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1. INTRODUCTION

Discrete fractional calculus and fractional difference equations represent a very new

area for researchers. Basic definitions and properties of fractional difference calculus

can be found in the book [1]. Scientific advancements in the area of difference equa-

tions are naturally motivated because they arise as mathematical models describing

many real-life situations, e.g. queuing problems, electrical networks and economics,

see [2]-[3] and the references therein. The good papers deal with discrete fractional
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boundary value problems, which has helped to build up some of the basic theory in

this area, see the papers [4]-[47] and references cited therein.

The systems of discrete fractional boundary value problems have been studied by

some authors, the best of our knowledge see the papers [48]-[52]. For examples,

Pan et al. [48] discussed the system of fractional difference equations

−∆νy1(t) = f
(

y1(t+ ν1), y2(t+ µ− 1)
)

,

−∆µy2(t) = g
(

y1(t+ ν1), y2(t+ µ− 1)
)

, (1)

for t ∈ N0,b+1, with the difference boundary conditions

y1(ν − 2) = ∆y1(ν + b) = 0,

y2(µ− 2) = ∆y2(µ+ b) = 0,

where 1 < µ, ν ≤ 2, 0 < β ≤ 1, f, g : R → R are continuous functions.

Recently, Goodrich [51] examined the coupled system of fractional difference equations

−∆−νx(t) = λ1f
(

t+ ν − 1, y(t+ µ− 1)
)

, t ∈ N0,b+1,

−∆−µy(t) = λ2g
(

t+ µ− 1, y(t+ ν − 1)
)

, (2)

with the nonlinearities satisfying no growth conditions

x(ν − 2) = H1 (
∑n

i=1 aiy(ξi)) , x(ν + b+ 1) = 0,

y(µ− 2) = H2

(

∑m

j=1 bix(ζi)
)

, x(µ+ b+ 1) = 0,

where 1 < ν ≤ 2, 1 < µ ≤ 2, λ1, λ2 > 0, and H1, H2 are continuous functions.

The results mentioned above are the motivation for this research. In this paper,

we consider the coupled system of nonlinear fractional sum-difference equations

∆α1u1(t) = H1

(

t+ α1 − 1, t+ α2 − 1,∆β1u1(t+ α1 − β1), u2(t+ α2 − 1)
)

+
[

∆−γ1ϕ1H1

]

(t+ α1 + γ1 − 1), (3)

∆α2u2(t) = H2

(

t+ α1 − 1, t+ α2 − 1,∆β2u2(t+ α2 − β1), u1(t+ α1 − 1)
)

+
[

∆−γ2ϕ2H2

]

(t+ α2 + γ2 − 1),

subject to nonlocal three-point fractional sum boundary conditions of the form

u1(α1 − 2) = φ1(u1, u2), u1(T + α1) = λ2∆
−θ2g2(η2 + θ2)u2(η2 + θ2),

u2(α2 − 2) = φ2(u1, u2), u2(T + α2) = λ1∆
−θ1g1(η1 + θ1)u1(η1 + θ1), (4)

where t ∈ N0,T := {0, 1, ..., T }, αi ∈ (1, 2], βi, γi, θi ∈ (0, 1], λi > 0, ηi ∈ Nαi−1,T+αi−1,

Hi ∈ C (Nα1−2,T+α1 × Nα2−2,T+α2 × R× R,R), gi ∈ C (Nαi−2,T+αi
,R+), φi(u1, u2),

and for ϕi : Nαi−2,T+αi
× Nαi−2,T+αi

→ [0,∞) defined
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[∆−γiϕi Hi](t+αi+γi−1) :=

t+αi−γi−1
∑

s=αi−γi−1

(t+ αi − 1− σ(s))γi−1

Γ(γi)
ϕi(t+αi−1, s+γi)×

Hi

(

s+ γi, t+ αj − 1,∆βiui(s+ γi), uj(t+ αj − 1)
)

,

for i, j ∈ {1, 2} and i 6= j.

The plan of this paper is as follows. In the next section, we recall some definitions

and basic lemmas. Also we derive a representation for the solution to (3)-(4) by

converting the problem to an equivalent summation equation. In Section 3, using

this representation, we prove existence and uniqueness of the solutions of boundary

value problem (3)-(4) by the help of the Banach fixed point theorem. An example to

illustrate our result is presented in the last section.

2. PRELIMINARIES

As the following, there are notations, definitions, and lemmas which are used in the

main results.

Definition 2.1. The generalized falling function is defined by tα :=
Γ(t+ 1)

Γ(t+ 1− α)
,

for any t and α for which the right-hand side is defined. If t+ 1 − α is a pole of the

Gamma function and t+ 1 is not a pole, then tα = 0.

Lemma 2.1. [4] Assume the following generalized falling functions are well defined.

If t ≤ r, then tα ≤ rα for any α > 0.

Definition 2.2. For α > 0 and f defined on Na, the α-order fractional sum of f is

defined by

∆−αf(t) :=
1

Γ(α)

t−α
∑

s=a

(t− σ(s))α−1f(s),

where t ∈ Na+α and σ(s) = s+ 1.

Definition 2.3. For α > 0 and f defined on Na, the α-order Riemann-Liouville

fractional difference of f is defined by

∆αf(t) := ∆N∆−(N−α)f(t) =
1

Γ(−α)

t+α
∑

s=a

(t− σ(s))−α−1 f(s),

where t ∈ Na+N−α and N ∈ N is chosen so that 0 ≤ N − 1 < α ≤ N .

Lemma 2.2. [4] Let 0 ≤ N − 1 < α ≤ N. Then

∆−α∆αy(t) = y(t) + C1t
α−1 + C2t

α−2 + . . .+ CN tα−N ,
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for some Ci ∈ R, with 1 ≤ i ≤ N.

The following lemma deals with linear variant of the boundary value problem

(3)-(4) and gives a representation of the solution.

Lemma 2.3. For i, j ∈ {1, 2} and i 6= j, let αi ∈ (1, 2], θi ∈ (0, 1], λi > 0 and ηi ∈

Nαi−2,T+αi
be given constants, hi ∈ C (Nαi−2,T+αi

,R) and gi ∈ C (Nαi−2,T+αi
,R+)

be given functions, φi(u1, u2) be given functionals. Then the problem

∆αiui(t) = hi(t+ αi − 1), t ∈ N0,T , (5)

ui(αi − 2) = φi(u1, u2), (6)

ui(T + αi) = λj∆
−θjgj(ηj + θj)uj(ηj + θj). (7)

have the unique solution

u1(t1) = t
α1−1

1

{

λ1

ΛΓ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s)s
α1−1P(h1, h2)

−
λ2

ΛΓ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s)s
α2−1 Q(h1, h2)

}

(8)

+
t
α1−2

1 φ1(u1, u2)

Γ(α1)
+

1

Γ(α1)

t1−α1
∑

s=0

(t1 − σ(s))α1−1 h1(s+ α1 − 1),

t1 ∈ Nα1−2,T+α1 ,

u2(t2) = t
α2−1

2

{

(T + α2)
α2−1

Λ
P(h1, h2)−

(T + α1)
α1−1

Λ
Q(h1, h2)

}

(9)

+
t
α2−2

2 φ2(u1, u2)

Γ(α2)
+

1

Γ(α2)

t2−α2
∑

s=0

(t2 − σ(s))α2−1 h2(s+ α2 − 1), ,

t2 ∈ Nα2−2,T+α2 ,

where

Λ =
λ2(T + α2)

α2−1

Γ(α2)

η2
∑

s=α2−1

(η2 + θ2 − σ(s))θ2−1 g2(s) s
α2−1

−
λ1(T + α1)

α1−1

Γ(α1)

η1
∑

s=α1−1

(η1 + θ1 − σ(s))θ1−1 g1(s) s
α1−1, (10)

and

P(h1, h2)

=
φ1(u1, u2)

Γ(α1)
(T + α1)

α1−2
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−
λ2φ2(u1, u2)

Γ(α2)Γ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s) s
α2−2

+
1

Γ(α1)

T
∑

s=0

(T + α1 − σ(s))α1−1 h1(s+ α1 − 1)−
λ2

Γ(α2)Γ(θ2)
× (11)

η2
∑

ξ=α2

ξ−α2
∑

s=0

(η2 + θ2 − σ(ξ))θ2−1(ξ − σ(s))α2−1 g2(s+ α2 − 1)h2(s+ α2 − 1),

Q(h1, h2)

=
φ2(u1, u2)

Γ(α2)
(T + α2)

α2−2

−
λ1φ1(u1, u2)

Γ(α1)Γ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s) s
α1−2

+
1

Γ(α2)

T
∑

s=0

(T + α2 − σ(s))α2−1 h2(s+ α2 − 1)−
λ1

Γ(α1)Γ(θ1)
× (12)

η1
∑

ξ=α1

ξ−α1
∑

s=0

(η1 + θ1 − σ(ξ))θ1−1(ξ − σ(s))α1−1 g1(s+ α1 − 1)h1(s+ α1 − 1).

Proof. For i, j ∈ {1, 2} and i 6= j, by using lemma 2.2 and the fractional sum of

order α ∈ (1, 2] for (5), we obtain

ui(t) = C1it
αi−1 + C2it

αi−2 +
1

Γ(αi)

t−αi
∑

s=0

(t− σ(s))αi−1 hi(s+ αi − 1), (13)

for t ∈ Nαi−2,T+αi
.

The boundary condition (6) implies that

C2i =
φi(u1, u2)

Γ(αi)
. (14)

Then, we have

ui(t) = C1it
αi−1 +

φi(u1, u2)

Γ(αi)
tαi−2 +

1

Γ(αi)

t−αi
∑

s=0

(t− σ(s))αi−1 hi(s+ αi − 1). (15)

Taking the fractional sum of order 0 < θi ≤ 1 for (15), we obtain

∆−θiu(t) (16)

=
C1i

Γ(θi)

t−θi
∑

s=αi−2

(t− σ(s))θi−1 gi(s) s
αi−1
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+
φi(u1, u2)

Γ(αi)

t−θi
∑

s=αi−2

(t− σ(s))θi−1 gi(s) s
αi−2

+
1

Γ(θi)Γ(αi)

t−θi
∑

ξ=αi

ξ−αi
∑

s=0

(t− σ(ξ))θi−1(ξ − σ(s))αi−1 gi(s+ αi − 1)h(s+ αi − 1),

for t ∈ Nαi+θi−2,T+αi+θi . The boundary condition (7) implies

C11(T + α1)
α1−1 +

φ1(u1, u2)

Γ(α1)
(T + α1)

α1−2

+
1

Γ(α1)

T
∑

s=0

(T + α1 − σ(s))α1−1 h1(s+ α1 − 1)

=
λ2C12

Γ(θ2)

η2
∑

s=α2−1

(η2 + θ2 − σ(s))θ2−1 g2(s) s
α2−1

+
λ2φ2(u1, u2)

Γ(α2)Γ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s) s
α2−2 (17)

+
λ2

Γ(α2)Γ(θ2)

η2
∑

ξ=α2

ξ−α2
∑

s=0

(η2 + θ2 − σ(ξ))θ2−1(ξ − σ(s))α2−1

g2(s+ α2 − 1)h(s+ α2 − 1),

and

C12(T + α2)
α2−1 +

φ2(u1, u2)

Γ(α2)
(T + α2)

α2−2

+
1

Γ(α2)

T
∑

s=0

(T + α2 − σ(s))α2−1 h2(s+ α2 − 1)

=
λ1C11

Γ(θ1)

η1
∑

s=α1−1

(η1 + θ1 − σ(s))θ1−1 g1(s) s
α1−1

+
λ1φ1(u1, u2)

Γ(α1)Γ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s) s
α1−2 (18)

+
λ1

Γ(α1)Γ(θ1)

η1
∑

ξ=α1

ξ−α1
∑

s=0

(η1 + θ1 − σ(ξ))θ1−1(ξ − σ(s))α1−1

g1(s+ α1 − 1)h(s+ α1 − 1).

The constants C11, C12 can be obtained by solving the system of equations (17) and

(18). So

C11 =
λ1

ΛΓ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s)s
α1−1 P(h1, h2) (19)
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−
λ2

ΛΓ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s)s
α2−1 Q(h1, h2),

and

C12 =
(T + α2)

α2−1

Λ
P(h1, h2)−

(T + α1)
α1−1

Λ
Q(h1, h2), (20)

where Λ,P(h1, h2) and Q(h1, h2) are defined as (10)-(12), respectively.

Finally, substituting C11 and C12 into (15), we obtain (8) and (9). �

3. EXISTENCE AND UNIQUENESS RESULT

Now, we wish to establish the existence result for problem (3)-(4). To accomplish,

for each i, j ∈ {1, 2} and i 6= j, we let Ei : C (Nαi−2,T+αi
,R) be the Banach space

for all functions on Nαi−2,T+αi
, and clearly that the product space C = E1 × E2 is

the Banach space. We set the spaces

Ci =
{

(u1, u2) ∈ C : ∆βiui(ti − βi + 1) ∈ Ei

}

, ti ∈ Nαi−2,T+αi
,

and endowed with the norm defined by

‖(u1, u2)‖Ci
= ‖∆βiui‖+ ‖uj‖,

where ‖∆βiui‖ = max
ti∈Nαi−2,T+αi

∣

∣∆βiui(ti−βi+1)
∣

∣

∣
and ‖uj‖ = max

tj∈Nαi−2,T+αi

|uj(tj)|.

Obviously, the space
(

C1 ∩ C2, ‖(u1, u2)‖C1∩C2

)

is also the Banach space with the

norm

‖(u1, u2)‖C1∩C2 = max
{

‖(u1, u2)‖C1 , ‖(u1, u2)‖C2

}

.

Next, let U = C1 ∩ C2, we define the operator T : U → U by

(

T (u1, u2)
)

(t1, t2) =
(

(

T1(u1, u2)
)

(t1, t2),
(

T2(u1, u2)
)

(t1, t2)
)

, (21)

and

(T1(u1, u2))(t1, t2)

= t
α1−1

1

{

λ1

ΛΓ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s)s
α1−1 P(H∗

1 , H
∗
2 )

−
λ2

ΛΓ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s)s
α2−1 Q(H∗

1 , H
∗
2 )

}

+
t
α1−2

1 φ1(u1, u2)

Γ(α1)
+

1

Γ(α1)

t1−1
∑

s=α1−1

(t1 + α1 − 1− σ(s))α1−1 H∗
1 , (22)
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(T2(u1, u2))(t1, t2)

= t
α2−1

2

{

(T + α2)
α2−1

Λ
P(H∗

1 , H
∗
2 )−

(T + α1)
α1−1

Λ
Q(H∗

1 , H
∗
2 )

}

+
t
α1−2

2 φ2(u1, u2)

Γ(α2)
+

1

Γ(α2)

t2−1
∑

s=α2−1

(t2 + α2 − 1− σ(s))α2−1 H∗
2 , (23)

where ti ∈ Nαi−2,T+αi
, Λ is defined as (9), and

P(H∗
1 , H

∗
2 ) =

φ1(u1, u2)

Γ(α1)
(T + α1)

α1−2 −
λ2φ2(u1, u2)

Γ(α2)Γ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1×

g2(s) s
α2−2 +

1

Γ(α1)

T+α1−1
∑

s=α1−1

(T + 2α1 − 1− σ(s))α1−1 H∗
1 −

λ2

Γ(α2)Γ(θ2)
×

η2
∑

ξ=α2

ξ−1
∑

s=α2−1

(η2 + θ2 − σ(ξ))θ2−1(ξ + α2 − 1− σ(s))α2−1 g2(s)H
∗
2 ,

(24)

Q(H∗
1 , H

∗
2 ) =

φ2(u1, u2)

Γ(α2)
(T + α2)

α2−2 −
λ1φ1(u1, u2)

Γ(α1)Γ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1×

g1(s) s
α1−2 +

1

Γ(α2)

T+α2−1
∑

s=α2−1

(T + 2α2 − 1− σ(s))α2−1 H∗
2 −

λ1

Γ(α1)Γ(θ1)
×

η1
∑

ξ=α1

ξ−1
∑

s=α1−1

(η1 + θ1 − σ(ξ))θ1−1(ξ + α1 − 1− σ(s))α1−1 g1(s)H
∗
1 ,

(25)

with

H∗
1 = H1

(

s, t2,∆
β1u1(s− β1 + 1), u2(t2)

)

+
1

Γ(γ1)
× (26)

s
∑

p=α1−1

(s+ γ1 − σ(p))γ1−1ϕ1(s, p)H1

(

p, t2,∆
β1u1(p− β1 + 1), u2(t2)

)

,

H∗
2 = H2

(

t1, s, u1(t1),∆
β2u2(s− β2 + 1)

)

+
1

Γ(γ2)
× (27)

s
∑

p=α2−1

(s+ γ2 − σ(p))γ2−1ϕ2(s, p)H2

(

t1, p, u1(t1),∆
β2u2(p− β2 + 1)

)

.

Note that the problem (3)-(4) have solutions if and only if the operator T has fixed

points.

Theorem 3.1. Assume that Hi ∈ C
(

Nα1−2,T+α1 × Nα2−2,T+α2 × R
2,R

)

, ϕi ∈

C
(

Nα1−2,T+α1×Nα2−2,T+α2 , [0,∞)]
)

with ϕ̃i = max
{

ϕ(ti−1, s) : (ti, s) ∈ Nαi−2,T+αi
×



FRACTIONAL SUM-DIFFERENCE EQUATIONS 81

Nαi−2,T+αi
, [0,∞)]

}

, and φi ∈ C (Nα1−2,T+α1 × Nα2−2,T+α2 ,R) → R are given

functionals. In addition, for each i, j ∈ {1, 2}, i 6= j, suppose the following:

(H1) There exist constants M1,M2, N1, N2 > 0 such that, for each ti ∈ Nαi−2,T+αi

and (u1, u2), (v1, v2) ∈ U ,

∣

∣Hi(ti, tj ,∆
βiui(ti − βi + 1), uj(tj)−Hi(ti, tj ,∆

βivi(ti − βi + 1), vj(tj)
)

∣

∣

∣

≤ Mi

∣

∣∆βiui −∆β1vi
∣

∣+Nj |uj − vj |.

(H2) There exist constants K1,K2, L1, L2 > 0 such that, for each (u1, u2), (v1, v2) ∈

U ,

|φ1(u1, u2)− φ1(v1, v2)| ≤ K1 |u1 − v2|+K2 |u2 − v2|,

and |φ2(u1, u2)− φ2(v1, v2)| ≤ L1 |u1 − v2|+ L2 |u2 − v2|.

(H3) 0 < gi(ti) < Gi for each ti ∈ Nαi−2,T+αi
.

Then the problem (3)-(4) has a unique solution provided that

χ := max

{

[

max
{

(K1 + L1 +N1)Θ1,M2Ω4

}

+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

]

,

[

max
{

(K1 + L1 +N1)Θ̃1,M2Ω̃4

}

+max
{

(K2 + L2 +N2)Θ̃2,M1Ω̃3

}

]

}

<
1

2
, (28)

where

Θ1 =max
{

Ω1,Ω2,Ω4

}

, Θ̃1 = max
{

Ω̃1, Ω̃2, Ω̃4

}

, (29)

Θ2 =max
{

Ω1,Ω2,Ω3

}

, Θ̃2 = max
{

Ω̃1, Ω̃2, Ω̃3

}

, (30)

with

Ω1 =
(T + α1)

α1−1

|Λ|

(

λ1G1A1(T + α1)
α1−2

Γ(θ1)
+

λ1λ2G1G2B1A2

(α1 − 1)Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1−2

Γ(α1)
,

(31)

Ω2 =
(T + α1)

α1−1

|Λ|

(

λ1λ2G1G2B2A1

(α2 − 1)Γ(θ1)Γ(θ2)
+

λ2G2A2(T + α2)
α2−2

Γ(θ2)

)

, (32)

Ω3 =

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]{

(T + α1)
α1−1

|Λ|

(

λ1G1A1(T + α1)
α1−1

Γ(θ1)

+
λ1λ2G1G2A2C1

Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1

Γ(α1 + 1)

}

, (33)
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Ω4 =

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]{

(T + α1)
α1−1

|Λ|

(

λ2G2A2(T + α2)
α2−1

Γ(θ2)

+
λ1λ2G1G2A1C2

Γ(θ1)Γ(θ2)

)}

, (34)

Ω̃1 =
(T + α2)

α2−1

|Λ|

(

(T + α1)
α1−2(T + α2)

α2−1

Γ(α1)
+

λ1G1B1(T + α1)
α1−1

α1 − 1

)

+
(T + α2)

α2−2

Γ(α2)
, (35)

Ω̃2 =
(T + α1)

α1−1

|Λ|

(

(T + α1)
α1−1(T + α2)

α2−2

Γ(α2)
+

λ2G2B2(T + α2)
α2−1

α2 − 1

)

, (36)

Ω̃3 =

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]{

(T + α2)
α2−1

|Λ|

(

(T + α2)
α2−1(T + α1)

α1

Γ(α1 + 1)

+
G1C1(T + α1)

α1−1

Γ(θ1)

)}

, (37)

Ω̃4 =

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]{

(T + α2)
α2−1

|Λ|

(

(T + α1)
α1−1(T + α2)

α2

Γ(α2 + 1)

+
G2C2(T + α2)

α2−1

Γ(θ2)

)

+
(T + α2)

α2

Γ(α2 + 1)

}

, (38)

and

Ai = (ηi − αi + θi)
θi−1

2F1

(

αi, αi − ηi − 1;αi − ηi − θi; 1
)

, (39)

Bi = (ηi − αi + θi)
θi−1

2F1

(

αi − 1, αi − ηi − 1;αi − ηi − θi − 1; 1
)

, (40)

Ci = (ηi − αi + θi − 1)θi−1
2F1

(

αi, αi − ηi;αi − ηi − θi + 1; 1
)

. (41)

Proof. We shall prove T is a contraction mapping. Denote that

Hi|(u1, u2)− (v1, v2)| :=
∣

∣Hi(ti, tj,∆
βiui(ti − βi + 1), uj(tj)

−Hi(ti, tj ,∆
βivi(ti − βi + 1), vj(tj)

)
∣

∣, (42)

and H∗
i |(u1, u2)− (v1, v2)|

:= Hi|(u1, u2)− (v1, v2)|+
1

Γ(γi)

s
∑

p=αi−1

(s+ γi − σ(p))γi−1ϕ1(s, p)×

Hi|(u1, u2)− (v1, v2)|

≤
(

Mi

∣

∣∆β1u1 −∆β1v1
∣

∣+Nj |u2 − v2|
)

[

1 +
ϕ̃i(T + αi + γi)

γi−1

Γ(γi + 1)

]

. (43)

Let (u1, u2), (v1, v2) ∈ C. Then
∣

∣ (T1(u1, u2)) (t1, t2)− (T1(v1, v2)) (t1, t2)
∣

∣
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≤ t
α1−1

1

∣

∣

∣

∣

∣

λ1

ΛΓ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s)s
α1−1 P(H∗∗

1 , H∗∗
2 )

−
λ2

ΛΓ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s)s
α2−1 Q(H∗∗

1 , H∗∗
2 )

∣

∣

∣

∣

∣

+
t
α1−2

1 φ1(u1, u2)

Γ(α1)
+

1

Γ(α1)

t1−1
∑

s=α1−1

(t1 + α1 − 1− σ(s))α1−1 H∗
1|(u1, u2)− (v1, v2)|

≤ (T + α1)
α1−1

{

λ1G1A1Γ(α1)

ΛΓ(θ1)

∣

∣P(H∗∗
1 , H∗∗

2 )
∣

∣+
λ2G2A2Γ(α2)

ΛΓ(θ2)

∣

∣Q(H∗∗
1 , H∗∗

2 )
∣

∣

}

+
(T + α1)

α1−2
(

K1|u1 − v1|+K2|u2 − v2|
)

Γ(α1)
(44)

+
(T + α1)

α

Γ(α1 + 1)

(

M1

∣

∣∆β1u1 −∆β1v1
∣

∣+N2 |u2 − v2|
)

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]

,

where

∣

∣P(H∗∗

1 ,H
∗∗

2 )
∣

∣ (45)

=

∣

∣

∣

∣

∣

φ1(u1, u2)

Γ(α1)
(T + α1)

α1−2 −
λ2φ2(u1, u2)

Γ(α2)Γ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1
g2(s)s

α2−2

+
1

Γ(α1)

T+α1−1
∑

s=α1−1

(T + 2α1 − 1− σ(s))α1−1
H

∗

1 |(u1, u2)− (v1, v2)| −
λ2

Γ(α2)Γ(θ2)
×

η2
∑

ξ=α2

ξ−1
∑

s=α2−1

(η2 + θ2 − σ(ξ))θ2−1(ξ + α2 − 1− σ(s))α2−1
g2(s)H

∗

2 |(u1, u2)− (v1, v2)|

∣

∣

∣

∣

∣

≤
(

K1|u1 − v1|+K2|u2 − v2|
) (T + α1)

α1−2

Γ(α1)
+

(

L1|u1 − v1|+ L2|u2 − v2|
)

λ2G2B2

(α2 − 1)Γ(θ2)

+
(T + α1)

α1

Γ(α1 + 1)

(

M1

∣

∣∆β1u1 −∆β1v1
∣

∣+N2 |u2 − v2|
)

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]

+
λ2G2C2

Γ(θ2)

(

M2

∣

∣∆β1u1 −∆β1v1
∣

∣+N1 |u2 − v2|
)

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]

,

and
∣

∣Q(H∗∗

1 ,H
∗∗

2 )
∣

∣ (46)

=

∣

∣

∣

∣

∣

φ2(u1, u2)

Γ(α2)
(T + α2)

α2−2 −
λ1φ1(u1, u2)

Γ(α1)Γ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1
g1(s)s

α1−2

+
1

Γ(α2)

T+α2−1
∑

s=α2−1

(T + 2α2 − 1− σ(s))α2−1
H

∗

2 |(u1, u2)− (v1, v2)| −
λ1

Γ(α1)Γ(θ1)
×

η1
∑

ξ=α1

ξ−1
∑

s=α1−1

(η1 + θ1 − σ(ξ))θ1−1(ξ + α1 − 1− σ(s))α1−1
g1(s)H

∗

1 |(u1, u2)− (v1, v2)|

∣

∣

∣

∣

∣
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≤
(

L1|u1 − v1|+ L2|u2 − v2|
) (T + α2)

α2−2

Γ(α2)
+

(

K1|u1 − v1|+K2|u2 − v2|
) λ1G1B1

(α1 − 1)Γ(θ1)

+
(T + α2)

α2

Γ(α2 + 1)

(

M2

∣

∣∆β2u1 −∆β2v1
∣

∣+N2 |u2 − v2|
)

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]

+
λ1G1C1

Γ(θ1)

(

M1

∣

∣∆β2u1 −∆β2v1
∣

∣+N2 |u2 − v2|
)

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]

.

Substituting (45)− (46) into (44), we obtain

∣

∣ (T1(u1, u2)) (t1, t2)− (T1(v1, v2)) (t1, t2)
∣

∣

≤
(

K1|u1 − v1|+K2|u2 − v2|
)

{

(T + α1)
α1−1

ΛΓ(α1)

(

λ1G1A1(T + α1)
α1−2

Γ(θ1)

+
λ1λ2G1G2B1A2

(α1 − 1)Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1−2

Γ(α1)

}

+
(

L1|u1 − v1|+ L2|u2 − v2|
)

{

(T + α1)
α1−1

Λ

(

λ1λ2G1G2B2A1

(α2 − 1)Γ(θ1)Γ(θ2)

+
λ2G2A2(T + α2)

α2−2

Γ(θ2)

)}

+
(

M1|∆
β1u1 −∆β1v1|+N2|u2 − v2|

)

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]

×

{

(T + α1)
α1−1

Λ

(

λ1G1A1(T + α1)
α1−1

α1Γ(θ1)
+

λ1λ2G1G2A2C1
Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1

Γ(α1 + 1)

}

+
(

M2|∆
β2u2 −∆β2v2|+N1|u1 − v1|

)

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]

×

{

(T + α1)
α1−1

Λ

(

λ2G2A2(T + α2)
α2−1

α2Γ(θ2)
+

λ1λ2G1G2A1C2
Γ(θ1)Γ(θ2)

)}

= |u1 − v1| (K1 + L1 +N1) Θ1 + |∆β2u2 −∆β2v2|M2Ω4

+ |u2 − v2| (K2 + L2 +N2) Θ2

+|∆β1u1 −∆β1v1|M1Ω3

≤
(

|u1 − v1|+ |∆β2u2 −∆β2v2|
)

max
{

(K1 + L1 +N1)Θ1, M2Ω4

}

+
(

|u2 − v2|+ |∆β1u1 −∆β1v1|
)

max
{

(K2 + L2 +N2)Θ2, M1Ω3

}

≤ ‖(u1, u2)‖C2 max
{

(K1 + L1 +N1)Θ1, M2Ω4

}

+‖(u1, u2)‖C1 max
{

(K2 + L2 +N2)Θ2, M1Ω3

}

.

Then, it implies that

∥

∥ (T1(u1, u2)) (t1, t2)− (T1(v1, v2)) (t1, t2)
∥

∥ (47)



FRACTIONAL SUM-DIFFERENCE EQUATIONS 85

≤ ‖(u1, u2)‖U

[

max
{

(K1 + L1 +N1)Θ1,M2Ω4

}

+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

]

.

Next, taking the fractional difference of order 0 < β1 ≤ 1 for (22)

∆β1(T1(u1, u2))(t1 − β1 + 1, t2)

=
1

Γ(−β1)

t1+β1
∑

s=α1−1

(t1 − σ(s))−β1−1sα1−1

{

λ1

ΛΓ(θ1)

η1
∑

s=α1−2

(η1 + θ1 − σ(s))θ1−1 g1(s)×

sα1−1 P(H∗
1 , H

∗
2 )−

λ2

ΛΓ(θ2)

η2
∑

s=α2−2

(η2 + θ2 − σ(s))θ2−1 g2(s)s
α2−1 Q(H∗

1 , H
∗
2 )

}

+
φ1(u1, u2)

Γ(α1)Γ(−β1)

t1+β1
∑

s=α1−2

(t1 − σ(s))−β1−1sα1−2 (48)

+
1

Γ(α1)Γ(−β1)

t1+β1
∑

ξ=α1

ξ−α1
∑

s=0

(t1 − σ(ξ))−β1−1(ξ − σ(s))α1−1H∗
1 |(u1, u2)− (v1, v2)|.

Then, we obtain

∣

∣∆β1 (T1(u1, u2)) (t1 − β1 + 1, t2)−∆β1 (T1(v1, v2)) (t1 − β1 + 1, t2)
∣

∣

≤
(

K1|u1 − v1|+K2|u2 − v2|
) (T − β1 + 2)−β1

Γ(1− β1)

{

(T + α1)
α1−1

Λ
×

(

λ1G1A1(T + α1)
α1−2

Γ(θ1)
+

λ1λ2G1G2B1A2

Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1−2

Γ(α1)

}

+
(

L1|u1 − v1|+ L2|u2 − v2|
) (T − β1 + 1)−β1

Γ(1− β1)

{

(T + α1)
α1−1

Λ
×

(

λ1λ2G1G2B2A1

Γ(θ1)Γ(θ2)

λ2G2A2(T + α2)
α2−2

Γ(θ2)

)}

+
(

M1|∆
β1u1 −∆β1v1|+N2|u2 − v2|

)

[

1 +
ϕ̃1(T + α1 + γ1)

γ1−1

Γ(γ1 + 1)

]

(T − β1 + 1)−β1

Γ(1− β1)
×

{

(T + α1)
α1−1

Λ

(

λ1G1A1(T + α1)
α1−1

Γ(θ1)
+

λ1λ2G1G2A2C1
Γ(θ1)Γ(θ2)

)

+
(T + α1)

α1

Γ(α1 + 1)

}

+
(

M2|∆
β2u2 −∆β2v2|+N1|u1 − v1|

)

[

1 +
ϕ̃2(T + α2 + γ2)

γ2−1

Γ(γ2 + 1)

]

×

(T − β1 + 1)−β1

Γ(1 − β1)

{

(T + α1)
α1−1

Λ

(

λ2G2A2(T + α2)
α2−1

Γ(θ2)
+

λ1λ2G1G2A1C2
Γ(θ1)Γ(θ2)

)}

< |u1 − v1| (K1 + L1 +N1) Θ1 + |∆β2u2 −∆β2v2|M2Ω4

+|u2 − v2| (K2 + L2 +N2) Θ2 + |∆β1u1 −∆β1v1|M1Ω3

≤ ‖(u1 − v1, u2 − v2)‖C2 max
{

(K1 + L1 +N1)Θ1, M2Ω4

}
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+‖(u1 − v1, u2 − v2)‖C1 max
{

(K2 + L2 +N2)Θ2, M1Ω3

}

.

It implies that

∥

∥∆β1 (T1(u1, u2)) (t1 − β1 + 1, t2)−∆β1 (T1(v1, v2)) (t1 − β1 + 1, t2)
∥

∥

< ‖(u1 − v1, u2 − v2)‖U×
[

max
{

(K1 + L1 +N1)Θ1,M2Ω4

}

+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

]

. (49)

By (47) and (49), we can state that

∥

∥

(

T1(u1, u2)
)

−
(

T1(v1, v2)
)∥

∥

C1

< 2 ‖(u1 − v1, u2 − v2)‖U

[

max
{

(K1 + L1 +N1)Θ1,M2Ω4

}

+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

]

. (50)

With the same arguments as before, we obtain

∥

∥

(

T2(u1, u2)
)

−
(

T2(v1, v2)
)
∥

∥

C2
<

2 ‖(u1 − v1, u2 − v2)‖U

[

max
{

(K1 + L1 +N1)Θ̃1,M2Ω̃4

}

+max
{

(K2 + L2 +N2)Θ̃2,M1Ω̃3

}

]

. (51)

Therefore, by (50) and (51), we can conclude that

∥

∥

(

T (u1, u2)
)

−
(

T (v1, v2)
)
∥

∥

U

< 2 ‖(u1 − v1, u2 − v2)‖U×

max

{

[

max
{

(K1 + L1 +N1)Θ1,M2Ω4

}

+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

]

,

[

max
{

(K1 + L1 +N1)Θ̃1,M2Ω̃4

}

+max
{

(K2 + L2 +N2)Θ̃2,M1Ω̃3

}

]

}

< χ‖(u1 − v1, u2 − v2)‖U . (52)

Since χ < 1
2 , we get that T is a contraction mapping.

Hence, by Banach fixed point theorem, we get that T has a fixed point, which is

a unique solution of the problem (3)-(4).

4. AN EXAMPLE

In this section, we consider an example to illustrate our main result.
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Example Consider the following fractional sum boundary value problem

∆
3
2u1(t) = H1

(

t+
1

2
, t+

1

3
,∆

1
3u1

(

t+
4

3

)

, u2

(

t+
1

3

))

+
[

∆− 3
4ϕ1H1

]

u1

(

t+
5

4

)

,

∆
4
3u2(t) = H2

(

t+
1

2
, t+

1

3
, u1

(

t+
1

2

)

∆
3
4u2

(

t+
7

12

))

+
[

∆− 3
4ϕ2H2

]

u2

(

t+
7

6

)

,

u1

(

−
1

2

)

= φ1(u1, u2) =
|u1|

2000e3
cos2 |πu1|+

|u2
2 + 2|1−|u2

2+2|

4000π2(u2
2 + e)

,

u2

(

−
2

3

)

= φ2(u1, u2) =
|u2|

500e2
sin2 |πu2|+

|u2
1 + 2|1−|u2

1+1|

2000π(u2
1 + e)

,

u1

(11

2

)

=
1

2
∆− 1

4

(

12e+ cos(4)
)2

u2(4),

u2

(16

3

)

=
3

4
∆− 2

3

(

10e− sin
(15

4

)

)3

u1

(15

4

)

, (53)

where t ∈ N0,4 and

H1

(

t+ 1
2 , t+

1
3 ,∆

1
3u1(t+

4
3 ), u2(t+

1
3 )
)

= e
−(t+1

3 )(|u2|+1)

400(t+ 301
3 )

2
(1+cos2 u2π)

+
e
−(t+1

2 )π∆
1
3 u1(t+ 4

3 )
100e+10 cos2(t+ 1

2 )π
,

H2

(

t+ 1
2 , t+

1
3 , u1(t+

1
2 )∆

3
4u2(t+

7
12 )
)

=
e
−(t+1

2 )
(

|u1|+e
− cos2(t+1

2 )π
)

1000(e(t+
1
2 )+10)2(|u1|+sin2(t+ 1

2 )π)

+
arctan(cos2(t+ 1

3 )π)∆
3
4 u2(t2+ 7

12 )
100π(t+ 10

3 )
2 .

Here α1 = 3
2 , α2 = 4

3 , β1 = 1
3 , β2 = 3

4 , γ1 = 3
4 , γ2 = 5

6 , θ1 = 1
4 , θ2 =

2
3 , η1 = 7

2 , η2 = 10
3 , λ1 = 1

2 , λ2 = 3
4 , T = 4, ϕ1(t1, s) =

cos2 t1π
π(t1+5)2 e

−2|s−t1+1|, ϕ2 =

20πe−3|s−t2+2|

(5π+t2)2
, g1(t1) = (10e− sin t1)

3, g2(t2) = (12e+ cos t2)
2, and

H1

(

t1, t2,∆
1
3u1

(

t1 +
2
3

)

, u2(t2)
)

= e−t2 (|u2|+1)
400(t2+10)2(1+cos2 u2π)

+
e−t1π∆

1
3 u1(t1+ 2

3 )
1000e3+10 cos2 t1π

,

H2

(

t1, t2, u1(t1),∆
3
4u2

(

t2 +
1
4

)

)

=

e−t1
(

|u1|+e− cos2(t1π)
)

1000(et1+10)2(|u1|+sin2 t1π)
+

arctan(cos2 t2π)∆
3
4 u2(t2+ 1

4 )
100π(t2+3)2 .

Let t1 ∈ N− 1
2 ,

11
2

and t2 ∈ N− 2
3 ,

16
3
. Then

H1|(u1, u2)− (v1, v2)| ≤
e−t2

400(t2+10)2

∣

∣

∣

|u2|+1
1+cos2 u2π

− |v2|+1
1+cos2 v2π

∣

∣

∣
+ e−t1π

100e+10 cos2 t1π

∣

∣

∣
∆

1
3u1 −∆

1
3 v1

∣

∣

∣

≤ 1
36100 |u2 − v2|+

1
100e |∆

1
3u1 −∆

1
3 v1|,

H2|(u1, u2)−(v1, v2)| ≤
e−t1

1000(et1+10)2

∣

∣

∣

|u1|
1+|u1|

− |v1|
1+|v1|

∣

∣

∣
+ arctan(1)

100π+(t2+3)2

∣

∣

∣
∆

3
4 u2−∆

3
4 v2

)∣

∣

∣

≤ 1
12100 |u1 − v1|+

9
19600 |∆

3
4 u2 −∆

3
4 v2|.
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So, (H1) holds with M1 = 0.0037, M2 = 0.00046, N1 = 0.0000083 and N2 =

0.000028.

Also, we get

|φ1(u1, u2)−φ1(v1, v2)| ≤
1

2000e3 |u1 − v1|+
1

4000π2

∣

∣

∣

Γ(|u2
2+2|+1)

|u2
2+2|2Γ(2|u2

2+2|)
−

Γ(|v2
2+2|+1)

|v2
2+2|2Γ(2|v2

2+2|)

∣

∣

∣

≤ 1
2000e3 |u1 − v1|+

1
4000π2 |u2 − v2|,

|φ1(u1, u2)− φ1(v1, v2)| ≤
1

5000e2 |u1 − v1|+
1

2000π3 |u2 − v2|,

and (10e− 1)3 < g1(t1) < (10e+ 1)3 and (12e− 1)2 < g2(t2) < (12e+ 1)2.

So, (H2), (H3) hold with K1 = K2 = 0.000025, L1 = 0.000027, L2 = 0.000016,

g1 = 17949.37, g2 = 999.79, G1 = 22384.80 and G2 = 1130.26.

Finally, we can show that

Ω1 = 3606.264, Ω2 = 5.932, Ω3 = 16.870, Ω4 = 83.112,

Ω̃1 = 7.3159, Ω̃2 = 0.2641, Ω̃3 = 86.092, Ω̃4 = 11.257,

and Θ1 = Θ2 = 3606.264, Θ̃1 = 11.257, Θ̃2 = 86.092.

Therefore, we have

χ = max

{

max
{

(K1 + L1 +N1)Θ1,M2Ω4}+max
{

(K2 + L2 +N2)Θ2,M1Ω3

}

,

max
{

(K1 + L1 +N1)Θ̃1,M2Ω̃4}+max
{

(K2 + L2 +N2)Θ̃2,M1Ω̃3

}

}

< max{0.249 + 0.249, 0.0052+ 0.032} = max{0.476, 0.324} = 0.476 <
1

2
.

Hence, by Theorem 3.1, the boundary value problem 53 has a unique solution. �

ACKNOWLEDGMENTS

This research was funded by King Mongkuts University of Technology North Bangkok.

Contract no.KMUTNB-GOV-59-33

REFERENCES

[1] C.S. Goodrich, A.C. Peterson, Discrete fractional calculus, Springer, New York,

2015.

[2] G.C. Wu, D. Baleanu, Discrete fractional logistic map and its chaos. Nonlinear

Dyn. 75 (2014), 283-287.



FRACTIONAL SUM-DIFFERENCE EQUATIONS 89

[3] G.C. Wu, D. Baleanu, Chaos synchronization of the discrete fractional logistic

map. Signal Process. 102 (2014), 96-99.

[4] F.M. Atici, P.W. Eloe, A transform method in discrete fractional calculus, Int.

J. Differ. Equ. 2:2 (2007), 165-176.

[5] F.M. Atici, P.W. Eloe, Initial value problems in discrete fractional calculus, Proc.

Amer. Math. Soc. 137:3 (2009), 981989.

[6] F.M. Atici, P.W. Eloe, Two-point boundary value problems for finite fractional

difference equations, J. Difference. Equ. Appl. 17 (2011), 445-456.

[7] T. Abdeljawad, On Riemann and Caputo fractional differences. Comput. Math.

Appl. 62:3 (2011), 1602-1611.

[8] T. Abdeljawad, Dual identities in fractional difference calculus within Riemann.

Adv. Differ. Equ. 2013, 2013:36, 16 pages.

[9] T. Abdeljawad, On delta and nabla Caputo fractional differences and dual iden-

tities. Discrete. Dyn. Nat. Soc. 2013, 2013:Article ID 406910, 12 pages.

[10] T. Abdeljawad, D. Baleanu, Fractional differences and integration by parts. J.

Comput. Anal. Appl. 13:3 (2011), 574-582.

[11] M. Holm, Sum and difference compositions in discrete fractional calculus, Cubo.

13:3 (2011), 153184.

[12] G. Anastassiou, Foundations of nabla fractional calculus on time scales and in-

equalities, Comput. Math. Appl. 59 (2010), 37503762.

[13] B. Jia, L. Erbe, A. Peterson, Two monotonicity results for nabla and delta frac-

tional differences, Arch. Math. 104 (2015), 589-597.

[14] B. Jia, L. Erbe, A. Peterson, Convexity for nabla and delta fractional differences,

J. Difference Equ. and Appl. 21 (2015), 360-373.
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