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1. INTRODUCTION

Fractional differential equations have many applications in modeling of physical and

chemical processes. In its turn, mathematical aspects of fractional differential equa-

tions and methods of their solutions were discussed by many authors, see the text

books [11, 19].

The Langevin equation (first formulated by Langevin in 1908) is found to be an

effective tool to describe the evolution of physical phenomena in fluctuating environ-

ments [5]. For some new developments on the fractional Langevin equation in physics,

see, for example, [1, 2, 4, 6, 13, 28]. Lizana et al. [13] have studied a single-particle

equation of motion starting with a microscopic description of a tracer particle in a

one-dimensional many-particle system with a general two-body interaction potential

and they have shown that the resulting dynamical equation belongs to the class of

fractional Langevin equations using a harmonization technique. In [6], Gambo et al.

discussed the Caputo modification of the Hadamard fractional derivative. Ahmad et

al. [1, 3, 4] considered solutions of nonlinear Langevin equation involving two frac-

tional orders. In [17, 22, 23, 28, 26, 35, 36], Tariboon et al. studied the existence

and uniqueness of solutions of the nonlinear Langevin equation of Hadamard-Caputo-

type fractional derivatives with nonlocal fractional integral conditions using a variety

of fixed point theorems. Tariboon and Ntouyas [24] discussed the existence and

uniqueness of solutions for Langevin impulsive q-difference equations with boundary

conditions.

In recent years, some authors have studied solvability or existence and uniqueness

of solutions of boundary value problems (BVPs for short) for impulsive Langevin

fractional differential equations see [31, 34].

In [37], Zhao studied the existence and uniqueness of solutions to the impulsive

boundary value problems (IBVP for short) for the following two classes of fractional

differential equation with constant coefficients
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




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

















cDα
0,t[

cDβ
0,t + λ]x(t) = f (t, x(t)) , a.e., t ∈ J ′,

x(t+k )− x(t−k ) = yk, k ∈ INm
1 ,

ax(0) + bx(1) = c, cDβ
0,tx(ti) = di, i ∈ INm

0 ,

(1.1)

and



















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
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

cDα
0,t[

cDβ
0,t + λ]x(t) = f (t, x(t)) , a.e., t ∈ J ′,

x(t+k )− x(t−k ) = yk, k ∈ INm
1 ,

acDβ
0,tx(0) + bcDβ

0,tx(tm) = c, x(tk) = dk,∈ INm+1
1 ,

(1.2)
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where J = [0, 1], J ′ = J \ {t1, · · · , tm}, 0 < α, β < 1 with α + β < 1, λ > 0, cD∗
0,t is

the Caputo fractional derivative, 0 = t0 < t1 < · · · < tm < tm+1 = 1, f : J × IR → IR

is a continuous function, a > 0, b, c, dk ≥ 0 are constants, INl
k = {k, k + 1, · · · , l} for

the integers k and l.

In [29], the authors studied the existence results of solutions for the following

impulsive fractional Langevin equations with two different fractional derivatives






























cDα
t [

cDβ
t − λ]x(t) = f (t, x(t)) , a.e., t ∈ J ′,

x(t+k )− x(t−k ) = Ik, k ∈ INm
1 ,

x(0) = x(ηi) = x(1) = 0, ηi ∈ (ti, ti+1), i ∈ INm−1
0 ,

(1.3)

where 0 < α, β < 1 with α+β < 1, cDβ
t is the Caputo fractional derivative, J = [0, 1],

0 = t0 < η0 < t1 < η1 < t2 < · · · < tm−1 < ηm−1 < tm < ηm = tm+1 = 1 λ ∈ IR,

f : J × IR → IR is a given function.

However, we find that Lemma 2.9 and Lemma 2.10 in [37], Lemma 3 in [29] are

wrong, see the counter examples in Subsection 2.3. In order not to mislead readers,

motivated by [29, 37], in this paper, we consider the following more general boundary

value problem for the impulsive Langevin fractional differential equation
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



































cDα
0+ [

cDβ
0+ − λ]x(t) = P (t)f (t, x(t)) , t ∈ (ti, ti+1], i ∈ INm−1

0 ,

∆x(ti) = x(t+i )− x(ti) = I(ti, x(ti)), i ∈ INm−1
1 ,

A1x(0)−B1
cDβ

0+x(0) = C1, A2x(1) +B2
cDβ

0+x(1) = C2,

x(ηi) = Di, i ∈ INm−1
1 ,

(1.4)

where

(a) α, β ∈ (0, 1), λ ∈ IR, cD∗
0+ is the left Caputo fractional derivative of order

∗ > 0 and with the starting point 0, see Definition 3,

for integers a < b k < l, INb
a = {a, a + 1, a + 2, · · · , b}, Ai, Bi, Ci ∈ IR(i =

1, 2), Di ∈ IR(i ∈ INm−1
0 ) are constants, 0 = t0 < t1 < t2 < · · · < tm−1 < tm = 1,

ηi ∈ (ti−1, ti](i ∈ INm−1
1 ) with ηm < 1 are fixed points, m is a positive integer,

(b) f : (0, 1)× IR 7→ IR is a Carathéodory function, see Definition 5, I : {ti : i ∈

INm−1
1 } × IR 7→ IR is a discrete Carathódory function, see Definition 2.

(c) P : [0, 1] → IR is continuous.

A function u : (0, 1] 7→ IR is called a solution of BVP(1.4) if

u|(ti,ti+1] ∈ C0(ti, ti+1], i ∈ INm−1
0 , lim

t→t+i

u(t) are finite, i ∈ INm−1
0
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and all equations in (1.4) are satisfied.

The remainder of the paper is organized as follows: we firstly present some related

definitions at the beginning of Section 2. In Subsection 2.1, we seek continuous

solutions of the following linear Langevin type differential equation involving with

three fractional derivatives:

cDρ
0+

cD̺
0+x(t)− λcDρ

0+x(t) = P (t), a.e., t ∈ (0, 1].

In Subsection 2.2, we seek piecewise continuous solutions of the following linear

Langevin type differential equation involving with three fractional derivatives

cDρ
0+

cD̺
0+x(t) − λcDρ

0+x(t) = P (t), a.e., t ∈ (tk, tk+1], k ∈ INm
0 .

In Subsection 2.3, we present some examples to point out some mistakes in known

published papers [29, 37]. In Section 3, the equivalent integral equations of BVP(1.4)

are presented. Finally in Section 4, we establish sufficient conditions for the existence

of solutions of BVP(1.4) by using the Schauder’s fixed point theorem [15].

2. PRELIMINARY RESULTS

In this section, we firstly present some necessary definitions from the fractional calcu-

lus theory which can be found in the literatures [10, 19]. Then we get exact solutions

of a class of fractional Landevin equations. Thirdly we get exact solutions of a class

of impulsive fractional Langevin equations, Finally, we give counter examples to show

that some results in [29, 37] are wrong.

Denote L1(a, b) the set of integrable functions on (a, b),C0(a, b] the set of all contin-

uous functions on (a, b]. For φ ∈ L1(a, b), denote ||φ||1 =
∫ b

a
|φ(s)|ds. For φ ∈ C0[a, b],

denote ||φ||0 = max
t∈[a,b]

|φ(t)|. Let the Gamma function, the beta functions and the

Mitag-Leffler function are denoted by Γ(α), B(p, q) and Eα,δ(x) respectively.

Definition 1. (page 69 in [10]) Let −∞ < a < b < +∞. The left Riemann-Liouville

fractional integrals Iαa+g of order α ∈ C(R(α) > 0) is defined by

Iαa+g(t) =
1

Γ(α)

∫ t

a(t− s)α−1g(s)ds, t > a.

Definition 2. (page 70 in [10]) Let −∞ < a < b < +∞. The left Riemann-Liouville

fractional derivatives Dα
a+g of order α ∈ C(R(α) ≥ 0) is defined by

Dα
a+g(t) =

(

d
dt

)n
In−α
a+ g(t) = 1

Γ(n−α)
dn

dtn

∫ t

a
g(s)

(t−s)α−n+1 ds, t > a,

where n = [R(α)] + 1. In particular, when α = n ∈ IN, then D0
a+g(t) = g(t) and

Dn
a+g(t) = g(n)(t), where g(n)(t) is the usual derivative of g(t) of order n.
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Definition 3. (page 91 in [10]) Let −∞ < a < b < +∞. The left Caputo fractional

derivatives cDα
a+g of order α ∈ C(R(α) ≥ 0) is defined via the Riemann-Liouville

fractional derivatives by

cDα
a+g(t) = Dα

a+

[

g(t)−
n−1
∑

j=0

g(j)(a)
j! (t− a)j

]

, t > a,

where n = [R(α)] + 1 for α 6∈ IN and n = α for α ∈ IN.

For a piecewise function g : ∪(ti, ti+1] → IR with 0 = t0 < t1 < · · · < tm < tm+1 =

1, we give the following definition:

Definition 4. The left Caputo fractional derivative cDα
0+g of order α ∈ C(R(α) ≥ 0)

are defined via the Riemann-Liouville fractional derivatives by

cDα
0+g(t) = Dα

0+g(t)−
i
∑

σ=1

n−1
∑

µ=0

∆g(µ)(tσ)
Γ(µ−α+1) (t− tσ)

µ−α

−
n−1
∑

µ=0

g(µ)(0)
Γ(µ−α+1) t

µ−α, t ∈ (ti, ti+1], i ∈ INm
0 ,

where n = [R(α)] + 1 for α 6∈ IN and n = α for α ∈ IN. This derivative are called left

side Caputo fractional derivative of order α.

Remark 2.1. If x ∈ ACn(ti, ti+1](i ∈ INm
0 ), we have by direct computation that

cDα
0+x(t) =

[

i−1
∑

σ=0
((t−tσ+1)

n−αx(n−1)(t−σ+1)−(t−tσ)
n−αx(n−1)(t+σ ))−(t−ti)

n−αx(n−1)(t+i )

]

′

Γ(n−α+1)

+

[

(n−α)
i−1
∑

σ=0

∫ tσ+1
tσ

(t−s)n−α−1x(n−1)(s)ds+(n−α)
∫

t
ti
(t−s)n−α−1x(n−1)(s)ds

]

′

Γ(n−α+1)

= · · ·

= Dα
0+x(t) −

i
∑

σ=1

n−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−α+1) (t− tσ)

µ−α −
n−1
∑

µ=0

x(µ)(0)
Γ(µ−α+1) t

µ−α.

Our definition generalizes known one (Definition 3) since Definition 4 becomes Defi-

nition 3(a = 0, b = 1, left side Caputo fractional derivative

cDα
0+g(t) = Dα

0+

[

g(t)−
n−1
∑

j=0

g(j)(0)
j! tj

]

= Dα
0+g(t)−

n−1
∑

j=0

g(j)(0)tj−α

Γ(j−α+1)
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when all of the impulses ∆x(µ)(tσ) = 0(µ ∈ INn−1
0 , σ ∈ INm

1 ) and x ∈ ACn(ti, ti+1](i ∈

INm
0 ).

Definition 5. h : (0, 1)× IR 7→ IR is called a Carathéodory function if

(i) t 7→ h (t, x) is integrable function on (0, 1) for every x ∈ IR,

(ii) x 7→ h (t, x) is continuous on IR for each t ∈ (ti, ti+1](i ∈ INm
0 ),

(iii) for each r > 0, there exists Mr > 0 such that |x| ≤ r implies that

|h (t, x)| ≤ Mr, t ∈ (ti, ti+1), i ∈ INm
0 .

Definition 6. I : {ti : i ∈ INm
1 } × IR 7→ IR is a discrete Carathéodory function if

(i)x 7→ I (ti, x) is continuous on IR for each i ∈ INm
1 ,

(ii) for each r > 0, there exists MI,r > 0 such that |x| ≤ r implies that

|I (ti, x)| ≤ MI,r, i ∈ INm
1 .

Banach space: Let n be a positive integer, α ∈ (n − 1, n), 0 = t0 < t1 < · · · <

tm < tm+1 = 1. Denote

PC0(0, 1] =















x : (0, 1] 7→ IR : x|(tk,tk+1] ∈ C0(tk, tk+1],

lim
t→t+k

x(t) are finite, i ∈ INm
0















.

Define ||x|| = max

{

sup
t∈(tk,tk+1]

|x(t)| : k ∈ INm
0

}

, x ∈ PC0(0, 1].

Then PC0(0, 1] is a Banach space.

2.1. CONTINUOUS SOLUTIONS OF LFDES

In this sub-section, we seek continuous solutions of linear Langevin fractional differ-

ential equations (LFDEs for short) with two Caputo fractional derivatives.

Let n, l, o be positive integers, λ ∈ IR, ρ ∈ (n− 1, n) and ̺ ∈ (l − 1, l). Consider

cDρ
0+

cD̺
0+x(t) − λcDρ

0+x(t) = P (t), a.e., t ∈ [0, 1], (2.1.1)

whereP : [0, 1] → IR is continuous.

Lemma 2.1.1. x is a solution of (2.1.1) if and only if there exist constants

ci(i ∈ INn−1
0 ), di(i ∈ INl−1

0 ) such that

x(t) =
l−1
∑

ν=0
dνt

νE̺,ν+1(λt
̺) +

n−1
∑

χ=0
cχt

̺+χE̺,̺+χ+1(λt
̺)

+
∫ t

0 (t− u)̺+ρ−1E̺,̺+ρ(λ(t − s)̺)P (u)du, t ∈ [0, 1], (2.1.2)
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Proof. Suppose that x is a continuous solution of (2.1.1). Then there are numbers

ci(i ∈ INn−1
0 ) such that

cD̺
0+x(t) − λx(t) =

n−1
∑

χ=0

cχ
tχ

Γ(χ+ 1)
+

∫ t

0

(t− s)ρ−1

Γ(ρ)
P (s)ds, t ∈ [0, 1].

By Laplace transform method (see (4.3.58) in [10] and [20] or [29]), we get

x(t) =
l−1
∑

ν=0
dνt

νE̺,ν+1(λt
̺) +

n−1
∑

χ=0
cχt

̺+χE̺,̺+χ+1(λt
̺)

+
∫ t

0
(t− u)̺+ρ−1E̺,̺+ρ(λ(t − s)̺)P (u)du.

Then x satisfies (2.1.2). On the other hand, if x satisfies (2.1.2), we can prove that x

is a solution of (2.1.1). The proof is completed.

2.2. PIECEWISE CONTINUOUS SOLUTIONS OF ILFDES

In this sub-section, we seek piecewise continuous solutions of linear impulsive Langevin

fractional differential equations (ILFDEs for short) with two Caputo fractional deriva-

tives.

Let n, l, o be positive integers, λ ∈ IR, ρ ∈ (n − 1, n) and ̺ ∈ (l − 1, l), 0 = t0 <

t1 < · · · < tm < tm+1 = 1. Consider the piecewise continuous solution of the following

equation

cDρ
0+

cD̺
0+x(t)− λcDρ

0+x(t) = P (t), a.e., t ∈ (tk, tk+1], k ∈ INm
0 , (2.2.1)

where P : [0, 1] → IR is continuous.

Lemma 2.2.1. x is a piecewise continuous solution of (2.2.1) if and only if there

exist cνi, (i ∈ INn−1
0 ), dνi(i ∈ INl−1

0 , ν ∈ INm
0 ) such that

x(t) =
k
∑

ν=0

l−1
∑

i=0

dνi(t− tν)
iE̺,i+1(λ(t− tν)

̺)

+
k
∑

ν=0

n−1
∑

χ=0
cνχ(t− tν)

̺+χE̺,̺+χ+1(λ(t − tν)
̺)

+
∫ t

0 (t− u)̺+ρ−1E̺,̺+ρ(λ(t − s)̺)P (u)du, t ∈ (tk, tk+1], k ∈ INm
0 .

(2.2.2)

Proof. The proof is very long since the careful computation is needed. It brings wrong

results without these computation see Result 1-Result 3 in Section 2.3. We complete

the proof by the following two steps.

Step 1. We prove that x satisfies (2.2.2) if x is a piecewise continuous solution

of (2.2.1).
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By Lemma 2.1.1, we know that there exists c0i, d0j ∈ IR(i ∈ INl−1
0 , j ∈ INn−1

0 ) such

that

x(t) =
l−1
∑

i=0

c0it
iE̺,i+1(λt

̺) +
n−1
∑

j=0

Γ(j + 1)d0jt
̺+jE̺,̺+j+1(λt

̺)

+
∫ t

0
(t− u)̺+ρ−1E̺,̺+ρ(λ(t − u)̺)P (u)du, t ∈ (t0, t1].

We note by (2.1.3)-(2.1.4) that c0i = x(i)(0), i ∈ INl−1
0 and

d0j =
[cD̺

0+
x−λx](j)(0)

j! =
[cD̺

0+
x](j)(0)

j! − λx(j)(0)
j! , j ∈ INn−1

0 . (2.2.3)

Hence (2.2.2) holds for k = 0. Now suppose that (2.2.2) holds for k = 0, 1, · · · , ω, i.e.,

there exists constants cνi, dνj ∈ IR(i ∈ INl−1
1 , j ∈ INn−1

1 , ν ∈ INω
0 ) such that

x(t) =
k
∑

ν=0

l−1
∑

i=0

cνi(t− tν)
iE̺,i+1(λ(t − tν)

̺)

+
k
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj(t− tν)
̺+jE̺,̺+j+1(λ(t− tν)

̺)

+
∫ t

0
(t− u)̺+ρ−1E̺,̺+ρ(λ(t− u)̺)P (u)du, t ∈ (tk, tk+1], k ∈ INω

0 . (2.2.4)

We will prove that (2.2.2) holds for k = ω + 1. Then by mathematical induction

method, (2.2.2) holds for all k ∈ INm
0 . Then this step is completed.

In order to get the exact expression of x on (tω+1, tω+2], we suppose that there

exists Φ such that

x(t) =
ω
∑

ν=0

l−1
∑

i=0

cνi(t− tν)
iE̺,i+1(λ(t− tν)

̺)

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj(t− tν)
̺+jE̺,̺+j+1(λ(t − tν)

̺)

+
∫ t

0 (t− u)̺+ρ−1E̺,̺+ρ(λ(t− u)̺)P (u)du+Φ(t), t ∈ (tω+1, tω+2].

(2.2.5)

Using Definition 4, we know for t ∈ (tω+1, tω+2] by direct computation that

cDρ
0+x(t) = Dρ

0+x(t)−
ω+1
∑

σ=1

n−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−ρ+1) (t− tσ)

µ−ρ −
n−1
∑

µ=0

x(µ)(0)tµ−ρ

Γ(µ−ρ+1) .
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Use Definition 2, (2.2.4) and (2.2.5), we get

Dρ
0+x(t) =

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺+1) (t− tν)
χ̺+i−̺

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j+1) (t− tν)
χ̺+j

+
∫ t

0

∞
∑

χ=0

λχ

Γ(χ̺+̺) (t− u)χ̺+ρ−1P (u)du+D̺

t+ω+1

Φ(t).

It follows that

cD̺
0+x(t) = D̺

t+ω+1

Φ(t) +
ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺+1) (t− tν)
χ̺+i−̺

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j+1) (t− tν)
χ̺+j

+
∫ t

0

∞
∑

χ=0

λχ

Γ(χ̺+̺) (t− u)χ̺+ρ−1P (u)du

−
ω+1
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺+1) (t− tσ)µ−̺ −

l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺+1) t

µ−̺, t ∈ (tω+1, tω+2]. (2.2.7)

Similarly for t ∈ (tτ , tτ+1](τ ∈ INω
0 ), we have

cD̺
0+x(t) =

[

τ−1
∑

k=0

∫ tk+1
tk

(t−s)l−̺−1x(s)ds+
∫

t
tτ

(t−s)l−̺−1x(s)ds

](l)

Γ(l−̺)

−
τ
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺+1) (t− tσ)

µ−̺ −
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺+1) t

µ−̺.

We get

cD̺
0+x(t) =

τ
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺+1) (t− tν)
χ̺+i−̺

+
τ
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j+1) (t− tν)
χ̺+j

+
∞
∑

χ=0

λχ

Γ(χ̺+̺)

∫ t

0 (t− u)χ̺+ρ−1P (u)du−
τ
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺+1) (t− tσ)

µ−̺

−
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺+1) t

µ−̺, t ∈ (tτ , tτ+1](k ∈ INω
0 ).

(2.2.8)
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On the other hand, we have for t ∈ (tω+1, tω+2] that

cDρ
0+

cD̺
0+x(t) = Dρ

0+
cD̺

0+x(t) −
ω+1
∑

σ=1

n−1
∑

µ=0

∆[cD̺

0+
x](µ)(tσ)

Γ(µ−ρ+1) (t− tσ)
µ−ρ

−
n−1
∑

µ=0

[cD̺

0+
x](µ)(0)

Γ(µ−ρ+1) tµ−ρ.

We get by using (2.2.7)-(2.2.8) and careful computation that

Dρ
0+

cD̺
0+x(t) =

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺−ρ+1) (t− tν)
χ̺+i−̺−ρ

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j−ρ+1) (t− tν)
χ̺+j−ρ + P (t)

+
∞
∑

χ=1

λχ

Γ(χ̺)

∫ t

0 (t− u)χ̺−1P (u)du−
ω+1
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺−ρ+1) (t− tσ)

µ−̺−ρ

−
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺−ρ+1) t

µ−̺−ρ +Dρ

t+ω+1

D̺

t+ω+1

Φ(t).

It follows for t ∈ (tω+1, tω+2] that

cDρ
0+

cD̺
0+x(t) =

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺−ρ+1) (t− tν)
χ̺+i−̺−ρ

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j−ρ+1) (t− tν)
χ̺+j−ρ

+P (t) +
∞
∑

χ=1

λχ

Γ(χ̺)

∫ t

0
(t− u)χ̺−1P (u)du+Dρ

t+ω+1

D̺

t+ω+1

Φ(t)

−
ω+1
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺−ρ+1) (t− tσ)

µ−̺−ρ −
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺−ρ+1) t

µ−̺−ρ

−
ω+1
∑

σ=1

n−1
∑

µ=0

∆[cD̺

0+
x](µ)(tσ)

Γ(µ−ρ+1) (t− tσ)
µ−ρ −

n−1
∑

µ=0

[cD̺

0+
x](µ)(0)

Γ(µ−ρ+1) tµ−ρ.

(2.2.9)
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Then for t ∈ (tω+1, tω+2], from (2.2.6) and (2.2.9), we get

cDρ
0+

cD̺
0+x(t) − λcDρ

0+x(t)

= Dρ

t+ω+1

D̺

t+ω+1

Φ(t)− λDρ

t+ω+1

Φ(t) + P (t)

+
ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺−ρ+1) (t− tν)
χ̺+i−̺−ρ

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j−ρ+1) (t− tν)
χ̺+j−ρ

−
ω+1
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺−ρ+1) (t− tσ)

µ−̺−ρ −
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺−ρ+1) t

µ−̺−ρ

−
ω+1
∑

σ=1

n−1
∑

µ=0

∆[cD̺

0+
x](µ)(tσ)

Γ(µ−ρ+1) (t− tσ)
µ−ρ −

n−1
∑

µ=0

[cD̺

0+
x](µ)(0)

Γ(µ−ρ+1) tµ−ρ

−λ

[

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺−ρ+i+1) (t− tν)
χ̺−ρ+i

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺−ρ+̺+j+1) (t− tν)
χ̺−ρ+̺+j

−
ω+1
∑

σ=1

n−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−ρ+1) (t− tσ)

µ−ρ −
n−1
∑

µ=0

x(µ)(0)
Γ(µ−ρ+1) t

µ−ρ

]

.

From (2.2.4), we know

cνi = ∆x(i)(tν), i ∈ INl−1
1 , ν ∈ INω

0

dνj =
∆[cD̺

0+
x−λx](j)(tν)

j! , j ∈ INn−1
1 , ν ∈ INω

0 .

Together with (2.2.3), (substituting cνi, dνj into the latest equation), we get

cDρ
0+

cD̺
0+x(t)− λcDρ

0+x(t) = Dρ

t+ω+1

D̺

t+ω+1

Φ(t)− λDρ

t+ω+1

Φ(t) + P (t)

−
l−1
∑

µ=0

∆x(µ)(tω+1)
Γ(µ−̺−ρ+1) (t− tω+1)

µ−̺−ρ −
n−1
∑

µ=0

∆[cD̺

0+
x−λx](µ)(tω+1)(t−tω+1)

µ−ρ

Γ(µ−ρ+1) .
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So

P (t) = Dρ

t+ω+1

D̺

t+ω+1

Φ(t)− λDρ

t+ω+1

Φ(t) + P (t)

−
l−1
∑

µ=0

∆x(µ)(tω+1)
Γ(µ−̺−ρ+1) (t− tω+1)

µ−̺−ρ

−
n−1
∑

µ=0

∆[cD̺

0+
x−λx](µ)(tω+1)

Γ(µ−ρ+1) (t− tω+1)
µ−ρ, t ∈ (tω+1, tω+2].

It follows that

Dρ

t+ω+1

D̺

t+ω+1

Φ(t)− λDρ

t+ω+1

Φ(t)−
l−1
∑

µ=0

∆x(µ)(tω+1)
Γ(µ−̺−ρ+1) (t− tω+1)

µ−̺−ρ

−
n−1
∑

µ=0

∆[cD̺

0+
x−λx](µ)(tω+1)

Γ(µ−ρ+1) (t− tω+1)
µ−ρ = 0, t ∈ (tω+1, tω+2].

(2.2.10)

From (2.2.5), we have ∆x(µ)(tω+1) = Φ(µ)(tω+1) and ∆[cD̺
0+x − λx](µ)(tω+1) =

[cD̺

t+ω+1

Φ− λΦ](µ)(tω+1). Then (2.2.10) becomes

Dρ

t+ω+1

D̺

t+ω+1

Φ(t)− λDρ

t+ω+1

Φ(t)−
l−1
∑

µ=0

Φ(µ)(tω+1)
Γ(µ−̺−ρ+1) (t− tω+1)

µ−̺−ρ

−
n−1
∑

µ=0

[

cD̺

t
+
ω+1

Φ−λΦ

](µ)

(tω+1)

Γ(µ−ρ+1) (t− tω+1)
µ−ρ = 0, t ∈ (tω+1, tω+2].

(2.2.11)

One sees from Definition 3 that

cDρ

t+ω+1

[cD̺

t+ω+1

x− λx](t) = Dρ

t+ω+1

[cD̺

t+ω+1

x− λx](t)

−
n−1
∑

µ=0

[

cD̺

t
+
ω+1

x−λx

](µ)

Γ(µ−ρ+1) (t− tω+1)
µ−ρ

= Dρ

t+ω+1

D̺

t+ω+1

x− λDρ

t+ω+1

x(t) −
l−1
∑

µ=0

x(µ)(tω+1)
Γ(µ−̺−ρ+1) (t− tω+1)

µ−̺−ρ

−
n−1
∑

µ=0

[

cD̺

t
+
ω+1

x−λx

](µ)

Γ(µ−ρ+1) (t− tω+1)
µ−ρ.

It follows (2.2.11) that

cDρ

t+ω+1

cD̺

t+ω+1

Φ(t)− λcDρ

t+ω+1

Φ(t) = 0, t ∈ (tω+1, tω+2].
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It follows from Lemma 2.1.1 (with the starting point being replaced by tω+1 and

P (t) being replaced by 0) that there exist constants cω+1i, dω+1j ∈ IR(i ∈ INn−1
0 , j ∈

INl−1
0 ) such that

Φ(t) =
l−1
∑

µ=0
cω+1,i(t− tω+1)

µE̺,µ+1(λ(t− tω+1)
̺)

+
n−1
∑

µ=0
Γ(j + 1)dω+1j(t− tω+1)

̺+µE̺,µ+̺(λ(t− tω+1)
̺),

t ∈ (tω+1, tω+2].

Substituting Φ into (2.2.5). We know that (2.2.2) holds for k = ω + 1. By math-

ematical induction method, we know that (2.2.2) holds for k ∈ INm
0 .

Step 2. We prove that x is a piecewise continuous solution of (2.2.1) if x satisfies

(2.2.2).

Since x satisfies (2.2.2), by using Definition 4 and direct computation similar to

the proof of (2.2.6) in Step 1, we get for t ∈ (tω, tω+1](ω ∈ INm
0 ) that

cDρ
0+x(t) =

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺−ρ+i+1) (t− tν)
χ̺−ρ+i

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺−ρ+̺+j+1) (t− tν)
χ̺−ρ+̺+j

+
∞
∑

χ=0

λχ

Γ(χ̺+̺)

∫ t

0 (t− u)χ̺+̺−1P (u)du

−
ω
∑

σ=1

n−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−α+1) (t− tσ)

µ−α −
n−1
∑

µ=0

x(µ)(0)
Γ(µ−α+1) t

µ−α,

and similarly to to the proof of (2.2.8), we get for t ∈ (tτ , tτ+1](τ ∈ INm
0 ) that

cD̺
0+x(t) =

τ
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺+1) (t− tν)
χ̺+i−̺

+
τ
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j+1) (t− tν)
χ̺+j

+
∞
∑

χ=0

λχ

Γ(χ̺+̺)

∫ t

0 (t− u)χ̺+ρ−1P (u)du

−
τ
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)(t−tσ)
µ−̺

Γ(µ−̺+1) −
l−1
∑

µ=0

x(µ)(0)tµ−̺

Γ(µ−̺+1) , t ∈ (tτ , tτ+1], τ ∈ INm
0 ,
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Then similarly to the proof of (2.2.9) we have for t ∈ (tω, tω+1] that

cDρ
0+

cD̺
0+x(t) =

ω
∑

ν=0

l−1
∑

i=0

cνi
∞
∑

χ=0

λχ

Γ(χ̺+i−̺−ρ+1) (t− tν)
χ̺+i−̺−ρ

+
ω
∑

ν=0

n−1
∑

j=0

Γ(j + 1)dνj
∞
∑

χ=0

λχ

Γ(χ̺+j−ρ+1) (t− tν)
χ̺+j−ρ

+P (t) +
∞
∑

χ=1

λχ

Γ(χ̺)

∫ t

0 (t− u)χ̺−1P (u)du

−
ω
∑

σ=1

l−1
∑

µ=0

∆x(µ)(tσ)
Γ(µ−̺−ρ+1) (t− tσ)

µ−̺−ρ −
l−1
∑

µ=0

x(µ)(0)
Γ(µ−̺−ρ+1) t

µ−̺−ρ

−
ω
∑

σ=1

n−1
∑

µ=0

∆[cD̺

0+
x](µ)(tσ)

Γ(µ−ρ+1) (t− tσ)
µ−ρ −

n−1
∑

µ=0

[cD̺

0+
x](µ)(0)

Γ(µ−ρ+1) tµ−ρ,

t ∈ (tω+1, tω+2].

Then for t ∈ (tω , tω+1] we get

cDρ
0+

cD̺
0+x(t)− λcDρ

0+x(t) = P (t), t ∈ (tω, tω+1], ω ∈ INm
0 .

Hence x is a piecewise continuous solution of (2.2.1). The proof is completed.

2.3. COMMENTS ON [?, ?]

In this sub-section we present some counter examples to show readers that some mis-

takes have been happened in published papers [29, 37] in order to avoiding misleading

readers.

By using Lemma 2.2.1 directly, we know by replacing ρ and θ by α ∈ (0, 1) and ̺

by β ∈ (0, 1) (then l = n = o = 1) that

Lemma 2.3.1. x is a piecewise continuous solution of

cDα
t [

cDβ
t − λ]x(t) = P (t) , a.e., t ∈ (ti, ti+1], i ∈ INm

0

if and only if there exist cν0, dν0 ∈ IR such that

x(t) =
k
∑

ν=0
cν0Eβ,1(λ(t − tν)

β) +
k
∑

ν=0
dν0(t− tν)

βEβ,β+1(λ(t− tν)
β)

+
∫ t

0
(t− u)β+α−1Eβ,β+α(λ(t − u)β)P (u)du, t ∈ (tk, tk+1], k ∈ INm

0 .

Lemma 2.9 and Lemma 2.10 in [37], Lemma 3 in [29] are wrong. Please see the fol-

lowing examples:
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Example 2.3.1. Let 0 < α, β < 1. Consider the following problem






























cDα
0+ [

cDβ
0+ + 1]x(t) = 0, a.e., t ∈ J \ { 1

2},

x((1/2)+)− x((1/2)−) = y1,

x(0) + x(1) = 0, cDβ
0,tx(0) =

cDβ
0,tx(1/2) = 0.

(2.3.1)

We seek solutions of (2.3.1) by using Lemma 2.9 in [37]. We get

x(t) =























Eα+β(−tα+β)
1+Eα+β(−1)

y1

Eα+β(−(1/2)α+β)

−Eα+β(−tα+β) y1

Eα+β(−(1/2)α+β)
, t ∈ [0, 12 ],

Eα+β(−tα+β)
1+Eα+β(−1)

y1

Eα+β(−(1/2)α+β)
, t ∈ (12 , 1].

We find by Definition 2 for t ∈ [0, 1
2 ] that

cDβ
0+x(t) = −

Eα+β(−1)
1+Eα+β(−1)

y1

∫ 1
0
(1−w)−βwχ(α+β)−1dw

Eα+β(−(1/2)α+β)

∞
∑

χ=1

(−1)χ

Γ(χ(α+β))
tχ(α+β)−β

Γ(1−β)

=
Eα+β(−1)

1+Eα+β(−1)
y1

Eα+β(−(1/2)α+β)
tαEα+β,α+1(−tα+β).

It is easy to see that cDβ
0,tx(1/2) 6= 0 since y1 6= 0. Then x is not a solution of

BVP(2.3.8). Lemma 2.9 in [37] is wrong.

By using Lemma 2.3.1, the solutions of BVP(2.3.1) is given by

x(t) =


















































C
[

Eβ,1(−t)β) + tβEβ,β+1(−tβ)
]

, t ∈ [0, 1
2 ],

C
[

Eβ,1(−t)β) + tβEβ,β+1(−tβ)
]

+ y1Eβ,1(−(t− 1/2)β)

−
C[1+Γ(β+1)(1+Eβ,1(−1)+Eβ,β+1(−1))]+Γ(β+1)y1Eβ,1(−(1/2)β)

( 1
2 )

βEβ,β+1(−(1/2)β)Γ(β+1)
×

(t− 1
2 )

βEβ,β+1(−(t− 1/2)β), t ∈ (12 , 1],

where C ∈ IR. We know that BVP(2.1.3) has infinitely many solutions.

Example 2.3.2. Consider the following problem






























cDα
0,t[

cDβ
0,t + 1]x(t) = 0, a.e., t ∈ J \ { 1

2},

x((1/2)+)− x((1/2)−) = y1,

cDβ
0,tx(0) +

cDβ
0,tx(1/2) = 0, x(0) = x(1/2) = 0.

(2.3.2)
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We seek solutions of (2.3.2) by Lemma 2.10 in [37]. It follows that

x(t) =























− 1
2 t

βEα+β,β+1(−tα+β) y1

(1/2)βEα+β,β+1(−(1/2)α+β) , t ∈ [0, 12 ],

1
2 t

βEα+β,β+1(−tα+β) y1

(1/2)βEα+β,β+1(−(1/2)α+β) ,

t ∈ (12 , 1].

It is easy to see that x(12 ) 6= 0 since y1 6= 0. Then x is not a solution of BVP(2.3.2).

Hence Lemma 2.10 in [37] is wrong.

By Lemma 2.3.1, the solutions of BVP(2.3.2) are given by

x(t) =



















0, t ∈ [0, 1
2 ],

y1Eβ,1(−(t− 1/2)β) + C(t− 1
2 )

βEβ,β+1(−(t− 1/2)β),

t ∈ (12 , 1],

where C ∈ IR. This shows us that BVP(2.3.2) has infinitely many solutions.

Example 2.3.3 Consider the following problem










cDα
t [

cDβ
t + 1]x(t) = 0, a.e., t ∈ [0, 1] \ { 1

2},

x((1/2)+)− x((1/2)−) = I1 6= 0, x(0) = x(14 ) = x(1) = 0.

(2.3.3)

We seek solutions of BVP(2.3.3) by using Lemma 3 in [29]. According to Lemma 3

in [29], we have

(Ff)(t) =
∫ t

0
(t− s)α+β−1Eα,α+β(−λ(t− s)α)0ds = 0,

(T0f)(t) = −
1−Eβ(−tβ)

1−Eβ(−ηβ
0 )
(Ff)(η0) = 0, t ∈ (0, 12 ],

(T1f)(t) =
Eβ(−tβ)−Eβ(−1)

Eβ(−(1/2)β)−Eβ(−1)
[(T0f)(1/2) + (Ff)(1) + I1]− (Ff)(1)

=
Eβ(−tβ)−Eβ(−1)

Eβ(−(1/2)β)−Eβ(−1)
I1, t ∈ (12 , 1].

Then

x(t) =











0, t ∈ [0, 12 ],

Eβ(−tβ)−Eβ(−1)

Eβ(−(1/2)β)−Eβ(−1)
I1, t ∈ (12 , 1].

It is easy to check that x does not satisfy cDα
t [

cDβ
t + 1]x(t) 6= 0 on (12 , 1] by direct

computation. In fact, by using Definition 2 and Definition 3 in [29], we have for

t ∈ (1/2, 1] that

cDα
t x(t) = I1





∞
∑

κ=0
(−1)κβ(κβ−α+1)tκβ−α

∫ 1
1/(2t)

(1−w)−αwκβ

Γ(κβ+1) dw

Γ(1−α)(Eβ(−(1/2)β)−Eβ(−1))
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+

1
2t2

∞
∑

κ=0
(−1)κβtκβ−α+1(1−1/(2t))−α (1/(2t))κβ

Γ(κβ+1)

Γ(1−α)(Eβ(−(1/2)β)−Eβ(−1)) −
Eβ(−1)(t−1/2)−α

Γ(1−α)(Eβ(−(1/2)β)−Eβ(−1))



 .

Furthermore, we have

cDβ
t x(t) =















0, t ∈ [0, 12 ],

[

∫ t

1/2
(t−s)−β

Γ(1−β)
Eβ(−sβ)−Eβ(−1)

Eβ(−(1/2)β)−Eβ(−1)I1ds
]′

, t ∈ (12 , 1].

Then we get for t ∈ (1/2, 1] that cDα
t [

cDβ
t +1]x(t) 6= 0 on (12 , 1] by direct computation.

Then x is not a solution of BVP(2.3.3). So Lemma 3 in [29] is wrong.

We present the correct expression of solutions of BVP(2.3.3) by using Lemma

2.3.1. In fact, the solution of BVP(2.3.3) is given by

x(t) =























0, t ∈ [0, 12 ],

I1Eβ,1(−(t− 1/2)β)−
I1Eβ,1(−(1/2)β)

(1/2)βEβ,β+1(−(1/2)β)
×

(t− 1/2)βEβ,β+1(−(t− 1/2)β), t ∈ (12 , 1].

3. EQUIVALENT INTEGRAL EQUATIONS OF BVP(1.4)

In this section, we present equivalent integral equations of BVP(1.4) respectively by

using Lemma 2.2.1. For ease of expression, denote

(Ff)(t) =
∫ t

0 (t− u)β+α−1Eβ,β+α(λ(t− u)β)P (u)f(u, x(u))du,

Θ = B1Eβ,1(λη
β
1 ) + [A1 − λB1]η

β
1Eβ,β+1(λη

β
1 ),

Ξ = A2(1− tm−1)
βEβ,β+1(λ(1 − tm−1)

β) +B2Eβ,1(λ(1 − tm−1)
β),

Φ = Ξ
m−1
∏

k=2

[

(ηk − tk−1)
βEβ,β+1(λ(ηk − tk−1)

β)
]

.

Then by direct computation, we get

cDβ
0+(Ff)(t) =

∫ t

0
(t− u)α−1Eβ,α(λ(t − u)β)P (u)f(u, x(u))du.

Denote

Mν,k = (ηk − tν)
βEβ,β+1(λ(ηk − tν)

β), k ∈ INm−1
2 , ν ∈ INk−1

1 ,
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Mν,m = A2(1− tν)
βEβ,β+1(λ(1 − tν)

β)

+B2Eβ,1(λ(1 − tν)
β), ν ∈ INm−1

1 ,

Mk = Dk −
Eβ,1(λη

β
k )[η

β
1 Eβ,β+1(λη

β
1 )C1+B1D1]

Θ

−
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )]ηβ

kEβ,β+1(λη
β
k )

Θ

−
k−1
∑

ν=1
Eβ,1(λ(ηk − tν)

β)I(tν , x(tν)) +
[A1−λB1]η

β
kEβ,β+1(λη

β
k )

Θ (Ff)(η1)

+
B1Eβ,1(λη

β
k )

Θ (Ff)(η1)− (Ff)(ηk), k ∈ INm−1
2 ,

Mm = C2 −
[ηβ

1 Eβ,β+1(λη
β
1 )C1+B1D1][A2+λB2]Eβ,1(λ)

Θ

−
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )][A2Eβ,β+1(λ)+B2Eβ,1(λ)]
Θ

−[A2 + λB2]
m−1
∑

ν=1
Eβ,1(λ(1 − tν)

β)I(tν , x(tν))

+
[

B1[A2+λB2]Eβ,1(λ)
Θ +

[A1−λB1][A2Eβ,β+1(λ)+B2Eβ,1(λ)]
Θ

]

(Ff)(η1)

−A2(Ff)(1)−B2D
β
0+(Ff)(1).

Let dν(ν ∈ INm−1
1 ) satisfy the following iterative equations:

M1,2d1 = M2, M1,3d1 +M2,3d2 = M3,

M1,4d1 +M2,4d2 +M3,4d3 = M4, · · ·

M1,md1 +M2,md2 + · · ·+Mm−1,mdm−1 = Mm.

Theorem 7. Suppose that (a)-(c) hold and Θ 6= 0,Ξ 6= 0. Then BVP(1.4) is

equivalent to the following integral equation

x(t) =
ηβ
1 Eβ,β+1(λη

β
1 )C1+B1D1

Θ Eβ,1(λt
β)
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+
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )]tβEβ,β+1(λt

β)

Θ

−
[

B1Eβ,1(λt
β)

Θ +
[A1−λB1]t

β
Eβ,β+1(λt

β)
Θ

]

(Ff)(η1)

+
k
∑

ν=1
Eβ,1(λ(t − tν)

β)I(tν , x(tν))

+
k
∑

ν=1
dν(t− tν)

βEβ,β+1(λ(t − tν)
β)

+(Ff)(t), t ∈ (tk, tk+1], k ∈ INm−1
0 .

(3.1)

Proof. Suppose that x is a solution of BVP(1.4). From Lemma 2.2.1 (choose l = n =

1, ρ = α, ̺ = β, P (t) be replaced by P (t)f(t, x(t))), there exist cν , dν ∈ IR(ν ∈ INm−1
0 )

such that

x(t) =
k
∑

ν=0
cνEβ,1(λ(t − tν)

β) +
k
∑

ν=0
dν(t− tν)

βEβ,β+1(λ(t− tν)
β)

+
∫ t

0
(t− u)β+α−1Eβ,β+α(λ(t− u)β)P (u)f(u, x(u))du,

t ∈ (tk, tk+1], k ∈ INm−1
0 .

(3.2)

By Direct computation, we can get for t ∈ (ti, ti+1] that

cDβ
0+x(t) =

∫

t
0
(t−s)−βx′(s)ds

Γ(1−β) =

i−1
∑

τ=0

∫ tτ+1
tτ

(t−s)−βx′(s)ds+
∫ t
ti
(t−s)−βx′(s)ds

Γ(1−β)

=
i
∑

ν=0
cν

∞
∑

χ=1

λχ

Γ(χβ+1−β)(t− tν)
χβ−β +

i
∑

ν=0
dν

∞
∑

χ=0

λχ

Γ(χβ+1) (t− tν)
χβ

+































































∫ t

0

∞
∑

χ=0

λχ

Γ(χβ+α) (t− u)χβ+α−1P (u)f(u, x(u))du, α+ β < 1,

∫

t
0
(t−s)−βp(s)f(s,x(s))ds

Γ(1−β)

+
∫ t

0

∞
∑

χ=1

λχ

Γ(χβ+1−β)(t− u)χβ−βP (u)f(u, x(u))du, α+ β = 1,

∫ t

0

∞
∑

χ=0

λχ

Γ(χβ+α) (t− u)χβ+α−1P (u)f(u, x(u))du, α+ β > 1.

It follows that

cDβ
0+x(t) = λ

i
∑

ν=0
cνEβ,1(λ(t− tν)

β) +
i
∑

ν=0
dνEβ,1(λ(t − tν)

β)

+
∫ t

0
(t− u)α−1Eβ,α(λ(t− u)β)P (u)f(u, x(u))du.

(3.3)
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By ∆x(tk) = I(tk, x(tk)) and (3.2), we get

ck = I(tk, x(tk)), k ∈ INm−1
1 . (3.4)

By x(ηi) = Di, i ∈ INm−1
1 and (3.2), using (3.4), we get for k ∈ INm−1

1 that

c0Eβ,1(λη
β
k ) +

k−1
∑

ν=0
dν(ηk − tν)

βEβ,β+1(λ(ηk − tν)
β)

= Dk −
k−1
∑

ν=1
I(tν , x(tν))Eβ,1(λ(ηk − tν)

β)

−
∫ ηk

0 (ηk − u)β+α−1Eβ,β+α(λ(ηk − u)β)P (u)f(u, x(u))du.

(3.5(k))

By A1x(0)−B1D
β
0+x(0) = C1 and A2x(1) +B2D

β
0+x(1) = C2 and (3.2), (3.3), using

(3.4), we get

[A1 − λB1]c0 −B1d0 = C1, (3.6)

and

[A2 + λB2]Eβ,1(λ)c0

+
m−1
∑

ν=0

[

A2(1 − tν)
βEβ,β+1(λ(1 − tν)

β) +B2Eβ,1(λ(1− tν)
β)
]

dν

= C2 − [A2 + λB2]
m−1
∑

ν=1
Eβ,1(λ(1 − tν)

β)I(tν , x(tν))

−A2

∫ 1

0
(1− u)β+α−1Eβ,β+α(λ(1 − u)β)P (u)f(u, x(u))du

−B2

∫ 1

0 (1 − u)α−1Eβ,α(λ(1 − u)β)P (u)f(u, x(u))du.

(3.7)

Now, we seek solutions c0, di(i ∈ INm−1
0 ) from (3.5(k)) (k ∈ INm−1

1 ), (3.6) and

(3.7). We remember Θ = B1Eβ,1(λη
β
1 ) + [A1 − λB1]η

β
1Eβ,β+1(λη

β
1 ). By (3.5(1)) and

(3.6), using Θ 6= 0, we get

c0 =
ηβ
1 Eβ,β+1(λη

β
1 )C1+B1D1

Θ − B1

Θ (Ff)(η1),

d0 =
[A1−λB1]D1−C1Eβ,1(λη

β
1 )

Θ − A1−λB1

Θ (Ff)(η1).
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Then (3.5) becomes

k−1
∑

ν=1
(ηk − tν)

βEβ,β+1(λ(ηk − tν)
β)dν

= Dk −
Eβ,1(λη

β
k )[ηβ

1 Eβ,β+1(λη
β
1 )C1+B1D1]

Θ

−
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )]η

β
kEβ,β+1(λη

β
k )

Θ

−
k−1
∑

ν=1
Eβ,1(λ(ηk − tν)

β)I(tν , x(tν))

+
[A1−λB1]η

β
kEβ,β+1(λη

β
k )

Θ (Ff)(η1)

+
B1Eβ,1(λη

β
k )

Θ (Ff)(η1)− (Ff)(ηk), k ∈ INm−1
2 .

(3.8(k))

On the other hand, (3.7) becomes

m−1
∑

ν=1

[

A2(1 − tν)
βEβ,β+1(λ(1 − tν)

β) +B2Eβ,1(λ(1 − tν)
β)
]

dν

= C2 −
[ηβ

1 Eβ,β+1(λη
β
1 )C1+B1D1][A2+λB2]Eβ,1(λ)

Θ

−
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )][A2Eβ,β+1(λ)+B2Eβ,1(λ)]

Θ

−[A2 + λB2]
m−1
∑

ν=1
Eβ,1(λ(1 − tν)

β)I(tν , x(tν))

+
[

B1[A2+λB2]Eβ,1(λ)
Θ +

[A1−λB1][A2Eβ,β+1(λ)+B2Eβ,1(λ)]
Θ

]

(Ff)(η1)

−A2(Ff)(1)−B2D
β
0+(Ff)(1).

(3.9)

Since Ξ 6= 0, we can get unique solution (d1, d2, · · · , dm−1 from (3.8)(k) and (3.9).

Substituting ci, di(i ∈ INm−1
0 ) into (3.2), we get (3.1). On the other hand, if x satisfies

(3.1), we can prove that x is a solution of BVP(1.4). The proof is completed.

4. SOLVABILITY OF BVP(1.4)

In this section, we establish existence results for solutions of BVP(1.4). We list the

following assumptions:
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(H1) there exist non-decreasing functions φf , φI : [0,∞) → [0,∞) such that

|f(t, x)| ≤ φf (|x|), t ∈ (ti, ti+1], i ∈ INm
0 , x ∈ IR,

|I(ti, x)| ≤ φI1(|x|), i ∈ INm
1 , x ∈ IR.

(H2) there exist constants Mf ,MI ≥ 0 such that

|f(t, x)| ≤ Mf , t ∈ (ti, ti+1], i ∈ INm
0 , x ∈ IR,

|I(ti, x)| ≤ MI1, i ∈ INm
1 , x ∈ IR.

Denote

Q0 =
[Eβ,β+1(|λ|)|C1|+|B1||D1|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ| + (m+ 1)!Eβ,β+1(|λ|)×

[Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[

|C2|+
m−1
∑

k=2

|Dk|+
Eβ,1(|λ|)[Eβ,β+1(|λ|)|C1|+|B1||D1|]

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ|

+
[Eβ,β+1(|λ|)|C1|+|B1||D1|][|A2|+|λ||B2|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]

|Θ|

]

,

Qf = (m+ 1)!Eβ,β+1(|λ|)×

[Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[

|B1|[|A2|+|λ||B2|]Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]
|Θ|

+
[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| +
|B1|Eβ,1(|λ|)

|Θ| + |A2|+ 1
]

×

B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)
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+(m+ 1)!Eβ,β+1(|λ|) [Eβ,β+1(|λ|)

+|A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)] |B2|B(α + τ, σ + 1)Eβ,α(|λ|)

+
|B1|Eβ,1(|λ|)+[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)

+B(β + α+ τ, σ + 1)Eβ,β+α(|λ|),

QI = (m+ 1)!Eβ,β+1(|λ|)×

[Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[mEβ,1(|λ|) +m(|A2|+ |λ||B2|)Eβ,1(|λ|)] +mEβ,1(|λ|).

Theorem 8. Suppose that (a)-(c), (H1) hold, Θ 6= 0,Ξ 6= 0. Then BVP(1.4) has at

least one solution if there exists r0 > 0 such that

Q0 +Qfφf (r0) +QI(r0) ≤ r0. (4.1)

Proof. Suppose that Mνk,Mν(k ∈ INm−1
1 , ν ∈ INk−1

1 ) are defined in Section 3. Define

the operator T on PC0[0, 1] for x ∈ PC0[0, 1] by

(Tx)(t) =
ηβ
1 Eβ,β+1(λη

β
1 )C1+B1D1

Θ Eβ,1(λt
β)

+
[(A1−λB1)D1−C1Eβ,1(λη

β
1 )]tβEβ,β+1(λt

β)
Θ

−
[

B1Eβ,1(λt
β)

Θ +
[A1−λB1]t

β
Eβ,β+1(λt

β)
Θ

]

(Ff)(η1)

+
k
∑

ν=1
Eβ,1(λ(t − tν)

β)I(tν , x(tν))

+
k
∑

ν=1
dν(t− tν)

βEβ,β+1(λ(t − tν)
β)

+(Ff)(t), t ∈ (tk, tk+1], k ∈ INm−1
0

(4.2)

where di(i ∈ INm−1
1 ) satisfy the following iterative equations:

k−1
∑

ν=1
Mν,kdν = Mk, k ∈ INm−1

2 ,
m−1
∑

ν=1
Mν,mdν = Mm. (4.3)

By a standard method, we can prove that T : PC0[0, 1] → PC0[0, 1] is well defined

and x is a solution of BVP(1.5) if and only if x is a fixed point of T in PC0[0, 1] by
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Theorem 7. One sees that (4.3) is transformed to





















d1

d2

· · ·

dm−1





















=

























M1,2 0 0 · · · 0

M1,3 M2,3 0 · · · 0

· · · · · · · · · · · · · · ·

M1,m M2,m M3,m · · · Mm−1,m

























−1 























M2

M3

· · ·

Mm

























.

One sees from the definition of Mν,k that

|Mν,k| ≤ Eβ,β+1(|λ|), k ∈ INm−1
2 , ν ∈ INk−1

1 ,

|Mν,m| ≤ |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|), ν ∈ INm−1
1 .

Then for k ∈ INm
2 , ν ∈ INk−1

1 , we have

|Mν,k| ≤ Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|).

Denote
























M1,2 0 0 · · · 0

M1,3 M2,3 0 · · · 0

· · · · · · · · · · · · · · ·

M1,m M2,m M3,m · · · Mm−1,m

























=:

























N1,1 N1,2 N1,3 · · · N1,m−1

N2,1 M2,2 N2,3 · · · N2,m−1

· · · · · · · · · · · · · · ·

Nm−1,1 Nm−1,2 Nm−1,3 · · · Nm−1,m−1

























.

Then the algebraic complement N∗
i,j of Ni,j satisfies

|N∗
i,j | ≤ (m− 1)!max

{

|Ni,j | : i, j ∈ INm−1
1

}

≤ (m− 1)! [Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)] .

(4.4)
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Let Ω0 = {x ∈ PC0[0, 1] : ||x|| ≤ r0}. For x ∈ Ω0, we get by (H1) that

|f(t, x(t))| ≤ φf (||x||) ≤ φf (r0), t ∈ (ti, ti+1], i ∈ INm−1
0 ,

|I(ti, x(ti))| ≤ φI(||x||) ≤ φI(r0), i ∈ INm−1
1 .

Then for t ∈ (ti, ti+1], we get

|(Ff)(t)| ≤
∫ t

0 (t− u)β+α−1Eβ,β+α(λ(t− u)β)|P (u)||f(u, x(u))|du

≤ B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0).

Furthermore,

|Dβ
0+(Ff)(t)| ≤ B(α + τ, σ + 1)Eβ,α(|λ|)φf (r0).

Then for k ∈ INm−1
2 we have

|Mk| ≤ |Dk|+
Eβ,1(|λ|)[Eβ,β+1(|λ|)|C1|+|B1||D1|]

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ| +mEβ,1(|λ|)φI(r0)

+
[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| |(Ff)(η1)|+
|B1|Eβ,1(|λ|)

|Θ| |(Ff)(η1)|

+|(Ff)(ηk)|, k ∈ INm−1
2 ,

|Mm| ≤ |C2|+
[Eβ,β+1(|λ|)|C1|+|B1||D1|][|A2|+|λ||B2|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]

|Θ|

+m[|A2|+ |λ||B2|]Eβ,1(|λ|)φI(r0)

+
[

|B1|[|A2|+|λ||B2|]Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]
|Θ|

]

×

|(Ff)(η1)|+ |A2||(Ff)(1)|+ |B2||D
β
0+(Ff)(1)|.
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It follows for all k ∈ INm
2 that

|Mk| ≤ |C2|+
m−1
∑

k=2

|Dk|+
Eβ,1(|λ|)[Eβ,β+1(|λ|)|C1|+|B1||D1|]

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ|

+
[Eβ,β+1(|λ|)|C1|+|B1||D1|][|A2|+|λ||B2|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]

|Θ|

+ [mEβ,1(|λ|) +m[|A2|+ |λ||B2|]Eβ,1(|λ|)] φI(r0)

+
[(

|B1|[|A2|+|λ||B2|]Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]
|Θ|

)

+
[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| +
|B1|Eβ,1(|λ|)

|Θ| + |A2|+ 1
]

×

B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0)

+|B2|B(α+ τ, σ + 1)Eβ,α(|λ|)φf (r0).

(4.5)

Hence (4.4) and (4.5) imply that

|dν | ≤ m! [Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[

|C2|+
m−1
∑

k=2

|Dk|+
Eβ,1(|λ|)[Eβ,β+1(|λ|)|C1|+|B1||D1|]

|Θ|
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+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ|

+
[Eβ,β+1(|λ|)|C1|+|B1||D1|][|A2|+|λ||B2|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]

|Θ|

+ [mEβ,1(|λ|) +m[|A2|+ |λ||B2|]Eβ,1(|λ|)] φI(r0)

+
[(

|B1|[|A2|+|λ||B2|]Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]
|Θ|

)

+
[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| +
|B1|Eβ,1(|λ|)

|Θ| + |A2|+ 1
]

×

B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0)

+|B2|B(α+ τ, σ + 1)Eβ,α(|λ|)φf (r0)] .

So

|(Tx)(t)| ≤
[Eβ,β+1(|λ|)|C1|+|B1||D1|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ| + (m+ 1)!Eβ,β+1(|λ|)×

[Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[

|C2|+
m−1
∑

k=2

|Dk|+
Eβ,1(|λ|)[Eβ,β+1(|λ|)|C1|+|B1||D1|]

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)]Eβ,β+1(|λ|)

|Θ|

+
[Eβ,β+1(|λ|)|C1|+|B1||D1|][|A2|+|λ||B2|]Eβ,1(|λ|)

|Θ|

+
[(|A1|+|λ||B1|)|D1|+|C1|Eβ,1(|λ|)][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]

|Θ|

]

+ (m+ 1)!×

Eβ,β+1(|λ|) [Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[mEβ,1(|λ|) +m[|A2|+ |λ||B2|]Eβ,1(|λ|)] φI(r0) + (m+ 1)!×
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Eβ,β+1(|λ|) [Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

[(

|B1|[|A2|+|λ||B2|]Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|][|A2|Eβ,β+1(|λ|)+|B2|Eβ,1(|λ|)]
|Θ|

)

+
[|A1|+|λ||B1|]Eβ,β+1(|λ|)

|Θ| +
|B1|Eβ,1(|λ|)

|Θ| + |A2|+ 1
]

×

B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0) + (m+ 1)!×

Eβ,β+1(|λ|) [Eβ,β+1(|λ|) + |A2|Eβ,β+1(|λ|) + |B2Eβ,1(|λ|)]×

|B2|B(α+ τ, σ + 1)Eβ,α(|λ|)φf (r0)

+
[

|B1|Eβ,1(|λ|)
|Θ| +

[|A1|+|λ||B1|]Eβ,β+1(|λ|)
|Θ|

]

×

B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0)

+mEβ,1(|λ|)φI (r0) +B(β + α+ τ, σ + 1)Eβ,β+α(|λ|)φf (r0)

= Q0 +Qfφf (r0) +QI(r0) ≤ r0.

Hence TΩ0 ⊂ Ω0. Then Schauder’s fixed point theorem implies that T has at least

one solution in Ω0, which is a solution of BVP(1.4). The proof is completed.

Corollary 9. Suppose that (a)-(c), (H2) hold. Then BVP(1.4) has at least one

solution.

Proof. Choose φf (x) = Mf , φI(x) = MI . It is easy to see that (4.1) has positive

solution. By Theorem 8, we get this result.
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