)T(t90)d0),

and

1 gy 1
fq(9)259 (1+q)wq(9 i) >0,

_! Z ) 19*"‘1*1%'—'_1) sin(nmq), 6 € (0, 00),
— n!

:]

&, is a probability density function defined on (0, c0), that is

£4(0) >0, 6 € (0,00) and / &(0)do = 1.
0
Definition 2.7. A pair (z(.),u(.)) is said to be feasible if x is satisfied (2.4) and
u(t) € I'(t,z(t)), a.e. t €0,0].

Define
P ={(z(.),u(.)) € PC(J,X) x U[0,b]| (z(.),u(.)) is feasible},

Pls,v] = {(z(.),u(.)) € C([s,v], X) x Uls,v]| (z(.),u(.)) is feasible},

for any interval [s, v].
Lemma 2.8. (Lemma 3.2-3.4 [18]) The operators S, (t) and 7,(t) have the following
properties:

(i) for any fixed ¢ > 0, S4(t) and T,(t) are linear and bounded operators, i.e., for any
zeX,

qM

ISa(t)e] < Ml and ITy(0)el < gy

B4k
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(i1) {S4(t),t > 0} and {T}(t),t > 0} are strongly continuous;

(791) for every t > 0, Sq(t) and Ty(t) are also compact operators if T'(t) is compact.
Lemma 2.9.[15] Assume that T'(¢) is a compact operator for every ¢ > 0. Then the
operator A1 : LP(J, X) — C(J, X), for some 1 > g > %, p > 1, given by

(Hih)() = / (= )Ty — r)h(r)dr,

0

is compact for h € LP(.J, X).

Let us recall the generalized Gronwall inequality with caputo singularity which
can be found in [16].
Lemma 2.10. Suppose 8 > 0, a(t) is a nonnegative function locally integrable
on [0,b] and b(t) is a nonnegative, nondecreasing continuous function defined on
[0,0], b(t) < M(constant) and suppose y(t) is nonnegative and locally integrable
on [0,b] with

y(t) <alt) + b(t)/o (t— s)ﬁfly(s)ds, t €10,b].

Then

Furthermore, if a(t) is a nondecreasing function on [0, b], then

y(t) < alt) + / |

n=1

y(t) < a(t)Ez (b(OT(B)E7)

where Eg is the Mittag-Lefller function defined by

P = 2 Ty

Lemma 2.11. (Schaefer’s fixed point theorem) Let X be a Banach spaces and
F: X — X be a completely continuous operator. If the set

E(F)={y€ X :y=AFy for some \ € [0,1]}.

is bounded, then F has at least a fixed point.

3. EXISTENCE OF FEASIBLE PAIRS FOR FRACTIONAL
IMPULSIVE EVOLUTION EQUATIONS

In this section, we present the existence of feasible pairs for system (1.1). To establish
our results, we introduce the following hypotheses.
(H1): T(t) is a compact operator for every ¢t > 0.
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H,): X is a reflexive Banach space and U is a Polish space.
Hs): g:J x X — X satisfies:
1) For each x € X, t — ¢(t,x) is measurable;

o~ o~~~

2) g satisfies local Lipschitz continuity with respect to x, i.e., for arbitrary x1, xo € X

satisfying ||z1]|, |z2]| < p, there exists a constant L(p) > 0 such that
lg(t, 1) — g(t,z2)|| < L(p)l|z1 — @2l|, for all t € J;
(3) There exists a constant ¢ > 0 such that
lg(t, 2)]| < e(l 4+ ||z||), for all ¢t € J.

Hy): K € C(J x J,R).
Hs): f:Jx X x X xU — X satisfies:

1) f is Borel measurable in (t,y, z,u) and is continuous in (y, z, u);

S~~~ o~

2) f satisfies local Lipschitz continuity with respect to (y, z), i.e., for any p > 0, there
is a constant M, > 0 such that

||f(t7ylvzlau) - f(tay2722au)|| S MP(Hyl - y2|| + HZl - 22”)7

for any yi1,y2, 21,22 € X,t € J and uniformly v € U provided with ||y1]|, [|y2]], ||z1]],
l[22]l < ps;
(3) There exists a constant H > 0 such that

1ty z,u)| < HA A+ [lyll + 21,

for arbitrary t € J, u € U;
(4) For almost all t € J, the set f(t,y,z,I'(t,y)) satisfies the following:

() @0f (¢, 05(y), 05(2), T(Os(t,))) = f(t,y,2,T(t,y)).
6>0
(Hs):
(H7): T': J x X — 2V is pseudo-continuous.
Lemma 3.1.[14] Under assumptions (Hs) and (Hy), the operator S has the following
properties:
(V1,22 € C(J, X), let ||z1|lcsx)s [[22]lcs,x) < p, then

1(S21)(t) — (Sz2) ()] < L{p)EIK]I][(21): = (w2)e] -

(2) For any 0 > 0, if y(t) € Os(x(t)) for all t € J, then (Sy)(t) € Onrs ((Sz)(t)) for
all t € J, where M’ > 0 is a constant independent on ¢.
(3) Forx € C(J, X)

[(Sz)(®)]| < b K|I(1+ ||z )
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Consider the following fractional evolution system without impulsive

(3.1)

{ Dix(t) = Ax(t) + f (¢, z(t), (Sx)(t),u(t)), 0<g<1, t€J=10,b],
x(0) = xo.

Based on [13, 18], a mild solution z(.) € C(J, X) of (3.1) is defined as a solution of

the following integral equation:

x(t) = Sq(t)xo + /0 (t — 1) Tt — 1) f (1, 2(7), (Sx) (1), u(T)) dr, t € J.

Theorem 3.2. Assume that the conditions (Hy), (Hz), (Hs), (Hs), and (Hs)(1)(3)
are satisfied, then system (3.1) has at least a fixed point z € C(J, X) and

lzllcx) < ¢

for some constant ¢ > 0. Moreover, (Hs)(2) holds, the solution of (3.1) is unique.
Proof. Consider the operator F': C(J, X) — C(J, X) defined by

(Fz)(t) = Sq(t)zo + /Ol(t — T)q_qu(t —1)f (1, 2(7), (Sx)(7),u(r)) dr, t € J.

It is obvious that F is well defined due to Lemma 2.8. For the sake of convenience,
we subdivide the proof into several steps.

Step 1: Fz € C(J,X) for every z € C(J, X).

Taking into account the imposed assumptions and Lemma 2.8, one can easily show
that, Fax € C(J,X) for every x € C(J, X). So we omit the proof here.

Step 2: F'is a continuous operator on C(J, X).

Let {z,} C C(J,X) with 2, — x on C(J,X). Then there exists a constant p >
O(dependently of {x,}) such that ||z,|c(sx), |zllcx) < p. From (Hs)(2) and
Lemma 3.1, we have

[(Fan)(t) — (Fa) ()]
/0 (t = )Tyt = DI (72 (1), (Swn)(7),ulr)) —
f(ra(r), (Sz)(7), u(7)) [|dr
MMpt—qule—xT Zn)(T) — (Sx) (T T
e /O(f )7 (lzn () = 2(D)l + [[(Szn)(7) — (S2)(7)]) d
MM,b?(1 + L(p)b| K1)
I'(g+1)

IN

<

< lzn — xllcsx) — 0, as n — +oo.

which implies that F' is continuous.
Step 3: F maps bounded sets into bounded sets in C(J, X).
Indeed, it is enough to show that for any r > 0 there exists a [ > 0 such that for each



962

J. LV, J. SHANG, AND Y. HE

v € B, ={recC(JX):|z|cux) <1}, we have ||Fzl/¢(y,x) <. For each t € J,

we have

I(FEz)@O < [1Sg(E)aol

+/ (t =TTt = DS (7, 2(7), (S2)(7), u(r)) dr
0

< M||330||
M t o1
+m/0 (t—7)" " H 1+ [lz(n)] + [|(Sz)(7)]|) dr
< Mlzol| + %H[l + 7+ cb||K||(1+7)] := 1.

Step 4: F maps bounded sets into equicontinuous sets of C(J, X).
For any x € B,, let 0 =t; <ty < b, we get

|(Fa)(t2) — (F2)(0)]
[|Sq(t2)z0 — Sq(0)zol|
+ / (ta — 7)1 Tyt — 1) f (7, 2(r), () (1), u(r)) dr|

Mtd
L(g+1)

IN

< |1S4(t2)mo — Sq(0)xol| + HI[1+7r+ch|K|(1+4r)]

— 0, asty — 0.

For 0 < t; < to < b, selecting € > 0 sufficiently small, we have

IN

IN

IN

where

[(Fz)(t2) — (Fz)(t)]
1S4 (t2)z0 = Sq(t1)ol|

ta

H [t = 1T = ) f () (S2) (), ulr) |
" / [t — 1)1 — (1 — )T Ty(ts — 1) f (ra2(r), (S2)(r), u(r)) dr |
+ / (ty — )7 [Ty(ts — 7) — Tylts — )] £ (7, 2(r), (S2)(r), u(r)) dr]

M f2 qg—1
F H [+ bl (1+7) [ (ts — 79 Ldr

M " q—1 _ — a1 ar
+F( )H[1+r+cb||K||(1+r)]/0 [(tl—T) (ta —T) }d

H / (tr — 7)I L [Ty(ts — 7) — Ty(ts — 7)) £ (ry 2(7), (S2)(7), u(r)) dr |
L+ 1+ I3+ 14,

[Sq(t2)mo — Sq(t1)zoll +

I = ||Sy(t2)zo — Sq(t1)zolls
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Mty —t1)?
b= oy HL+r+ el K+,
MH[1+7r+cb||K|(1+4+7r

I3 = [ P(q+|1) It ) [t + (t2 — t1)? — 3],

1y

IN

| / 1_5(751 — 1) T (ta — 7) — Ty(ts — 7)) f (7, 2(7), (Sx)(7), u(T)) dT||
0
+l /t (- )T, (ty — 7) — Ty(ty — 7)) f (7, 2(7), (Sz) (1), u(7)) d7||

1
< osup [Tyt —7) = Ty(ts — 7) |- H[L + 7 + cb[| K[ (L + r)](t] — )
T€[0,t1—e] q

2Me1

mH[l + 7+ cb|| K[ (14 7)].

According to Lemma 2.8(ii), it is easy to see that Iy — 0 as to — t1. It is obviously
that I2,I5 tend to 0 independently of © € B,. Since (H;) and Lemma 2.8 imply
that the continuity of T,(¢)(tf > 0) in ¢ in the uniform operator topology, it is easy
to see that I, tends to zero independently of z € B, as ta — t1,6 — 0. Thus,
[(Fx)(t2) — (Fz)(t1)| tends to zero independently of z € B, as ta — t1, which means
that {Fz : x € B, } is equicontinuous.

Step 5: For any ¢t € J, Q(t) = {(Fz)(t),x € B,)} is relatively compact in X.

This is trivial for ¢ = 0, since Q(0) = {zo}. So it is only necessary to consider
0<t<b Let 0 <t <bhbe fixed. For Ve € (0,t), V6 > 0, define

F. s5)(t)

- / €,(0)T(t70)z0d0

+q/ / (t = 5)T7106,(O)T((t — 5)70) f (s, 2(s), (Sz)(s), u(s)) dfds

IA

T(c% {/ &(O)T(t99 — e96)xodb
s - = 96, 0T (= 9% = £10)F (5,205, ()5, o) s .
Then from the compactness of T'(£70)(£26 > 0), we obtain that the set
Q0 (t) = {(F.,52)(t), x € By}

is relatively compact in X for Ve € (0,¢) and Vo > 0.

Moreover, we have

[(Fz)(t) = (Fes2)(@)]|
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IN

H / £4(6)T(196) 06|

(t — 5)17106, ()T ((t — 5)70) f (s, 2(s), (Sz)(s), u(s)) dOds

" Hq/ti /:o(t —5)T7 106, (O)T((t — 5)70) f (s,2(s), (Sz)(5), u(s)) dbds

IN

s s
MHxOH/O fq(O)d0+Mqu[l+r+cb|\K||(1+7")]/0 0¢,(0)do

MH [1+ 7+ cb| K[[(1+ )] e7
I'(l1+q)

— 0, ase—>0, § > 0.

Therefore, there are relatively compact sets arbitrarily close to the set Q(t), t > 0.
Hence the set Q(t), t > 0 is also relatively compact in X.

As a consequence of Step 3-Step 5 together with the Arzola-Ascoli theorem, we
can conclude that {Fz: 2z € B,} C C(J, X) is relatively compact set.
Step 6: A priori bounds.

Now it remains to show that the set
E(F)={ze€C(J,X): 2z = AFz, for some X € [0,1]}

is bounded.
Let x € E(F), then x = AFx for some \ € [0,1]. For any ¢t € J, we have

lz@®)] = [(AFz)@)]l
[15,(t xo|\+||/ VI T (t = ) f (1,2(7), (S)(7), u(r)) dr |

IN

M

< Mol + 5= e /0 (t = 7)THIf (7, 2(7), (S2)(7), u(r)) ||dr
MUbIH (1 + cb|| K||)

< M

< l|zoll + T(g+1)

MH(1+cb||K|)/t 1
+ t— 1) |x(7)]|dT.
() 0( ) =)
Let W(t) = ||z(¢)||, using Lemma 2.10, we can deduce that there exists a constant

£ > 0 such that ||z|c7x) <€

As a consequence of Lemma 2.11, we deduce that F has a fixed point « € C(J, X)
which is a solution of the problem (3.1) and ||z c(s,x) < &.

Let T be another solution of system (1.1). From the above discussion, we obtain
that there exists a constant { > 0 such that [[z][cx) < & [|T]cwx) < & By
(Hs)(2) and (Hj3)(2), we have

() = ()]
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M [t o1
< o / (t = 7)1\ £ (7, 2(7), (S2)(r), u())

—f (7, 7(7), (ST)(7), u(r)) [|dr

. t o - — (S7T)(7 T
< 25 [ =0, ) =30 + D)~ (ST d
L t — A7) — () dr
< MM BLEIK] [ (=7 fatr) = 7).

By singular version Gronwall inequality(see Lemma 2.10) again, we get
=(t) —z(8)]| <0,

which yields the uniqueness of x(.). The proof is completed.

Theorem 3.3. If the hypotheses H(1)-H(7) are satisfied, then for any z¢ € X, the
set P # (.

Proof. For the sake of convenience, we subdivide the proof into several steps.

Step 1: We consider the feasible pairs in the interval [0,¢1]. For any k > 0, let
tj=1t1,0< 5 <k—1. Weset

k—1
uk(t) = X, b5 (1), t € [0,1],
=0

where x|, is the character function of interval [t;,¢;11). The sequence {u’} is

]
constructed as follows.
Firstly, take u® € I'(0,z0). By Theorem 3.2 there exists an unique x(.) which is

given by

xp(t) = Sq(t)xo + /0 (t -7, —1)f (T, xi (1), (Szi) (1), uO(T)) dr,

te o, 2.

Then, take u' € T'(4,z,(%)). We can continue this procedure to obtain zj on
L 211 ect. By induction, we end up wi e following equation:

b 28] ect. By inducti d ith the followi ti

z(t) = Sq(t)zo
+ f(f(t — 1), (t —7) (’7’, g (T), (Sxk)(T),uk(T)) dr, t €10,t1], (3.2)
j J+1)ty

uF(t) € T (L, zp (), ¢ e [ DY g < j <k — 1.

By (Hs),(Hs) and Lemma 2.10, we can deduce that there exists a constant £ > 0
such that
ka(t)” S é., t e [Ovtl]a

and

1 (b a0), (Se) (@), @) || < HL+ 6+ DKL+ )], ae. t € [0,t].
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From Lemma 2.9, there is a subsequence of {x}}, denoted by {z;} again, such that

xp — 2 in C([0,t1], X), for some = € C([0,t1], X). (3.3)
And B .

(), (Szr) (), u()) = f() in LP((0,:], X)(1 > ¢ > o
for some f € LP([0,1], X). (3.4)

According to Lemma 2.9 and (3.2), we have

¢
#(0) = Sylt)eo + [ (=1 Tt~ F(n)dr, te 0.0,
0
In virtue of (3.3), for any § > 0, there exists a k1 > 0 such that
zi(t) € O5 (T(t)), Vt € [0,t1], k > k.

From lemma 3.1, we know that (Sxy)(t) € Opvs ((ST)(8)), Vit € [0,t1], k> k.
Since M’ > 0 is a fixed constant then

(Szp)(t) = (ST)(t), Vt € [0,t1], as k — +o0.
Thus , for this § > 0, there is a constant ko > kq such that
(Sx)(t) € O5 ((ST)(t)) Vt € [0,t1], k > k2. (3.5)

In virtue of (3.4) and (3.5), we know that, for any § > 0, there is a constant kg > 0
such that

2(t) € 05 (3(t)) and (Szi)(t) € Os ((ST)(t)) Vt € [0,41] and k > k. (3.6)

Moreover, by the definition of u*(t), for k large, we have

Jt (J+ 1Dt
k’ k
By (3.4) and Mazur Theorem, we may let a;; > 0 and ZjZO ai; = 1 such that

uF(t) € T(t;, 2x(t)) C T (O5(t,2(t))), Yt € [ ), 0<j<k—-1. (37)

= " auf (o zige, (Szip) (), u () = F() in LP([0, 1], X).

i>1

Thus, there is a subsequence of {n;}, denoted {n;} again, such that
m(t) = f(t) in X, a.e. t€[0,t].
Due to (3.6) and (3.7), for [ large enough, we have

n(t) € cof (t,05(z(t)), Os(SZ(t)), T'(O5(t, Z(t)))) , a.e.t € [0,t1].
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Hence, for any § > 0,

F(t) € @f (t, 05(F(t)), 05 (SF(1)), D(Os(t, 7(1)))) , a.e. t € [0, 1]

In virtue of (H7) and Corollary 2.18[6], we know that I'(., Z(.)) is Souslin measurable.
By Fillippove theorem [2], there exists a u € U[0, 1] such that

u(t) e T(t,z(t)), t €[0,t4],

and
F(£) = f (£, 3(t), (ST)(1),U(t)) , t € [0,1].

Thus, (7, ) is a feasible pair in [0,¢;]. We use the notation (zV)(.),u?(.)) to denote
it. In virtue of (Hg), the jump is uniquely determined by the expression

w(tf) = x(t7) + Li(z(t)) = x(tr) + Li(z(t)) = 21

Step 2: For the interval [t1,t2], we get

Sq(t —t1)x + / (t — 7)1 T, (t — 1) f (1, 2(7), (Sx)(7), u(T)) dr

t1

x(t)

S,(t — th)(ty) + / (t = 7)1 (= 1) f (ry (7). (S2)(7), u(r)) dr

ty

+Sq(t —t1) 11 (x(t1)).

Repeat the procedure as Step 1 and note that I; is continuous, we obtain that there
is a feasible pair (22 (.),u®(.)) € P[t1,ta].

Step by steps, let ¢,,+1 = b repeat the procedures till the time interval which is
expanded. There is a pair (™), u(m*D()) € Plty, tyil.

Define m
z(t) = Zm<i+1>(t)x[tm+l)(t), teJ,
=0
and

u(t) = u ()X, (1), tE .
1=0

Then (z(.),u(.)) € P which implies that P # (). The proof is completed.

4. EXISTENCE OF OPTIMAL FEEDBACK CONTROL PAIRS

In this section, we consider the following Lagrange problem (£?) : Find a pair
(2°,u%) € P such that

I (@ u°) < _Z(x,u), for all (z,u) € P,
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where 7 (z,u) = fob,i”(t, x(t), u(t))dt. We introduce the following assumptions.
(Hg) The function % satisfies:

(1) Z:J x X xU — RU{oo} is Borel measurable in (¢, z,u).

(2) Z(t,.,.) is sequentially lower semicontinuous on X x U for almost all ¢ € J and
there is a constant L; > 0 such that

ZL(t,r,u) > —Lq, forall (t,z,u) € J x X x U.
For any (t,z) € J x X, let
e(t,z,y) ={(2°,2) € Rx X[2° > ZL(t,x,u), 2 = f(t,2,y,u),u € T(t,z)}.

We make the following assumption.
(Hg): For almost all ¢t € J, the map &(¢,.,.) : X x X — 28X has the Cesari

properties, i.e.,

ﬂ coe(t, O5(x), O5(y)) = e(t, z,y), for all (z,y) € X x X.
6>0

Theorem 4.1. Assume that assumptions (H;)-(Hy) are satisfied. Then Lagrange
problem () admits at least one optimal control pair.

Proof. If inf{ ¢ (x,u)|(x,u) € P} = 400, then it is clear that the Lagrange problem
(£2) has an optimal pair.

Without loss of generality, we assume that inf{ ¢ (z,u)|(z,u) € P} = N < 4o0.
By (Hsg), we have N > —oo. Thus there exists a sequence {z",u"} C P such that
F (™, u™) — N. We denote

(") :Z/ L (" (1), (S (B, un () dt = 3 i@, um),

tim1 i=1

and
lm g (@",u") = N;.

n—-4o0o

By (H5)(3) and boundedness of {2}, we know that {f(.,z"(.), (Sz™)(.),u"(.))} is
bounded in LP(J, X)(1 > q > %) We can assume without loss of generality that

frC) = fGam(), (S2)(),u () = () in LP([0, 0], X)(1 > ¢ > ]%),

for some f(.) € LP(]0,t1], X). By Lemma 2.9 and Lemma 3.1, we have

a(t) = Sq(t)xo+/0 (t = )T Tyt = 7)f (1,2 (1), (S2™)(7), w" (7)) dr

= F(t) = S, ()0 +/0 (t — 1)1, (t — 7)J(r)dr, ¥t € [0, 4],
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ie.,

2"() = 2z () in C([0,t1], X).

By virtue of Mazur Theorem, let az; > 0, >, ag = 1, such that

=D anf (o zrnn (), (St () ursa () = fO() in LP(0, 1], X).
k

Let
)= Zakli’ s Thgt () w1 (1),

and
Lot) = lim ¢)(t) > —L; a.e. t €[0,ty].

l—+o0

For any 6 > 0 and [ large enough, we get

(e ®),200) € 2 (1,05 (+D 1)) , 05 (520 (1)) ).

Using (Hy), one can obtain

(2°0), FOW) € ¢ (12D ), S2D (1), ace. t € 0,a].

This means

20(t) > Z (1,20 (1), u), t € [0,11],
FO@) = £t 2D (1), S0 (1), u), 1 € [0,1], (4.1)
we T(t,a0(1)).

According to Filippov Theorem [2], there is a measurable selection u(1)(.) of I'(., z(1)(.))
such that

2°(t) > 2(t,20(),uD (1)
FO@) = £(t, 2D (2), Sz (), uD (2)), ae. t € [0, 4]

On the other hand,

+ /0 (- T ) f (.20 (), 820(7),u (7)) dr, t € [0,11],

and -
(x(l),u(l)) e P[0, t].

By using Fatou’s Lemma. we obtain that

t1 i1 ty
[ 2wit= [ tmeoa<im [ e
0 0 0
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ie.,
— t1 —
() (1)> :/ & (t (1) (1)) dt = inf ! =N
s u , T\ m T, U .
/ ( 0 (rc,u)EP[O,tl]/ ( ) !

For the interval [t1, t2], since {2",u"} € P, we have
a(t) = Sg(t—t)a" ()
t
+/ (t = )T Tyt — ) f (7,27 (1), (S")(7),u" (7)) d7, Vt € [t1, 2],

t1
and
a"(t) = L(a"(ty)) + 2" (t).
By the definition of fg;asilzl\e/pair and repeat the procedure in the interval [0,#1], we
know that there is (x@),u(z)) € P[t1,1s], that is,

2@ (t) = S,(t)xe + /t(t — T)qfqu(t —7)f (7’, 2@ (1), Sx@ (1), u(2)(7)) dr
0
+ Syt — 1)1 (O (8))

for all ¢ € [t1,t2] such that

/2(;(\2/),17(\2/)):/tzf(t,x’(\{)(t),;(\i(t))dt: inf 7%z, u) = Ny,

t1 (a:,u)eP[tl,tz]

and

2@ (t) = I (22(7)) + 2P (1) = 1O (1)) + 2O (k).
Step by steps, repeat the procedures, we obatin
ti

J@a) = 2 (t,x(t), u(t)) dt

ti—1

= inf Iz u)

(,u)EP[t;—1,t;]
= Ni; i:1,2,...,m

Thus,

N = lim Lt (t),u"(t))dt = lim Z/ Lt (t),u"(t))dt

n—+o0 [q n——+0oo

ZN

vV
\
jﬂ
érB

R

a

We denote (Z,u) as ( (@), i )) whenever ¢ € [t;_1,t;), then (Z,u) is an optimal pair.
The proof is completed.
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