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1. INTRODUCTION

We consider the system of nonlinear ordinary fractional differential equations with

r1-Laplacian and r2-Laplacian operators

(S)

{
Dα1

0+(ϕr1(D
β1

0+u(t))) + λf(t, u(t), v(t)) = 0, t ∈ (0, 1),

Dα2

0+(ϕr2(D
β2

0+v(t))) + µg(t, u(t), v(t)) = 0, t ∈ (0, 1),

with the coupled multi-point boundary conditions

(BC)






u(j)(0) = 0, j = 0, . . . , n− 2; Dβ1

0+u(0) = 0,

Dp1

0+u(1) =
∑N

i=1 aiD
q1
0+v(ξi),

v(j)(0) = 0, j = 0, . . . ,m− 2; Dβ2

0+v(0) = 0,

Dp2

0+v(1) =
∑M

i=1 biD
q2
0+u(ηi),

where α1, α2 ∈ (0, 1], β1 ∈ (n − 1, n], β2 ∈ (m − 1,m], n, m ∈ N , n, m ≥ 3,
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p1, p2, q1, q2 ∈ R, p1 ∈ [1, n− 2], p2 ∈ [1,m− 2], q1 ∈ [0, p2], q2 ∈ [0, p1], ξi, ai ∈ R

for all i = 1, . . . , N (N ∈ N ), 0 < ξ1 < · · · < ξN ≤ 1, ηi, bi ∈ R for all i = 1, . . . ,M

(M ∈ N ), 0 < η1 < · · · < ηM ≤ 1, r1, r2 > 1, ϕri(s) = |s|ri−2s, ϕ−1
ri = ϕ̺i ,

1
ri
+ 1

̺i
= 1, i = 1, 2, λ, µ > 0, f, g ∈ C([0, 1]×[0,∞)×[0,∞), [0,∞)), andDk

0+ denotes

the Riemann-Liouville derivative of order k (for k = α1, β1, α2, β2, p1, q1, p2, q2).

Under sufficient conditions on the functions f and g, we present intervals for

the parameters λ and µ such that problem (S) − (BC) have positive solutions. By

a positive solution of problem (S) − (BC) we mean a pair of functions (u, v) ∈

(C([0, 1], [0,∞)))2, satisfying (S) and (BC) with u(t) > 0 for all t ∈ (0, 1], or v(t) > 0

for all t ∈ (0, 1]. We also investigate the nonexistence of positive solutions for the

above problem. The system (S) supplemented with the uncoupled boundary condi-

tions

(BC1)





u(j)(0) = 0, j = 0, . . . , n− 2; Dβ1

0+u(0) = 0,

Dp1

0+u(1) =
∑N

i=1 aiD
q1
0+u(ξi),

v(j)(0) = 0, j = 0, . . . ,m− 2; Dβ2

0+v(0) = 0,

Dp2

0+v(1) =
∑M

i=1 biD
q2
0+v(ηi),

was investigated in paper [21]. We mention that the Green functions and the intervals

for the parameters obtained in [21] are different than those studied in the present

paper. Systems with fractional differential equations without p-Laplacian operator,

subject to various multi-point or Riemann-Stieltjes integral boundary conditions were

studied in the last years in [1], [2], [7], [13], [14], [15], [16], [17], [20], [22], [25], [28], [29],

[30], [31]. For various applications of the fractional calculus in different disciplines we

refer the reader to the books [6], [12], [18], [19], [24], [26], [27], and the papers [3], [4],

[5], [8], [9], [10], [23].

The paper is organized as follows. In Section 2, we investigate a linear system of

fractional differential equations with p-Laplacian subject to the boundary conditions

(BC), and we present some properties of the associated Green functions. In Section

3 we give two existence theorems for the positive solutions with respect to a cone for

our problem (S) − (BC), based on the Guo-Krasnosel’skii fixed point theorem (see

[11]). Section 4 contains nonexistence results for the positive solutions of (S)− (BC),

and in Section 5, an example is given to illustrate our main results.

2. PRELIMINARY RESULTS

We consider the system of fractional differential equations

{
Dα1

0+(ϕr1(D
β1

0+u(t))) + h(t) = 0, t ∈ (0, 1),

Dα2

0+(ϕr2(D
β2

0+v(t))) + k(t) = 0, t ∈ (0, 1),
(1)
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with the coupled multi-point boundary conditions (BC), where h, k ∈ C[0, 1].

If we denote by ϕr1(D
β1

0+u(t)) = x(t) and ϕr2(D
β2

0+v(t)) = y(t), then problem

(1)− (BC) is equivalent to the following three problems

(I)

{
Dα1

0+x(t) + h(t) = 0, 0 < t < 1,

x(0) = 0,

(II)

{
Dα2

0+y(t) + k(t) = 0, 0 < t < 1,

y(0) = 0,

and

(III)

{
Dβ1

0+u(t) = ϕ̺1
(x(t)), t ∈ (0, 1),

Dβ2

0+v(t) = ϕ̺2
(y(t)), t ∈ (0, 1),

with the boundary conditions



u(j)(0) = 0, j = 0, . . . , n− 2; Dp1

0+u(1) =

N∑

i=1

aiD
q1
0+v(ξi),

v(j)(0) = 0, j = 0, . . . ,m− 2; Dp2

0+v(1) =

M∑

i=1

biD
q2
0+u(ηi).

For the first two problems (I) and (II), the functions

x(t) = −Iα1

0+h(t) = −
1

Γ(α1)

∫ t

0

(t− s)α1−1h(s) ds, t ∈ [0, 1], (2)

and

y(t) = −Iα2

0+k(t) = −
1

Γ(α2)

∫ t

0

(t− s)α2−1k(s) ds, t ∈ [0, 1], (3)

are solutions for (I) and (II), respectively.

For the third problem (III), if

∆ :=
Γ(β1)Γ(β2)

Γ(β1 − p1)Γ(β2 − p2)
−

Γ(β1)Γ(β2)

Γ(β1 − q2)Γ(β2 − q1)

×

(
N∑

i=1

aiξ
β2−q1−1
i

)(
M∑

i=1

biη
β1−q2−1
i

)
6= 0,

and x, y ∈ C[0, 1], then by {[14], Lemma 2.2}, we deduce that the pair of functions

(u, v) ∈ C[0, 1]× C[0, 1] given by





u(t) = −

∫ 1

0

G1(t, s)ϕ̺1
(x(s)) ds −

∫ 1

0

G2(t, s)ϕ̺2
(y(s)) ds,

v(t) = −

∫ 1

0

G3(t, s)ϕ̺2
(y(s)) ds−

∫ 1

0

G4(t, s)ϕ̺1
(x(s)) ds,

(4)
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for all t ∈ [0, 1], is a solution of problem (III). Here the Green functions Gi, i = 1, ..., 4

(see [14]) are defined by

G1(t, s)=g1(t, s)+
tβ1−1Γ(β2)

∆Γ(β2 − q1)

(
N∑

i=1

aiξ
β2−q1−1
i

)(
M∑

i=1

big2(ηi, s)

)
,

G2(t, s)=
tβ1−1Γ(β2)

∆Γ(β2 − p2)

(
N∑

i=1

aig3(ξi, s)

)
,

G3(t, s)=g4(t, s)+
tβ2−1Γ(β1)

∆Γ(β1 − q2)

(
M∑

i=1

biη
β1−q2−1
i

)(
N∑

i=1

aig3(ξi, s)

)
,

G4(t, s)=
tβ2−1Γ(β1)

∆Γ(β1 − p1)

(
M∑

i=1

big2(ηi, s)

)
, ∀ t, s ∈ [0, 1],

(5)

where

g1(t, s) =
1

Γ(β1)






tβ1−1(1− s)β1−p1−1 − (t− s)β1−1,

0 ≤ s ≤ t ≤ 1,

tβ1−1(1− s)β1−p1−1, 0 ≤ t ≤ s ≤ 1,

g2(t, s) =
1

Γ(β1 − q2)





tβ1−q2−1(1− s)β1−p1−1 − (t− s)β1−q2−1,

0 ≤ s ≤ t ≤ 1,

tβ1−q2−1(1− s)β1−p1−1, 0 ≤ t ≤ s ≤ 1.

g3(t, s) =
1

Γ(β2 − q1)





tβ2−q1−1(1− s)β2−p2−1 − (t− s)β2−q1−1,

0 ≤ s ≤ t ≤ 1,

tβ2−q1−1(1− s)β2−p2−1, 0 ≤ t ≤ s ≤ 1.

g4(t, s) =
1

Γ(β2)






tβ2−1(1− s)β2−p2−1 − (t− s)β2−1,

0 ≤ s ≤ t ≤ 1,

tβ2−1(1− s)β2−p2−1, 0 ≤ t ≤ s ≤ 1.

(6)

Therefore, by (2), (3) and (4) we obtain the following theorem.

Theorem 1. If ∆ 6= 0, then the pair of functions (u, v) ∈ C[0, 1]× C[0, 1] given by





u(t) =

∫ 1

0

G1(t, s)ϕ̺1
(Iα1

0+h(s)) ds+

∫ 1

0

G2(t, s)ϕ̺2
(Iα2

0+k(s)) ds,

v(t) =

∫ 1

0

G3(t, s)ϕ̺2
(Iα2

0+k(s)) ds+

∫ 1

0

G4(t, s)ϕ̺1
(Iα1

0+h(s)) ds,

(7)

for all t ∈ [0, 1], is a solution for problem (1)− (BC).

For some properties of the functions gi, i = 1, ..., 4 given by (6), we refer the reader

to {[14], Lemma 2.3}. We present now some properties of the Green functions Gi,

i = 1, ..., 4 that will be used in the next sections.

Theorem 2. ([14]) Assume that ∆ > 0, ai ≥ 0 for all i = 1, . . . , N , and bi ≥ 0

for all i = 1, . . . ,M . Then the functions Gi, i = 1, . . . , 4, given by (5) satisfy the

inequalities
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a) Gi : [0, 1]× [0, 1] → [0,∞), i = 1, ..., 4 are continuous functions;

b) G1(t, s) ≤ J1(s), ∀ (t, s) ∈ [0, 1]× [0, 1], where

J1(s) = h1(s) +
Γ(β2)

∆Γ(β2 − q1)

(
N∑

i=1

aiξ
β2−q1−1
i

)(
M∑

i=1

big2(ηi, s)

)
,

and h1(s) =
1

Γ(β1)
(1 − s)β1−p1−1(1− (1− s)p1), s ∈ [0, 1];

c) G1(t, s) ≥ tβ1−1J1(s), ∀ (t, s) ∈ [0, 1]× [0, 1];

d) G2(t, s) ≤ J2(s), ∀ (t, s) ∈ [0, 1]× [0, 1], where

J2(s) =
Γ(β2)

∆Γ(β2 − p2)

N∑

i=1

aig3(ξi, s), ∀ s ∈ [0, 1];

e) G2(t, s) = tβ1−1J2(s), ∀ (t, s) ∈ [0, 1]× [0, 1];

f) G3(t, s) ≤ J3(s), ∀ (t, s) ∈ [0, 1]× [0, 1], where

J3(s) = h4(s) +
Γ(β1)

∆Γ(β1 − q2)

(
M∑

i=1

biη
β1−q2−1
i

)(
N∑

i=1

aig3(ξi, s)

)
,

and h4(s) =
1

Γ(β2)
(1 − s)β2−p2−1(1− (1− s)p2), s ∈ [0, 1];

g) G3(t, s) ≥ tβ2−1J3(s), ∀ (t, s) ∈ [0, 1]× [0, 1];

h) G4(t, s) ≤ J4(s), ∀ (t, s) ∈ [0, 1]× [0, 1], where

J4(s) =
Γ(β1)

∆Γ(β1 − p1)

M∑

i=1

big2(ηi, s), ∀ s ∈ [0, 1];

i) G4(t, s) = tβ2−1J4(s), ∀ (t, s) ∈ [0, 1]× [0, 1];

3. EXISTENCE RESULTS FOR THE POSITIVE SOLUTIONS OF

(S) − (BC)

In this section we investigate the existence of positive solutions of problem (S)−(BC)

under some assumptions on the functions f and g, by establishing in the same time

various intervals for the positive parameters λ and µ.

We present the assumptions that we will use in the sequel.

(H1) α1, α2 ∈ (0, 1], β1 ∈ (n − 1, n], β2 ∈ (m − 1,m], n, m ≥ 3, p1, p2, q1, q2 ∈ R,

p1 ∈ [1, n − 2], p2 ∈ [1,m − 2], q1 ∈ [0, p2], q2 ∈ [0, p1], ξi ∈ R, ai ≥ 0

for all i = 1, . . . , N (N ∈ N ), 0 < ξ1 < · · · < ξN ≤ 1, ηi ∈ R, bi ≥ 0

for all i = 1, . . . ,M (M ∈ N ), 0 < η1 < · · · < ηM ≤ 1, λ, µ > 0, ∆ =
Γ(β1)Γ(β2)

Γ(β1−p1)Γ(β2−p2)
− Γ(β1)Γ(β2)

Γ(β1−q2)Γ(β2−q1)

(∑N
i=1 aiξ

β2−q1−1
i

)(∑M
i=1 biη

β1−q2−1
i

)
> 0,

ri > 1, ϕri(s) = |s|ri−2s, ϕ−1
ri = ϕ̺i , ̺i =

ri
ri−1 , i = 1, 2.
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(H2) The functions f, g : [0, 1]× [0,∞)× [0,∞) → [0,∞) are continuous.

For [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 ≤ 1, we introduce the following extreme limits

f s
0 = lim sup

u+v→0+

u,v≥0

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
, gs0 = lim sup

u+v→0+

u,v≥0

max
t∈[0,1]

g(t, u, v)

(u + v)r2−1
,

f i
0 = lim inf

u+v→0+

u,v≥0

min
t∈[c1,c2]

f(t, u, v)

(u+ v)r1−1
, gi0 = lim inf

u+v→0+

u,v≥0

min
t∈[c1,c2]

g(t, u, v)

(u+ v)r2−1
,

f s
∞ = lim sup

u+v→∞

u,v≥0

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
, gs∞ = lim sup

u+v→∞

u,v≥0

max
t∈[0,1]

g(t, u, v)

(u + v)r2−1
,

f i
∞ = lim inf

u+v→∞

u,v≥0

min
t∈[c1,c2]

f(t, u, v)

(u+ v)r1−1
, gi∞ = lim inf

u+v→∞

u,v≥0

min
t∈[c1,c2]

g(t, u, v)

(u + v)r2−1
.

By using Theorem 1 (relations (7)), a solution of the following nonlinear system

of integral equations






u(t) = λ̺1−1

∫ 1

0

G1(t, s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

G2(t, s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds, t ∈ [0, 1],

v(t) = µ̺2−1

∫ 1

0

G3(t, s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds

+λ̺1−1

∫ 1

0

G4(t, s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds, t ∈ [0, 1],

is solution of problem (S)− (BC).

We consider the Banach space X = C[0, 1] with the supremum norm ‖ · ‖, and the

Banach space Y = X ×X with the norm ‖(u, v)‖Y = ‖u‖+ ‖v‖. We define the cones

P1 = {u ∈ X, u(t) ≥ tβ1−1‖u‖, ∀ t ∈ [0, 1]} ⊂ X,

P2 = {v ∈ X, v(t) ≥ tβ2−1‖v‖, ∀ t ∈ [0, 1]} ⊂ X,

and P = P1 × P2 ⊂ Y .

We define now the operators Q1, Q2 : Y → X and Q : Y → Y by

Q1(u, v)(t) = λ̺1−1

∫ 1

0

G1(t, s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

G2(t, s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds, t ∈ [0, 1],

Q2(u, v)(t) = µ̺2−1

∫ 1

0

G3(t, s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds

+λ̺1−1

∫ 1

0

G4(t, s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds, t ∈ [0, 1],

and Q(u, v) = (Q1(u, v), Q2(u, v)), (u, v) ∈ Y . Then if (u, v) is a fixed point of

operator Q, then (u, v) is a solution of problem (S)− (BC).
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Theorem 3. If (H1) − (H2) hold, then Q : P → P is a completely continuous

operator.

Proof. Let (u, v) ∈ P be an arbitrary element. Because Q1(u, v) and Q2(u, v) satisfy

the problem (1)-(BC) for h(t) = λf(t, u(t), v(t)) and k(t) = µg(t, u(t), v(t)), t ∈ [0, 1],

then by Theorem 2 we obtain

‖Q1(u, v)‖ ≤ λ̺1−1

∫ 1

0

J1(s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

J2(s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds,

‖Q2(u, v)‖ ≤ µ̺2−1

∫ 1

0

J3(s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds

+λ̺1−1

∫ 1

0

J4(s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds.

Therefore we conclude for all t ∈ [0, 1] that

Q1(u, v)(t) ≥ λ̺1−1

∫ 1

0

tβ1−1J1(s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

tβ1−1J2(s)ϕ̺2
(Iα2

0+ g(s, u(s), v(s))) ds ≥ tβ1−1‖Q1(u, v)‖,

Q2(u, v)(t) ≥ µ̺2−1

∫ 1

0

tβ2−1J3(s)ϕ̺2
(Iα2

0+g(s, u(s), v(s))) ds

+λ̺1−1

∫ 1

0

tβ2−1J4(s)ϕ̺1
(Iα1

0+f(s, u(s), v(s))) ds ≥ tβ2−1‖Q2(u, v)‖.

Hence Q(u, v) = (Q1(u, v), Q2(u, v)) ∈ P , and then Q(P ) ⊂ P . By the continuity

of the functions f, g, Gi, i = 1, ..., 4, and the Ascoli-Arzela theorem, we can show

that Q1 and Q2 are completely continuous operators (compact operators, that is,

they map bounded sets into relatively compact sets, and continuous), and then Q is

a completely continuous operator.

For [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 ≤ 1, we denote by

A =
1

(Γ(α1 + 1))̺1−1

∫ 1

0

sα1(̺1−1)J1(s) ds,

B =
1

(Γ(α2 + 1))̺2−1

∫ 1

0

sα2(̺2−1)J2(s) ds,

C =
1

(Γ(α2 + 1))̺2−1

∫ 1

0

sα2(̺2−1)J3(s) ds,

D =
1

(Γ(α1 + 1))̺1−1

∫ 1

0

sα1(̺1−1)J4(s) ds,

(8)
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Ã =
1

(Γ(α1 + 1))̺1−1

∫ c2

c1

(s− c1)
α1(̺1−1)J1(s) ds,

B̃ =
1

(Γ(α2 + 1))̺2−1

∫ c2

c1

(s− c1)
α2(̺2−1)J2(s) ds,

C̃ =
1

(Γ(α2 + 1))̺2−1

∫ c2

c1

(s− c1)
α2(̺2−1)J3(s) ds,

D̃ =
1

(Γ(α1 + 1))̺1−1

∫ c2

c1

(s− c1)
α1(̺1−1)J4(s) ds,

where Ji, i = 1, ..., 4 are defined in Theorem 2.

First, for f s
0 , g

s
0, f

i
∞, gi∞ ∈ (0,∞) and numbers γ1, γ2 ∈ [0, 1], γ3, γ4 ∈ (0, 1),

a ∈ [0, 1] and b ∈ (0, 1), we define the numbers

L1 = max

{
1

f i
∞

(
aγ1

θθ1Ã

)r1−1

,
1

f i
∞

(
(1− a)γ2

θθ2D̃

)r1−1
}
,

L2 = min

{
1

f s
0

(
bγ3
A

)r1−1

,
1

f s
0

(
(1− b)γ4

D

)r1−1
}
,

L3 = max

{
1

gi∞

(
a(1− γ1)

θθ1B̃

)r2−1

,
1

gi∞

(
(1− a)(1− γ2)

θθ2C̃

)r2−1
}
,

L4 = min

{
1

gs0

(
b(1− γ3)

B

)r2−1

,
1

gs0

(
(1− b)(1− γ4)

C

)r2−1
}
,

L′
2 = min

{
1

f s
0

(
b

A

)r1−1

,
1

f s
0

(
1− b

D

)r1−1
}
,

L′
4 = min

{
1

gs0

(
b

B

)r2−1

,
1

gs0

(
1− b

C

)r2−1
}
,

where θ1 = cβ1−1
1 , θ2 = cβ2−1

1 , θ = min{θ1, θ2}.

Theorem 4. Assume that (H1) and (H2) hold, [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 ≤ 1,

γ1, γ2 ∈ [0, 1], γ3, γ4 ∈ (0, 1), a ∈ [0, 1] and b ∈ (0, 1).

1) If f s
0 , g

s
0, f

i
∞, gi∞ ∈ (0,∞), L1 < L2 and L3 < L4, then for each λ ∈ (L1, L2)

and µ ∈ (L3, L4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

2) If f s
0 = 0, gs0, f

i
∞, gi∞ ∈ (0,∞) and L3 < L′

4, then for each λ ∈ (L1,∞) and

µ ∈ (L3, L
′
4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

3) If gs0 = 0, f s
0 , f

i
∞, gi∞ ∈ (0,∞) and L1 < L′

2, then for each λ ∈ (L1, L
′
2) and

µ ∈ (L3,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

4) If f s
0 = gs0 = 0, f i

∞, gi∞ ∈ (0,∞), then for each λ ∈ (L1,∞) and µ ∈ (L3,∞)

there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

5) If f s
0 , g

s
0 ∈ (0,∞) and at least one of f i

∞, gi∞ is ∞, then for each λ ∈ (0, L2)

and µ ∈ (0, L4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).
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6) If f s
0 = 0, gs0 ∈ (0,∞) and at least one of f i

∞, gi∞ is ∞, then for each λ ∈ (0,∞)

and µ ∈ (0, L′
4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

7) If f s
0 ∈ (0,∞), gs0 = 0 and at least one of f i

∞, gi∞ is ∞, then for each λ ∈ (0, L′
2)

and µ ∈ (0,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

8) If f s
0 = gs0 = 0 and at least one of f i

∞, gi∞ is ∞, then for each λ ∈ (0,∞) and

µ ∈ (0,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

Proof. We consider the above cone P ⊂ Y and the operatorsQ1, Q2 and Q. Because

the proofs of the above cases are similar, in what follows we will prove two of them,

namely Cases 1) and 7).

Case 1). We have f s
0 , g

s
0, f

i
∞, gi∞ ∈ (0,∞), L1 < L2 and L3 < L4. Let λ ∈

(L1, L2) and µ ∈ (L3, L4). We consider ε > 0 such that ε < f i
∞, ε < gi∞ and

max

{
1

f i
∞ − ε

(
aγ1

θθ1Ã

)r1−1

,
1

f i
∞ − ε

(
(1 − a)γ2

θθ2D̃

)r1−1
}

≤ λ

≤ min

{
1

f s
0 + ε

(
bγ3
A

)r1−1

,
1

f s
0 + ε

(
(1− b)γ4

D

)r1−1
}
,

max

{
1

gi∞ − ε

(
a(1− γ1)

θθ1B̃

)r2−1

,
1

gi∞ − ε

(
(1 − a)(1− γ2)

θθ2C̃

)r2−1
}
≤ µ

≤ min

{
1

gs0 + ε

(
b(1− γ3)

B

)r2−1

,
1

gs0 + ε

(
(1 − b)(1− γ4)

C

)r2−1
}
.

By using (H2) and the definition of f s
0 and gs0, we deduce that there exists R1 > 0

such that

f(t, u, v) ≤ (f s
0 + ε)(u+ v)r1−1, g(t, u, v) ≤ (gs0 + ε)(u + v)r2−1,

for all t ∈ [0, 1] and u, v ≥ 0, u+ v ≤ R1.

We define the set Ω1 = {(u, v) ∈ Y, ‖(u, v)‖Y < R1}. Now let (u, v) ∈ P ∩ ∂Ω1,

that is (u, v) ∈ P with ‖(u, v)‖Y = R1, or equivalently ‖u‖ + ‖v‖ = R1. Then

u(t) + v(t) ≤ R1 for all t ∈ [0, 1], and by Theorem 2, we obtain

Q1(u, v)(t) ≤ λ̺1−1

∫ 1

0

J1(s)ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

)
ds

+ µ̺2−1

∫ 1

0

J2(s)ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

)
ds

≤λ̺1−1

∫ 1

0

J1(s)ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1(f s
0 + ε)(u(τ) + v(τ))r1−1 dτ

)
ds

+ µ̺2−1

∫ 1

0

J2(s)ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1(gs0 + ε)(u(τ) + v(τ))r2−1 dτ

)
ds

≤λ̺1−1(f s
0 + ε)̺1−1

∫ 1

0

J1(s)ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1(‖u‖+ ‖v‖)r1−1 dτ

)
ds
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+ µ̺2−1(gs0 + ε)̺2−1

∫ 1

0

J2(s)ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1(‖u‖+ ‖v‖)r2−1 dτ

)
ds

=λ̺1−1(f s
0 + ε)̺1−1‖(u, v)‖Y

∫ 1

0

J1(s)
1

(Γ(α1 + 1))̺1−1
sα1(̺1−1) ds

+ µ̺2−1(gs0 + ε)̺2−1‖(u, v)‖Y

∫ 1

0

J2(s)
1

(Γ(α2 + 1))̺2−1
sα2(̺2−1) ds

=[λ̺1−1(f s
0 + ε)̺1−1A+ µ̺2−1(gs0 + ε)̺2−1B]‖(u, v)‖Y

≤[bγ3 + b(1− γ3)]‖(u, v)‖Y = b‖(u, v)‖Y , ∀ t ∈ [0, 1].

Therefore ‖Q1(u, v)‖ ≤ b‖(u, v)‖Y .

In a similar manner we conclude

Q2(u, v)(t) ≤ µ̺2−1(gs0 + ε)̺2−1‖(u, v)‖Y

∫ 1

0

J3(s)
1

(Γ(α2 + 1))̺2−1
sα2(̺2−1) ds

+λ̺1−1(f s
0 + ε)̺1−1‖(u, v)‖Y

∫ 1

0

J4(s)
1

(Γ(α1 + 1))̺1−1
sα1(̺1−1) ds

= [µ̺2−1(gs0 + ε)̺2−1C + λ̺1−1(f s
0 + ε)̺1−1D]‖(u, v)‖Y

≤ [(1 − b)(1− γ4) + (1− b)γ4]‖(u, v)‖Y ,= (1− b)‖(u, v)‖Y , ∀ t ∈ [0, 1].

Hence ‖Q2(u, v)‖ ≤ (1− b)‖(u, v)‖Y .

Then for (u, v) ∈ P ∩ ∂Ω1, we deduce

‖Q(u, v)‖Y = ‖Q1(u, v)‖+ ‖Q2(u, v)‖ ≤ b‖(u, v)‖Y + (1− b)‖(u, v)‖Y = ‖(u, v)‖Y .

(9)

By the definition of f i
∞ and gi∞, there exists R2 > 0 such that

f(t, u, v) ≥ (f i
∞ − ε)(u+ v)r1−1, g(t, u, v) ≥ (gi∞ − ε)(u+ v)r2−1,

for all t ∈ [c1, c2] and u, v ≥ 0, u+ v ≥ R2.

We consider R2 = max{2R1, R2/θ} and we define the set Ω2 = {(u, v) ∈ Y ,

‖(u, v)‖Y < R2}. Then for (u, v) ∈ P ∩ ∂Ω2, we obtain

u(t) + v(t) ≥ min
t∈[c1,c2]

tβ1−1‖u‖+ min
t∈[c1,c2]

tβ2−1‖v‖ = cβ1−1
1 ‖u‖+ cβ2−1

1 ‖v‖

= θ1‖u‖+ θ2‖v‖ ≥ θ‖(u, v)‖Y = θR2 ≥ R2, ∀ t ∈ [c1, c2].

Therefore, by Theorem 2, we conclude

Q1(u, v)(c1) ≥ λ̺1−1

∫ 1

0

cβ1−1
1 J1(s)ϕ̺1

(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

cβ1−1
1 J2(s)ϕ̺2

(Iα2

0+g(s, u(s), v(s))) ds

≥ λ̺1−1cβ1−1
1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

)
ds

+µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)
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×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

)
ds

≥ λ̺1−1cβ1−1
1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1(f i
∞ − ε)(u(τ) + v(τ))r1−1 dτ

)
ds

+µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1(gi∞ − ε)(u(τ) + v(τ))r2−1 dτ

)
ds

≥ λ̺1−1cβ1−1
1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1(f i
∞ − ε)(θ‖(u, v)‖Y )

r1−1 dτ

)
ds

+µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1(gi∞ − ε)(θ‖(u, v)‖Y )
r2−1 dτ

)
ds

= θθ1λ
̺1−1(f i

∞ − ε)̺1−1‖(u, v)‖Y

×

∫ c2

c1

J1(s)
1

(Γ(α1 + 1))̺1−1
(s− c1)

α1(̺1−1)ds

+θθ1µ
̺2−1(gi∞ − ε)̺2−1‖(u, v)‖Y

×

∫ c2

c1

J2(s)
1

(Γ(α2 + 1))̺2−1
(s− c1)

α2(̺2−1)ds

= [θθ1λ
̺1−1(f i

∞ − ε)̺1−1Ã+ θθ1µ
̺2−1(gi∞ − ε)̺2−1B̃]‖(u, v)‖Y

≥ [aγ1 + a(1− γ1)]‖(u, v)‖Y = a‖(u, v)‖Y .

So ‖Q1(u, v)‖ ≥ Q1(u, v)(c1) ≥ a‖(u, v)‖Y .

In a similar manner, we deduce

Q2(u, v)(c1) ≥ θθ2µ
̺2−1(gi∞ − ε)̺2−1‖(u, v)‖Y

×

∫ c2

c1

J3(s)
1

(Γ(α2 + 1))̺2−1
(s− c1)

α2(̺2−1)ds

+θθ2λ
̺1−1(f i

∞ − ε)̺1−1‖(u, v)‖Y

×

∫ c2

c1

J4(s)
1

(Γ(α1 + 1))̺1−1
(s− c1)

α1(̺1−1)ds

= [θθ2µ
̺2−1(gi∞ − ε)̺2−1C̃ + θθ2λ

̺1−1(f i
∞ − ε)̺1−1D̃]‖(u, v)‖Y

≥ [(1− a)(1 − γ2) + (1− a)γ2]‖(u, v)‖Y = (1− a)‖(u, v)‖Y .

So ‖Q2(u, v)‖ ≥ Q2(u, v)(c1) ≥ (1− a)‖(u, v)‖Y .

Hence for (u, v) ∈ P ∩ ∂Ω2 we obtain

‖Q(u, v)‖Y = ‖Q1(u, v)‖+ ‖Q2(u, v)‖ ≥ a‖(u, v)‖Y + (1− a)‖(u, v)‖Y = ‖(u, v)‖Y .

(10)

By using (9), (10), Theorem 3 and the Guo-Krasnosel’skii fixed point theorem, we

deduce that Q has a fixed point (u, v) ∈ P ∩(Ω2 \Ω1) such that R1 ≤ ‖u‖+‖v‖ ≤ R2,
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u(t) ≥ tβ1−1‖u‖, v(t) ≥ tβ2−1‖v‖ for all t ∈ [0, 1]. If ‖u‖ > 0 then u(t) > 0 for all

t ∈ (0, 1] and if ‖v‖ > 0 then v(t) > 0 for all t ∈ (0, 1]. So (u, v) is a positive solution

for problem (S)-(BC).

Case 7). We consider here gs0 = 0, f s
0 ∈ (0,∞) and gi∞ = ∞. Let λ ∈ (0, L′

2) and

µ ∈ (0,∞). Instead of the numbers γ3, γ4 ∈ (0, 1) used in the first case, we choose

γ̃3 ∈
(
(λf s

0 )
̺1−1A

b , 1
)
and γ̃4 ∈

(
(λf s

0 )
̺1−1 D

1−b , 1
)
. The choise of γ̃3 and γ̃4 is possible

because λ < 1
fs
0

(
b
A

)r1−1
and λ < 1

fs
0

(
1−b
D

)r1−1
. Let ε > 0 such that

λ ≤ min

{
1

f s
0 + ε

(
bγ̃3
A

)r1−1

,
1

f s
0 + ε

(
(1− b)γ̃4

D

)r1−1
}
,

ε

(
1

θθ1B̃

)r2−1

≤ µ

≤ min

{
1

ε

(
b(1− γ̃3)

B

)r2−1

,
1

ε

(
(1 − b)(1− γ̃4)

C

)r2−1
}
.

By using (H2) and the definition of f s
0 and gs0 we deduce that there exists R1 > 0

such that

f(t, u, v) ≤ (f s
0 + ε)(u+ v)r1−1, g(t, u, v) ≤ ε(u+ v)r2−1

for all t ∈ [0, 1] and u, v ≥ 0, u+ v ≤ R1.

We define the set Ω1 = {(u, v) ∈ Y, ‖(u, v)‖Y < R1}. In a similar manner as in

the proof of Case 1), for any (u, v) ∈ P ∩ ∂Ω1, we obtain

Q1(u, v)(t) ≤ [λ̺1−1(f s
0 + ε)̺1−1A+ µ̺2−1ε̺2−1B]‖(u, v)‖Y

≤ [bγ̃3 + b(1− γ̃3)]‖(u, v)‖Y = b‖(u, v)‖Y , ∀ t ∈ [0, 1],

Q2(u, v)(t) ≤ [µ̺2−1ε̺2−1C + λ̺1−1(f s
0 + ε)̺1−1D]‖(u, v)‖Y

≤ [(1− b)(1− γ̃4) + (1− b)γ̃4]‖(u, v)‖Y = (1− b)‖(u, v)‖Y ,

for all t ∈ [0, 1] and so ‖Q(u, v)‖Y ≤ ‖(u, v)‖Y .

For the second part of the proof, by the definition of gi∞, there exists R2 > 0 such

that

g(t, u, v) ≥
1

ε
(u + v)r2−1, ∀ t ∈ [c1, c2], u, v ≥ 0, u+ v ≥ R2.

We consider R2 = max{2R1, R2/θ} and we define Ω2 = {(u, v) ∈ Y, ‖(u, v)‖Y <

R2}. Then for (u, v) ∈ P ∩∂Ω2, we deduce as in Case 1) that u(t)+ v(t) ≥ θR2 ≥ R2

for all t ∈ [c1, c2].
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Then by Theorem 2 we have

Q1(u, v)(c1) ≥ λ̺1−1

∫ 1

0

cβ1−1
1 J1(s)ϕ̺1

(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

cβ1−1
1 J2(s)ϕ̺2

(Iα2

0+g(s, u(s), v(s))) ds

≥ µ̺2−1

∫ 1

0

cβ1−1
1 J2(s)ϕ̺2

(Iα2

0+g(s, u(s), v(s))) ds

≥ µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

)
ds

≥ µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1 1

ε
(u(τ) + v(τ))r2−1dτ

)
ds

≥ µ̺2−1cβ1−1
1

∫ c2

c1

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

c1

(s− τ)α2−1 1

ε
(θ‖(u, v)‖Y )

r2−1 dτ

)
ds

= θθ1µ
̺2−1

(
1
ε

)̺2−1
‖(u, v)‖Y

×

∫ c2

c1

J2(s)
1

(Γ(α2 + 1))̺2−1
(s− c1)

α2(̺2−1)ds

= θθ1µ
̺2−1

(
1
ε

)̺2−1
‖(u, v)‖Y B̃ ≥ ‖(u, v)‖Y .

So we conclude that ‖Q1(u, v)‖ ≥ Q1(u, v)(c1) ≥ ‖(u, v)‖Y and ‖Q(u, v)‖Y ≥

‖Q1(u, v)‖ ≥ ‖(u, v)‖Y .

Therefore we deduce the conclusion of the theorem.

In what follows, for f i
0, g

i
0, f

s
∞, gs∞ ∈ (0,∞) and numbers γ1, γ2 ∈ [0, 1], γ3, γ4 ∈

(0, 1), a ∈ [0, 1] and b ∈ (0, 1), we define the numbers

L̃1 = max

{
1

f i
0

(
aγ1

θθ1Ã

)r1−1

,
1

f i
0

(
(1− a)γ2

θθ2D̃

)r1−1
}
,

L̃2 = min

{
1

f s
∞

(
bγ3
A

)r1−1

,
1

f s
∞

(
(1− b)γ4

D

)r1−1
}
,

L̃3 = max

{
1

gi0

(
a(1− γ1)

θθ1B̃

)r2−1

,
1

gi0

(
(1− a)(1 − γ2)

θθ2C̃

)r2−1
}
,

L̃4 = min

{
1

gs∞

(
b(1− γ3)

B

)r2−1

,
1

gs∞

(
(1− b)(1− γ4)

C

)r2−1
}
,

L̃′
2 = min

{
1

f s
∞

(
b

A

)r1−1

,
1

f s
∞

(
1− b

D

)r1−1
}
,

L̃′
4 = min

{
1

gs∞

(
b

B

)r2−1

,
1

gs∞

(
1− b

C

)r2−1
}
.
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Using some similar arguments from the proof of Theorem 4, we also obtain the

next result.

Theorem 5. Assume that (H1) and (H2) hold, [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 ≤ 1,

γ1, γ2 ∈ [0, 1], γ3, γ4 ∈ (0, 1), a ∈ [0, 1] and b ∈ (0, 1).

1) If f i
0, g

i
0, f

s
∞, gs∞ ∈ (0,∞), L̃1 < L̃2 and L̃3 < L̃4, then for each λ ∈ (L̃1, L̃2)

and µ ∈ (L̃3, L̃4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

2) If f i
0, g

i
0, f

s
∞ ∈ (0,∞), gs∞ = 0 and L̃1 < L̃′

2, then for each λ ∈ (L̃1, L̃
′
2) and

µ ∈ (L̃3,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

3) If f i
0, g

i
0, g

s
∞ ∈ (0,∞), f s

∞ = 0 and L̃3 < L̃′
4, then for each λ ∈ (L̃1,∞) and

µ ∈ (L̃3, L̃
′
4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

4) If f i
0, g

i
0 ∈ (0,∞), f s

∞ = gs∞ = 0, then for each λ ∈ (L̃1,∞) and µ ∈ (L̃3,∞)

there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

5) If f s
∞, gs∞ ∈ (0,∞) and at least one of f i

0, g
i
0 is ∞, then for each λ ∈ (0, L̃2)

and µ ∈ (0, L̃4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

6) If f s
∞ ∈ (0,∞), gs∞ = 0 and at least one of f i

0, g
i
0 is ∞, then for each λ ∈ (0, L̃′

2)

and µ ∈ (0,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

7) If f s
∞ = 0, gs∞ ∈ (0,∞) and at least one of f i

0, g
i
0 is ∞, then for each λ ∈ (0,∞)

and µ ∈ (0, L̃′
4) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

8) If f s
∞ = gs∞ = 0 and at least one of f i

0, g
i
0 is ∞, then for each λ ∈ (0,∞) and

µ ∈ (0,∞) there exists a positive solution (u(t), v(t)), t ∈ [0, 1] for (S)− (BC).

4. NONEXISTENCE RESULTS FOR THE POSITIVE SOLUTIONS OF

(S) − (BC)

In this section we present intervals for λ and µ for which our problem (S)− (BC) has

no positive solutions viewed as fixed points of operator Q.

Theorem 6. Assume that (H1) and (H2) hold. If there exist positive numbers

M1, M2 such that

f(t, u, v) ≤ M1(u+ v)r1−1, g(t, u, v) ≤ M2(u+ v)r2−1, (11)

for all t ∈ [0, 1], u, v ≥ 0, then there exist positive constants λ0 and µ0 such that

for every λ ∈ (0, λ0) and µ ∈ (0, µ0) the boundary value problem (S) − (BC) has no

positive solution.

Proof. We define λ0 = min
{

1
M1(4A)r1−1 ,

1
M1(4D)r1−1

}
and µ0 = min

{
1

M2(4B)r2−1 ,

1
M2(4C)r2−1

}
, where A, B, C, D are given in (8).
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We will prove that for every λ ∈ (0, λ0) and µ ∈ (0, µ0), problem (S)− (BC) has

no positive solution.

Let λ ∈ (0, λ0) and µ ∈ (0, µ0). We suppose that (S) − (BC) has a positive

solution (u(t), v(t)), t ∈ [0, 1]. Then we obtain

u(t) = Q1(u, v)(t) ≤ λ̺1−1

∫ 1

0

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

)
ds

+µ̺2−1

∫ 1

0

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

)
ds

≤ λ̺1−1

∫ 1

0

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1M1(u(τ) + v(τ))r1−1 dτ

)
ds

+µ̺2−1

∫ 1

0

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1M2(u(τ) + v(τ))r2−1 dτ

)
ds

≤ λ̺1−1M̺1−1
1

∫ 1

0

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

0

(s− τ)α1−1(‖u‖+ ‖v‖)r1−1 dτ

)
ds

+µ̺2−1M̺2−1
2

∫ 1

0

J2(s)

×ϕ̺2

(
1

Γ(α2)

∫ s

0

(s− τ)α2−1(‖u‖+ ‖v‖)r2−1 dτ

)
ds

= λ̺1−1M̺1−1
1 A‖(u, v)‖Y + µ̺2−1M̺2−1

2 B‖(u, v)‖Y , ∀ t ∈ [0, 1].

Arquing as before we also find

v(t) ≤ µ̺2−1M̺2−1
2 C‖(u, v)‖Y + λ̺1−1M̺1−1

1 D‖(u, v)‖Y , ∀ t ∈ [0, 1].

Then we deduce

‖u‖ ≤ λ̺1−1M̺1−1
1 A‖(u, v)‖Y + µ̺2−1M̺2−1

2 B‖(u, v)‖Y

< λ̺1−1
0 M̺1−1

1 A‖(u, v)‖Y + µ̺2−1
0 M̺2−1

2 B‖(u, v)‖Y

≤ 1
4‖(u, v)‖Y + 1

4‖(u, v)‖Y = 1
2‖(u, v)‖Y ,

‖v‖ ≤ µ̺2−1M̺2−1
2 C‖(u, v)‖Y + λ̺1−1M̺1−1

1 D‖(u, v)‖Y

< µ̺2−1
0 M̺2−1

2 C‖(u, v)‖Y + λ̺1−1
0 M̺1−1

1 D‖(u, v)‖Y

≤ 1
4‖(u, v)‖Y + 1

4‖(u, v)‖Y = 1
2‖(u, v)‖Y ,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ < ‖(u, v)‖Y , which is a contradiction.

Therefore the boundary value problem (S)− (BC) has no positive solution.
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Remark 1. If f s
0 , g

s
0, f

s
∞, gs∞ < ∞, then there exist positive constants M1, M2

such that relation (11) holds, and then we obtain the conclusion of Theorem 6.

Theorem 7. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2

with 0 < c1 < c2 ≤ 1 and m1 > 0 such that

f(t, u, v) ≥ m1(u + v)r1−1, ∀ t ∈ [c1, c2], u, v ≥ 0, (12)

then there exists a positive constant λ̃0 such that for every λ > λ̃0 and µ > 0, the

boundary value problem (S)− (BC) has no positive solution.

Proof. We define λ̃0 = min
{

1

m1(θθ1Ã)r1−1
, 1

m1(θθ2D̃)r1−1

}
, where Ã and D̃ are given

by (8).

We will show that for every λ > λ̃0 and µ > 0 problem (S)− (BC) has no positive

solution. Let λ > λ̃0 and µ > 0. We suppose that (S)− (BC) has a positive solution

(u(t), v(t)), t ∈ [0, 1].

If θ1Ã ≥ θ2D̃, then λ̃0 = 1

m1(θθ1Ã)r1−1
, and therefore, we obtain

u(c1) = Q1(u, v)(c1)

≥ λ̺1−1

∫ 1

0

cβ1−1
1 J1(s)ϕ̺1

(Iα1

0+f(s, u(s), v(s))) ds

+µ̺2−1

∫ 1

0

cβ1−1
1 J2(s)ϕ̺2

(Iα2

0+g(s, u(s), v(s))) ds

≥ λ̺1−1cβ1−1
1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

)
ds

≥ λ̺1−1cβ1−1
1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1m1(u(τ) + v(τ))r1−1 dτ

)
ds

≥ λ̺1−1cβ1−1
1 m̺1−1

1

∫ c2

c1

J1(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1(θ‖(u, v)‖Y )
r1−1 dτ

)
ds

= (λm1)
̺1−1θθ1Ã‖(u, v)‖Y .

Then we conclude

‖u‖ ≥ u(c1) ≥ (λm1)
̺1−1θθ1Ã‖(u, v)‖Y

> (λ̃0m1)
̺1−1θθ1Ã‖(u, v)‖Y = ‖(u, v)‖Y ,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ ≥ ‖u‖ > ‖(u, v)‖Y , which is a contradiction.
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If θ1Ã < θ2D̃, then λ̃0 = 1

m1(θθ2D̃)r1−1
, and therefore, we deduce

v(c1) = Q2(u, v)(c1)

≥ µ̺2−1

∫ 1

0

cβ2−1
1 J3(s)ϕ̺2

(Iα2

0+g(s, u(s), v(s))) ds

+λ̺1−1

∫ 1

0

cβ2−1
1 J4(s)ϕ̺1

(Iα1

0+f(s, u(s), v(s))) ds

≥ λ̺1−1cβ2−1
1

∫ c2

c1

J4(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

)
ds

≥ λ̺1−1cβ2−1
1

∫ c2

c1

J4(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1m1(u(τ) + v(τ))r1−1 dτ

)
ds

≥ λ̺1−1cβ2−1
1 m̺1−1

1

∫ c2

c1

J4(s)

×ϕ̺1

(
1

Γ(α1)

∫ s

c1

(s− τ)α1−1(θ‖(u, v)‖Y )
r1−1 dτ

)
ds

= (λm1)
̺1−1θθ2D̃‖(u, v)‖Y .

Then we conclude

‖v‖ ≥ v(c1) ≥ (λm1)
̺1−1θθ2D̃‖(u, v)‖Y

> (λ̃0m1)
̺1−1θθ2D̃‖(u, v)‖Y = ‖(u, v)‖Y ,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ ≥ ‖v‖ > ‖(u, v)‖Y , which is a contradiction.

Therefore the boundary value problem (S)− (BC) has no positive solution.

Remark 2. If for c1, c2 with 0 < c1 < c2 ≤ 1, we have f i
0, f

i
∞ > 0 and f(t, u, v) >

0 for all t ∈ [c1, c2] and u, v ≥ 0 with u+ v > 0, then the relation (12) holds, and we

obtain the conclusion of Theorem 7.

In a similar manner as we proved Theorem 7 we obtain the next theorem.

Theorem 8. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2

with 0 < c1 < c2 ≤ 1 and m2 > 0 such that

g(t, u, v) ≥ m2(u+ v)r2−1, ∀ t ∈ [c1, c2], u, v ≥ 0, (13)

then there exists a positive constant µ̃0 such that for every µ > µ̃0 and λ > 0, the

boundary value problem (S)− (BC) has no positive solution.

In the proof of Theorem 8 we define µ̃0 = min
{

1

m2(θθ1B̃)r2−1
,

1

m2(θθ2C̃)r2−1

}
, where B̃ and C̃ are given by (8).
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Remark 3. If for c1, c2 with 0 < c1 < c2 ≤ 1, we have gi0, g
i
∞ > 0 and g(t, u, v) >

0 for all t ∈ [c1, c2] and u, v ≥ 0 with u+ v > 0, then the relation (13) holds, and we

obtain the conclusion of Theorem 8.

Theorem 9. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2

with 0 < c1 < c2 ≤ 1 and m1, m2 > 0 such that

f(t, u, v) ≥ m1(u+ v)r1−1, g(t, u, v) ≥ m2(u+ v)r2−1, (14)

for all t ∈ [c1, c2], u, v ≥ 0, then there exist positive constants λ̂0 and µ̂0 such that

for every λ > λ̂0 and µ > µ̂0, the boundary value problem (S)− (BC) has no positive

solution.

Proof. We define λ̂0 = 1

m1(2θθ1Ã)r1−1
and µ̃0 = 1

m2(2θθ2C̃)r2−1
, where Ã and C̃ are

given by (8). Then for every λ > λ̂0 and µ > µ̂0, problem (S)− (BC) has no positive

solution. Indeed, let λ > λ̂0 and µ > µ̂0. We suppose that (S)− (BC) has a positive

solution (u(t), v(t)), t ∈ [0, 1]. In a similar manner as that used in the proofs of

Theorems 7 and 8, we obtain

‖u‖ ≥ u(c1) ≥ (λm1)
̺1−1θθ1Ã‖(u, v)‖Y ,

‖v‖ ≥ v(c1) ≥ (µm2)
̺2−1θθ2C̃‖(u, v)‖Y ,

and so
‖(u, v)‖Y = ‖u‖+ ‖v‖

≥ (λm1)
̺1−1θθ1Ã‖(u, v)‖Y + (µm2)

̺2−1θθ2C̃‖(u, v)‖Y

> (λ̂0m1)
̺1−1θθ1Ã‖(u, v)‖Y + (µ̂0m2)

̺2−1θθ2C̃‖(u, v)‖Y

= 1
2‖(u, v)‖Y + 1

2‖(u, v)‖Y = ‖(u, v)‖Y ,

which is a contradiction. Therefore the boundary value problem (S) − (BC) has no

positive solution.

We can also define λ̂′
0 = 1

m1(2θθ2D̃)r1−1
and µ̃′

0 = 1

m2(2θθ1B̃)r2−1
, where B̃ and D̃

are given by (8). Then for every λ > λ̂′
0 and µ > µ̂′

0, problem (S) − (BC) has no

positive solution. Indeed, let λ > λ̂′
0 and µ > µ̂′

0. We suppose that (S)− (BC) has a

positive solution (u(t), v(t)), t ∈ [0, 1]. In a similar manner as that used in the proofs

of Theorems 7 and 8, we obtain

‖v‖ ≥ v(c1) ≥ (λm1)
̺1−1θθ2D̃‖(u, v)‖Y ,

‖u‖ ≥ u(c1) ≥ (µm2)
̺2−1θθ1B̃‖(u, v)‖Y ,

and so
‖(u, v)‖Y = ‖u‖+ ‖v‖

≥ (λm1)
̺1−1θθ2D̃‖(u, v)‖Y + (µm2)

̺2−1θθ1B̃‖(u, v)‖Y

> (λ̂′
0m1)

̺1−1θθ2D̃‖(u, v)‖Y + (µ̂′
0m2)

̺2−1θθ1B̃‖(u, v)‖Y

= 1
2‖(u, v)‖Y + 1

2‖(u, v)‖Y = ‖(u, v)‖Y ,
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which is a contradiction. Therefore the boundary value problem (S) − (BC) has no

positive solution.

Remark 4. If for c1, c2 with 0 < c1 < c2 ≤ 1, we have f i
0, f

i
∞, gi0, g

i
∞ > 0 and

f(t, u, v) > 0, g(t, u, v) > 0 for all t ∈ [c1, c2] and u, v ≥ 0 with u + v > 0, then the

relation (14) holds, and we obtain the conclusion of Theorem 9.

5. AN EXAMPLE

Let α1 = 1/3, α2 = 1/4, β1 = 7/2, n = 4, β2 = 14/3, m = 5, p1 = 4/3, p2 = 5/2,

q1 = 5/4, q2 = 2/3, N = 2, ξ1 = 1/4, ξ2 = 3/5, a1 = 2, a2 = 1/3, M = 1, η1 = 1/2,

b1 = 4, r1 = 5, ̺1 = 5/4, ϕr1(s) = s|s|3, ϕ̺1
(s) = s|s|−3/4, r2 = 3, ̺2 = 3/2,

ϕr2(s) = s|s|, ϕ̺2
(s) = s|s|−1/2.

We consider the system of fractional differential equations

(S0)





D
1/3
0+

(
ϕ5

(
D

7/2
0+ u(t)

))
+ λ(t+ 1)ã(u5(t) + v5(t)) = 0,

D
1/4
0+

(
ϕ3

(
D

14/3
0+ v(t)

))
+ µ(2 − t)b̃

(
e(u(t)+v(t))2 − 1

)
= 0,

for t ∈ (0, 1), with the coupled multi-point boundary conditions

(BC0)





u(0) = u′(0) = u′′(0) = 0, D
7/2
0+ u(0) = 0,

D
4/3
0+ u(1) = 2D

5/4
0+ v

(
1
4

)
+ 1

3D
5/4
0+ v

(
3
5

)
,

v(0) = v′(0) = v′′(0) = v′′′(0) = 0, D
14/3
0+ v(0) = 0,

D
5/2
0+ u(1) = 4D

2/3
0+ v

(
1
2

)
,

where ã, b̃ > 0.

Here we have f(t, u, v) = (t+1)ã(u5 + v5), g(t, u, v) = (2− t)b̃(e(u+v)2 − 1) for all

t ∈ [0, 1] and u, v ≥ 0. Then we obtain ∆ ≈ 39.98272963> 0, and so the assumptions

(H1) and (H2) are satisfied. In addition, we deduce

g1(t, s) =
1

Γ(7/2)

{
t5/2(1− s)7/6 − (t− s)5/2, 0 ≤ s ≤ t ≤ 1,

t5/2(1− s)7/6, 0 ≤ t ≤ s ≤ 1,

g2(t, s) =
1

Γ(17/6)

{
t11/6(1− s)7/6 − (t− s)11/6, 0 ≤ s ≤ t ≤ 1,

t11/6(1− s)7/6, 0 ≤ t ≤ s ≤ 1,

g3(t, s) =
1

Γ(41/12)

{
t29/12(1− s)7/6 − (t− s)29/12, 0 ≤ s ≤ t ≤ 1,

t29/12(1− s)7/6, 0 ≤ t ≤ s ≤ 1,

g4(t, s) =
1

Γ(14/3)

{
t11/3(1− s)7/6 − (t− s)11/3, 0 ≤ s ≤ t ≤ 1,

t11/3(1− s)7/6, 0 ≤ t ≤ s ≤ 1,
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G1(t, s) = g1(t, s) +
4t5/2Γ(14/3)
∆Γ(41/12)

[
2
(
1
4

)29/12
+ 1

3

(
3
5

)29/12]
g2(

1
2 , s),

G2(t, s) =
t5/2Γ(14/3)
∆Γ(13/6)

[
2g3

(
1
4 , s
)
+ 1

3g3
(
3
5 , s
)]

,

G3(t, s) = g4(t, s) +
4t11/3Γ(7/2)(1/2)11/6

∆Γ(17/6)

[
2g3

(
1
4 , s
)
+ 1

3g3
(
3
5 , s
)]

,

G4(t, s) =
4t11/3Γ(7/2)
∆Γ(13/6) g2

(
1
2 , s
)
, ∀ t, s ∈ [0, 1].

For the functions hi and Ji, i = 1, ..., 4, we obtain

h1(s) =
1

Γ(7/2) (1 − s)7/6(1− (1 − s)4/3),

h2(s) =
1

Γ(17/6) (1 − s)7/6(1 − (1− s)2/3),

h3(s) =
1

Γ(41/12) (1− s)7/6(1 − (1− s)5/4),

h4(s) =
1

Γ(14/3) (1 − s)7/6(1 − (1− s)5/2),

J1(s)=






1
Γ(7/2) (1− s)7/6(1− (1 − s)4/3)

+ Γ(14/3)
∆Γ(41/12)

[
2
(
1
4

)29/12
+ 1

3

(
3
5

)29/12]

× 4
Γ(17/6)

[(
1
2

)11/6
(1− s)7/6 −

(
1
2 − s

)11/6]
, 0 ≤ s < 1

2 ,

1
Γ(7/2) (1− s)7/6(1− (1 − s)4/3)

+ Γ(14/3)
∆Γ(41/12)

[
2
(
1
4

)29/12
+ 1

3

(
3
5

)29/12]

× 4
Γ(17/6)

(
1
2

)11/6
(1− s)7/6, 1

2 ≤ s ≤ 1,

J2(s)=





Γ(14/3)
∆Γ(13/6)Γ(41/12)

{
2

429/12

[
(1− s)7/6 − (1− 4s)29/12

]

+ 1
3·529/12

[
329/12(1− s)7/6 − (3− 5s)29/12

]}
,

0 ≤ s < 1
4 ,

Γ(14/3)
∆Γ(13/6)Γ(41/12)

{
2

429/12
(1 − s)7/6 + 1

3·529/12

[
329/12(1− s)7/6

−(3− 5s)29/12
]}

, 1
4 ≤ s < 3

5 ,
Γ(14/3)

∆Γ(13/6)Γ(41/12)

[
2
(
1
4

)29/12
+ 1

3

(
3
5

)29/12]
(1 − s)7/6,

3
5 ≤ s ≤ 1,

J3(s)=






1
Γ(14/3) (1 − s)7/6(1 − (1− s)5/2)

+ Γ(7/2)21/6

∆Γ(17/6)Γ(41/12)

{
2

429/12

[
(1− s)7/6 − (1 − 4s)29/12

]

+ 1
3·529/12

[
329/12(1− s)7/6 − (3− 5s)29/12

]}
, 0 ≤ s < 1

4 ,
1

Γ(14/3) (1 − s)7/6(1 − (1− s)5/2)

+ Γ(7/2)21/6

∆Γ(17/6)Γ(41/12)

{
2

429/12
(1− s)7/6

+ 1
3·529/12

[
329/12(1− s)7/6 − (3− 5s)29/12

]}
, 1

4 ≤ s < 3
5 ,

1
Γ(14/3) (1 − s)7/6(1 − (1− s)5/2)

+ Γ(7/2)21/6

∆Γ(17/6)Γ(41/12)

(
2

429/12
+ 1

3

(
3
5

)29/12)
(1− s)7/6,

3
5 ≤ s ≤ 1,

J4(s)=






Γ(7/2)21/6

∆Γ(13/6)Γ(17/6)

[
(1− s)7/6 − (1− 2s)11/6

]
, 0 ≤ s < 1

2 ,
Γ(7/2)21/6

∆Γ(13/6)Γ(17/6) (1− s)7/6, 1
2 ≤ s ≤ 1.
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Now we choose c1 = 1/4 and c2 = 3/4, and then we deduce θ1 = (1/4)5/2,

θ2 = (1/4)11/3 and θ = θ2. In addition, we have f s
0 = 0, f i

∞ = ∞, gs0 = 2b̃, gi∞ = ∞,

B ≈ 0.00564278, B̃ ≈ 0.00325593, C ≈ 0.01653798, C̃ ≈ 0.0102111.

By Theorem 4 6), if we consider b = 1/2, then for any λ ∈ (0,∞) and µ ∈ (0, L′
4)

with L′
4 =

1

2b̃

(
1
2C

)2
, the problem (S0)−(BC0) has a positive solution (u(t), v(t)), t ∈

[0, 1]. For example, if b̃ = 1 we obtain L′
4 ≈ 457.0303.

We can also use Theorem 8, because g(t, u, v) ≥ m2(u + v)2 for all t ∈ [1/4, 3/4]

and u, v ≥ 0, with m2 = (5/4)b̃. If b̃ = 1, we deduce µ̃0 = 4

5(θθ1B̃)2
≈ 2.0097701×1012,

and then we conclude that for every λ > 0 and µ > µ̃0, the boundary value problem

(S0)− (BC0) has no positive solution.
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