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1. INTRODUCTION

Throughout the paper, Q@ C RY (N > 1) is a non-empty bounded open set with a
smooth boundary 99, p,q > N and F : Q x R?> — R is a function such that F(-,t;, )
is continuous in Q for all (¢1,t3) € R? and F(z,-,-) is C* in R? for every z € 2, and
F, denotes the partial derivative of F' with respect to s.

We are interested in establishing the existence of at least three weak solutions to

the following boundary value systems
—Apu + a(x)|ulP~?u = NF,(x, u,v) in Q,
(1.1) — A+ b(z) V|7 %0 = AF, (2, u,v) in €,
u=v=>0 on 0f),
where A u =div(|Vul*~2Vu) is the s-Laplacian operator, a,b € L>®(Q) with essinfqa >

0 and essinfob > 0, and A is a positive parameter, based on a very recent three critical

points theorem due to Bonanno and Marano [5].
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In the sequel, X will denote the Sobolev space VVO1 P(Q) x VVO1 9(Q) equipped with
the norm
[[(w, )| = [lull + l|v]l,

where
1/p
Joll = [ 19utoyra)
and
1/q
o = ( / |w<a:>|qu) |
We define
1/p
Jull = ( [1vutap + a<x>|u<x>|P>da:)
and
1/q
ol = ([ (9o + bolo(alfas)
Put
(12> k — max Sup max,-q |u(z)|p’ Sup max,cq |'U(x)|q .
ueW,? (2)\{0} [l veW, 1()\{0} vl
Since p,q > N, one has k < +00. Moreover, from [20] one has
_ -1
sup maX,cn |U(ZL')| < N /P [F(l + E)]l/N( p— 1 )l—l/p[m(Q)]l/N—l/p
wEWLP (2)\{0} [Jull VT 2 p—N
and
_ —1
sup max, cq |v(2)] < N~V [D(1+ E)]l/N( q—1 )1—1/q[m(Q)]1/N—1/q
vEWH(2)\{0} o] VT 2 qg— N

where m(€2) is the Lebesgue measure of the set €2, and equality occurs when 2 is a
ball.

Clearly, one has

lull < flully < (1 + llalloom(2)k) 2 ull

(1.3)
ol < flvllz < (1 + [lbllcm()8) 0]
Hence, in W, ?(Q) x Wy%(Q) the norm
(e, o)l = Tlully + vl

is equivalent to the usual one.

For all ¢ > 0 we denote by K(c) the set

p q
(1.4) {(tl,t2)€R2Z %—F%SC}.
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By a solution (weak) of problem (1), we mean any (u,v) € X such that

/Q (IVu(@) P> Vu(z) Vi () + a(z)|u(z) [P ?u(z)h (z)) dz
—i—/ (|Vv(2)7*Vu(2) Vha(z) + b(z)|v(z)|"*v(z)he(z)) dz
0

—>\/ (Fu(z,u(z),v(z))hi(z) + Fy(z,u(z),v(z))ho(x)) de =0
Q
for every (hyi, hs) € X.

A special case of our main result is the following theorem.

Theorem 0. Let Q C R? be a non-empty bounded open set with boundary of
class Ct. Let f,g : R? — R be two continuous functions such that the differential
1-form w := f(&,n)dE+ g(&, n)dn is integrable and let F be a primitive of w such that
F(0,0) =0, F(dy,d2) > 0 for some dy,ds > 0 and F(&,n) > 0in [0,d;] % [0,dy]. Fix
p,q > 2 and assume that

F F
lim inf M = limsup M =0.
(€m—(0.0) B 4 = jejtoo, Ipi—too - 4 H-

Then, there is A* > 0 such that for each A > A\*the problem
—Ayu = \f(u,v) in
(1.5) —Ayu = Ag(u,v) in Q,
u=v=0>0 on 0f)
admits at least three weak solutions.

In the literature many papers [1,2,3,7-13,17,18] discuss quasilinear elliptic sys-
tems. For example in [9] the authors studied a class of quasilinear elliptic systems
involving the p-Laplacian operator where the right hand side is closely related to
the critical Sobolev exponent and they proved the existence of at least one nontrivial
solution under suitable assumptions on the nonlinearities. In [8], Y. Bozhkova, E. Mi-
tidieri using the fibering method, introduced by Pohozaev, established the existence
of multiple solutions for a Dirichlet problem associated with a quasilinear system
involving a pair of (p, ¢)-Laplacian operators. In [12], A. Kristdly using an abstract
critical point result of B. Ricceri established the existence of an interval A C [0, 00|

such that for each A € A the quasilinear elliptic system

—Apu = AF,(x,u,v) in €,
(1.6) —Av = AF,(x,u,v) in €,

u=v=0 on 0f2
where () is a strip-like domain and A > 0 is a parameter, has at least two distinct
nontrivial solutions. In [18], the authors studied the Nehari manifold for a class
of quasilinear elliptic systems involving a pair of (p,q)-Laplacian operators and a

parameter, and proved the existence of a nonnegative solution for the system by
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discussing properties of the Nehari manifold, and they obtained global bifurcation
results. We also refer the reader to [1,2,13] where the three critical points theorem of
B. Ricceri [15] is used. For example, Chun Li and Chun-Lei Tang in [13] established
the existence of an interval A C [0,4o00| and a positive real number p such that
for each A € A problem (3) admits at least three weak solutions whose norms in
Wy (Q) x W,(Q) are less than p, and in [1] some similar results for the quasilinear

elliptic system

Ap g + AEF, (T, u1,ug, . .., Uy)
APQUQ -+ >\Fu2 (LU, Uy, U2,y ..., un)

0 in €,
0 in €,

(1.7)
Ayt + AF, (T, ug,ug, .. u,) =0 in Q,
u;=0for1 <i<n on 0f2

\
were obtained. Also, in [4], G. Bonanno and P. Candito using Ricceri’s three critical
points theorem, proved the existence of an interval A C [0, +o00] and a positive real

number ¢ such that for each A € A the problem

(1.8) { —Apu+a(@)ufPu=Af(z,u)  inQ,

%:0 on 0f)

where 2 C RV (N > 1) is a nonempty bounded open set with a boundary 92 of class
Cl, a € L®(Q) with essinfqa >0, p> N, A >0, f: Q2 x R — R is a function and v
is the outward unit normal to 02, admits at least three weak solutions whose norms
in WhP(Q) are less than q.

For other basic notations and definitions, we refer the reader to [6,14,16] and the

references therein.

2. MAIN RESULTS

First we here recall for the reader’s convenience Theorem 2.6 of [5].

Theorem A. (see [5, Theorem 2.6]) Let X be a reflexive real Banach space, let
® : X — R be a sequentially weakly lower semicontinuous, coercive and continuously
Gateaux differentiable whose Gateaux derivative admits a continuous inverse on X*,
and let ¥ : X — R be a sequentially weakly upper semicontinuous and continuously
Gateaux differentiable functional whose Gateaux derivative is compact. Assume that
there exist 7 € R and u; € X with 0 < r < ®(u;), such that

. U(u
1. Supueq)fl(]_ooﬂ) \I]<'LL) < Téguig,

ii. for each A € A, :=] 383, o -

Fo— q,(u)[ the functional ® — AW is coercive.
€d 1 (]—oo,r

Then, for each A\ € A, the functional ® — AW has at least three distinct critical points
in X.

We need the following proposition in the proof of Theorem 1.



SOLUTIONS FOR A CLASS OF DIRICHLET SYSTEMS 93

Proposition 1. Let T': X — X* be the operator defined by

T(u,v)(hy, he) = /Q(|Vu(at)|p_2Vu(x)Vh1(a?) + a(2)|u(z) [P~ 2u(z)hy (x))d
+ /Q(\Vv(:cﬂq_sz(x)th(x) + b(x)|v(z) |7 2v(2) he(2))da

for every (u,v), (hi,hy) € X. Then T" admits a continuous inverse on X*.

Proof. Taking into account (2.2) of [19] for every z,y € R there exists a
positive constant ¢, such that

(o[22 = [y|P 2y, x — y) > gple —yl?
where (-,-) denotes the usual inner product in RY. Thus, it is easy to see that
(T'(ur,v1) = T(uz, v2))(ur — 2, v1 — v2) > min{cy, cgb([lur — wa)||7 + [lvr — v2)][3)

for every (uq,v1), (ug,v9) € X, which means that 7" is uniformly monotone. Therefore,
since T is coercive and hemicontinuous in X, by applying Theorem 26.A. of [21], we
have that T" admits a continuous inverse on X*. [J

Now, we state our main result:

Theorem 1. Let F : Qx R? — R be a function such that F(-, 1, ) is continuous
in Q for all (t;,t;) € R?, F(z,-,-) is C! in R? and F(z,0,0) = 0 for every x € Q.
Assume that there exist a positive constant r and a function w = (wy, ws) € X such
that

(cr) ||w1|| + ||w2||
(a2) fﬂsup(tl tQ)eKl(’”) F(xtl’tz < laFm@w s oo Ki(kr) = {(t1,t2) € R?;

r lwillf | lwalld
Bl el poe
t1 to < « . X
=+ 2= < kr} (see (4)) and k is §1V6H by (2); ( |
: F(x,t1,t2) QSUP(t) to)e Ky (kr) F(@t1 t2)d .
(a3) lim SUP |t |—+00, |tz|—+o00 DMK < m(Q)kr uniformly with re-

P q

spect to x € €.

hoa I} ol

Then, for each A € Ay := ] £ 2 L the problem

fQ F(wil(x)va(x))dx ’ fQ SUP(tq,t9)€ K (kr) F(:L‘,tth)d:L‘
(1) admits at least three distinct weak solutions in X.

Proof: In order to apply Theorem A, we begin by taking X = W,(Q) x W, 4(Q)

endowed with the norm ||(u, v)||; as defined before. Moreover, put
1 1
(2.1) D(u,v) = ]—)||u||’f + §||U||§
and
(2.2) W(u,v) = / Fla, ulx), v(z))da
0

for each (u,v) € X. Since p,q > N, X is compactly embedded in C°(Q) x C°(Q2) and it

is well known that ® and ¥ are well defined and continuously Gateaux differentiable
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functionals whose Gateaux derivatives at the point (u,v) € X are the functionals
O (u,v), V'(u,v) € X*, given by

' (u,v)(hy, he) = /Q(|Vu(3:)|p_2Vu(x)Vh1(x) + a(z)|u(z) [P 2u(z)hi (2))dx
+ A(\Vv(x)|q_2Vv(:c)Vh2(x) + b(x)|v(z) |7 *v(z)ho(z))dx:

and
W (o1, 0) (B, ) = ( / Fo(a u(a), () (2)dee + / Fo (e, ula), v(a))ha(z)de)

for every (hy, hy) € X, respectively, as well as W is sequentially weakly upper semi-
continuous. We claim that ¥’ : X — X* is a compact operator. Indeed, for fixed
(u,v) € X, assume (u,, v,) — (u,v) weakly in X as n — +oo. Then (u,, v,) — (u,v)
strongly in C(Q). Since F(z,-,-) is C' in R? for every x € (, so it is continuous in
R? for every x € €, and we get that F(x,u,,v,) — F(z,u,v) strongly as n — +o0.
By the Lebesgue control convergence theorem, ¥'(u,,v,) — V'(u,v) strongly, which
means that ¥’ is strongly continuous, then it is a compact operator. Hence the claim
is true. Furthermore, Proposition 1 gives that &’ admits a continuous inverse on
X* and since @’ is monotone, we obtain that ® is sequentially weakly lower semi
continuous (see [21, Proposition 25.20]).

Choose (ug,v9) = (0,0) and (uy,vy) = (wy,ws), from () and (9) we get 0 < r <
®(uy,v1), and from (10) we have ¥(ug,vo) = (0,0), which are required assumptions

in Theorem A. Moreover, since
sup [u(x)[” < kllul/”
ASY)

and
sup [v(z)|* < kfjv]|
x€eQ)

for each (u,v) € X, we see that
sup [u(z)|” < kf|ul]f
€N

and
sup [v(z)|* < E[[v]3
€

for each (u,v) € X, and so

03 S s T
z€e p q D q

for each (u,v) € X. Using (9) and (11), we obtain

d (] —o00,7])) = {(u,v) € X;®(u,v) <r}
_ ey Jlollz
N {( DexT, <T}

q
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¢ {(u e x; bt

q

q
) < kr} for alleQ},

and it follows that

sup U(u,v) = sup /F(:B,u(x),v(x))dx
(u,0)€P~1(]—o00,r]) (u,0)€P~1(]—o00,r])
< / sup  F(x,ty,ty)dx.
Q (tl,tQ)EKl (kT)

Therefore, from (10), owing to (as), we have

sup  U(u,v) = sup / F(z,u(z),v(x))dx
ued—1(]—oco,r]) (u,0)e®~1(]—00,r])
< / sup  Fl(x,ty,ty)de
Q (t1,t2)eK1(kr)
_ fQ z,wyi (), wy(x))dx
||w1||p 4 ||w2||2
_ T\I]<U1,’U1)
(I)(Ul, Ul)’

namely, assumption (i) of Theorem A is fulfilled. Furthermore from (a3) there exist

two constants vy, 7 € R with

fQ SUD (¢) to)e K (kr) F(x,t,t)dx
T

0<y<

such that

t1]P [Eal

Em(Q)F(x,ty,t0) < y(—— ; + =)+ 7 for all # € Q and for all (¢;,t,) € R*.

Fix (u,v) € X. Then
L Ju@P o))
2.4 Flx,u(x),v(zr)) < + + 1) for all x € Q.
24 Flal)o@) < ot o PR
So, for any fixed A € Ay, from (9)—(12) we have

B(u,0) = M¥(u,0) = 3 fullf + ol - / Pla.u(a),v(a)ds

1 1 A
> L+ Loy - 2 ( [ s [ e |qu) AT
p q
1 1 )\7 km(Q) (
> Zull? + Py
> Ll + ol - (Q)< ully + EmED, 1)
1 » 1 q » AT
= —||lu||]y + —||v - —
St St = 22l - 2ol -

> 1[4 ’ Jull?
>=|1-9 u
p fQ Sup(thtg)EKl(kT) F(x7 tl’ t2)d'r !
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N 1 1 r o]l AT
- -7 Vg — 7
q JoSup, e, ory F(@, 1, t2)d Lk

and thus
lim  (P(u,v) — AV(u,v)) = +o0,

[[(w,0)[|—+o0
which means the functional ® — AW is coercive. So, Assumption (i) of Theorem
A is satisfies. Now, we can apply Theorem A. Hence, by using Theorem A, taking
into account that the weak solutions of (1) are exactly the solutions of the equa-
tion ®'(u,v) — A\W/'(u,v) = 0, the problem (1) admits at least three distinct weak
solutions. [

Let us here give a consequence of Theorem 1 for a fixed test function w.

Fix 2° € Q and pick 71, 7y with o < r; < ry such that

S(a% ) C S(2°r) C Q.

Put /2 1 1
Quin = (ry — Tiv)m min { (ra — )P (ry— rl)q} ’
N/2
Qo= =N e o
R =1+ m(Q)kmax{||allcc, [|blloc},
L= @ and [ = kQmin.

Corollary 1. Let F': Qx R* — R be a function such that F'(-, 1, %) is continuous
in Q for all (t;,t;) € R?, F(x,-,-) is C* in R? and F(z,0,0) = 0 for every = € Q.
Assume that there exist a constants ¢ > 0 and a vector d = (dy,ds) € R?, dy,dy > 0,

with ¢ < (% + %), such that
(B1) F(z,t1,t2) > 0 for each (z,t1,t5) € (Q\ S(2° 1)) x [0,d;] x [0, da];
(%) Jo 5wy apery o Fl@tita)de. 1 Is60ry) Fledid)de,

c ¥ al )

a2
P+q

(Bs) limsup|t1|_)+oo7‘t2‘_)+m% < 0 uniformly with respect to x € €2, where

Ki(c) = {(t,t2) € R% % + % < ¢} (see (4)) and I, L are given by (14).

4 q
d71+d72
q 1 c

P =
) F(z,dy,d2)dz’ k [ SUD(y, 10)e ke (c) £ (@t1,t2)d

Then, for each A\ € | RQmax Tom where Qnax

is given by (13), the problem (1) admits at least three distinct weak solutions in X.
Proof: We claim that all the assumptions of Theorem 1 are satisfied by choosing
w(z) = (wy(z), wy(x)) with
0 yo € Q\ S0 )
25) w) =] - Sl e e S6m)\SEhn)

ro—7r1

d; ,o € S(x% )
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fori = 1,2 and r = ¢. It follows from (15) that (w;,w;) € X and

N/2 d
p_ (N _ N m 1
Jnll = 03 = )

p

and
N/2 d
q_ (N _ N 4 2 \q
Junl? = (5 =) ey )
Therefore,
d;  dj p g )  di
Quin( D+ L2y < ol el (B4 By,
p q b q p q
Hence, taking (3) into account, one has
dy  di dy  di
Cgmin(_1 + _2) S (I)(wla w2) S RQmax(_l + _2)
p q p q
From ¢ < l(% + %g) one has
dy  dy

) S l{:é[)(wl, wg),

kr < kain(_ +
b q

that is r < W + %, namely (aq) is verified. Also, since 0 < w;(z) < d;, i = 1,2
for each = € Q, condition (3;) ensures that

/ F(x,wi(x), ws(z))dx + / F(z,wi(z), wy(z))dxr > 0.
Q\S(x9,r2) S(x0,72)\S(x0,r1)

Moreover, from (/) one has

su o Fx, ty,te)dx
/ sup  F(x,ty,to)dr = k;fQ P mero (7 1 t2)
Q (t1,t2) €K (kr) c

fS(:{:Oml) F(x,dy,dy)dx
day . dd
T4
1 fS(xO,rl) F(x>d1>d2)dl’
RQmax dy d3
Q pl _'_ q2
fS(xoml) F(x7d17d2>dflf
(I)(w17w2)
fQ F($7w1($),w2(x))dx'

?

< kL

IA

w1 ||P wa (|4
[lwa ] + [lwa]l
p q

hence (ay) is satisfied. Finally (f3) implies (a3). Taking into account that

R

&
RQmax K d ) g Ala
fS(xO,rl) F(SL’, dl’ dg)dl‘ k fQ Sup(t1,t2)6K1(c) F(SL’, tlv t2)d«r

Theorem 1 ensures the conclusion. [
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We now point out the following special cases of Corollary 1 when I does not
depend on z € Q2. Put

1 1
Ilnax = (Tév - T{V) max { ( ) }

ro —11)P" (rg — 1)1

and

N
1N 1

m($2) kRQ
Corollary 2. Let F': R? — R be a C'—function such that F(0,0) = 0. Assume
that there exist constant ¢ > 0 and vector d = (dy,ds) € R?, di,dy > 0, with
c<I(% + %) such that

(61) F(t1,t2) > 0 for each (t1,t3) € [0,dq] x [0, ds];

(6/> SUD(4 ty) e iy (o) £ (t1,22) Llel’dQ)
2 p dP d‘]a

+q

AT F(tl,tz)
(85) T Supy, o o) —too TP, 5w < 0-
P q

4
1 2
RQhax » 9 1 c
Then, for each A € R F ) T spg, e, o FOR) the problem

—Apu + a(x)|ulP?u = A\F,(u,v) in

(2.6) —Ayv+ b(z)|v|T %0 = AF,(u,v) in ,
u=v=>0 on 0f,
admits at least three distinct weak solutions in X.
Proof: Since Quax = F(’T%/;) L and m(S(z°% ry)) = r{Vme/Q Corollary 1

ensures the conclusion. [

Finally, we prove the theorem in the introduction.

PROOF OF THEOREM 0
4, 43
Fix A > \* = R?ﬁa ’E T ) Taking into account that lim inf ¢ ;) (0,0 % =0
! P @
oo

p q
there is {¢ bnen CJ0,

such that lim, .. ¢, = 0 and

SUD (¢, ek (cn) (5 77)

lim =0.
n—-4oo Cp,
‘50n|p |77¢n|q
su C F c c — ‘l‘ -
In fact, one has lim Pemeren F(E; 77) lim (EensNen)  ~p “__,

n—-+o0o Cp, n—>+oo Ifcn‘p + ‘ncnlq ’ Cn,

p q
where F(gcnv nCn) - Sup(§ nEK1(cn) (é- 7])
Hence, there is ¢ > 0 such that

E dp+dq7 )\

and ¢ < [ (% + %g). From Corollary 2 the conclusion follows. [J
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