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ABSTRACT. We study the existence and uniqueness of solutions for neutral fractional order

coupled systems containing mixed Caputo and Riemann-Liouville sequential fractional derivatives,

complemented with nonlocal multi-point and Riemann-Stieltjes integral multi-strip conditions. Ba-

nach fixed point theorem and nonlinear alternative are used to establish the desired results. An

example illustrating the abstract results is also presented.
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1. INTRODUCTION

Fractional differential equations constitute an important and significant class of

mathematical analysis as these equations find extensive applications in viscoelasticity,

electroanalytical chemistry, and many physical problems [1]-[4]. The tools of the fixed

point theory played a pivotal role in obtaining the existence and uniqueness results

for nonlinear fractional differential equations; see, for example, [5]-[12].

On the other hand, the study of coupled systems of fractional differential equa-

tions is also important as such systems appear in various problems of applied nature;

for instance, see [13]-[17]. For theoretical development (existence theory) of the cou-

pled systems of fractional differential equations, we refer the reader to the articles

[18]-[21].
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Recently, in [22], the authors introduced and studied a new boundary value prob-

lem of neutral fractional differential equations involving mixed nonlinearities, and

nonlocal multi-point and Riemann-Stieltjes integral-multi-strip boundary conditions

of the form:

(1.1) cDp[cDqx(t) + f(t, x(t))] = g(t, x(t)), 0 < t < 1, 0 < p, q ≤ 1,

x(0) =

m
∑

j=1

βjx(σj), bx(1) = a

∫ 1

0

x(s)dH(s) +

n
∑

i=1

αi

∫ ηi

ξi

x(s)ds,(1.2)

where cDr denotes the Caputo fractional derivative of order r (r = p, q), f and g

are given continuous functions, 0 < σj < ξi < ηi < 1, a, b ∈ R, αi, βj ∈ R, i =

1, 2, . . . , n, j = 1, 2, . . . , m and H(·) is a function of bounded variation. Based on the

standard tools of the fixed point theory, existence and uniqueness results are obtained.

In [23], the authors studied the existence and uniqueness of solutions for the fol-

lowing fractional order nonlinear coupled system containing mixed Riemann-Liouville

and Caputo fractional derivatives, subject to integro-differential boundary conditions:

(1.3)



























RLDq(CDrx(t)) = f(t, x(t), y(t)), 0 < t < T,
CDr(RLDqy(t)) = g(t, x(t), y(t)), 0 < t < T,

x′(ξ) = λ CDνy(η), x(T ) = µ Ipy(ζ), ξ, η, ζ ∈ (0, T ),

y(0) = 0, y(T ) = µ1I
p1x(ζ1), ζ1 ∈ (0, T ),

where RLDq is the standard Riemann-Liouville fractional derivative of order q ∈ (0, 1),
CDr, CDν are the Caputo fractional derivatives of order r ∈ (0, 1) and ν ∈ (0, 1)

respectively with q + r > 1, Ip, Ip1 are the Riemann-Liouville fractional integrals of

order p > 0, p1 > 0, f, g : [0, T ]×R×R → R are continuous functions and λ, µ, µ1 ∈ R.

In the present paper we study existence and uniqueness of solution for neutral

fractional order coupled systems containing mixed Caputo and Riemann-Liouville se-

quential fractional derivatives, complemented with nonlocal multi-point and Riemann-

Stieltjes integral multi-strip conditions. More precisely, we study the following cou-

pled system

(1.4)











































cDq(RLDpx(t) + f(t, x(t)) = g(t, x(t), y(t)), t ∈ (0, 1),
cDq1(RLDp1y(t) + f1(t, y(t)) = g1(t, x(t), y(t)), t ∈ (0, 1),

x(0) = 0, bx(1) = a

∫ 1

0

y(s)dH(s) +

n
∑

i=1

αi

∫ ηi

ξi

y(s)ds,

y(0) = 0, b1y(1) = a1

∫ 1

0

x(s)dH(s) +
m
∑

j=1

βj

∫ ζj

θj

x(s)ds,

where RLDp,RL Dp1 and cDq,c Dq1 denotes the Riemann-Liouville and Caputo frac-

tional derivatives of order p, p1 and q, q1 respectively, 0 < p, p1, q, q1 ≤ 1, with

1 < p+ q ≤ 2, 1 < p1 + q1 ≤ 2, f, f1 and g, g1 are given continuous functions, 0 < ξi <
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ηi < 1, 0 < θj < ζj < 1, αi, βj ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . , m, a, a1, b, b1 ∈ R,

and H(·) is a function of bounded variation.

We apply Banach fixed point theorem and Leray-Schauder alternative to obtain

the existence and uniqueness results for the problem at hand. Our results are new

and significantly enhance the literature on the topic.

The rest of the paper is organized as follows. In Section 2, we recall some basic

definitions of fractional calculus and present an auxiliary lemma, which plays a key

role in obtaining the main results presented in Section 3. We also discuss an example

illustrating the existence and uniqueness result in Section 4. The paper closes with

Section 5 containing some discussions.

2. PRELIMINARIES

Before presenting some auxiliary results, let us recall some preliminary concepts

of fractional calculus [2].

Definition 2.1. Let ζ be a locally integrable real-valued function on −∞ ≤ a < t <

b ≤ +∞. The Riemann–Liouville fractional integral Iα
a of order α ∈ R (α > 0) is

defined as

Iα
a ζ (t) = (ζ ∗ Kα) (t) =

1

Γ (α)

t
∫

a

(t − s)α−1 ζ (s)ds,

where Kα(t) = tα−1

Γ(α)
, Γ denotes the Euler gamma function.

Definition 2.2. Let ζ, ζ (m) ∈ L1[a, b] for −∞ ≤ a < t < b ≤ +∞. The Riemann–

Liouville fractional derivative Dα
a of order α > 0 (m− 1 < α ≤ m, m ∈ N) is defined

as

Dα
a ζ (t) =

dm

dtm
Im−α
a ζ (t) =

1

Γ (m − α)

dm

dtm

t
∫

a

(t − s)m−1−α ζ (s)ds,

while the Caputo fractional derivative cDα
a of order α ∈ R (m − 1 < α ≤ m, m ∈ N)

is defined as

cDα
a ζ (t) = Dα

a

[

ζ (t) − ζ (a) − ζ ′ (a)
(t − a)

1!
− . . . − ζ (m−1) (a)

(t − a)m−1

(m − 1)!

]

.

Remark 2.3. If ζ ∈ Cm[a, b], then the Caputo fractional derivative cDα
a of order

α ∈ R (m − 1 < α ≤ m, m ∈ N) is defined as

cDα
a ζ(t) = Im−α

a ζ (m) (t) =
1

Γ (m − α)

t
∫

a

(t − s)m−1−α ζ (m) (s)ds.

In the present work, we denote the Riemann-Liouville fractional integral Iα
a and

the Caputo fractional derivative cDα
a with a = 0 by Iα and cDα respectively.
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Now we prove an auxiliary lemma dealing with the linear variant of the problem

(1.4), which plays a pivotal role in the forthcoming analysis.

Lemma 2.4. Let h, h1, k, k1 ∈ C([0, 1], R). Then the unique solution of the linear

fractional differential system

(2.1)











































cDq(RLDpx(t) + h(t)) = k(t), t ∈ (0, 1),
cDq1(RLDp1y(t) + h1(t)) = k1(t), t ∈ (0, 1),

x(0) = 0, bx(1) = a

∫ 1

0

y(s)dH(s) +
n
∑

i=1

αi

∫ ηi

ξi

y(s)ds,

y(0) = 0, b1y(1) = a1

∫ 1

0

x(s)dH(s) +
m
∑

j=1

βj

∫ ζj

θj

x(s)ds,

is given by

x(t) = −Iph(t) + Iq+pk(t) +
tp

ΛΓ(1 + p)

[

∆
(

n
∑

i=1

αi

∫ ηi

ξi

[

− Ip1h1(s) + Iq1+p1k1(s)
]

ds

+a

∫ 1

0

[

− Ip1h1(s) + Iq1+p1k1(s)
]

dH(s) + bIph(1) − bIq+pk(1)
)

(2.2)

+b1I
p1h1(1) − b1I

q1+p1k1(1)
)

]

,

and

y(t) = −Ip1h1(t) + Iq1+p1k1(t) +
tp1

ΛΓ(1 + p1)

[

A
(

m
∑

j=1

βj

∫ ζj

θj

[

− Iph(s) + Iq+pk(s)
]

ds

+a1

∫ 1

0

[

− Iph(s) + Iq+pk(s)
]

dH(s) + b1I
ph1(1) − b1I

q1+p1k1(1)
)

+Γ
(

n
∑

i=1

αi

∫ ηi

ξi

[

− Ip1h1(s) + Iq1+p1k1(s)
]

ds(2.3)

+a

∫ 1

0

[

− Ip1h1(s) + Iq1+p1k1(s)
]

dH(s)

+bIph(1) − bIq+pk(1)
)

]

,

where

A =
b

Γ(1 + p)
, B = a

∫ 1

0

sp1

Γ(1 + p1)
dH(s) +

n
∑

i=1

αi
ηp1+1

i − ξp1+1
i

Γ(2 + p1)
(2.4)

Γ = a1

∫ 1

0

sp

Γ(1 + p)
dH(s) +

m
∑

j=1

βj

ζp+1
j − θp+1

j

Γ(2 + p)
, ∆ =

b1

Γ(1 + p1)
,(2.5)

and it is assumed that

(2.6) Λ := A∆ − BΓ 6= 0.
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Proof. Applying the integral operators Iq, Iq1 on the fractional differential equations

in (2.1), and then Ip, Ip1 on the resulting equations together with Lemma 2.22 in [2],

we get

(2.7) x(t) = −Iph(t) + Iq+pk(t) + c0
tp

Γ(1 + p)
+ c1t

p−1,

and

(2.8) y(t) = −Ip1h1(t) + Iq1+p1k1(t) + d0
tp1

Γ(1 + p1)
+ d1t

p1−1,

where c0, c1, d0, d1 are arbitrary constants. Using the boundary conditions of (2.1) in

(2.7) and (2.8), we get c1 = 0, d1 = 0, and

(2.9) Ac0 − Bd0 = P, −Γc0 + ∆d0 = Q,

where

P =

n
∑

i=1

αi

∫ ηi

ξi

[

− Ip1h1(s) + Iq1+p1k1(s)
]

ds + a

∫ 1

0

[

− Ip1h1(s) + Iq1+p1k1(s)
]

dH(s)

+bIph(1) − bIq+pk(1),

Q =

m
∑

j=1

βj

∫ ζj

θj

[

− Iph(s) + Iq+pk(s)
]

ds + a1

∫ 1

0

[

− Iph(s) + Iq+pk(s)
]

dH(s)

+b1I
p1h1(1) − b1I

q1+p1k1(1).

Solving the system (2.9) for c1 = 0 and d1 = 0, we find that

c0 =
1

Λ
(∆P + BQ), d0 =

1

Λ
(AQ + ΓP ).

Substituting the values of c0, and d0 in (2.7) and (2.8) yields the solution (2.2) and

(2.3). By direct computation, one can obtain the converse of the lemma. This

completes the proof.

3. MAIN RESULTS

Let us introduce the space X = {x(t)|x(t) ∈ C([0, 1], R)} endowed with the

norm ‖x‖ = sup{|x(t)|, t ∈ [0, 1]}. Obviously (X, ‖ · ‖) is a Banach space. Then

the product space (X × X, ‖(x, y)‖) is also a Banach space equipped with norm

‖(x, y)‖ = ‖x‖ + ‖y‖.

In view of Lemma 2.4, we define an operator T : X × X → X × X by

T (x, y)(t) =

(

T1(x, y)(t)

T2(x, y)(t)

)

,
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where

T1(x, y)(t) = −Ipf(t, x(t)) + Iq+pg(t, x(t), y(t))

+
tp

ΛΓ(1 + p)

[

∆
(

n
∑

i=1

αi

∫ ηi

ξi

[

− Ip1f1(s, y(s)) + Iq1+p1g1(s, x(s), y(s))
]

ds

+a

∫ 1

0

[

− Ip1f1(s, y(s)) + Iq1+p1g1(s, y(s), y(s))
]

dH(s)

+bIpf(s, x(s))(1) − bIq+pg(s, x(s), y(s))(1)
)

(3.1)

+B
(

m
∑

j=1

βj

∫ ζj

θj

[

− Ipf(s, x(s)) + Iq+pg(s, x(s), y(s))
]

ds

+a1

∫ 1

0

[

− Ipf(s, x(s)) + Iq+pg(s, x(s), y(s))
]

dH(s)

+b1I
p1f1(s, y(s))(1)− b1I

q1+p1g1(s, x(s), y(s))(1)
)

]

,

T2(x, y)(t) = −Ip1f1(t, y(t)) + Iq1+p1g1(t, x(t), y(t))

+
tp1

ΛΓ(1 + p1)

[

A
(

m
∑

j=1

βj

∫ ζj

θj

[

− Ipf(s, x(s)) + Iq+pg(s, x(s), y(s))
]

ds

+a1

∫ 1

0

[

− Ipf(s, x(s)) + Iq+pg(s, x(s), y(s))
]

dH(s)

+b1I
pf1(s, y(s))(1)− b1I

q1+p1g1(s, x(s), y(s))(1)
)

(3.2)

+Γ
(

n
∑

i=1

αi

∫ ηi

ξi

[

− Ip1f1(s, y(s)) + Iq1+p1g1(s, x(s), y(s))
]

ds

+a

∫ 1

0

[

− Ip1f1(s, y(s)) + Iq1+p1g1(s, x(s), y(s))
]

dH(s)

+bIpf(s, y(s))(1)− bIq+pg(s, x(s), y(s))(1)
)

]

.

For the sake of computational convenience, we put

Q1 =
1

Γ(p + 1)
+

1

|Λ|Γ(1 + p)

[

|∆||b|
1

Γ(p + 1)

+|B|
(

m
∑

i=1

|βj |
ζp+1
j − θp+1

j

Γ(p + 2)
+ |a1|

∫ 1

0

sp

Γ(p + 1)
dH(s)

)]

,(3.3)

Q2 =
1

Γ(p + q + 1)
+

1

|Λ|Γ(1 + p)

[

|∆||b|
1

Γ(p + q + 1)

+|B|
(

m
∑

i=1

|βj |
ζp+q+1
j − θp+q+1

j

Γ(p + q + 2)
+ |a1|

∫ 1

0

sp+q

Γ(p + q + 1)
dH(s)

)]

,(3.4)
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Q3 =
1

|Λ|Γ(1 + p)

[

|B||b1|
1

Γ(p1 + 1)

+|∆|
(

n
∑

i=1

|αi|
ηp1+1

i − ξp1+1
i

Γ(p1 + 2)
+ |a|

∫ 1

0

sp1

Γ(p1 + 1)
dH(s)

)]

,(3.5)

Q4 =
1

|Λ|Γ(1 + p)

[

|B||b1|
1

Γ(p1 + q1 + 1)

+|∆|
(

n
∑

i=1

|αi|
ηp1+q1+1

i − ξp1+q1+1
i

Γ(p1 + q1 + 2)
+ |a|

∫ 1

0

sp1+q1

Γ(p1 + q1 + 1)
dH(s)

)]

,

Q1 =
1

|Λ|Γ(1 + p1)

[

|Γ||b|
1

Γ(p + 1)

+|A|
(

m
∑

i=1

|βj|
ζp+1
j − θp+1

j

Γ(p + 2)
+ |a1|

∫ 1

0

sp

Γ(p + 1)
dH(s)

)]

,(3.6)

Q2 =
1

|Λ|Γ(1 + p1)

[

|Γ||b|
1

Γ(p + q + 1)

+|A|
(

m
∑

i=1

|βj|
ζp+q+1
j − θp+q+1

j

Γ(p + q + 2)
+ |a1|

∫ 1

0

sp+q

Γ(p + q + 1)
dH(s)

)]

,(3.7)

Q3 =
1

Γ(p1 + 1)
+

1

|Λ|Γ(1 + p1)

[

|A||b1|
1

Γ(p1 + 1)

+|Γ|
(

n
∑

i=1

|αi|
ηp1+1

i − ξp1+1
i

Γ(p1 + 2)
+ |a|

∫ 1

0

sp1

Γ(p1 + 1)
dH(s)

)]

,(3.8)

Q4 =
1

Γ(p1 + q1 + 1)
+

1

|Λ|Γ(1 + p1)

[

|A||b1|
1

Γ(p1 + q1 + 1)

+|Γ|
(

n
∑

i=1

|αi|
ηp1+q1+1

i − ξp1+q1+1
i

Γ(p1 + q1 + 2)
+ |a|

∫ 1

0

sp1+q1

Γ(p1 + q1 + 1)
dH(s)

)]

.(3.9)

Our first result is based on Leray-Schauder alternative ([24] p. 4.).

Lemma 3.1. (Leray-Schauder alternative) Let F : E → E be a completely continuous

operator (i.e., a map that restricted to any bounded set in E is compact). Let

E(F ) = {x ∈ E : x = λF (x) for some 0 < λ < 1}.

Then either the set E(F ) is unbounded, or F has at least one fixed point.

Theorem 3.2. Assume that:

(H1): f, f1 : [0, 1] × R → R, g, g1 : [0, 1] × R × R → R are continuous functions

and there exist real constants λ1, µ1, ki, γi ≥ 0, (i = 1, 2) and λ0, k0, µ0, γ0 > 0

such that, ∀x, y, xi ∈ R, (i = 1, 2),

|f(t, x)| ≤ λ0 + λ1|x|, |g(t, x1, x2)| ≤ k0 + k1|x1| + k2|x2|,

|f1(t, y)| ≤ µ0 + µ1|y|, |g1(t, x1, x2)| ≤ γ0 + γ1|x1| + γ2|x2|.
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If

M1 = [Q1 + Q1]λ1 + [Q2 + Q2]k1 + [Q4 + Q4]γ1 < 1,

M2 = [Q2 + Q2]k2 + [Q3 + Q3]µ1 + [Q4 + Q4]γ2 < 1,

where Qi, Qi, i = 1, 2, 3, 4 are given by (3.3)-(3.9), then the system (1.4) has at least

one solution on [0, 1].

Proof. First we show that the operator T : X×X → X×X is completely continuous.

By continuity of functions f, f1, g and g1, the operator T is continuous.

Let Ω ⊂ X ×X be bounded. Then there exist positive constants Li, i = 1, 2, 3, 4

such that |f(t, x(t))| ≤ L1, |g(t, x(t), y(t))| ≤ L2, |f1(t, x(t)(| ≤ L3, |g1(t, x(t), y(t))| ≤

L4, ∀(x, y) ∈ Ω. Then, for any (x, y) ∈ Ω, we have

|T1(x, y)(t)|

≤
1

Γ(p + 1)
L1 +

1

Γ(p + q + 1)
L2

+
1

|Λ|Γ(1 + p)

{

[

|∆||b|
1

Γ(p + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+1
j − θ

p+1
j

Γ(p + 2)
+ |a1|

∫ 1

0

sp

Γ(p + 1)
dH(s)

)]

L1

+
[

|∆||b|
1

Γ(p + q + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+q+1
j − θ

p+q+1
j

Γ(p + q + 2)
+ |a1|

∫ 1

0

sp+q

Γ(p + q + 1)
dH(s)

)]

L2

+
[

|B||b1|
1

Γ(p1 + 1)
+ |∆|

(

n
∑

i=1

|αi|
η

p1+1
i − ξ

p1+1
i

Γ(p1 + 2)
+ |a|

∫ 1

0

sp1

Γ(p1 + 1)
dH(s)

)]

L3

+
[

|∆|
(

n
∑

i=1

|αi|
η

p1+q1+1
i − ξ

p1+q1+1
i

Γ(p1 + q1 + 2)
+ |a|

∫ 1

0

sp1+q1

Γ(p1 + q1 + 1)
dH(s)

)

+|B||b1|
1

Γ(p1 + q1 + 1)

]

L4

}

≤ Q1L1 + Q2L2 + Q3L3 + Q4L4,

which implies that

‖T1(x, y)‖ ≤ Q1L1 + Q2L2 + Q3L3 + Q4L4.

Similarly, it can be shown that

‖T2(x, y)‖ ≤ Q1L1 + Q2L2 + Q3L3 + Q4L4.

Thus, it follows from the above inequalities that the operator T is uniformly bounded,

since

‖T (x, y)|| ≤ [Q1 + Q1]L1 + [Q2 + Q2]L2 + [Q3 + Q3]L3 + [Q4 + Q4]L4.
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Next, we show that T is equicontinuous. Let t1, t2 ∈ [0, 1] with t1 < t2. Then we have

|T1(x(t2), y(t2)) − T1(x(t1), y(t1))|

≤ L1
2(t2 − t1)

p + |tp2 − t
p
1|

Γ(p + 1)
+ L2

2(t2 − t1)
p+q + |tp+q

2 − t
p+q
1 |

Γ(p + q + 1)

+ |tp2 − t
p
1|
{(

Q1 −
1

Γ(p + 1)

)

L1 +
(

Q2 −
1

Γ(p + q + 1)

)

L2 + Q3L3 + Q4L4

}

.

Analogously, we can obtain

|T2(x(t2), y(t2)) − T2(x(t1), y(t1))|

≤ L3
2(t2 − t1)

p1 + |tp1

2 − tp1

1 |

Γ(p1 + 1)
+ L4

2(t2 − t1)
p1+q1 + |tp1+q1

2 − tp1+q1

1 |

Γ(p1 + q1 + 1)

+|tp1

2 − tp1

1 |
{

Q1L1 + Q2L2 +
(

Q3 −
1

Γ(p1 + 1)

)

L3 +
(

Q4 −
1

Γ(p1 + q1 + 1)

)

L4

}

.

Therefore, the operator T (x, y) is equicontinuous, and thus the operator T (x, y) is

completely continuous.

Finally, it will be verified that the set E = {(x, y) ∈ X ×X|(x, y) = λT (x, y), 0 ≤

λ ≤ 1} is bounded. Let (x, y) ∈ E with (x, y) = λT (x, y). For any t ∈ [0, 1], we have

x(t) = λT1(x, y)(t), y(t) = λT2(x, y)(t).

Then

|x(t)|

≤ Q1(λ0 + λ1|x|) + Q2(k0 + k1|x| + k2|y|) + Q3(µ0 + µ1|y|) + Q4(γ0 + γ1|x| + γ2|y|)

= Q1λ0 + Q2k0 + Q3µ0 + Q4γ0 + [Q1λ1 + Q2k1 + Q4γ1]|x| + [Q2k2 + Q3µ1 + Q4γ2]|y|,

and

|y(t)|

≤ Q1(λ0 + λ1|x|) + Q2(k0 + k1|x| + k2|y|) + Q3(µ0 + µ1|y|) + Q4(γ0 + γ1|x| + γ2|y|)

= Q1λ0 + Q2k0 + Q3µ0 + Q4γ0 + [Q1λ1 + Q2k1 + Q4γ1]|x| + [Q2k2 + Q3µ1 + Q4γ2]|y|.

Hence we have

‖x‖ ≤ Q1λ0 + Q2k0 + Q3µ0 + Q4γ0 + [Q1λ1 + Q2k1 + Q4γ1]‖x‖

+[Q2k2 + Q3µ1 + Q4γ2]‖y‖,

and

‖y‖

≤ Q1λ0 + Q2k0 + Q3µ0 + Q4γ0 + [Q1λ1 + Q2k1 + Q4γ1]‖x‖

+[Q2k2 + Q3µ1 + Q4γ2]‖y‖,
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which imply that

‖x‖ + ‖y‖ ≤ [Q1 + Q1]λ0 + [Q2 + Q2]k0 + [Q3 + Q3]µ0 + [Q4 + Q4]γ0

+{[Q1 + Q1]λ1 + [Q2 + Q2]k1 + [Q4 + Q4]γ1}‖x‖

+{[Q2 + Q2]k2 + [Q3 + Q3]µ1 + [Q4 + Q4]γ2}‖y‖.

Consequently,

‖(x, y)‖ ≤
[Q1 + Q1]λ0 + [Q2 + Q2]k0 + [Q3 + Q3]µ0 + [Q4 + Q4]γ0

min{1 − M1, 1 − M2}
,

which proves that E is bounded. Thus, by Lemma 3.1, the operator T has at least

one fixed point. Hence the boundary value problem (1.4) has at least one solution.

The proof is complete.

In the following result, we prove the uniqueness of solutions of the system (1.4)

via Banach’s contraction mapping principle.

Theorem 3.3. Assume that:

(H2): f, f1 : [0, 1] × R → R, g, g1 : [0, 1] × R × R → R are continuous functions

and there exist positive constants ℓi, i = 1, 2, 3, 4, such that for all t ∈ [0, 1] and

x, y, xi, yi ∈ R, i = 1, 2, we have

|f(t, x) − f(t, y)| ≤ ℓ1|x − y|,(3.10)

|g(t, x1, x2) − g(t, y1, y2)| ≤ ℓ2(|x1 − y1| + |x2 − y2|),(3.11)

|f1(t, x) − f1(t, y)| ≤ ℓ3|x − y|,(3.12)

|g1(t, x1, x2) − g1(t, y1, y2)| ≤ ℓ4(|x1 − y1| + |x2 − y2|).(3.13)

Then there exists a unique solution for the system (1.4) on [0, 1] provided that

[

Q1 + Q1

]

ℓ1 +
[

Q2 + Q2

]

ℓ2 +
[

Q3 + Q3

]

ℓ3 +
[

Q4 + Q4

]

ℓ4 < 1,(3.14)

where Qi, Qi, i = 1, 2, 3, 4 are given by (3.3)-(3.9).

Proof. Define sup
t∈[0,1]

f(t, 0) = N1 < ∞, sup
t∈[0,1]

g(t, 0, 0) = N2 < ∞, sup
t∈[0,1]

f1(t, 0) = N3 <

∞, sup
t∈[0,1]

g1(t, 0, 0) = N4 < ∞ and r > 0 such that

r >
[Q1 + Q1]N1 + [Q2 + Q2]N2 + [Q3 + Q3]N3 + [Q4 + Q4]N4

1 − {[Q1 + Q1]ℓ1 + [Q2 + Q2]ℓ2 + [Q3 + Q3]ℓ3 + [Q4 + Q4]ℓ4}
.

In the first step, we show that TBr ⊂ Br, where Br = {(x, y) ∈ X×X : ‖(x, y)‖ ≤ r}.

By the assumption (H2), for (x, y) ∈ Br, t ∈ [0, 1], we have

|f(t, x(t)| ≤ |f(t, x(t)) − f(t, 0)| + |f(t, 0)| ≤ ℓ1|x(t)| + N1

≤ ℓ1(‖x‖ + ‖y‖) + N1 ≤ ℓ1r + N1,
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|g(t, x(t), y(t))| ≤ |g(t, x(t), y(t))− g(t, 0, 0)|+ |g(t, 0, 0)|

≤ ℓ2(|x(t)| + |y(t)|) + N2

≤ ℓ2(‖x‖ + ‖y‖) + N2 ≤ ℓ2r + N2,

and

|f1(t, x(t))| ≤ ℓ3r + N3, |g1(t, x(t), y(t))| ≤ ℓ4r + N4.

Using the above estimates, we obtain

|T1(x, y)(t)|

≤
1

Γ(p + 1)
(ℓ1r + N1) +

1

Γ(p + q + 1)
(ℓ2r + N2)

+
1

|Λ|Γ(1 + p)

{

[

|∆||b|
1

Γ(p + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+1

j − θ
p+1

j

Γ(p + 2)
+ |a1|

∫ 1

0

sp

Γ(p + 1)
dH(s)

)]

(ℓ1r + N1)

+
[

|∆||b|
1

Γ(p + q + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+q+1

j − θ
p+q+1

j

Γ(p + q + 2)
+ |a1|

∫ 1

0

sp+q

Γ(p + q + 1)
dH(s)

)]

(ℓ2r + N2)

+
[

|B||b1|
1

Γ(p1 + 1)
+ |∆|

(

n
∑

i=1

|αi|
η

p1+1

i − ξ
p1+1

i

Γ(p1 + 2)
+ |a|

∫ 1

0

sp1

Γ(p1 + 1)
dH(s)

)]

(ℓ3r + N3)

+
[

|∆|
(

n
∑

i=1

|αi|
η

p1+q1+1

i − ξ
p1+q1+1

i

Γ(p1 + q1 + 2)
+ |a|

∫ 1

0

sp1+q1

Γ(p1 + q1 + 1)
dH(s)

)

+|B||b1|
1

Γ(p1 + q1 + 1)

]

(ℓ4r + N4)

}

= [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4]r + Q1N1 + Q2N2 + Q3N3 + Q4N4.

Hence

‖T1(x, y)‖ ≤ [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4]r + Q1N1 + Q2N2 + Q3N3 + Q4N4.

In the same way, we can obtain that

‖T2(x, y)‖ ≤ [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4]r + Q1N1 + Q2N2 + Q3N3 + Q4N4.

In consequence, it follows that

‖T (x, y)‖ ≤ {[Q1 + Q1]ℓ1 + [Q2 + Q2]ℓ2 + [Q3 + Q3]ℓ3 + [Q4 + Q4]ℓ4}r

+[Q1 + Q1]N1 + [Q2 + Q2]N2 + [Q3 + Q3]N3 + [Q4 + Q4]N4 ≤ r.

Now, for (x2, y2), (x1, y1) ∈ X × X, and for any t ∈ [0, 1], we get

|T1(x2, y2)(t) − T1(x1, y1)(t)|

≤
1

Γ(p + 1)
ℓ1(‖x2 − x1‖ + ‖y2 − y1‖) +

1

Γ(p + q + 1)
ℓ2(‖x2 − x1‖ + ‖y2 − y1‖)

+
1

|Λ|Γ(1 + p)

{

[

|∆||b|
1

Γ(p + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+1
j − θ

p+1
j

Γ(p + 2)

+|a1|

∫ 1

0

sp

Γ(p + 1)
dH(s)

)]

ℓ1(‖x2 − x1‖ + ‖y2 − y1‖)
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+
[

|∆||b|
1

Γ(p + q + 1)
+ |B|

(

m
∑

i=1

|βj |
ζ

p+q+1
j − θ

p+q+1
j

Γ(p + q + 2)

+|a1|

∫ 1

0

sp+q

Γ(p + q + 1)
dH(s)

)]

ℓ2(‖x2 − x1‖ + ‖y2 − y1‖)

+
[

|B||b1|
1

Γ(p1 + 1)
+ |∆|

(

n
∑

i=1

|αi|
η

p1+1
i − ξ

p1+1
i

Γ(p1 + 2)

+|a|

∫ 1

0

sp1

Γ(p1 + 1)
dH(s)

)]

ℓ3(‖x2 − x1‖ + ‖y2 − y1‖)

+
[

|∆|
(

n
∑

i=1

|αi|
η

p1+q1+1
i − ξ

p1+q1+1
i

Γ(p1 + q1 + 2)
+ |a|

∫ 1

0

sp1+q1

Γ(p1 + q1 + 1)
dH(s)

)

+|B||b1|
1

Γ(p1 + q1 + 1)

]

ℓ4(‖x2 − x1‖ + ‖y2 − y1‖)

}

≤ [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4](‖x2 − x1‖ + ‖y2 − y1‖),

and consequently we obtain

‖T1(x2, y2) − T1(x1, y1)‖

≤ [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4](‖x2 − x1‖ + ‖y2 − y1‖).(3.15)

Similarly, one can find that

‖T2(x2, y2)(t) − T2(x1, y1)‖

≤ [Q1ℓ1 + Q2ℓ2 + Q3ℓ3 + Q4ℓ4](‖x2 − x1‖ + ‖y2 − y1‖).(3.16)

It follows from (3.15) and (3.16) that

‖T (x2, y2) − T (x1, y1)‖ ≤ {[Q1 + Q1]ℓ1 + [Q2 + Q2]ℓ2 + [Q3 + Q3]ℓ3

+[Q4 + Q4]ℓ4}(‖x2 − x1‖ + ‖y2 − y1‖),

By assumption (3.14), the foregoing inequality implies that the operator T is a con-

traction. So, by Banach’s fixed point theorem, the operator T has a unique fixed

point, which is the unique solution of problem (1.4). This completes the proof.
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4. EXAMPLE

Example 4.1. Consider the following coupled system:

cD1/2(cD1/2x(t) + f(t, x(t))) = g(t, x(t), y(t)), t ∈ (0, 1),

cD1/3(cD1/4y(t) + f1(t, y(t))) = g1(t, x(t), y(t)), t ∈ (0, 1),

x(0) = 0, x(1) =

∫ 1

0

y(s)dH(s) +
3
∑

i=1

αi

∫ ηi

ξi

y(s)ds,(4.1)

y(0) = 0, y(1) =

∫ 1

0

x(s)dH(s) +

3
∑

j=1

βj

∫ ζj

θj

x(s)ds.

Here p = q = 1/2, q1 = 1/3, p1 = 1/4, a = 1, b = 1, a1 = 1, b1 = 1, H(s) = s, ξ1 =

1/7, ξ2 = 3/7, ξ3 = 5/7, η1 = 2/7, η2 = 4/7, η3 = 6/7, α1 = 1/12, α2 = 1/6, α3 =

1/4, β1 = 1/5, β2 = 1/10, β3 = 1/5, θ1 = 1/8, θ2 = 3/8, θ3 = 5/8, ζ1 = 1/4, ζ2 =

1/2, ζ3 = 3/4,

f(t, x) =
1

160
sin x + e−t cos t, f1(t, y) =

1

180

( |y|

1 + |y|

)

+ 6t.

g(t, x, y) =
1

8(t + 2)2

|x|

1 + |x|
+1+

1

64
sin2 y, g1(t, x, y) =

1

64π
sin(2πx)+

|y|

32(1 + |y|)
+

1

2
.

Using the given values, we find that A ≈ 1.12838, B ≈ 0.950675, Γ ≈ 0.609051, ∆ ≈

1.10326, Λ ≈ 0.665890, Q1 ≈ 4.21909, Q2 ≈ 3.71906, Q3 ≈ 3.55464, Q4 ≈ 3.23905, Q̄1 ≈

2.27727, Q̄2 ≈ 1.99498, Q̄3 ≈ 4.12517, Q̄4 ≈ 3.99109. Notice that ℓ1 = 1/160, ℓ3 =

1/180 as |f(t, x)−f(t, y)| ≤ 1
160

|x−y|, |f1(t, x)−f1(t, y)| ≤ 1
180

|x−y|, and ℓ2 = ℓ4 = 1
32

as |g(t, x1, x2) − g(t, y1, y2)| ≤
1
32

(|x1 − x2| + |y1 − y2|), |g1(t, x1, x2) − g1(t, y1, y2)| ≤
1
32

(|x1 − x2| + |y1 − y2|). Moreover, it is found that
(

Q1 + Q1

)

ℓ1 +
(

Q2 + Q2

)

ℓ2 +
(

Q3 + Q3

)

ℓ3 +
(

Q4 + Q4

)

ℓ4 ≈ 0.487774 < 1. Thus all the conditions of Theorem 3.3

are satisfied and consequently, its conclusion applies to the problem (4.1).

5. DISCUSSION

In the previous sections we studied a coupled system (1.4) in which each equation

contains one Caputo and one Riemann-Liouville fractional derivative. Another kind

of problems is to consider different order of derivatives in each equation. Thus we can

study the following coupled system in which the first equation contains one Caputo

and one Riemann-Liouville fractional derivative and the second one Riemann-Liouville
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and one Caputo fractional derivative of the form











































cDq(RLDpx(t) + f(t, x(t)) = g(t, x(t), y(t)), t ∈ (0, 1),
RLDp1(cDq1y(t) + f1(t, y(t)) = g1(t, x(t), y(t)), t ∈ (0, 1),

x(0) = 0, bx(1) = a

∫ 1

0

y(s)dH(s) +
n
∑

i=1

αi

∫ ηi

ξi

y(s)ds,

y(0) = 0, b1y(1) = a1

∫ 1

0

x(s)dH(s) +
m
∑

j=1

βj

∫ ζj

θj

x(s)ds,

Working as in Lemma 2.4 we can find that the solution of the system (5) is given by

x(t) = −Iph(t) + Iq+pk(t) +
tp

Λ1Γ(1 + p)

[

∆1

(

n
∑

i=1

αi

∫ ηi

ξi

[

− Iq1h1(s) + Iq1+p1k1(s)
]

ds

+a

∫ 1

0

[

− Iq1h1(s) + Iq1+p1k1(s)
]

dH(s) + bIph(1) − bIq+pk(1)
)

+B1

(

m
∑

j=1

βj

∫ zj

θj

[

− Iph(s) + Iq+pk(s)
]

ds

+a1

∫ 1

0

[

− Iph(s) + Iq+pk(s)
]

dH(s) + b1I
q1h1(1) − b1I

q1+p1k1(1)
)

]

,

and

y(t) = −Iq1h1(t) + Iq1+p1k1(t) +
tp1

Λ1Γ(1 + p1)

[

A1

(

m
∑

j=1

βj

∫ zj

θj

[

− Iph(s) + Iq+pk(s)
]

ds

+a1

∫ 1

0

[

− Iph(s) + Iq+pk(s)
]

dH(s) + b1I
q1h1(1) − b1I

q1+p1k1(1)
)

+Γ1

(

n
∑

i=1

αi

∫ ηi

ξi

[

− Iq1h1(s) + Iq1+p1k1(s)
]

ds

+a

∫ 1

0

[

− Iph1(s) + Iq+pk1(s)
]

dH(s) + b1I
ph1(1) − b1I

q1+p1k1(1)
)

]

,

where

A1 =
b

Γ(1 + p)
, B1 =

Γ(q1)

Γ(q1 + p1)

[

a

∫ 1

0

sp1+q1dH(s) +

n
∑

i=1

αi
ηp1+q1

i − ξp1+q1

i

Γ(q+p1 + 1)

]

Γ1 =
1

Γ(1 + p)

[

a1

∫ 1

0

spdH(s) +

m
∑

j=1

βj

zp+1
j − θp+1

j

Γ(2 + p)

]

, ∆1 =
b1Γ(q1)

Γ(q1 + p1)
.

Λ1 = A1∆1 − B1Γ1 6= 0.

We can prove similar results to that of problem (1.4). We omit the details.
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