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1. INTRODUCTION

Discrete fractional calculus and fractional difference equations represent a very new
area for researchers. Basic definitions and properties of fractional difference calculus
can be found in the book [1]. Scientific advancements in the area of difference equa-
tions are naturally motivated because they arise as mathematical models describing
many real-life situations, e.g. queuing problems, electrical networks and economics,

see [2]-[3] and the references therein. The good papers deal with discrete fractional
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boundary value problems, which has helped to build up some of the basic theory in
this area, see the papers [4]-[47] and references cited therein.

The systems of discrete fractional boundary value problems have been studied by
some authors, the best of our knowledge see the papers [48]-[52]. For examples,

Pan et al. [48] discussed the system of fractional difference equations
—A"yi(t) = flnt+m),y(t+p—1)),
—Aly(t) = gyt + )t +p-1)), (1)

for t € Ng p4+1, with the difference boundary conditions

where 1 < p,v <2,0< <1, f,¢g: R — R are continuous functions.

Recently, Goodrich [51] examined the coupled system of fractional difference equations
—Aiyw(t) = Alf(t +v— 1,y(t+ n— 1)), te No’b+17
—ATMyY() = eg(t+p—1ly(t+v—1)), (2)

with the nonlinearities satisfying no growth conditions

x(v—2)=Hi (321, aiy(&)) z(v+b+1)=0,
y(n=2) = M (S] bia(G)),  alp+b+1)=0,
where 1 <v <2, 1< pu<2, A\,\ >0, and Hy, Hy are continuous functions.

The results mentioned above are the motivation for this research. In this paper,

we consider the coupled system of nonlinear fractional sum-difference equations

A%y (t) = Hy (t—|— ar — 1, t+ag — 1,Aﬁlu1(t + a1 — Br),ux(t+ ag — 1))

+ [A771<,01H1] (t+ar+vm—1), (3)
A2y (t) = H2<t+ o — 1t +ag — 1, AP2uy(t + o — B1), ur(t + ay — 1))

+ [A 2o Hy) (t+ ag + 72 — 1),

subject to nonlocal three-point fractional sum boundary conditions of the form

ur (o —2) = ¢y (ur,ug),  ur(T + 1) = Ao A2 go(ng + O2)ua(ne + 02),
uz (g — 2) = do(ur, uz),  ua(T + az) = MA g1 (n1 + 61)us (m + 61), (4)
where t € N(LT = {0, 1, ...,T}, ; € (1,2],5@’)@‘,% S (O, 1], A >0,m; € Na171’T+a,i,1,

Hi eC (Na1—27T+a1 X NaQ—Q,T-I—aQ x R x R,R), gi € c (Nai—lT-i-awR-i—)v ¢i(u1a UQ),
and for ¢; : No,—2 74a, X No,—2. 740, — [0,00) defined
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t+o;—yi—1 —1
. . (t+a;, —1—0(s))
[A™Yip; Hy](t+oi4vi—1) == S:QZ;A o) wi(t+a;—1, s+7;)x

Hi(s+7i,t+ o — 1, APu(s + i), uj(t + oy — 1)),

for 4,7 € {1,2} and i # j.

The plan of this paper is as follows. In the next section, we recall some definitions
and basic lemmas. Also we derive a representation for the solution to (3)-(4) by
converting the problem to an equivalent summation equation. In Section 3, using
this representation, we prove existence and uniqueness of the solutions of boundary
value problem (3)-(4) by the help of the Banach fixed point theorem. An example to
illustrate our result is presented in the last section.

2. PRELIMINARIES

As the following, there are notations, definitions, and lemmas which are used in the
main results.
Lt+1)

Ft+1-a)’
for any ¢ and « for which the right-hand side is defined. If t + 1 — « is a pole of the

Gamma function and ¢ + 1 is not a pole, then t¢ = 0.

Definition 2.1. The generalized falling function is defined by t* :=

Lemma 2.1. [}] Assume the following generalized falling functions are well defined.
If t <r, then t& < r2 for any a > 0.

Definition 2.2. For a > 0 and f defined on N,, the a-order fractional sum of f is
defined by

A0 = s (¢~ o()2Lf(s),

where t € Ngyo and o(s) = s+ 1.

Definition 2.3. For a > 0 and f defined on N,, the a-order Riemann-Liouville
fractional difference of f is defined by

1 t+a

A7 (#) = ANATNT f(8) = s DT = ()7 S 6),

sS=a

where t € Nyyn_q and N € N is chosen so that 0 < N —1 < a < N.

Lemma 2.2. [{] Let0 < N —1<a < N. Then

ATAY(t) = y(t) + O1te=L + Cote=2 + ... + Cyte=L,
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for some C; € R, with 1 <1i < N.

The following lemma deals with linear variant of the boundary value problem

(3)-(4) and gives a representation of the solution.

Lemma 2.3. For i,5 € {1,2} andi # j, let o; € (1,2], 6; € (0,1], \; >0 and n; €
No;—2.T+a; be given constants, h; € C (Na,—2.74a,,R) and ¢; € C (Ny,—27+0,, RT)
be given functions, ¢;(u1,us) be given functionals. Then the problem

A%u(t) = hi(t+a; — 1), t€Nor, (5)
(o —2) = ¢ (ug,uz), (6)
wi(T + o) = NA% g5 (nj + 0;)ui(n; +65). (7)

have the unique solution

o A A B o
ui(ty) =t3 1{—1 Dm0 —0() 2L g1 (s)s2 =L P(ha, ha)

AT 2,
Ao L 0s—1 az—1
- A 5:%:72(”2 + 02 — 0(s))2—g2(s) 52— Q(hu, hz)} (8)
- 1 1w, ) ! tlicfl(tl —o(s))2=hi(s + a1 — 1)
NG Ia1) = ,
t1 € No,—2 740,
wslts) = t;—l{% P, ha) — % Q(ha, hg)} (9)
- 72 ol ) ! ti(:m(tz —o(s))* 2= ha(s + az — 1)
I(a) Ilaz) = h
t2 € Noy—2 74+ass
where
A = % 5_:2210;2 0 0(s))%2 = go(s) 522
B /\1(%311))&11 S_gl(m + 61 — 0(s)22L gy (5) 5212, (10)
and
P(h1,ha)
= nluus) g e

['(an)
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A ¢ (uhu ) = 2-1 -
detal) S g o)t (e st

1 - a;—1 )\2
+m;(T‘|’al_U(S))—hl(S‘f’Oﬂ—l)—m % (11)

N2 E—as

Z Z (2 + 02 — 0(€)2=L(¢ — 0(5))22=L ga(s + az — 1)ha(s + az — 1),

E=ay =0

S=ag—2

Q(h1, h2)

_ ¢2(U17U2)
[(a2)

>\1¢1 U17U2

(T =+ 042)01272

Z (m + 01 — o(s)2 L gy () s2272
S=o1—
A1

* TlanT(01)

T
! Z(T + g —o(s)22=Lhy(s + g — 1) — (12)
0

I(az) =

m €—a

S n+ 6 - o(€)2NE — o ()2 ga(s 4+ an — D s+ — 1),

E=a1 s=0

Proof. For i,j € {1,2} and ¢ # j, by using lemma 2.2 and the fractional sum of
order a € (1, 2] for (5), we obtain

t—ay
wi(t) = Crit®i=L ¢ Cti=2 F(Z ) S (t-o(s) =t hi(s+ i —1),  (13)
i s=0

for t € No,—2,7+4a;-

The boundary condition (6) implies that

Co = % (14)
Then, we have
wi(t) = Cyit%i=t 4 Gilun,u2) o, 1 tii(t —o(s)% L hi(s + a; — 1), (15)
(i) I(ai) =
Taking the fractional sum of order 0 < §; <1 for (15), we obtain
A~%u(t) (16)

c,. 1%
= F(éj) S:; (t — g-(s))97:—1 gl(s) soz,;_l
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P(Oxi) s=a;—2
+; t—0; Efa’i(t B 0(5))91,,1(5 - U(S))ai71 ‘(S + oy — ]_)h(S + oy — ]-)
F(Hz)F(OQ) s = gl K3 [3 5

for t € No,40,-2,7+a;+6;- The boundary condition (7) implies

¢1(u1, u2)

Cn(T + 1)@= + ray Lt ) =2
1 T
+ T(a) D (T + a1 —o(s)2=Lhy(s +ay — 1)
s=0
n2
— /1\12(321)2 3 (2 + 02 — o(s))22=L ga(s) s22=L
s=aop—1
Aada(ur,uz) < fz—1 az—2
Tlaa)(f) 2= (027 (D50l s )
b2 S S () — o)t
C(a2)D(02) A = 12 b2
g2(s +ag — 1)h(s + as — 1),
and
Clg(T + 0&2)(12—1 + ¢21£7(i(1):27;2) (T + a2)a2—2
1 T
+ Trag T+ a2 = 0(s)™= hafs +az = 1)
s=0
m
- /}‘1(511)1 > (m+01—0(s)=tg(s) sm=t
s=aq—1
)\1¢1 (ul’u2) S 01— a1 —
Tanr(m) 2= 0 - ol)i= ol o= ()
+ AT f: €§1( +6; —0(£)21E — a(s)) 2L
F(al)F(Hl) f—ay =0 n 1

gi(s+a3 —1h(s+a; —1).

The constants C11, Ci2 can be obtained by solving the system of equations (17) and
(18). So

U
A1

Cu = g 2 (0ol (s Pl k) (19)

s=a1—2
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- S_ZZZ_Q("? + 03— 0(9)2 ga(s)s2271 Qi o),
and
Crs = %p(m,hg) - % Q1. ha), (20)
where A, P(hy, h) and Q(hy, hs) are defined as (10)-(12), respectively.
Finally, substituting C11 and Ci2 into (15), we obtain (8) and (9). O

3. EXISTENCE AND UNIQUENESS RESULT

Now, we wish to establish the existence result for problem (3)-(4). To accomplish,
for each 7,7 € {1,2} and i # j, we let E; : C (Na,—27+a,, R) be the Banach space
for all functions on Ny, 2 74a,, and clearly that the product space C = E; x Fj is

the Banach space. We set the spaces
Ci= {(UlaUQ) €C: APyt — Bi+1) € Ei}; ti € Noy—27+a;s

and endowed with the norm defined by

[(u1,u2)lle; = APl + [luy,

where HA&U?H - tieNi??fT+ai |Aﬁiu¢(ti — it 1)’ and HUJH - tjENgl?z},{Ter |Uj(tj)|-
Obviously, the space (Cl N Ca, H(ul,uQ)Hclch) is also the Banach space with the
norm

(i, u2)llesnes = mas {Jl(ur,u2)ey, |11, w2)lles -

Next, let U = Cy N Co, we define the operator 7 : U — U by

(T(Ul,UQ)) (tl,tg) = ((ﬂ(ul,uQ)) (tl,tg), (B(Ul,Ug))(tl,tQ)), (21)

and

(T1 (w1, u2))(t1,t2)

a1 — A S — g — * *
=t ' { - Z (m + 61 — ‘7(5))91—191(5)51—17)(1—{17]{2)

=y —2

- T 3 (mt 02 et O H;>}
) S (bt —1—o(e)mtH, (22

s=a1—1

o —2
tll ¢1(U1,U2) 1

T T T
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(T2(u1,uz2))(t1,t2)

Q2 — T+ az—l * * T+ ol * *
=13 : 7( ozg) P(Hqu) - 7( al) Q(Hth)
A A
a;—2 to—1
ty — ¢a(u1,u2) 1 as—1 77+
+ + to+as—1—0(s)22=—=H,, (23
e PR e

where t; € No,—274q,, A is defined as (9), and

Pz, Hy) = 22 (o ez Asfalur, ua) i (n2 + 03 — o(s))?2"2
b I'(a) ’ P(az)l'(02) <~ ,
ga(s) s22=2 ¢ ! TJril:il(T +20; — 1 —o(s)) =L gy — Lx
[(on) [ 4= ' T(az)T(62)

n2 &1
D> (A=) 2N E+ an — 1 — 0(s))22 ga(s) H3,

E=ap s=az—1

(24)
O(HE HY) = ¢2(U1,U2)(T+a yas—2  A1¢1(u1, up) f: (m + 61 — o(s))2=Lx
1, o T(as) 2 I'(ay)T'(61) s e
. 1 T+az—1 . Al
g1(8) s + Tlo2) S:gz:il(T +203 — 1 —0o(s))2=L H; — REOR) X

mo &1
D> A0 — o)+ on — 1 —o(s) L gi(s) Hf,

E=aq s=a1—1

(25)
with
Hi = Hi (5,12, A% us(s — B+ 1), us() +ﬁx (26)
> (5471 = 00211 (s, ) Hy (prte, A% s (p = B+ 1), ualt2) ).
p=ai1—1
Hj = HQ(tl,Saul(t1)7AB2u2(3—524-1)) +@X (27)
Z (s + 72 — 0 (p)2=Lp2(s, p) Ha (tl,]% uy(ty), AP us(p — B2 + 1))
p=ag—1

Note that the problem (3)-(4) have solutions if and only if the operator 7 has fixed
points.

Theorem 3.1. Assume that H; € C(Na172’T+a1 X Nay—2,7+a, X RQ,R), w; €
C(NQI,Q’TJFQI XNQ2,2’T+a2, [0, OO)]) with, Séz = max {gﬁ(ti—l, S) : (ti, S) € Nai,ZTJrai X
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Nai72’T+a,i7[07oo)]}7 and ¢; € C(Noy—27+0; X Noy—274a0,,R) = R are given
functionals. In addition, for each i,j € {1,2}, i # j, suppose the following:

(H1) There exist constants My, Ma, N1, No > 0 such that, for each t; € No,—2 14q,
and (u1,us), (v1,v2) €U,

|Hi(tis ty, APui(ti — Bi + 1), u;(t) — Hi(tas t, A%vi(ti — B + 1%“3’(%‘))‘

< M; |Aﬂ’ul — Aﬂl’l}i‘ +Nj |uj —’Uj|.

(Hs) There exist constants Ky, Ko, L1, Lo > 0 such that, for each (uy,us), (vi,v9) €
u,

|p1 (w1, u2) — ¢1(v1,v2)] < Kiqlur —vo| + Ko lug — v2],

and |p2 (w1, us) — 2 (vi,v2)| < Li|ur —va| + Lo |ug — va.

(Hg) 0< gi(ti) < G fOT each t; € Nm—Q,T+oz,;-

Then the problem (3)-(4) has a unique solution provided that

X = max { [max{(Kl + L1+ Nl)@l,MQQ4} + max{(Kg + Lo + Ng)@g,Mng}} ,

{max{(Kl + L1 + Nl)él, M2Q4} 4+ max {(KQ + LQ + Ng)ég, Mlﬁg}} }

1
< 3 (28)
where
@1 :maX{Ql,Qg,Q4}, él ZmaX{Ql,QQ,Q4}, (29)
@2 ZmaX{Ql,QQ,Qg}, ég :maX{Ql,QQ,Qg}, (30)
with
O = (T—FOél)L_l )\1G1A1(T—|—O{1)L_2 A A G1G2B1 A, (T—|—0¢1)L_2
Al I'(61) (a1 = 1)I(01)I(62) Lla) 7
(31)
Q, — (T =+ al)L_l )\1)\2G1G282A1 /\QGQ.AQ (T + 0&2)0‘27_2 (32)
’ A] (a2 — )T (6:)T(62) T(0:) ’
Qo= |14 8T+ W (T 4 a)@ =L fNGA(T + a) =t
’ T(n +1) A T(61)
/\1/\2G1G2¢42(/’1 (T+ Oél)a—l (33)
T(61)T(0) T +1) [
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0= |14 G2 (T + g +72) 21 | | (T + 1) =L [ MG Ao (T + ) 22=1
: I(y2+1) IA] T(62)
/\1/\2G1G2A1C2
- - , 34
NOVRCY ) } 3
~ (T + a9)?2=L [(T + o) =2(T + )21 X\ G1B1(T + )=t
Q= +
|A| I'(aq) ag — 1
(T + ap)22=2
- 35
P(ag) ( )
QQ _ (T + 0&1)()‘1771 (T + Oél)alil(T + Oé2>a272 n )\QGQBQ(T + Oég)azil 7 (36)
|A| I'(ag) as — 1
S ST + oy + 7)) | (T + ag)22=L [(T + ap)22=1(T + )2
’ T(yi+1) [A] (a1 +1)
Glcl(T+ al)o‘l—’l
+ , 37
['(61) (57)
a - Go(T + ag +72)2=L | | (T + c9)22=L [ (T 4 ay)2=X(T + ag)22
! (72 +1) [A] T(az +1)
GoCo (T + ao )7(12—1 (T + 042)0‘—2
+ , 38
and
Ai = (i — o + 0) 5o Fy (g, 0 — mi — L0 — i — 033 1), (39)
Bi = (’r]i — Oy =+ 91)0i71 2F1 (Oéz' — 1,0&1' — 1 — 1;047; — N — 97 — 1; 1), (40)
Ci=(m—a;+6; — =L, Ry (Oéz',Oéz' — iy — 1 — 0; + 1, 1)' (41)
Proof. We shall prove 7 is a contraction mapping. Denote that
Hil(ur, uz) — (v, v2)| := ‘Hi(ti;tijBiui(ti = Bi +1),u;(t))
_Hi(tiatjaAﬁivi(ti _ﬁv+ 1),Uj(tj))‘, (42)
and  H;|(u1,u2) — (v1,v2)]
1 - .
= Mi|(ur, uz) — (v1,v2)| + D (s+7— o)1 (s,p)x
Tlvi) 5,
Hil(u, u2) — (v1,v2)]
5i(T + v + 7)1t
< . B _ AB1 . _ i (
~ (Mz‘A ul A U1‘+N] |UQ 1}2|) 1—|— F(’yl+1) (43)

Let (u1,u2), (v1,v2) € C. Then

| (Ti(u1,u9)) (tr, t2) — (Ti(v1,v2)) (t1, t2))|
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o1 —1 )‘1 e 61—1 ar1—1 *k ok
<t AT 8:;72(771 + 01— o(s))2—=g1(s)s=—P(H;", H3")
2
=22 S (i 6y — ()2 go(s)s22L QUHT, HyY)
AF(QQ) s=ag—2
@] —2 t1—1
T ¢1(ur, u9) 1 a1—1
* I'(a1) (1) s:%:_l(tl +ar—1-0a(s)) Hil(u1,u2) — (v1,v2)]
MG (@) A2GaAsT ()
< Yo —1 1141 1 *ok $ok *ok *ok
= (T"‘Oél/ { AF(Gl) ‘P(Hl ,H2 ) + AF(GQ) ‘Q(Hl ,HQ )

(T + a;)21=2 (K1|u1 — 1|+ Kolus — v2|)

" 44
I'(a1) (44)
(T+a1)g( ST 4oy 4o ynt
ALt VA 0 VA VNG _AB N _ ) 1
P(al—i—l) 1| Uq U1|‘|‘ 2|UQ U2| + F(’h-i—l) ,
where
|P(H" H5")| )
_ |9ulua, uz) tarez Aada(u,uz) 2 PR
—= (o) (T + ax) T(a2)T(0) S:QZQ_Q(UQ + 02 —o(s)) g2(s)s
1 THa;—1 ) N
— — @1 — * _ A2
ey 2 (T 201 =1 = ()L we) = (01,0)] — S <
S=o1 —
12 £—-1

S Y (0 - o(€)2HE+ az — 1 - 0(5)22 go(s) H3|(ur,uz) — (v1,02)]

E=ag s=ag—1

A2G2Bs

(T + oy )1=2

< (K1|U1 —v| 4+ Kz|uz — U2|) + (L1|U1 — 1| + Lalug — 1)2|)

I'(an) (o2 = 1)I(62)
(T + an)*> Bi, AP B G1(T + ar +y1)2=L
7F(a1+1) (M1{A (5% A U1‘+N2 |u2 ’U2|) 1+ F(’Yl+1)
A2G2Co B, AP B 2 (T + a2 + 72)7271
F(92) (M2|A wl A U1‘+N1 |'LL2 U2|) 1+ F(72+1) s
and
|Q(HY™, H3™)| (46)
¢2(u1,uz) vaz—2  Aidi(ui,uz) - 0,—1 -2
= |2 e/ — 01— e ==
Man 0o et | 2 0 0 o=l
1 TH+az—1 )\
— 1 — ag—1 * _ M
+ F(az) Szg_l(T+2a2 1 U(S)) H2|(u17u2) (U17v2)| F(al)F(Gl)X
1 £—-1

ST (4010 —0(€)THE + o1 — 1= 0 ()L gu(s) Hi | (un, us) — (v1,03)]

E=aq s=a1—1



84 E. KUNNAWUTTIPREECHACHAN, C. PROMSAKON, AND T. SITTHIWIRATTHAM

DM MG1By

< (L1|u1—v1|+Lg|u2—v2 (K1|u1—v1|—|—K2|u2—vg|)

I(az) (o1 = 1)I(61)
(T 4 az)2z 8 8 &2(T + an +'Y2)E
(M [A"2u; — A”? - - 1
T(az + 1) (142 |27 |+ Nz uz —vel) | 1+ T(y2 + 1)
AG1Cy B  AB2 . <,51(T+Oél +’Yl)7171
F(@l) (M1|A U1 A U1{+N2|'LL2 U2|) 1+ F(’Yl+1)

Substituting (45) — (46) into (44), we obtain

| (Ti(u1,u2)) (t1,t2) = (Ti(v1,02)) (t1, 1))

(T+a1)a1—1 >\1G1A1(T+041)—a1_2
AT(an) I'(601)

< (K1|U1 —v1| + Kalusg —Uz|){

AMA2G1G2B1 Ay ) (T + o)1= 2}

(a1 = 1)I'(61)'(62) I(aq)
_ _ (T + « )al 1 MGG By Ay
#{Talen =l + Lol “2'){ A \{e - DM@
n /\QGQ.AQ (T + 042)()@7_2
I'(62)
B _ AB1 _ (T t+o1 + 71)71 !
—|—(M1|A Ul A ’U1|—|—N2|U2 1}2|) [14— P(’y1+1) X
(T—|—a )al 1 )\1G1A1(T—|—O{1)a171 i MGG AxC i (T_|_a1)0t_1
A a1P(91) P(91)F(92) P(Oll + ].)
Bs. B B G2 (T + ag + o)=L
—|—(M2|A ug — AP2vg| + Ny|ug ’U1|) 1+ Ty + 1) X
(T—i—a )al 1 )\2G2A2(T+a2)a271 AMAG1G2A1Co
A agr(eg) F(Gl)I‘(Hg)

= Juy —v1| (K14 L1 4+ N1) ©1 + |AP2uy — AP2uy| MyQy
+ |ug — va| (K2 + Lo + N3) ©2
+ APy — APy | MiQs
< (Jur — v1] +|AP2uy — AP205|) max { (K7 + L1 + N1) ©1, MoQu}
+ (Juz — va| + [APruy — APrvr|) max { (K2 + Lo + Na) ©2, M1Q3)
< (w1, u2)|le, max{(K1 + Ly + Np)Oq, MQQ4}
+(u1, u2)||e, max {(Kg + Lo + N3)Oo, Mng}.

Then, it implies that

(| (Ti(u1,u2)) (t1,t2) = (Ti(v1, v2)) (t1,t2)]| (47)



FRACTIONAL SUM-DIFFERENCE EQUATIONS 85

< ||(U1, UQ)HZ,{ {max{(Kl + Ly + N1)6)1, MQQ4} + max {(KQ + Lo + NQ)@Q, Mlgg}:| .
Next, taking the fractional difference of order 0 < 51 < 1 for (22)

APY(Ty (ur, ua)) (b1 — 1+ 1,t2)

_ tligl (tr — o(s))=—tsor=t & f: (m + 01— o(s))" = g1 (s) %
F(_ﬁl) s=ap—1 ’ AF(Gl) s=aq—2
A 72
sELPHTLHE) = S D m2+92—a@»%un@ﬁ“319UﬁwH@}
S=ao—2
¢1(u1,u2) s —B1—1 a1 -2
* T T=5) S_; 2(t1 —o(s))=h=lgm=2 (48)
t1+p1 -
o > 3 (= (€))L E — o (s) 2 H |(ur, u2) — (v1,v)].
[(a)T(=51) o 50

Then, we obtain

|AP (Ti(ur,u2)) (t1 — By + 1,t2) — AP (Ti(vr,v2)) (t1 — Br + 1, t2)]

B B (T = B+ 2)=2 [ (T + og)2=L
< (K1|'LL1 U1| + K2|u2 U2|) F(l — ﬁl) A X
MGLAL(T + oy )22=2 . M A2 G1GaB1 As L (T + ap)21=2
F(@l) I‘(Gl)I‘(Gg) F(Oél)
(1= 1+ 1) [ (T + oyt
—|—(L1|U1 _'U1|+L2|U'2_U2|) 1—\(1_51) A x
AMAG1GoBo AL MoGo Ao (T + 052)012772
T(0,)0(6) ['(62)
Bi, _ AB B ST+ +y) 2 (T =+ 1)
(M - A% |+ Nafuz = vaf) |1+ B ra-p)
(T + a1)2=L [ N\ G1 AL (T + ay)22=1 n AMA2G1Ga A G (T + o)
A r'(6,) L'(01)T'(62) I(a1+1)
P B Go (T + g + 79)22=L
| R
(T — B1+ D=L [ (T + an)22=L [ XyGo Ao (T + )21 i Ao Gr1GoACy
L1 —p) A ['(62) L'(01)I(02)

< |’U,1—’U1|(K1—|—L1—|—N1) @1+|AB2U2—Aﬁ2U2|MQQ4
+|’U,2 — ’U2| (K2 + Lo + NQ) Oy + |Aﬂlu1 — Aﬁ11}1| M;€3
< l(ur = v1,u2 = v2)lle, max { (K1 + L1 + N1)©1, Mo}
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+|| (w1 — v1,u2 — va)||e, max {(Kg + Lo+ N3)Oo, Mng}.
It implies that

1A% (Ti(ur, u2)) (= By + 1 t2) = AP (Ta(v1,02) (02 = By + 1)
< [(ur = vr,ug — v2) [y x

{max{(Kl + L1 + Nl)@1, MQQ4} 4+ max {(KQ + LQ + NQ)@Q, Mlgg}:| . (49)
By (47) and (49), we can state that
(75 G, 2) = (Tion, ),

<2 ||(U,1 — U1,U — 'UQ)”Z,{ {max{(Kl + L+ N1)®1,MQQ4}

+maX{(K2+L2 +N2)@2,M193}:|. (50)

With the same arguments as before, we obtain

(72 (ur,u2)) = (Ta(wr,02)) |, <
2 ||('LL1 — V1, Uy — 'Ug)”u [max{(Kl + L1+ Nl)él,MQQ4}

+maX{(K2+L2 +N2)é2,M1(23}:|. (51)
Therefore, by (50) and (51), we can conclude that

17 (w1, u2)) = (T(vr,02) |l

< 2”(11,1 — U1, U2 —Ug)”uX

max{ [max{(Kl + L1+ Nl)@l,MQQ4} + max {(K2 + Lo + N2)927M193}:| ,

{max{(Kl + L+ Nl)(:)l,Mgfh} -+ max {(KQ + Lo + Ng)ég,leh}} }

< xll(wr =i, u2 = v2)lu- (52)

Since x < %, we get that 7 is a contraction mapping.
Hence, by Banach fixed point theorem, we get that 7 has a fixed point, which is
a unique solution of the problem (3)-(4). O

4. AN EXAMPLE

In this section, we consider an example to illustrate our main result.
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Example Consider the following fractional sum boundary value problem
3 1 1 1 4 1
Azuy(t) = Hl(t+ §’t+ g,A3u1(t + g),uz(t + 5))
5
+ {A_%%HJ u1 (75 + Z)’
1 1 1 3 7
sty 1 3 o st )
3ua(t) 2(t+2;t+3;u1(t+2 Tuo t—|-12

|ug + 2|1—|u§+2|
400072(u3 +e)’
juf + 2=l
20007 (u? +¢€) ’

|uz|

= 200¢Z sin? |rug| 4

2
3
ul(%) = %A i(126—!—cos(4))2u2(4),
uz(?) :%A 5 (1Oe—sm(145)>3u1(§), (53)

where ¢t € Np4 and
(e ) (luz|+1) e_(t+%)ﬂA%U1(t+%)
2(1+co52 ug ) 1006+1000S2(t+%)7r ’

) (e 0)7)

1000(e(t+%)+10)2(\u1|+sin2( l) )

2
i arctan(0052 (t-l—%)w)A% Uo (t2+1_72)

H (H—%’H_%’ A%ul(t+%)’u2(t+%)) - 400(:+%

(s

~—r| il

[V

€

Hg(t—F%,t—f— Loug(t+ %)A%ug(t+1—72)) =

1007 (t+12)*
3 4 1 3 3 5
Herem:a,042257512375221,712177226791— 1. 02 =
2 _ 7 _ 10 _ 1 _ 3 _ _ t —2 t1+1 _
3> = 3, 772_?7)\ - )\Q_ZaT_47 (th )_;g‘s-i_é;'rze 5= 1+‘7 Y2 =
20me—3ls—ta+2| 3
B (el g1(t1) = (10e —sint)?, go(t2) = (12e + costs)?, and
1
1 9 e 2 (Jua|+1) e T ATy (t142)
Hl (tl’tQ’ A3U1 (tl + §) ,Ug(tg)) 400(t2+10)2 (14-cos? uam) + 1000e3+10cos? tym °
1
Hy (t17t27u1(t1);A4u2 (t2 + Z)) =
2
e 1 (|u1|+e_ cos (tlﬂ)) arctan(0052 tQTI')A%UQ (tg-l—%)
1000(ef1 +10)2(uq |+sin? t17) 1007 (t2+3)2 :
Let t1 EN_%7% and o EN_%_%. Then
Hal(u1,u2) — (vi,v2)| <
e t2 lug|+1  ug|+1 e 1T 1. A1
400(t2+10)2 | 1+cos? uam 1+cos? vam + 100e+10 cos? tym ASU’I A3’U1

< 36%00'“2 —v2| + ﬁm%“l - A%”ﬂ
—t
Ha|(u1, uz)—(v1,v2)| < 1000(eet11+10)2 1J‘FU\L|1|_14|-U|1@‘1\

3
< 12%00|“1 —vi| + 19200|A4“2 - A“’2|'

arctan(1)
1007r+(f2 +3)2

A4u2 A%’Ug)’
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So, (H;) holds with M; = 0.0037, My = 0.00046, N7 = 0.0000083 and N, =
0.000028.
Also, we get

_ S S P 1 Cud+2[+1) T(jv3+2[+1)
|1 (1, u2) — d1(v1,v2)| < gggpex [ur — 01| + g0 [WZ+2PC(2[ud+2)  [od+2PT(2[d+2])

< 20010e3 lup — 1] + 400107r2 luz — val,

|1 (u1, uz) — ¢1(v1,v2)| < zgo5er [U1 — V1] + guo50s [u2 — val,
and (10e —1)? < g1(t1) < (10e +1)3 and (12e — 1)% < ga(ta) < (12e + 1)
So, (Hs), (Hs) hold with K, = K» = 0.000025, L, = 0.000027, Ly = 0.000016,
g1 =17949.37, go = 999.79, G = 22384.80 and Go = 1130.26.

Finally, we can show that

Q1 = 3606.264, Qo =15.932, Q3 =16.870, Q, =83.112,

Q, = 7.3159, O, =0.2641, Q5 =86.092, € = 11.257,

and O, = 0, = 3606.264, O, = 11.257, O, = 86.092.

Therefore, we have

X = mmnax { max {(Kl + L1 + N1)®1, MQQ4} -+ max {(KQ + LQ + NQ)@Q, Mlgg},

max {(K1 + L+ Nl)ély M2Q4} + max {(KQ + Lo+ Ng)(:)g, Mlﬂg}}

1
< max{0.249 +0.249,0.0052 + 0.032} = max{0.476,0.324} = 0.476 < .

Hence, by Theorem 3.1, the boundary value problem 53 has a unique solution. (]
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