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QUENCHING PROBLEM FOR TWO DIMENSIONAL CAPUTO
TIME-FRACTIONAL REACTION-DIFFUSION EQUATION
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ABSTRACT. In this paper, we study the quenching problem for Caputo time-fractional reaction-
diffusion equation with a nonlinear reaction term in two dimensional rectangular domain. In this
work, we prove local existence and the quenching of the solution of Caputo fractional ordinary
differential equation and Caputo fractional reaction-diffusion equation with a nonlinear reaction
term in finite time. We establish the condition for quenching for the solution of fractional ordinary
differential equation and fractional reaction-diffusion equation. We also provide the upper bound
for the quenching time of the solution of fractional ordinary and reaction-diffusion equation. The
study of quenching behavior of the solution of fractional differential equation relies on the quenching
behavior of the solution of integer order reaction-diffusion equation and method of upper and lower

solution.
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1. Introduction

The mathematical analysis of blow-up and quenching for the reaction-diffusion
equation has a history of almost five decades since the study of Kawarada [15] in
1975. Several scientists and researchers have been involved in the analysis of the
reaction-diffusion equation and have proven the existence and non-existence behavior
of the solution of different types of reaction-diffusion equations referred to blow-up
and quenching problems. See [1, 2, 7, 8, 14, 15, 21, 22, 27, 30, 39, 40, 41] and the
references therein for details. Furthermore, blow-up and quenching problems related
to reaction-diffusion equations have numerous applications in different areas such as
the polarization phenomena in ionic conductors, chemical catalyst kinetics etc. See
[15, 32] and references therein for the details. However, not much work has been done
in this direction for fractional reaction-diffusion equation.

Although fractional calculus was developed over three hundred years ago, the
applications of fractional calculus gained importance in the past 50 years due to its
applications. See [10, 16, 18, 26, 28, 29, 31, 37] and the references therein for details.

However, the existence and uniqueness of solutions of fractional ordinary and partial
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differential equations has been studied by some kind of fixed point method. The
fixed point method doesn’t guarantee the interval of existence. It is well known that
the method of upper and lower solution combined with monotone iterative method
is both theoretical as well as computational method [19, 20]. The method of upper
and lower solution of fractional time derivative equation was developed in [19] by
assuming the function under consideration is Holder continuous of order ug, ug > ¢,
where 0 < ¢ < 1. This assumption is not useful in any of the iterative methods since
it is not possible to establish the Holder’s contunity properly for the iterates. In [9],
the comparison result was developed without the assumption of Holder contunuity.

This will be used in our comparison result.

Time fractional diffusion equation is the generalization of the standard reaction-
diffusion equation by replacing the first order time derivative by a Caputo fractional
derivative of order ¢, 0 < ¢ < 1. It is to be noted that fractional time derivative
is global in nature compare with the integer order time derivative which is local in
nature. Therefore, these problems allow for the nonlocal representations and memory
effects and have applications in different areas of science and engineering which can
be found in [13, 16, 25, 36, 38, 28] and references therein. Blowup and quenching
analysis of fractional reaction-diffusion equations has been done in [3, 30, 33] by re-
ducing into integer order time derivative which makes the dynamics equation different
from time fractional differential equation we are studying. Quenching results for Ca-
puto fractional reaction-diffusion equation of Kawarada’s type has been studied and
comparison with the solution of reaction-diffusion equation has been presented in [34]
using the fact that the corresponding integer order equation has a quenching time
t* < 1. However, this is not possible for a general nonlinear function f(u). Blow up
results for Caputo fractional reaction-diffusion equation in one dimensional equations

are obtained in [35].

In this work, we establish quenching results for Caputo fractional ordinary differ-
ential equation as well as Caputo fractional reaction-diffusion equation in two dimen-
sional space with a general reaction term f(u). We prove that the solution quenches
in finite time under suitable conditions for f(u). In the first subsection, we have de-
veloped quenching results for Caputo fractional ordinary differential equation using
three different approaches. In the first approach, we prove the local existence and
nonexistence using the construction of monotone sequence converging to the smooth
solution of the equation as long as the solution is bounded. In the second approach,
we construct a lower solution for the fractional ordinary differential equation which is
the solution of a linear Caputo fractional differential equation and can be computed
explicitly. We prove that such a lower solution reaches to the value on which the
solution of the fractional ordinary differential equation quenches. In the third ap-

proach, we construct a lower solution for the fractional ordinary differential equation
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using the solution of corresponding ordinary differential equation with appropriate
modification. This is also demonstrated by an example. Therefore it is proved that
under the conditions that the corresponding ordinary differential equation quenches,

the fractional ordinary differential equation also quenches.

In the second subsection we established results for the Caputo fractional reaction-
diffusion equation in two dimensional space with a general nonlinear reaction term.
We have proved that the solution quenches in a finite time and the quenching behavior
are similar to those of the Caputo fractional reaction-diffusion equation of Kawarada’s
type in one dimensional space which has been studied in [34]. As an illustration,
we have taken the Kawarada’s type equation in two dimension as a special case. To
achieve this we recall maximum principle and comparison results relative to lower and
upper solutions. In the first method, we have proved the existence of the solution
in finite time time by construction of monotone sequences which converge to the
solution of the equation as long as the solution is bounded by the value on which the
solution quenches. Furthermore we prove that there exists a finite time such that a
bounded solution cannot be extended beyond that time. As a second method, we
convert the fractional reaction-diffusion equation into fractional ordinary differential
equation. We then use the method of construction of lower solution derived for the
ordinary fractional differential equation. This method also provides an upper bound
for the quenching time. In the next method, we use the method of construction
of lower solution to the fractional reaction-diffusion equation using the solution of
corresponding integer order equation which has been proved in [35]. Next we verify
that the results related with the steady state equation of fractional reaction-diffusion
in two dimensional space are similar to results related to reaction-diffusion equation
in two dimensional space. We finally prove that there exists a critical domain such
that the solution of the equation quenches if the domain is larger than critical domain.
Moreover we also provide a lower bound for the critical domain. As an illustration,
we provide an example of the equation of Kawarada’s type and therefore, extend the
result in [34] in two dimensional space. Consequently our approach has been different
in proving quenching for Caputo fractional reaction-diffusion equation than in [33].
In addition, the non homogeneous term in [33] is a point source instead of a nonlinear
source. The references quoted in our work related to quenching problems and/or

Caputo fractional reaction-diffusion equation are by no means exhaustive.

2. Preliminary Results

In this section, we recall some definitions and some known results which are
needed to prove main results. Although the equation we are studying involves Ca-

puto fractional derivative, we use the relation between Riemann-Liouville fractional
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derivative and Caputo fractional derivative in our basic comparison results and max-

imum principles. For that purpose, we recall the following definitions:

Definition 2.1. Gamma function of order ¢ where 0 < ¢ < 1 is given by
I'(q) = / r e dz, Re(z) > 0.
0

Definition 2.2. Riemann-Liouville fractional integral of u(x,y,t) with respect to ¢

of order ¢, is given by the relation
1 t
u(e.y.t) = i [ (6= 9 (.. s)ds,
I'(q) Jo

where 0 < ¢ < 1.

Definition 2.3. Riemann-Liouville fractional derivative of u(x,y,t) with respect to

t of order ¢, is given by the relation

ot t) = s ([ (0= sty as).

where 0 < ¢ < 1.

Definition 2.4. Caputo fractional derivative of u(x,y,t) with respect to ¢ of order

q, is given by the relation
1 ¢ ou(zx,y, s)
“Ofu R t— gy 1A D g
(@) = = [ (=

where 0 < ¢ < 1.

In order to compute the solution of linear fractional differential equation with

constant coefficients we need Mittag-Leffler function.

Definition 2.5. Mittag Leffler function of two parameters is given by

L (A(t—t)9)
Eqr(A(t = t0)" :;0 F(qk+r

where ¢, > 0. Also, for ty =0 and r = 1, we get,

[e.e]

(At9)k
1(At?)
Z C(gk+1)

k=0
and for tg =0, r = q , we get,
= (A9t
(At7)
Eaal Z;F (k+1))

where 0 < g < 1. Further if ¢ = 1, then E, ,(\t?) = E, (A7) =
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For more details see [10, 12, 16, 28].
0? 0?
Let L,M > O, T > O, A: W—‘—W, Q — (O,L) X (O,M),J — (O,T], QT - Q X
Z Y
J. Consider the following two dimensional Caputo time-fractional reaction-diffusion

equation (CIBVP for short):
Ofuc(z,y,t) — Au(z,y,t) = f(uf), (z.1) € Qr,)
uc(xuya()) IUQ(SL’,y), (x7y7t> €0 x {O}v

2.1
21) u(0,y,t) =0, u(L,y,t) =0, 0<y< M,t>0,

u(x,0,t) =0, u’(z, M,t) =0, 0<x<L,t>0.]

Here f(u) is a continuous function of u and uy(z,y) € C*(Q), ug(z,y) > 0 in Q and
satisfies the compatibility condition uo(0,y) = uo(L,y) = ue(z,0) = ue(z, M) = 0.

Initially we recall the known quenching results relative to the standard reaction-

diffusion equation referred to initial boundary value Problem (IBVP for short) which

is the special case of (2.1) when ¢ = 1. For that purpose, we consider following

equation:
ue(,y,t) — Az, y,t) = f(u), (z,9,t) € Qr,)
u(z,y,0) = uo(z,y), (z,y,t) € Q x {0},
u(0,y,t) =0, u(L,y,t) =0, 0<y<M,t>0,
u(z,0,t) =0, u(x,M,t) =0, 0<z<L,t>0.)

(2.2)

We assume that f € ([0, 4),R,), is locally Lipschitzian on [0, A) and satisfies
f(0) >0, f,(0) >0 and fyuu(u) > 0 for u > 0 and 1111141 f(u) = oco. In addition we

assume that Aug(z,y) + f(uo(x,y)) > 0 in Q. The classical solution u of (2.2) is such
that u € CV?(Qr) N C(Qr).

Definition 2.6. A solution u(z,y,t) € CY?(Qr) N C(Qr) of the equation (2.2) is
said to quench at a point (Z,7,t;) if there exists a sequence {Ty,yn,t,} such that
U(Tny Yy tn) — A as {Zpn, yn, tn} — (2,9,1;). Hence a solution u of (2.2) quenches

in a finite time ¢} € (0, 00), if
maz{u(z,y,t): (z,y) € [0, L] x [0,M]} - A_ as t—t.

The time ¢ is called the quenching time and the point (z,y) = (Z, ) is called quench-

ing point.

The quenching results relative to (2.2) has been discussed and proved in [1, 4, 7,
8, 15, 21, 22, 39] and references therein. We verify the results for two dimensional
rectangular domain and therefore recall the result without proof. We begin by recall-
ing the following maximum principle relative to equation (2.2) which will be used to

establish the positivity of the solution of u and its derivatives.
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Lemma 2.7. Assume that w € C**(Qr) N C(Qr) satisfies the following inequality
Ow(z,y, 1)

5~ Qwlzyt) > cw(z,y, ), (,y,t) € Qr,

w(z,y,0) >0, (z,y,t) € @ x {0},
w(0,y,t) >0, w(L,y,t) >0, 0<y<M,t>0,

(2.3)

w(z,0,t) >0, w(z, M,t) >0, 0<z<Lt>0,)

where ¢ > 0 is a constant, then w(x,y,t) > 0 on Qr.

See [11] for details.
Next we recall the following lemma which is established using Lemma 2.7 and proves

the positivity result of v and w;.

Lemma 2.8. Any solution u € CY?(Qr), v > 0 of (2.2) must be increasing and
positive fort >0 i.e. u> 0 and u; > 0 on Qr.

See [1] for the proof.
Next we recall and establish the results related to quenching of the solution of cor-
responding ordinary differential equation. Initially we show the quenching of the

solution of the ordinary differential equation using the lower solution.

Theorem 2.9. If f(0) > 0, f,(0) > 0, fuu and fu(u) > 0 for u > 0 and

lirﬁl f(u) = oo, then the solution of

(2.4) %:f(u), u(0) =up, 0<wuy<A, 0<t<T.

quenches in a finite time.

Proof. Since f(u) is continuous on [0, A), the Taylor series expansion of f(u) near
2

u = 0 is given by, f(u) = f(0) + fu(0)u + fgg(O)%, where £ is any positive number
between 0 and u. This gives f(u) > f(0) + f,(0)u provided that f(0) > 0, f,(0) > 0
and, f,,(0) > 0. Hence the solution v(¢) of the following linear equation
dv
2 FO)+ 10, 0(0) =
is a lower solution of (2.4). In addition one can easily compute that
0)
v(t) = ugel* Ot + / el _ 1),
0= 7.0 )

Since uy > 0 and, f,(0) > 0, v(¢) reaches A in a finite time t** = -1 pin ASu(0)+7(0) )

T ful0 o fu(0)+£(0)
In addition, since f satisfies Lipschitz condition, using comparison theorem we have

that u > v. Therefore u quenches in finite time ¢; < t**. Moreover using f(u) >

f(0) + f.(0) we can show that fA du_ o 1 ln(Afu(OHf(O) ) 0

uo f(u) = fu(0) o fu (0)+£(0)
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The existence, uniqueness and the quenching behavior of the solution of equation
of type (2.2) has been studied in [2] by converting the differential equation into an
integral equation using fundamental solution. However, we use Green’s function to
convert the differential equation into the integral equation. For that purpose we recall

following known result. Green’s function corresponding to (2.2) is given by,

Gz, y, t:&n,7) =
2 i i sin nmé sin [ 278 sin ( 2277 g ( 7Y e(_A(t_T))
LM et L L M M
for t > 7, where \ = (”2’;2 + mﬂjgz) The positivity and existence of Green’s func-

tion and its corresponding derivatives can be shown following the same lines as in [5].

Therefore by using the Green’s second identity, the solution of (2.2) can be written as

L M
ue,y, 1) = / / Gy, €., O)uol&, ) diyde

L M st
+/0 /0 /0G(x’y’t?gvan)f(U(&n,T))drdndg,

Next we recall following local existence results which can be obtained by construction
of monotone sequences {u,} relative to (2.5). We can obtain the local existence of
the solution in some interval [0, ;] and the existence of the quenching time ¢, < oo
can be obtained by taking the supremum of all such intervals [0, %] on [0, 7] such that
u<A—eforanye>0in Q x[0,1,).

Theorem 2.10. There exists t,(< 0o) such that for t € [0,t,) the integral equation
has a continuous solution u(x,y,t) which is strictly increasing function of t in Qr.

Moreover if t, is finite, u quenches in finite time.

Theorem 2.11. There exists a finite time t, such that the integral equation has no

continuous solution with u(z,y,t) < A fort >t,.

See [2, 4, 5] for proof and more details.
Quenching of the solution of equation of type (2.2) is studied in [7] by converting
partial differential equation into corresponding ordinary differential equation. For

this purpose we first consider the eigenvalue problem:
A1+ Ad11 = 0,u(0,y) =0=1u(L,y),u(z,0) =0 = u(z, M).

One can easily see that ¢11(z,y) = ﬁsin(”—f)sin(’r—ﬂj’) is the first eigenfunction,
A1 = (%)% + (37)? is the corresponding eigenvalue and fOL fOM d11(x,y)drdy = 1.

To convert the partial differential equation into ordinary differential equation, we first
multiply the differential equation in (2.2) by ¢;1(x). Next we integrate with respect

to x from © = 0 to x = L and with respect to y from z = 0 to x = M. Finally
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using the integration by parts and the relation —A¢, ;1 = A¢1,1, we obtain following

ordinary differential equation,

(2.6 T~ 1) = M0 2 0

where y(t) = fOL fOM u(z,y,t)¢11(z, y)drdy is the weighted average of u(z, y, t). Hence
the quenching of ~(¢) suffices the quenching of u(z,y,t). To prove that we recall the
following lemma. Similar approach can be used for fractional differential equation

also.

Lemma 2.12. Suppose f(0) > 0, f.(0) > 0 and fu(u) > 0 for uw > 0 and
lim f(u) = oo, in addition if f,(0) > A1, then the solution of the equation

u—A_

du
o=
also quenches in finite time where F(u) = f(u) — A\ ju.

(2.7) F(u),u(0)=0

Lemma 2.12 can be proved following the same lines as in Theorem 2.9.
Next we recall the following theorem which proves the quenching of u, the solution of
(2.2) in finite time as well as it provides the upper and lower bounds for the quenching
time. It is proved in [7] by converting the partial differential equation to ordinary
differential equation as described above and with the assumption f(u) > ¢ + cou
where ¢; and ¢y are positive constants. However we assume f(u) > f(0) + f.(0)u

which is obtained by the Taylor series expansion of f(u) near u = 0.

Theorem 2.13. Let u(x,y,t) be the classical solution of (2.2), if A1 < fu(0),then

u(z,y,t) must be quenching in a finite time t,, and for t,, the estimate is

# ds_ L [ F(0) + (£ul0) = ) A
(2.8) s e { 0 }

See [7] for proof.

Next we recall following known results which prove that the solution of (2.2) converges
to its steady state before it quenches and the solution of (2.2) quenches at the point

where the solution of steady state attains its maximum.

Lemma 2.14. If u(x,y,t) < C for some constant C € (0, A) then the solution
u(z,y,t) of the IBVP (2.2) converges from below to the solution of the two-point

boundary value problem,

—AU(SL’,y) :f(U(LL’,y)) (LL’,y) €
(2.9) U(0,y)=0, U(L,y)=0 (x,y) € {0, L} x [0, M]
U(z,0)=0, UO,M)=0 (z,y) € [0, L] x {0, M}.

See [1] for proof.
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Theorem 2.15. In the reaction-diffusion equation (2.2), u reaches A in a finite time
t at (2,y) = (4, ).

See [15] for proof.
Following result proves the existence of a critical domain for (2.2) which is determined
as the supremum of all positive values of area of the rectangle LM in two dimensional
case such that the solution of (2.2) exists for all time which is possible when we have
U < A, Where U is the solution of (2.9). Unlike [1], we here construct a lower solution
to obtain the critical domain. This method can also be used for fractional differential

equation with necessary modifications on the lower solution.

Theorem 2.16. There exists a critical domain 0* such that u exists on Q for all
t>0if QCQ and u quenches in a finite time if 0* C €.

Proof. We prove the theorem using the lower solution. We consider following two
cases.

Case I: f,(0) > 1

Consider the following function:

(2.10) vlont) = ol = 03000 =) 33z ) SO0

Initially we prove that v(z,y,t) is a lower solution to (2.2). In order to prove v
is a lower solution it is enough to prove v; — < f(0) + fu(0)v, as f(v) =
f(0) + fu(0)v + %52 for 0 < £ < v, where the rlght hand side being the Taylor’s
series of f(v) around v = 0.

Clearly, v(z,y,0) = 0, v(0,y,t) = v(L,y,t) = 0 and v(x,0,t) = v(x, M,t) = 0.
Therefore it is enough to prove, v — vy, — vy, — f(0) — fu(0)v < 0 as fu;igg){z >0
for 0 < € < w.

Now, computing vy, vVgs, vy, We get,

Vi~ Uya — vyy - f( £.(0)0

T SPRETPLYY

. x(L2— x) <L2M2)f(0) £(0) - (LQ— x) y(MQ— y) (ij\lp)f(o)fu(O)t
< ULV () 01— 00+ (35 + 172 ) SO - 1O

< f(0 )(1_fu( )+ f0)(E 1)

when we choose L > 4, M > 4. This proves that v is a lower solution of (2.2) when
L>4 M >4.
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Also, maz{v(z,y,t)|(z,y) € [0,L] x [0,M]} = A = v(%,%,1) for ¢* = %.
This establishes that u(z,t), the solution of (2.2) quenches at (z,y) = (£, %) and
t* < 5y for L>4, M > 4.

Case 1I: f,(0) <

Consider the following function:

@1 wlet) = ok~ 200 =) gy ) FOLO

Computing vy, Vs, vy, We get,

Vg — Ugg — Uyy — f(O) - fu(O)'U

_x(L—x)y(M—y) [ 64 yM —y) (64

- ( e MQ)f<0>fu<0> = ( I MQ) (0.0}t

2 2 f
# HED (L 100 g0y - TSI (B roy o
. :c(LQ— ) y(MQ_ ) (Lf]‘\z 2) F(0)£(0)(1 = £u(0)1)
# (52 + 1) FOL0O - 1O
< 7)1~ £0)0) + FO)(£u(0) ~ 1)
<0

when we choose L > 4, M > 4. This proves that v is a lower solution of (2.2) when
L >4, M > 4. Moreover, maz{v(z,y,t)|(z,y) € [0, L] x [0, M]} = A =wv(%, & 1) for
= 7o ) 7oy~ Lhis establishes that u(z,t), the solution of (2.2) quenches in a finite

time t, at (z,y) = (2,7)andt<f(ofu for L >4, M > 4. O

Example 2.17. As an example we consider the case when f(u) = T—o Therefore
—u
f(0) =1, fu,(0) =1 and A = 1. Using above theorem we therefore consider the

following lower solution

1 1 64
(2.12) v(z,y,8) = 52(L — 2)5y(M —y) (W)t
and following the same lines as above we can easily show that v is a lower solution of
(2.2) when L >4, M > 4.
L M
Moreover, maxz{v(x,y,t)|(z,y) € [0, L] x [0, M]} =1 = v(2 = 1)

This establishes that u(z,t), the solution of (2.2) quenches at (z,y) = (%, %)
and t** < 1.

for t* =

Hence we arrive at the following conclusion.

Theorem 2.18. u(x,y,t) exists globally for ) small enough and u(x,y,t) quenches

in finite tome for Q large enough.
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See [1, 2, 21] for more details.

Next we recall some basic definitions and some known basic results relative to (2.1).

Definition 2.19. A solution v(z,y,t) € C*9(Q7)NC(Q7) is said to be lower solution
of (2.1) if
“Ofv(z,y,t) — Av(z,y,t) < f(z,y,t,v), (z,y,t) € Qr, )
v(z,y,0) <0, (z,y,t) € Q x {0}

(2.13)
v(0,y,t) <0, v(L,y,t) <0, 0<y<Mt>0,

v(z,0,t) <0, v(x, M,t) <0, 0<x<L,t>0,)
and a solution w(z,y,t) € C*1(Q7) N C(Qy) is said to be the upper solution of (2.1)

if the reverse inequalities are satisfied

The next result is a comparison result related to (2.1).

Theorem 2.20. Let v(z,y,t) and w(x,y,t) be the lower and upper solution of (2.1).

In addition, if f satisfies one sided Lipschitz condition i.e.

f(x>y>taul) - f(:L’,y,t,ug) S L(ul - u2) fO’f’ Uy 2 Uz,

where L > 0 is a Lipschitz constant, then v(x,y,t) < w(x,y,t).

See [37] for the proof.

Remark 2.21. The results of Theorem 2.20 is also valid if v and w are independent

of x.

Next we recall the following maximum principle which has been proved in [34]
for one dimensional equation. Following similar lines we can obtain the similar result
for two dimensional equation. This is used to prove the positivity of the solution of
(2.1).

Theorem 2.22. Suppose that u(x,t) is continuous for Qp and satisfies:
Cag (LU Y, ) AU(QE‘ Y, ) (l’,y,t) S QTQ

u(z,y,0) > (z,y,t) € Q x {0}

(2.14)
u(()?y?t)ZO’ u(L7y7t)207 0§y§M7t207

u(z,0,t) >0, u(x, M,t) >0, 0<x<L,t>0,]
then U(.Cl],y,t) >0 fOT (l’,y,t) S @T'

See [34] for proof.

The next basic result related to series of Mittag-Leffler function which will be
useful in proving the convergence of Green’s function and its corresponding derivatives

as t — oo using the ratio test.
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Lemma 2.23. LetE, ,(—At?) be a Mittag-Leffler function of order q, where 0 < ¢ < 1.

Eq q(_)‘ltq)
Then ————= < 1 where A\, Ay > 0, such that, \y = \o + k for k > 0.
Eq,q(_)‘ﬁq)
Lemma 2.23 is true if E, ,(—At?) is replaced by E,1(—At?) . See [6] for the proof.
In the following lemma we compare integral of Mittag-Leffler function to that of
exponential function. It can be used in the special case when f(u) = ﬁ where
Picard’s iterates of Caputo fractional reaction-diffusion equation will be compared to

that of iterates of the standard reaction-diffusion equation. In [34], it has been proved

for A\ = "2’;2 using the series expansion of Mittag-LefHler function and integrating term

by term. However, it can be easily proved for any A > 0 following the same lines.

Lemma 2.24. For0<7<t<1,0<g<1 and, A >0
t t
(2.15) / (t —7)" B, (=t —7)))dr > / e M= dr,
0 0

See [34] for proof.
The representation formula for a general Caputo fractional reaction-diffusion equation
with nonhomogeneous boundary conditions and nonzero initial condition has been
obtained in [37] using the eigenfunction method and Green’s formula. The Green’s
function for two dimensional caputo fractional reaction-diffusion equation has been
obtained in [17] using eigenfunction expansion method and Laplace transform with

respect to t.

(2.16) n=lm=1
sin %) sin (%) (t — 1) B, (— At — 7)9).
n?r?  mir?
for t > 7, where A\ = 7 + e See [17] for details. In addition non-negativity

of Green’s function i.e. G°(z,y,t;&,n,7) > 0 has been shown in [23].

Also we have,

(2.17) G(z,y,t;€,m, T (t—T1)7" 1qu( At — 1))

4 o0
| = Tar 2

Using ratio Test and Lemma 2.23, we see that the R.H.S. of (2.17) converges. This

shows that the G°(z,y,t;&,n, 7) exists and continuous.
c9q

0 -
8tqtq YE, (=M = =MT1E, (—Mt?) we have,
4\
LM Z qu(— )‘(t_T)q) ’

which converges using Lemma 2.23 and Ratio test. Using the same argument as

Since,

[

01
Gz, y,t;6,m,7)| <

(2.18) o
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above, we can conclude that G¢(z,y,t;¢§,n,7), G5.(z,y,t;:§,n,7), Gy(x,y,t:&,n,7)

and, Gy, (v, y,t;§,n,7) exist and are continuous on Q7.

3. Main Results

We divide this section into two subsections. In the first subsection we present
the quenching results related to Caputo fractional ordinary differential equation and
in the second subsection we present results related to Caputo fractional reaction-

diffusion equation.

3.1. Quenching Results for Caputo Fractional ordinary Differential Equa-
tions. In this section, we develop results for Caputo fractional ordinary differen-
tial equations. We prove that under the similar conditions as in (2.4), the solution
quenches in a finite time. Initially we establish the local existence and quenching of
the solution in finite time by the construction of a monotone sequences which con-
verge to the solution as long as the solution is bounded by A — € for € > 0. Next
we consider an example of first order ordinary differential equations whose solutions
can be computed explicitly and quench in finite time. However, it is easy to observe
that the solution of Caputo fractional ordinary differential equations cannot be com-
puted explicitly. It has been demonstrated in [35] that the solution of the ordinary
differential equation with an appropriate modification will be a lower solution to the
corresponding Caputo fractional ordinary differential equation. This suffices to prove
that Caputo fractional differential equations with a general non homogeneous term
f(u) which is an increasing function of u¢, positive for u¢ > 0 satisfies the quenching

condition Clir% f(u®) = oo quenches. Also we can use the relation to find the upper

bound for the quenching time of a Caputo fractional ordinary differential equation
using the quenching time of an nonlinear ordinary differential equations. Initially we

consider the Caputo-fractional initial value problem
(3.1) °Diu® = f(u®), u(0)=ug, 0<wug<A, t>0.

The integral representation of (3.1) is given by the equation

(3.2) u(t) = up + ﬁ /0 (t —8)17 1 f(s,u"(s))ds.

The equivalence of (3.1) and (3.2) can be established as in [16] when f is continuous.
Initially we show that the solution of (3.1) quenches in finite time using monotone
sequence related to (3.1). This proves the local existence of the solution on some

small time interval and quenching of the solution in finite time.
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Lemma 3.1. If f(0) > 0, f,(0) >0, fu(u) >0 and, fu(u) >0 for u>0 and,

lim  f(u) = oo,

u—A_

then the solution of (3.1) quenches in a finite time t,,.

Proof. We construct following sequences of functions {u¢(t)}>°
(3.3) uf(t) =ug and forn=1,2,3..., “Diu(t) = f(us_,(t))

Using the property of f, the R.H.S. of (3.3) exists if 0 < u,, < A — € for any fixed
e > 0. Moreover using (3.2) we obtain that u, satisfies following integral equation:

(3.4)

ug(t) =wuo and forn=1,2,3...; wu(t) =uy+ L ) /0 (t = 8)T " (fun-1(s)))ds.

L(q)

Ui f(uo)ds = ug + f(uo)r(qtiily

>0fort>0and 0<q<1.

Now, uf(t) = uo +/0 T

Therefore, uf(t) 2 u(t) as f(uo) > 0 and F-——

Let us assume that for some positive integer i, uf < uf < --- < wuf ; < uf for
t > 0. We then obtain,
s)a—1 s)a-1 c c
g (1) = g+ fy S fug(s))ds > uo + [y L5 f(ug_y(s))ds = u(t) for t > 0,
Therefore by the principle of mathematical induction,

ug <uj <o <y <, for t>0.

Moreover, it is easy to see that each u™(t) is a lower solution to (3.1). Since f,(u) > 0
for u > 0 we obtain, “Dful(t) = f(ul_1(t)) < f(ui(t)) and u(0) = ug. Therefore
using the fact that f satisfies Lipschitz condition, we obtain uf < uf <--- <wuf_; <
uS.. < uf on the interval of existence of u¢ say [0, ¢1]. Therefore using Dini’s Theorem
we have that u¢ (¢) being a nondecreasing sequence of functions and bounded above by
u’(t) converges to a continuous function say v(¢) on a compact set [0,¢;] and further
using Monotone convergence theorem we obtain that v(t) satisfies (3.2) on [0, 4]
Using the uniqueness of the solution of (3.10), we have that v(t) = u(t) on [0,].
Moreover by the definition of existence of the solution we can say that u(t;) = A—e

for a fixed € > 0.

Next we show that each u¢ is an increasing function of ¢. For, we construct a
sequence w; in (0, t; — k| such that fori = 0,1,2...., w;(t) = uf(t+h) —uf(t) for any
positive number h less than t;. This gives, wo(t) = u§(t + h) — u§(t) = 0 and,

wi(t) =uf(t+h) —ui(t) = %((t + h)?—t?) > 0.

Let us assume that for some positive integer j, w;(t) > 0 for 0 <t <t; — h.

Then, w; o1 (£) = /0 %ﬂu;(s))ds— /0 %f(u;(s))ds
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Now,

Hht 4 h—s)t M+ h =)t w5V ds
| ssenas = [ pson

Rt 4+ h—s)e?
* /h I'(q)

Letting 0 = s — h, we obtain,

t+h (t—l— h — S)q—l . B t (t o U)q_l o .
A —7%T—KMW%—A————ﬂA4%W

Therefore, w;1(t) > Oh %f(u?(s))ds > 0. This proves that each u¢(t) is an

increasing function of ¢ on [0, #4].

Next we show that u¢(t) is an increasing function of ¢ for 0 < ¢ < ¢;. Since u(t)

is a limit of increasing function of ¢, u‘(¢) ia a nondecreasing function of ¢ for 0 <

t<ti. u(t+h)—ut) = /Hh (t+h=o)r s)q_lf(uc(s))ds.

c - t(t_
0 s — [

Therefore as before we obtain u®(t + h) — u®(t) > 0 for 0 < ¢ < ;. Since u® is an
increasing function of ¢ there exists a o > ¢, such that u®(t) < A — § for 0 <t <ty.
Continuing this way, we can obtain an increasing sequence t; such that u®(t;) < A— %
for 0 <t <t;. Let t, be the supremum of ¢;, Vi for which the integral equation has

a unique continuous solution u® < A. Then we obtain tlir? u(t) = supA — ¢ = A
—tq .

Therefore there exists t, such that u(t) exists on [0,t,) and u(t) quenclhes at t =1,

Furthermore If ¢, is finite, and «® does not reach A_ at t,, then for any positive
constant between sup u®(¢,) and A, there exists some t,(> t,) such that the integral
equation has a unique continuous solution u¢ < A for 0 < t < t,. This contradicts

the definition of ¢,. Hence, if ¢, is finite, then u® quenches at ¢,.

Finally we prove that u® doesn’t quench in infinite time. If u¢ quenches in infinite

time then using (3.2) we obtain,

1 ta
li c — li _ N\a1 c
i u (tq) uo + lim —F(q)/o (t—s)T f(s,u(s))ds

1 ta
> lim —— t—s)"'d
>+ Jim s ) [0 s
q
= o f(ug) lim ey = o0

which is contradiction. This completes the proof. O
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In the next result we show that the solution of the equation (2.4) quenches in
finite time by using the lower solution which has been constructed and used used for

the ordinary differential equation in section 2.

Theorem 3.2. If f(0) >0, f,(0) >0 and fy,(u) >0 foru >0 and lirfrxl f(u) = oo,

then the solution of (3.1) quenches in a finite time.

Proof. Following the same lines as in the case of ordinary differential equation in
Section 2, we obtain that the solution v of the following linear fractional differen-
tial equation “Djv = f(0) + f.(0)v,v(0) = g is a lower solution of (2.4). Using the

integral representation of the linear Caputo fractional differential equation we obtain,

v(t) = uoEq 1 (fu(0)t7) + /Ot(t = 5)"7 Eg1 (fu(0)(t — 5)7)ds.

Using the series expansion of Mittag-Leffler function and integrating term by term

we obtain,

£(0) .
) (Bar(£.010) = ).

Since f,(0) > 0 and E,;(At?) is an increasing function of ¢ for 0 < ¢ < 1 and A > 0,

U(t) = U(]E J(fu(O)tq) +

v(t) reaches A in a finite time say, t**. Then using comparison theorem 2.20 we obtain,
u(t) > v(t). This proves that u(t) reaches A in some finite time ¢, and ¢, < ¢**. O

In the next result we prove that the solution of Caputo fractional initial value
problem quenches by using lower solution which is constructed in [35] using the solu-
tion of ordinary differential equation. This guarantees that the solution of fractional
differential equation quenches under the same conditions that the solution of ordi-
nary differential equation quenches. Moreover it also provides an upper bound for
the quenching time of fractional differential equation in terms of quenching time of
the solution of ordinary differential equation. For this purpose we recall following
lemma which is proved in [35]. Since f,(u) > 0 for u > 0, this lemma is true for
the quenching problem also. The proof follows the same lines as in [35] and hence is
omitted.

Lemma 3.3. Let u = u(t) is a solution of the ordinary differential equation

du
o = Jw),u(0) = uy

where f is a function of u such that f(0) >0, f(u) >0 foru >0 and f,(u) > 0 for
u >0 then v(t) = u(t) is a lower solution of a Caputo fractional ordinary differential

equation

‘Diu = f(u),u(0) = ug
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See [35] for the proof.
Therefore using comparison theorem 2.20, and Lemma 3.3, we can prove that under
the same condition that the solution of (2.4) quenches in finite time then the solution

of (3.1) also quenches in finite time.

The quenching time of (2.4) can be computed as t** = [ A s Therefore using

uo f(s)
Lemma 3.3 we obtain that the solution of (3.1) also quenches in finite time

1

e ([ )

Hence we arrive at the following conclusion about the quenching of solution of (3.1).
Theorem 3.4. Let f(u) is a positive continuous function of u with f(0) >0, f(u) >
0, fu(uw) >0, for u > 0. In addition if f satisafies clin}1 f(u®) = oo then the solution
u of equation (3.1) quenches in finite time.

Example 3.5. As an example we consider f(u) = ﬁ Using the binomial expansion,

(1—2)" =14rz+ir(r+1)a*+--- . forany r € Rand |z| < 1, D}t = %#’_q

and, some elementary calculations one can show that

e ) 4
(3:5) (m) ﬂ‘V (1= w0l =250

is a lower solution to the equation

(3.6) “Diu® = 1 , uf(0)=wug, 0<wug<1, 0<t<T,
— uc

where u(t) = 1— /(1 — ug)? — 2t is the solution of (2.4) when f(u) = ;. Therefore

It can be observed that the solution of (3.6) quenches at

= {rla+ DB (s ey )

Q=

3.2. Quenching Results for Caputo fractional reaction-diffusion equation.
In this section, we prove that the solution of Caputo fractional reaction-diffusion
equation quenches in finite time by two different methods. In the first method, we
construct monotone sequences related to (2.1), we prove that the sequence converges
to the solution of the Caputo fractional reaction-diffusion equation as long as the
solution is bounded by A — € for any ¢ > 0. This proves that the solution exists
in some finite time and quenches in finite time. In the second method we construct
lower solution and show that the lower solution reaches A_ from below at some time
t*. We also provide sufficient conditions for the global existence and quenching of
the solution of Caputo fractional reaction-diffusion equation. We also determine the

critical domain for quenching by the construction of the lower solution.
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Consider the following Caputo fractional reaction-diffusion equation:
Ofu(z,y,t) — Au(z,y,t) = f(u(x,y,t)), (z,y,t) € Qr,
u®(x,y,0) = uo(z,y), (z,y,t) € Q x {0},
u(0,y,t) =0, u(L,y,t) =0, 0<y< M, t>0,
u(x,0,t) =0, u(z, M,t) =0, 0<z<L,t>0.

(3.7)

We assume that f € ([0, 4),R,), is locally Lipschitzian on [0, A) and satisfies
f(0) >0, f,(0) >0 and fyu(u) > 0 for u > 0 and 1111141 f(u) = oo. In addition we

assume that Aug(x,y)+ f(ug(z,y)) > 0in Q. The classical solution of (3.7) should be
in C%(Qr), and continuous on Q7 where C?9(Qr) denotes the space of all functions
u¢(x,y,t) which are twice differentiable with respect to z and y and whose Caputo
fractional derivative with respect to ¢ exists and continuous on Q7. Solution of (2.2)

is a special case of (3.7) when ¢ = 1.

Definition 3.6. A solution u®(z,y,t) € C*%(Qr) N C(Qr) of the equation (3.7) is
said to quench at a point (,7,t;) if there exists a sequence {z,,yn,t,} such that
U Ty Yny tn) — A as {Zn, Yn, tn} — (2,9, 1;). Hence a solution u® of (3.7) quenches

in a finite time ¢} € (0, 00) if
(3.8) maz{u(z,y,t) : (x,y) € [0,L] x [0, M]} — A_ as t—t.

The time ¢ is called the quenching time and the point (z,y) = (%, 9) is called quench-

ing point.
Using the Green’s function (2.16), solution of CIBVP (3.7) can be written as,
= [ [ Gt o e

/ / / G(z,y,t:§,n,7) f(u(§, m, 7))dTdndg.

In the following result we prove the local existence and existence of the quenching
time of the solution of (3.7) using the monotone sequences related to (3.7). Similar
result for IBVP (2.2) is proved in [2] using the fundamental solution obtained by
solving the corresponding homogeneous equation for Neumann’s boundary conditions.
A similar approach is used in [5] for a one dimensional problem where the nonlinear
term is a concentrated source. This also proves that the solution u‘(x,y,t) is an

increasing function of t.

Theorem 3.7. There exists a time t, < oo such that the integral equation (3.9)
has a unique nonnegative continuous solution u(x,y,t) on the interval [0,t,) for any
z,y € [0, L] x [0, M]. In addition, if t, is finite, u quenches in finite time.
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Proof. Let us construct a sequence, {uf}2°, in Qr by u§(z,y,t) = ug(z,y) and for
n=0,1,2,...,
¢ qu;-i-l(x Y, ) - Au;+l(x>y>t) = f(U;(l',y,t)), (l’,y,t) € QTQ
U1 (2,9, 0) = uo(2,y), (z,y,t) € Q x {0},
(3.10)

up1(0,y,8) =0, up (L,y, t) =0, 0<y<Mt>0,
Up 1 (2,0,t) =0, up (2, M,t) =0, 0<z<L,t>0.)

Hence using the representation formula (3.9) we obtain,

W2,y / / G (., y, 1€, 0o (€, m)ednde
(3.11)

/ / / G(,y, €, 7) [ (u (&, 7))dTdnds.

Initially we show that, u§(x,y,t) > u§(x,y,t) in Qr.
Suppose that w§(z,y,t) = uf(z,y,t) — u§(x,y,t) in Qr. Then we have,

C@fwf(x,y,t)—Awf(x,y,t) = f(uS(:v,y,t))—Aug(x,y,t) = f(uo(x,y)—Auo(x,y) 2 0

and w{(z,y,0) = 0, w§(0,y,t) = wi(L,y,t) = 0 and, w$(x,0,t) = wi(z, M,t) = 0.
Therefore using Maximum Principle, Theorem (2.22), we obtain, w(z,y,t) > 0.
Next Assume that w§(z,y,t) = u§(z,y,t) — u§_,(z,y,t) > 0 for i > 1. Then we
have, “Ofwt, (&, y, 1) Aty (2,4, 1) = F(uS(w,y, 1) F(uS_y (2,9,8)) > 0as fu(u) > 0
for u > 0 and, w{ (z,y,0) =0, w§ ,(0,y,t) = w{(L,y,t) = 0 and, wf, ,(z,0,t) =
w4 (x, M,t) = 0. Therefore using Maximum Principle Theorem (2.22), we obtain,
wi (2, y,t) = uf, (2,y,t) —ui(x,y,t) > 0. Hence by the principle of mathematical
induction we obtain,ul(z,y,t) > ul_,(x,y,t) for some positive integer n > 1 in Qr

or, up(x,y) < u§ < u§ < --- < ut_, < ul in Qp for any positive integer n > 1.

n—1

Moreover, Since f,(u) > 0 for u > 0 and

¢ qu;+l($ Y, ) - Au;+l(x>y>t) = f(ufl(:)s,y,t)) )
S f(ufz+1($7yat))> (l’,y,t) € QTa
uf’L—l—l(gj?y?O) = 07 (S(Z,y,t) S ﬁ X {0}7 ’

us . 1(0,y,t) =0, up 4 (L,y,t) =0, 0<y< M,t>0,
quH(m,O,t):O, u;-i—l(x?Mvt):Ov OSISLthOU

each u¢(x,y,t) is a lower solution to (3.7). Therefore using the fact that f satisfies
Lipschitz condition, we obtain uf < uf < --- < wuf | < uf.. < u° on the interval of
existence of u® say € x [0,#;]. Therefore using Dini’s Theorem we have that u¢ being
a nondecreasing sequence of functions bounded above by u¢ converges to a continuous
function say v(t) on a compact set Q x [0,#] and further using Monotone convergence

theorem we obtain that v(t) satisfies (3.2) on Q x [0,#;]. Using the uniqueness of the
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solution of (3.10), we have that v = u® on Q x [0,#;]. Moreover by definition of

existence of the solution we can say that u‘(z,y,t;) = A — € for a fixed € > 0.

To show that each u¢ is a strictly increasing function of ¢, we next construct a
sequence w; in Q x [0,t; — h] such that fori =0,1,2..., w;(z,y,t) = u§(z,y,t +h) —

u§(z,y,t) for any positive number h less than ¢;.

Then, wo(z,y,t) = ug(z,y,t +h) — uf(z,y,t) = 0 and,

wl(t) = ui(:)s,y,t—l— h) - uf(:)s,y,t)
t+h
_ / / Gyt + his €, m, 7) f (ul)drdedy
QJO

—/Q/O G(w,y,t;§,m,7) f(ug)drd&dn

Let, c =7 —hthen, dr =do. f r=0,0 =—h,ifr=t+h,o=t,if r=h,o=0.
Then

t+h
/Q/o G(x,y, t+ h;&,n, 7) f(ug)drdédn
h
(3.12) = /Q/O G(z,y,t+ h; &, n, 7) f(ug)drdédn

_'_/Q/O G(x,y,t+ h; &, n, 7) f(ug)drdédn.

Since, G¢(x,t + h; &, 0) = G(x,t; €, 0) for 0 < t <ty — h, we have

1(z,y,t) //cht+h57)d7d§dn>0

Let us assume that for some positive integer j, w;(t) > 0 for 0 <t <t; — h.

Clearly,
wj+1(t) = ]—i—l fL’ Y, t + h) ]—i—l(z Y, t)

_ / / G (w,y, t + h; €, 7) f (uS)drdedn

—/Q/O G(z,y,t;€,n,7) f(uf)drdédn

Using similar arguments we obtain,

wit1(z,y,t) // G(z,t + h; &, T)drdEdn > 0.

Proceeding as in the case of fractional ordinary differential equation, we can show that
u®(x,y,t) is an increasing function of ¢ in Q x [0, #1]. Since u® is an increasing function
of t there exists a ty > t; such that u®(t) < A— §in Q x [0,1,]. Continuing this way,
we can obtain an increasing sequence t; such that u®(t) < A — < for 0 <t <t;. Let

t, be the supremum of ¢;, Vi for which the integral equation has a unique continuous
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solution u¢ < A. Then we obtain tlir? u(x,y,t) = supA — ¢ = A. Therefore there
—lq i

exists t, such that u®(x,y,t) exists on [0,%,) and u(x,y,t) quenches at t — t,.

Furthermore, if ¢, is finite, and u® does not reach A_ at t,, then for any positive
constant between sup u‘(z,y,t,) and A, there exists some t,.(> t,) such that the
integral equation has a unique continuous solution u¢ < A for 0 < ¢t < t,. This
contradicts the definition of ¢,. Hence, if ¢, is finite, then u® quenches at ¢,. This

completes the proof. O

In the next result we will prove the quenching of u in finite time by converting
the Fractional . We will also obtain the upper bounds for the quenching time. It is
the modification of [7] for fractional differential equation with the use of Lemma 3.10.
In addition we use the fact that f(u) > f(0)+ f,(0) which is obtained by the Taylor

series expansion of f(u) near u = 0.

Theorem 3.8. If f(0) >0, f.(0) >0, fu(u) >0 and, fu.(u) >0 foru>0 and,

lim f(u) =

u—A_

In addition assume f,(0) > Ai1, then the solution u® of (3.7) quenches in a finite

time.

Proof. The proof for the quenching of the solutions of (2.2) in finite time under the

similar kinds of assumptions is proved in [7]. We first consider the following function

(3.13) yc(t):/O/O O11(x, y)u(x,y, t)dedy.

Multiply differential equation in (3.7) by ¢11(z) and integrate with respect to x from
x =0 to x = L and with respect to y from x =0 to z = M. From this we get,

Cag{/ / $1a(, y)us(z, y, )dl’dy} / / o121 (2, y) Au(2, y, t)dzdy
/ / 11z, y) f(u(x,y,t))dxdy.

Integration by parts and using the fact —A¢y 1 = A1 1¢1,1, we obtain,

caf{// P11(z, y)u’(z, y, )dl"dy}+)\11// P11z, y)us(z, y, t)dedy

(3.14) / / d11(x,y) f(u(x,y,t))dxdy.
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Using the fact that f(u®) > f(0) + f.(0)u® we obtain,

Cﬁg{// P11(z, y)u'(z, y, )dxdy}—l—)\“// Pz, y)u(z,y, t)dedy
0) + fu(0 (// P11(z, y)u'(z,y, )dxdy)

Hence we obtain following inequality,

(3.15) “Diy* = £(0) + (ful0) = A

It is enough to show that the solution v(¢) of the equation

(3.16) ‘Div = f(0) + (fu(0) = Ar1)v,v(0) = ¥°(0) > 0

quenches in finite time. The solution of (3.16) is,

e WY f(0) ) —
0(1) = 1 OBy ((u(0) = Ma)t) + i (B (u(0) = Aa)t?) — 1)

Since v°(0) > 0, f,(0) > A1 and E,;(At?) is an increasing function of ¢ for 0 < ¢ < 1
and A > 0, v(t) reaches A in a finite time ¢**. Therefore using Lemma 2.20, we obtain
that the solution v¢(¢) of (3.15) quenches in finite time ¢, < ¢**. This suffices to prove
that the solution of (3.7) quenches in a finite time ¢, < t**. O

We next state the following result as a two dimensional version of [35] and can be
obtained following the same lines. This guarantees that the solution of (3.7) quenches
if the solution of (2.2) quenches under suitable conditions for f(u) and also provides an
upper bound for the quenching time of (3.7) using the quenching time of the solution
of (2.2). In the next result we use a different approach. In this approach we use the
solution of reaction-diffusion equation (2.2) as a tool to construct a lower solution for
the Caputo fractional reaction-diffusion equation under suitable conditions. Then we
prove that under the conditions solution of reaction-diffusion equation (2.2) quenches,
the solution of the Caputo fractional reaction-diffusion equation also quenches. For
this purpose we state following two results related to (2.2) which can be proved
following the same lines as in [35] and therefore the proof is omitted. The first result
is needed to prove that the solution u(z,y, == T q+1 ) of (2.2) is a lower solution to (3.7).
For this we consider the solution u(z,t) € C?%(Qr) N C(Qr).

Lemma 3.9. Let f(u) of (2.2) be such that f(0) > 0, f(u) > 0, fu(u) > 0, fuu(u) >0
for uw > 0 and satisfies 1112 f(u) = oco. Further assume that u € C**(Qr). Then

w = wuy; s an nondecreasing function of t > 0 on Qr where u is any solution of (2.2).

Lemma 3.10. Let u = u(x,y,t) is a solution of (2.2). In addition if f is a func-
tion of u such that f(0) > 0, f(u) > 0 foru > 0 and f,(u) > 0 for u > 0 then
tq

v(z,y,t) = u(x,y,t) is a lower solution of (3.7) where t = T+ 1)
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Therefore we are able to prove quenching of the solution of (3.7) using the lower

solution obtained by using the solution of (2.2).

Theorem 3.11. Let f(u) be a convex function of w with f(0) >0, f(u) > 0, f,(u) >

0, fuu(u) >0 foru >0 and f satisfies ljrr;( : = 00, then the solution u® of equation

(3.7) quenches in finite time.

In the next result we state the result that prove the convergence of the solution
of (3.7) to its steady state solution before it quenches. We prove that the fractional
reaction-diffusion equation reaches the same steady state as the reaction-diffusion
equation therefore the results related to steady state solutions of (2.2) hold true for
(3.7) with suitable modifications. The proof can be derived following the same lines

as the results related to the steady state solution of (2.2) and is therefore omitted.

Lemma 3.12. If u(x,y,t) < C for some constant C € (0, A) then the solution
u(z,y,t) of the CIBVP (3.7) converges from below to the solution of the two-point

boundary value problem,

—AU(SL’,y) :f(U(LL’,y)) (S(Z,y) €q
(3.17) U(0,y)=0, U(L,y)=0 (x,y) € {0, L} x [0, M]
U(z,0)=0, U0O,M)=0 (z,y) € [0, L] x {0, M}.

The following result provides the quenching point of the solution of (3.7). This
is a generalization of determining the quenching point of one dimensional equation
as in [15] however, a different approach has to be used due to the fact that the two
dimensional Green’s function cannot be expressed in the closed form. We omit the

proof as it follows the same lines as in (2.2).

Theorem 3.13. In the Caputo fractional reaction-diffusion equation (2.1), u® reaches

A in a finite time ¢, at (x,y) = (%, 4).

In the next result we will show that there exists a critical domain Q* such that
u(x,y,t) exists globally for Q C * small enough and u(z, y,t) quenches in finite tome
for Q* C Q. We modify the result in [2] relative to equation of type (2.2) for (3.7)
based on the fact that the steady state solution of (2.2) and (3.7) in the same. This
proves that for a sufficiently large domain, the solution of (3.7) quenches in finite
time.

Theorem 3.14. Let Uy be the maximum of the solution of the following IBVP
— AU(z,y) =1 (z,y) € Q
U0,y) =0, U(L,y) =0 (z,y) € {0, L} x [0, M]
U(z,0)=0, U0O,M)=0 (x,y) € [0, L] x {0, M}.
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If Uy > OA f‘fs then the solution of the equation (3.7) quenches in a finite time.

Using v(z, y,t) = F(u(z,y,t)) = [} ]ff‘; we obtain, “0fv(z,y,t) > fLC@q u(z,y,t).

Then the proof follows the same hne as in [2].
In the next result we prove that the solution exists globally for a sufficiently small
domain. We modify the theorem for (3.7) which has been established for equation of

type (2.1) in [41] with a convection term therefore the proof is omitted.

Theorem 3.15. u(x,y,t) exists globally for 2 small enough.

In next result we prove the quenching of the solution using a lower solution. This
result also provides the critical domain for quenching. We use the lower solution for
(3.7) which is the modification of the lower solution we have constructed for (2.2).

We follow the same line as in theorem 2.16 and hence omit the steps of the proof.

Theorem 3.16. There exists a critical domain €2* such that u¢ quenches in a finite
time if Q* C €.

Proof. We prove the theorem using the lower solution. We consider following two
cases:
Case I: f,(0) > 1
We construct a lower solution
1 1 64 A
3.18 t)=—x(L —z)=y(M — —— | f(0) =——.
318) oot = goll - 23000~ ) oy O

4

q—l—l)) =1,

Following the same lines as in Theorem 2.16 and using the fact that 0} (&

we can prove that v(x,y,t) is a lower solution of (2.2) when L > 4, M > 4.
Also maz{v(z,y,t)|(x,y) € [0,L] x [0, M]} = A = v(L, 2 t*) for t* = (T'(1 +

PREPE

q) f(O)) This establishes that u(x, t), the solution of (2.2) quenches at (z,y) = (%, &)
1

and t** < (F(l—FQ)m)q

Case II: f,(0) <1

We construct a lower solution

64

(3.19)  w(z,y,t) = %x(L — x)%y(M —v) <W) f(O)fu(O)F(qtij_l)

Following the same lines as in Theorem 2.16 and using the fact that 9} (F(;il)) =1,

we can prove that v(x,y,t) is a lower solution of (2.2) when L > 4, M > 4.
Also, maz{v(z,y,t)|(z,y) € [0,L] x [0,M]} = A = v(&, % 1) for t* = (T'(1 +

27 9
Q)if(())?u(o))%' This establishes that u(x,t), the solution of (2.2) quenches at (x,y) =

1
(éa %) and t** < (I'(¢ + 1) 70) fu (0)) ’ ’
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Example 3.17. As an example we consider the case when f(u) = *. Clearly

f(0) =1and, f,(0) = 1. Using Theorem 3.16, we therefore construct a lower solution

(3.20) o(z,y t) = %x(L _ x)%y(M _y) (ij‘\lp) F(qtjt o

We can easily prove that v(z,y,t) is a lower solution when we choose L > 4, M > 4.
Therefore using Theorem 3.16 establishes that u(z,t), the solution of (3.7) quenches
at (z,y) = (5, %) and t = 3* < 1.

Remark 3.18. Example 3.17 is the two dimensional generalization of the result
obtained in [34].

As a result we obtain the following result which is related to the quenching time
and quenching point of Caputo initial boundary value Problem (CIBVP) (3.7) and
is a two dimensional version of the main result of [34]. This can be obtained by

comparing the corresponding Picard’s iterates and using Lemma 3.3 of [34].

Theorem 3.19. When f(u) = =, The solution of Caputo fractional reaction-
diffusion equation (3.7) quenches on or before the solution of the standard reaction-

diffusion equation (2.2).

See [34] for details.

4. Concluding remark

In this work, we have established that the solution of Caputo fractional reaction-
diffusion equation in two dimensional space quenches in a finite time using a different
approach than in the reaction diffusion equation of integer order. We have also
obtained the upper bound for the quenching time using two different methods. As an
illustration, we have taken the Kawarada’s type equation in two dimension as a special
case and therefore we extended the results for one dimensional Caputo fractional
reaction-diffusion equation of Kawarada’s type for two dimensional equation. We have
proved the existence and nonexistence of the smooth solution using the construction
of monotone sequences. We also proved the quenching and obtained the upper bound
for quenching time by the construction of lower solution. Two different approaches
have been used for the construction of lower solutions. We have finally proved that
there exists a critical domain for quenching by the construction of lower solution. We
have provided a special example of the equation of Kawarada’s type. A lower bound
for the critical domain is also obtained on the basis of the lower solution constructed.
In our future work, we plan to extend our result for a Caputo fractional reaction-

diffusion equation equation in a general dimensional space.
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