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MULTI-GROUP SIR MODEL: STABILITY AND CONTROL
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ABSTRACT. A model to study the control of viral spreading in multi-population groups is con-
sidered. The goal is to work out transportation and vaccination/quarantine policies to minimize the
viral spreading while minimizing negative economic effect. We start by considering a multi-group SIR
epidemic model where stability of both disease free equilibrium and endemic equilibrium are investi-
gated. Then, we consider the problem of effectively implementing medical intervention/quarantine,

and transport restrictions at various times of a planning horizon under consideration.

AMS (MOS) Subject Classification. 39A10.

1. INTRODUCTION

Formulation of strategies to control or avoid the spread of epidemics are key
components of the design of public health policy. Some of the strategies to control or
block the spread of epidemics consist of health education campaigns, contact tracing
and screening, and strategically timed mass vaccination, medical treatment and/or
quarantine for those that are already infected. All these strategies have cost associated
with them([20]). Timely effective strategies/control minimize cost and viral spread
(1], 5], [10], [12], [28]).

In this paper we consider control system where the objective is to reduce the
number of infected people and cost by scheduled vaccinations, quarantine, and trans-
portation restriction. The level of the application of resources depends on the size of
each population in the metapopulation as well as the state of the epidemic([2], [5],
[10], [12]).

Since we are considering multi-groups, population homogeneity and migration,
level of interactions between groups and within groups are important features of the
model. The level of resources also depends on the size of each population. The
epidemic model also significantly differs depending on the particular epidemic under
consideration. Influenza model is quite different from HIV model ([2], [5], [6], [9],
[13], [14]).
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Thus, control models should possibly consider multiple groups, the particular
epidemic, time horizon, and control objectives, population size, state of the epidemic
and available resources ([2], [5], [6], [9], [12], [28]). In this paper we consider a multi-
group SIR model where controls/interventions are applied at distinct intervention
times in the planning/epidemic horizon and between intervention times. We start
by considering the stability properties of the model followed by appropriate control
problem. We apply the results to a concrete model where numerical results are

presented.

2. STABILITY OF MULTI GROUP SIR MODEL

2.1. Statement of the Problem. We consider the following system of differential

equation:

p n
Sk =MNe = BrjSil; — diSk,

=1

I = Z/@kjskfj — (di + vi) I,

J=1

| R = el — di Ry,

k=1,...,n,

where S, I, R, denote the susceptible, infectious, recovered population in the kth
group, respectively. We denote by i, the transmission rate from group j to group
k, and the infectious population in group k is increased by the rate of (3;;Si/;. We
use Ay and dj to denote the birth and death rates in group k. We denote by 7 the

natural recover rate in group k.

Since the recovered population does not affect the dynamics of the Sy and I}, we

consider the system

Sk =Mk = BriSkl; — diSi,

. J k=1,...,n,
I, = Zﬁkjskfj — (d + ) I,

J

We define the reproductive number R, to be the spectrum of the matrix B:

B Mi

By, = ——— .
& di(di + i)

Ry is the key parameter that completely characterize the stability of the system (2.1).

Theorem 2.1. 1. If Ry < 1, then the system (2.1) has a disease free equilibrium
E°=[S9,59, ...,5%0,0,...,0], and E° is globally stable.
2. If Ry > 1, then the system (2.1) has an endemic equilibrium E* =[S}, S5, ..., Sk,
IF I, ... 1Y), and E* is globally stable.
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2.2. Stability of Disease Free Equilibrium for Ry < 1. Let us consider the

system

(2.1) X = A, — dp Xy, k

The solution could be solved out as

A
B (1 — e ) 4 X (0)e %,

(2.2) Xilt) = 3

By comparison principle we have Si(t) < Xj(t).

Consider the Lyapunov function V' (¢) as follows

(2.3) Z 7 + I

where w = [wy, ..., w,]T is the left eigenvector of the matrix defined in (2.1). By Per-
ron Frobenius Theorem w has all positive components, so V (t) is always nonnegative.
Differentiate V' (t) along the solution of (2.1).

24) V(O = 3 (X AuSOL) — (@ + 3 1(0))

o di, + i
< 2 Z dr + %%’ (I;() = wili(t)
k=1 j=1 1
j=1 k=1 dk di + k)
- - ﬁky Ak
D0 w10 (Xult) — 51) = D wlul)
j=1 k=1 kT & —
n n n ﬁkj Ak
= 2 Rowsli(t) + . S0 (Xa(t) - 2
=1 o ety ( dk>
= wilu(?)
k=1
_ - - Br; B & B 1,
- j=1 [; o di =+ Y (Xk(t) dk> +(Ro 1)%] I;(t)

We know that tlim Xi(t) = %, and with the knowledge that Ry < 1, we will have

V (t) decreasing with time and the equilibrium E° is globally stable.

2.3. Stability of Endemic Equilibrium for Ry > 1. Now we consider the case
when Ry > 1, for which there is an endemic equilibrium E* =[S}, S5, ..., S5 I, 15, ..., I].

) nl
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We have the equilibrium condition

(2.5) A= BriSil; — dSy =0,

J=1

> BriSil; = (di + )L = 0.
j=1

Define Bkj = DSy 15, and

[ — Zj?él Blj 321 - /?31 B /?nl

@12 - 22'7,52 /62]' /632 - o /?n2

(26) B = 513 623 - Zj?gg 539' L 6n3
Bln B2n B?m C - Z];ﬁn an i

By Kirchhoff’s Matrix Tree Theorem, the linear equation Bw = 0 has a positive

solution w = [wy, ..., w,]T. The k-th row of the equation is equivalent to
n n
> Brjw = Bisw;.
=1 =1

We define g(x) = x—1—Inz. By checking the derivative of g(z) we easily get g(x) > 0
for z > 0 and ¢g(1) = m>1£1g(x) = 0. We define the Lyapunov function
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Differentiate V' (t), and using the equilibrium condition (2.5, 2.6), we have

Zwk[( ) (ngjskf* + diS — ZﬂkjSkI ~ dyS)

—i—( — %) <Zﬂkj5k]j — (dp + ”Yk)ﬁc)}

_ iwkdkS,’;( % - g—z)

St I ST I
+ wkﬁka5k1*<2——+—*—%——*>
];1 Sy I SpIL I

S o(E) ol 2) -o(S0E) -o(2)

< Z wkﬁkjg<l—i) Z wkﬁk]f]( )
g k=1 J Jk=1

= 3 wduo(1) S 0() S
k=1 J k=1 J=1

=0.

We notice that V(t) = 0 only when S(t) = S}, I(t) = I;. Therefore, the endemic
equilibrium E* is globally stable.
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FIGURE 1. Susceptible Population Groups
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FIGURE 2. Infected Population Groups

3. MULTI-GROUP SIR MODEL WITH VACCINATION

In this section, we consider an optimal control problem based on the SIR model.
We know that people get the disease when contacting people from the infectious
group. Restriction on the transportation could lower the rate of the spreading of the
disease, but it might also bring negative effect to economic activity. Another solution
to control the disease is to provide vaccination to the people of the susceptible group or
quarantine people, both of which has negative effect on economic activity. Therefore
the decision has to be carefully to what extent transportation should be restricted

and how many people should be provided with vaccination.

3.1. Statement of the Problem. We consider the following system
[ Sp = Ay — Z(ﬁkj — ;) Skl — diSk,

J
Iy = (B — urj)Sely — (di + ) e, t€(0,7)U (T, T)
J

Se(th) = Sp(77) — cr,
\ I(77) = Ii(77),

with the cost functional
(3.1)  J(ue) = /0 L(t,u, S, D)t + (S, I(7), ¢) + S(S(T), I(T)).

Here the uy; is the control parameter which represents the transportation restriction
from group j to group k, and c¢; denotes the amount of vaccination applied to the

group k at time 7. The cost function L(¢,u,S,I) represents the negative effect to
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the economy brought by transportation restriction, and ¥ (S, I, ¢) is the expense due
to vaccination. The problem is to work out a transportation policy and vaccination

strategy such that the cost functional is minimized.

3.2. General Impulse Optimal Control. We consider a general impulse control

problem. The dynamics of the system is given as follows:

(3.2) T = f(z,u,t), te (0, 7)uU(r,T)

2(t7) = g(x(77), 0).

The control u(t) and the impulse control ¢ are chosen to minimize the cost functional:

J(u(+),c) = /0 L(t,u, z)dt + (z(17), ¢) + o(x(T)).

Now, we use variational methods to seek the optimal control. Assume that {u(-), ¢}
is the optimal control pair and Z(t) is the state corresponding to {a(-),¢x}. Let

{a(-,0),¢(0)} be another pair of decision variable where

u(t,0) =u(t) + Ov(t),
é(0) = ¢+ Oc,

Let v(+), ¢ are arbitrary perturbations, and let Z(t) be the state corresponding to
{u(-), é}. Define

B3) i) = S a,
—l-g—i(i(t),u(t),t)v +0n(t), te(0,7)U(r,T),
and
(3.4) )(0) =0,
dg dg
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Then, we can solve

(3.5) y(t) = /OCI)(t,s)%(i(s),ﬂ(s),s)v(s)ds

t
+9<<I>(t, ¢+ / (t, s)n(s)ds), te(r,T)
where ®(t, s) is the fundamental matrix for the linear system

. Of .
z= %(:B(t),u(t),t)z.

We will have the following fact.

Lemma 3.1. There is a function p(t) € L(to, ty;R™), satisfying the differential equa-
tion

B1) i) = (GoG)iGs)5)

P ) =) @), )+ (),
Then
J(@+ 0v, &+ 0¢) — J(4,&) = 0aTc + 0 /OT (pTg—£ + g—i)v(s)ds +o(6),
where
r_ O dg
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Proof. To prove the lemma, we compute the difference between the perturbed cost

and the minimal cost:

(3.8)

J(i+ 0v, e+ 0c) — J (i, &)
e{w( (- ),a)wg—f( ( ),c)y(T_)+/;g—§(:%,ﬁ,t)y(t)+g—§(i,ﬁ,t)v(t)dt

v [ %y ff( ><>dt+@<<>>y<T>}+o<e>

{ac((f) )+g—f / ap (@&t gL(:cut) (t)dt
w5 (v (Bate >+%)+ [ o9 <s>ds)+g—§v<t>}dt

+ 2 <T>>(®<T,T>(§—gy<f->+§i )+ / "o, 2L u(s)as )}+o<9>
- of (GGt >+§—f( (1)(1,7) o+ [ S neenLat).
+/[(§j /a Y tsd)af< . )0ls) + Gol)| d
+( / (t.7)ar0? 4+ )y

/8xxut a(:cut)()dt} o(0)

=ofarer [ (575000 + Zoo)as+ 57utr) + [ SEutn+ Satonar +of0)

0

where we define

O 86 dg

& G GG
(3.9) + gL (z,a,t)P(t, T)%(i(T‘),é)dt,
(3.10) pf(s) = gf( (T ))(IJ(T,S)—I—/ g—i(i,ﬁ,t)@(t,s)dt, se (r,T),
1) g2 %@(T»@(T,f)g—g(f(f—x@
ToL Jg -
+ [ G (S 6), 0
+a—w(9§"(7'_),6).

ox
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From (3.9, 3.10, 3.11) we notice that

0
(3.12) o = 2

m:p<>§<<x@+@@vm@,

and p(s) satisfies the differential equation:
oy (0L, . T of, . T
—p(s) = (5 (@), i(s),9)) + (5o(a(s),i(s),9)) pls), s € (7, 7).
Remind the expression for y(t) (3.5, 3.6), and plug it into (3.8), we will have
(3.13)  J(i+0v,é+ 0c) — J(@, )
r of oL T of
_ T T - T i
= G{a c—l—/T P o v(s) + 8uv( ))ds—i—ﬁ (/0 @(T,s)auv(s)ds)
TOL, [ 0 oL
+/ —(/ ot )2 (s )ds) + Z20@)dt b + o),
0 0 8u 8U

70f
_ T -
= 6’{ac+/ (pa ()+8 v())ds
of
T —_ _—
+/0 (1, 5) + /8 tsdt v()+av(t)ds

Define

T T T OL

P(5) = T0(rs) + [ St st s e (07),
and then we will have

(3.14) J(u+ Ov,é+6c) — J(u,¢)
T/ p0f  OL
= H{OzTC +/0 (pTa—i + %>v(s)ds} + 0(0)

We could see that in the interval (0, 7), p(s) satisfies the same differential equation:
. oL, , . . T
(3.15) -5(s) = (5 (@) a(s).9))
of T
+(5o (@) as),5)) pls) s € (0,7

Combining (3.13) and (3.14), we will have

Therefore the lemma is proved. O

Assuming there is no constraint for the control variables, we will have the follow-

ing result.
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Theorem 3.2. If 2(t) is the solution of the impulse optimal control problem stated

as above, then we have

(3.16) 50 (2(17),8) +pT(T+)—C(CE(T_)7é) =0,
pT(s)g—i(i,ﬂ,t)%—g—i(i',ﬁ,t) =0, se(0,7)U(r,T).

3.3. Forward Backward Differential Equations. From the condition (3.16, 3.17),
we assume the optimal control 4 and optimal impulse ¢ are of feedback form: u(t) =
w(x(t),p(t)), ¢ = é(x(r77),p(rT)). In order to solve the impulse optimal control prob-

lem, we need to solve the following forward backward system:

(3.17) z(t) = f(z,u(z,p),t), se€(0,7)U(r,T)
5tt) = (@it p).0) |
(A i), 0) ple), s € 0,70 (D)
with boundary condition z(0) = o, p(T) = %(I(T)), and jump condition
(3.18) 2(r) = gla(r), alr) p(r),
% o

3.4. Numerics on SIR Model. To verify that the conditions we derived minimizes

the cost function, we consider the following SIR model:

Sk =N\, — Z(ﬁkj - ukj>SkIj - dkSka

J

Iy = (Brj — ) Sklj — (di + ) Ik, € (0,7) U (7,T)

Sk(77) = Sk(77)(1 = ex),
Ii(77) = I(77),

p

\

with the cost function

e
I
—_
e
Il
—

(3.20) p= [61
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The condition (3.16) will be rewritten as

alSE(t7)er, ., SEH (1) ey

—S51(17)
+E ), L&), m(T), ()] - | =0,
—Sn(77)
0
S . o A Er(T™) .
which implies the vaccination strategy to have the form ¢, = A=) The condition
aop\T

(3.17) could be written as

(3.21) 82)“&[@(2 > (B — )Ly — diSi)

i,J

which implies the transportation control policy to have the form ag(t) = (nx(t) —
k(1)) Sk(t)11(t). The connecting condition for the adjoint variable (3.18) in fact could
be simplified as {(77) = &{(77), n(77) = n(77). Then, the forward backward system

will be given as

/ .
Sk =M — > (B — i) Skl — diSi,
J

I, = Z(ﬂkj — Up;) Skl — (di + Vi) Ik,
& = i+ Y (Bry — ) Li(& — me),

e = —bly + Z(ﬂjk — 1) Sk(§k — k) + (di + Vo),
Sk(F) = Se(77)(1 = &),

I (m7) = Ii(77),

(7)) =&(m7);

n(rt) = (7).

\

Here we choose the parameters as

n d I} y alble| T | T
1|1 05 05]|[ 5]

3 .2 05 1 .05 1 1({2]1(20]10
1] |05 05 1 |||.5]

The following table shows the optimal control ends up with lower cost than some

other controls.
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