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1. INTRODUCTION

In this paper, we consider the following fractional differential equations with impulsive

effects
f(t,u(t)), tE[O T),t #t,

D3(EoDu(t)) + k(t)u(t) = A
= I(u(t;)).d = 1.2 (1.1)

A( DT (%DFw))(t5)

u(0) = u(T) =0,
where o € (3,1] and A is a positive control parameter, f : [0,7] x R — R and
I : R — R, j = 1,2,..m are continuous functions, k(t) € C([0,T]) and there exist
two positive constants k1 and ko such that 0 < k1 < k(t) < ko, the left Caputo
fractional derivative and right Riemann-Liouville fractional derivative of order a are
represented by ¢,Dj* and D7, respectively, 0 =tg < t1 < -+ < tyy1 =71 and
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A(DE(GDfu))(t) = (DF~H (oDFu)(tf) — ,DFT ((oDfu)(t7),

where
(D (D) = fim (DD )
D5 (CGDF)(E) = T D! (oDFu)(t).
7]

In recent years, the fractional differential equations have obtained more and more
attention by many authors, see [ 1-13 |. Some authors have made attempt to use
variational methods and critical point theory to discuss the existence of solutions for
boundary value problems of fractional differential equations, some interesting results
have been obtained, see[14-23] and the references therein.

More precisely, In[16], the following fractional Hamiltonian system with impulsive

effects has been considered

D7 (oD u(t)) + Alt)ul(t) = VE(t,u(t), t € [0, Tt # ¢,
A((DGH(¢DEu))(t ): ( i(t;),i=1,2,..N,j =1,2,.., (1.2)
u(0) = u(T) = (0,...,0) €

where o € (3,1], A: [0,T] = Myxn(R) is a continuous map from the interval [0, 7]
to the set of N-order symmetric matrices, I;; : R = R,i =1,2,..N,j =1,2,...0 are
continuous functions, assume that there exist a € C(R*, RT) and b € L1([0,T], R")
such that F: [0,T] x RN — R satisfies following inequalities

[F(t, )| < a(lz))b(t), [VE(E, 2)| < a(|z[)b(?),

for all x € RN and a.e.t € [0, T]. The authors have obtained infinitely many solutions
under some sufficient conditions for the system (1.2) by applying variant Fountain
theorems .

In[20], the authors considered the following boundary value problem with impul-

sive effects

u(t)),t [0 T),t # t;,

DD u(t) + k(tu(t) = £,
= (u(t)).j = 1,2, m, (13)

A( DF(SDfu)) )
u(0) = u(T) = 0,

)= [(t
I (u(t,

which is the same as (1.1) when A = 1. By employing the Morse theory coupled
with local linking arguments, the authors proved that system (1.3) has at least one
nontrivial solution .

In[17,18], the following boundary value problem has been studied

DT (eDFu(t)) + a(t)u(t) = Af(t, u(t), t € [0,T],t #1;,
A( Da 1( ODt ))( ):MI ( ( ))7] =1,2,.m, (14)
u(0) = u(T) = 0.



IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS 975

By using variational methods and critical point theory, the authors have obtained at
least one solution and three solutions for the system (1.4).

Motivated by above [17, 18, 20], the main aim in this paper is intended to establish
infinitely many solutions for the system (1.1) by using variational methods and critical
point theory, which is totally different from [15, 16, 18]. It is worth pointing out that
our results generalize and improve some previous results.

The organization of this paper is as follows. In Section 2, some preliminaries and
results which are applied in the later paper are presented. In Section 3, the proof of

main results are given. In Section 4, we give some examples to show our results.

2. PRELIMINARIES

In this section, we list some lemmas and results that we shall use in the rest of the
paper. For more details, please refer to the references [23-26].

We denote B, be the open ball in X with the radius r and centered at 0 and its
boundary defined by 0B,.

Definition 2.1. Let E be a real Banach space and ¢ € C'(E, R) satisfy the Palais-
Smale condition, i.e., every sequence {u;} C E for which {¢(u;)} is bounded and

¢ (u;) — 0 as j — 0 possesses a convergent subsequence in E and ¢(0) = 0.

Theorem 2.1. (see [24]) Let E be a real Banach space, and let ¢ € C*(E, R) be even
satisfying the Palais-Smale condition and ¢(0) =0. If E =V @Y, where V is finite
dimensional, and ¢ satisfies that:

(i) There exist constants p,n > 0 such that v|lop.nr > n;

(ii) For each finite dimensional subspace W C E, there is R = R(W') such that
o(u) <0 for all w € W with ||ul| > R.
Then @ possesses an unbounded sequence of critical values.

For any fixed ¢t € [0,7] and 1 < p < oo, define

! 1 T 1
[#]loc = max |z(t)], |zl Lr(j0,4) = (/ lz(s)[Pds)?, ||| Lr = (/ [z(s)[Pds)>. (2.1)
te[0,T] 0 0
Lemma 2.1. Let 0 < a < 1,1 <p < o0 and f € LP([0,T], R). Then we have
10D “Fllrqo,y < M| fllLeo.y,€ € [0,2],¢ € 10,71, (2.2)
where oDy is left Riemann-Liouville fractional integral of order o and

t(l a < l
M* . F(a+1)’ — p’
- L a>1

- I
T(a)[g(a—1)+1]4 P
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R
where;—i—a—l.

Proof. If a > 1—17, from %—i—% = 1, we immediately obtain g(a—1)+1 = p%l(pa—l) >0
and by (2.1), we have
1
—a a P
| oDg “fllzr(o.) = / / f( )dT|pd§)
since
3 . 3 L
[e-ntsman < [e-netiseier
0 0
¢ ) ¢ %
< ([ e rtpanyt - ( / F)par)
0
= [ o] / Fopar)”
gla—1)+1
toz 1+ %
< ([ vepar)’
[ (a—1)+ 1
o
1 taflJr% %
| oD Mooy < m [ [ 15mean]
re S = Ta) e -1+t
1 1ty 1 3
= o 15 / F(r)Par)
T(a) [ga—1)+1]7 0
tOt
= [f1 e o,
Paigla -1+ 1Y
Ifa < %, by Lemma 3.1 of [23], we have
—a e
I oDg “fllze(o,) < mﬂfﬂm [0,])
Let
> 1
M* = F(O“f‘l)’aa < P’
- t—l a > l’
(a)[g(a—1)+1]4 P
we obtain || (D¢ fllze(0.) < M*| fllLe(0.0)-
Remark 2.1. (i) When 1 < a <1 and p > 2, we have M* = —
T'(a)lg(a—1)+1]7
(ii) When « > 1 it is clear to see —1—+ < % So M* in our paper is better
l[g(a=1)+1]9
than that of Lemma 3.1 in [23], which is defined as M* = F(oz-{—l)’ thus we improve

and extend some previous results.
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Let C§°(]0, T, R) be the function space with u € C§°([0, 7], R) and u(0) = u(T") =
0. By Lemma 2.1, we have u € LP([0,7],R) and ¢,Dffu € LP([0,T], R) for any
u € C§°([0,T],R) and 1 < p < oo, so we choose a set of space Eg"Q and denote
Ey 2 = L for convenience.

Definition 2.2. Let 0 < a < 1, the fractional derivative space Ef is defined by the
closure of C§°([0, 7], R) with respect to the weighted norm

T T
c Mo 1 o
ulla = (/0 %D u(t)|dt +/O lu(t)[*dt)?,u € E. (2.3)

From [23], we know the space Ef is a reflexive and separable Banach space for
0 < a <1, then for k(t) € C([0,T]) with 0 < k1 < k(t) < ko, the equivalent norm in
Ef is

T T
| = (/ |“oDf u(t)*dt +/ k()[u(t)?dt)? u € B, (2.4)
0 0
which we also denote ||.||x,o = ||.||a for convenience.
Definition 2.3. We say that u € E§ is a weak solution of (1.1) if the following
equality
T T
[ CopruttyDio® + kiutu(o)it + ZI olt) =X [ Ftute)eldr
0 0

(2.5)
holds for every v € E§.
Consider the functional ¢ : E§ — R as follow:

o) ——HuHQ—FZ/ ds—)\/ Pt ut (2.6)

owing to the continuity of f and I;(j = 1,--- ,m), we immediately deduce that ¢ is
continuous and differentiable and we have

, T
< (u),v>= /0 (CoDFu(t) o Div(t) + k(t)u ))dt + ZI

—/\/0 Fltu®))o()dt. (2.7)

Then we obviously deduce that the weak solutions of the system (1.1) are the critical

points of .

Lemma 2.2. Let % <a<1landp>2, for any u € Ef, we have

T T ol (£)1P 3
Il < o | rentuorar) (28)
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and

Ta7% T . . %
e < ey () Fappucopar)” 29)

Proof. By Lemma 2.1, as the similar proof of Proposition 3.2 of [23], we immediately
know (2.8) and (2.9) hold.

Corollary 2.1. Let u € E§, then we have
TO[

. — . 2.10
L (210)

lullz> <

Proof. From (2.8), for any u € E§ we easily have

T()L
D(a)(2a —1)2
T .
= ——————7llulla = Mulla,
IN(a)(2a—1)2

T T .
[ /0 %D u(t)[*dt) + /0 k(t)|u(t)|?dt] 2

lullz= <

where M = Ll
MNa)(2a—1)2

Corollary 2.2. Let v € Eg, then we have

a1

[ufloo < 7
IN'(a)(2a—1)2

[ulla- (2.11)

Proof. From (2.9), for any u € E§ we easily have

7o s T 2 T 2,13
Ul £ ———+ oD u(t dt+/ktut dt|?
e < L)) Fapru@Pas [ Koo Pal
To—3% .
= ————lulla = M|lulfa,
IN'(a)(2a—1)2
where M = ™2

T(a)(2a—1)%

Lemma 2.3. (see [23]) Let 3 < a < 1, assume that the sequence {u} converges
weakly to w € E§, i.e., u, — u. Then we have that {uy} converges strongly to
u € C([0,T],R), i.e., [lux — ulloc = 0 as k — oco.

Lemma 2.4. The functional u € E§ is a weak solution of (1.1) if and only if u is a
classical solution of (1.1).
Proof. The proof is similar as to the proof of [17, Lemma 2.1], where A = 1, we omit
it here.

In order to begin our main results, we also need the following conditions:
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(A1) There exists u > 2, such that for all ¢ € [0,7] and v € R\ {0},
0 < pF(t,u) < f(t u)u,
where F(t,u) = [ f
(A2) f(t,u) and I;(u) are odd about w.

(A3) There exist ¢j,d; > 0 and §; € [0, 1) such that for any v € R and j =1,2,...m

we have

11 (w)] < ¢ + djul. (2.12)
(A4) There exist constants L; > 0, such that for any u,v € R, j = 1,2, ...m, we have
1 (u) — I;(v)| < Ljlu — v, (2.13)

where 0 < Z;”:l L; < W_/ﬁl) and M is defined in Corollary 2.2.

(A5) The following inequality

1 M2, &
j=

holds, where M is defined in Corollary 2.1 and M; = sup{F (¢, u)|t € [0, T], |u| =
1} > 0.

(A6) The following inequality

M
QZL —A;—zz:u 0)| >0 (2.15)
holds.

Lemma 2.5.[26] If (A1) and (A2) hold, then the following inequalities

Sl 0 < Jul <1,

F(t,u) < F(t,
|ul

u
s =)l Jul = 1

|ul

hold, which implies that f is superquadratic at infinity, subquadratic at the origin.

F(tu) > F(t
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3. MAIN RESULTS

Theorem 3.1. Suppose that (A1), (A2), (A3) and (A5) hold, then the system (1.1)

has infinitely many classical solutions.

Proof. It is clear to see that ¢ € C'(ES, R) is an even functional and ¢(0) = 0.

Then we will apply Theorem 2.1 to show Theorem 3.1.

Firstly, we need to prove that ¢ satisfies the P.S. condition. Let {ux} C E§ such

that {¢(ux)} be a bounded sequence and limy o0 ¢ (ur) = 0. Assume that there

exists a constant C; such that
lp(ur)| < C1, [l (ur)lla < Cr.

From (2.6) and (A1), we have

m uk(tj) T
]2 = 2<p(uk)—22/ Ij(s)ds—i—Z)\/ Pt u()dt
= /o 0
m o pup(ty )
< 2<p(uk)—22/ d8+—/ F (it ug(t))ug (t)dt,
j=1"9
together with (2.7) we immediately have
2 5 m uk(t )
=Dl < 2e)-2Y [ ds+—/ £t (0) s (1)t
H =170
2
- 20 (up)ug + = ZI up(t / Ft ue(t))u(t)dt
u =
2 , m uk(t )
= 2p(ur) — = (ug)ur —2 / I;(s)ds
H =170
2 m
=y L (un(ty))uk(t;)
n=
By (2.11), (3.1) and (A3), we obtain
2 S v
(1- ;)Hukﬂi < 201+ 2furlloe Y (¢ + djl|url|2)
j=1
2 2 “ 5
+ =Cuklloe + Sllurlloo Y (cj + djllunl|%)
[ [ =
< 201+ 2M||uglla ) (¢j + dy M [|ug]|2?)
j=1

2 oM u e .
+ = Crllurlla + == lluklla D (cj + diM > |ug]|F),
% % =



IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS 981

this implies that {uy} is bounded in E§. Since Ef is a reflexive space, we may choose
a weakly convergent subsequence, we denote {u;} and ur — u in E§, then we will
prove that u; — u in E§. By (2.6), we have

(o (ur) =@ (u),ur —u) <l (ur)llallur —ulla — (o (ug), up —u) =0 (3.2)
as k — co. On the other hand, by Lemma 2.3, we know |luy — ul/sc — 0 as k — oo,
since

’ ’

0 (¢ (ur) = (u),up —u)

Y
=
>~
|
=
S
|
>
S—
)q
o
<
ol
k’ﬁ
*
<
P
jsW
S+
=
ol
|
=
8

by (3.2), we immediately deduce that ||up — ulla — 0 as k — oo, this implies that
{ux} converges strongly to u € E§. So ¢ satisfies the P.S. condition.

Next, we will show that the condition (i) of Theorem 2.1 holds. Assume that
V=Rand Y = {u € EY| fo t)dt = 0}, then Ef = V&Y, where dimV = 1 < +o0.
Suppose that 0 < ||uf|e <1, from (A1) and Lemma 2.5, we deduce that

T T T
/F(t,u(t))dtg/ F(t,%)|u|"dt§Ml/ uf2dt < MV Jull2. (3.2)
0 0 0

By (2.6), (2.10), (2.11) (3.2) and (A3), we have

wm=-WW+Z/M s [ Pt utoa

> 5||U||i — Mulla > (c; + di M% |[u]|%) — AMy M||u]|%
j=1
1 . - . s _
= (- AM M) [ullZ = (e Ml|ull + dj MO a5 ).
j=1
Selecting
Jul .
Ul = p = —,
P

from (2.11), we have 0 < ||ullcc < 1. So
1 )\MlMQ) v

PRI VE )

p(u) > (
j=1
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let n = (2]\17[2 — AMTéw) . Z;n:l(cj +d;), then from (2.14), we have p(u) > n > 0 for
any u € 0B,NT.
At last, we will prove that the condition (ii) of Theorem 2.1 holds. By (A1), let

M > 0 such that for any v > M > 0 and ¢ € [0, 7], we have

F(ta U) L U/Lf(t, U) - :uult_lF(ta U) _ uf(t,u) — MF(ta U) >0
( ut )u B wu2H B ukt1 =
it implies that % is increasing for u, so we deduce that
F(tvu) > F(tv-]\?Q) > 02’
uh M}

where Co = My "mingeo{F(t, M2)}, this yields F(t,u) > Cslu|* for any u >
My > 0 and t € [0,7]. Using the same argument, we have F(t,u) > Cslu|* for
any u < —M> and t € [0,7], where C3 > 0. Owing to the continuity of F(¢,u) on
[0,T] X [— Mz, Ms], then there exists C5 > 0 such that F(¢t,u) > Cy|ult — C5 for any
(t,u) € [0,T] x [-Mz, Ms], where Cy = min{C>,C3}. So we obtain

F(t,u) > Cylult — Cs (3.3)

for any (t,u) € [0,7] x R. Let N; is any finite dimensional subspace in E, then for
each € € R\ {0} and v € N7 \ {0}, combining with (2.6), (2.11), (2.12) and (3.3), we
obtain

m o péu(ty) T
olcu) §|fu|i+; [ s [ Fe et

IN

1 S s _ T
§H£u|\i + 1€ulla > " (cj + di M || €ul|3) — A/ (Caléul" — Cs)dt,
0

=1

1 S s _ T
= §H£u|\i+||£u||aMZ(0j+de‘SJII£uIIi’)+AT05—A/ Cyl&ul"dt.
0

Jj=1

Let w € Ny such that |w|le = 1, since g > 2, the above inequality implies that
there exists a sufficiently large £ such that ||€w||o > p and ¢(€u) < 0. Since Ny is
a finite dimensional subspace in EJ, there exists T'(Ny1) > 0, such that ¢(u) < 0 on
N1\ Br(n,)- By Theorem 2.1, ¢ has infinitely many critical points that is the system
(1.1) has infinitely many classical solutions.

Theorem 3.2. Suppose that (A1), (A2), (A4) and (AG) hold, then the system (1.1)
has infinitely many classical solutions.

Proof. It is obvious to see that p € C1(ES, R) is an even functional and ¢(0) = 0.
Then we will apply Theorem 2.1 to show Theorem 3.2.
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Firstly, we need to prove that the functional ¢ satisfies the P.S. condition. As in
the proof of Theorem 3.1, by (2.6), (2.7), (2.11), (3.1) together with (A1) and (A4),

we have

9 m ur (t5) T
(1= ulz < 20(ur) — 22/ Li(s)ds + — [ f(t,ug(t))u(t)dt
" =i K Jo
, m A [T
— S (wuk + = Y Li(u(ty)Juk(t;) — m f (@t wn(t))ur (t)dt
j=1 0
2 m ur(t5) 9
= 2p(u) - 2w —2)" [ L+ 2 Y Lty
j=170 Lt
m up(t5) 9
< 2pu) + 2w +2)° [ Lsds 2 Y Lty
=170 ri3
< 201 + 2||luklleo Z('Ij(0)| + Ljllukl)
j=1
2 2 m
+ =Cillukllco + = llukll Z(lfj(0)| + Ljlluklles)
0 0 =
< 201 + 2M ||uk o Z(lfj(0)| + LM |[ug|o)
j=1
2 . 2N Ui .
+ —CiM|lugllo + —uklla Z('Ij(0)| + M Lj|[uklla),
p % =
then we have
2 204 M i
1—==2(1+~ MQZL Hukll? <201 + Z Mkl
% % = % =
from (A4), we deduce that 1 — = —2(1+ )M2 > iy Lj > 0, this implies that {uy}

is bounded in E§. The rest of the proof of the P.S. condition is similar to that in
Theorem 3.1, we omit it here.

Next, we will show that the condition (i) of Theorem 2.1 holds. As in the proof
of Theorem 3.1, by (2.6), (2.10), (2.11), (3.2) together with (A4), we have

ww=-wm+z/

wu(t; ) T
s)ds — )\/ F(t,u(t))dt
0

> §IIUIIZ—2MIIUIIaZ(IIj(0)I+LJMIIUIIa)—AM1M2HUH§,
j=1

_ 1 2 2 2

= (5—2M ZL — AMy M) ||ul2 2MZII Mulla-

j=1
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Selecting
1

M?

[ulla = p:=

from (2.11), we have 0 < [Jullo < 1. So
1 AM M
- L 2ZL _7_231 ]

2M2 ZZJ L Lj— )‘MlM —ZZJ 1 [Z;(0)], then from (2.15), we have p(u) >
n >0 for any u € 0B, N TY.
At last, we will prove that the condition (ii) of Theorem 2.1 holds. As in the proof

o(u)

let n =

of Theorem 3.1, we assume that N; is any finite dimensional subspace in E§, then
for each £ € R\ {0} and u € Ny \ {0}, combining with (2.6), (2.11), (2.13) and (3.3),

we obtain

gult >
p(&u)

T
—HEUH2 +Z/ ds—)\/o F(t, &u(t))dt

m T
< gl€ull + Mtliuls Y070+ Ldtleula) = [ (Calgul - Crlar
j=1
AP Ll + 3T I, el + XTCs ~ A /c4|5u|“dt
Jj=1 j=1

Let w € Ny such that |w|lo = 1, since g > 2, the above inequality implies that
there exists a sufficiently large £ such that ||€w||o > p and ¢(€u) < 0. Since Ny is
a finite dimensional subspace in EJ, there exists T'(Ny) > 0, such that ¢(u) < 0 on
N1\ Br(n,)- By Theorem 2.1, ¢ has infinitely many critical points that is the system
(1.1) has infinitely many classical solutions.

4. SOME EXAMPLES

In this part, we will give corresponding examples to illustrate the main results in our
paper.

Example 4.1. Let T = k(t) = 1,\ = %0,04 = 0.75, then consider the following

fractional differential equations:

DY (DY Pult)) +u(t) = 5. (¢, u(t),t € [0,1],t £ ¢,
A( D (D Pw) (k) = Li(u(t;),j = 1,2, .m, (4.1)
u(0) = u(l) =0,

where f(t,u) = u3+tu’ and I;(u) = |u|2 sinu,j = 1,2, then we obtain that f(¢, )

and I;(u) are odd about u, so (A2) holds Then we assume p = 4,¢; = 0,d; = 55,6;
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7. then by verification, we obtain that (A1) and (A3) hold. By simple calculations, we

know 41 = 0 ~ 1, 154068, My = 1 and (5iz — AB0) 57 (¢ 4d;) ~ 0.175410 >

0, so (A5) holds. By Theorem 3.1, the system (4.1) has infinitely many solutions.

Example 4.2. Let T' = k(t) = 1, = %,a = 0.8, then consider the following

fractional differential equations:

DI (DY Pult)) +ult) = 1o f(t,u(t),t € [0,1],t # ¢;
A( D™Dy ) (ty) = L(ulty)),j = 1,2, .m, (4.2)
u(0) =u(l) =0,

where f(t,u) = u® + tu® and I;(u) = 5;|u|sinu, j = 1,2, then we obtain that f(t,u)
and I;(u) are odd about u, so (A2) holds. Then we assume p = 4,L; = --. By a
simple calculation, we know M = M ~ 1.501531, M; = 1, A2 _ _ Z;"‘Zl L; ~

T 2M2(pt+1)
0.079319 > 0 and 57 — 23" | L; — AMIM =237 |1;(0)] ~ 0.139963 > 0, so we
immediately have (A1), (A4) and (A6) hold. By Theorem 3.1, the system (4.2) has

infinitely many solutions.
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