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ABSTRACT. In this paper, we study the existence of solutions of initial value problems for first
order fractional differential equations with nonlocal conditions. A variety of new existence results
are presented which are based on known fixed point theorems. Our results extend previous results

in integer and time scales cases to the fractional case.
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1. INTRODUCTION

In this paper, we consider the following first order initial value problem for frac-

tional differential equations with nonlocal initial conditions
cDix(t) = f(t,xz(t)), 0<t<T, 0<q<1,

(1) 2(0) + 32 vu(t) =0,

where °D? denotes the Caputo fractional derivative of order ¢, f : [0,7] x R — R,
tj,7 = 1,2,...,m are given points with 0 < ¢; < --- < ¢, < T and +; are real

numbers with .
1 + Z Vi 7é 0.
j=1

Fractional calculus (differentiation and integration of arbitrary order) arise natu-
rally in various areas of applied science and engineering such as mechanics, electricity,
chemistry, biology, economics, control theory, signal and image processing, polymer
rheology, regular variation in thermodynamics, biophysics, blood flow phenomena,
aerodynamics, electro-dynamics of complex medium, viscoelasticity and damping,
control theory, wave propagation, percolation, identification, fitting of experimental
data, etc. [13, 17, 18, 19].

Differential equations of fractional order have attracted the attention of several
researchers. For some recent work on fractional differential equations, see [1, 2, 3, 9,
10, 15, 16] and the references therein.
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Nonlocal conditions were initiated in the paper [6]. The nonlocal condition is
more natural in many physical problems than the classical initial condition z(0) = .
We refer the reader to [5], [8] and the references therein for a motivation regarding

nonlocal conditions.

In the present paper we prove a variety of existence results for the problem (1.1)
via fixed point theorems. In Section 3 we prove an existence and uniqueness result by
using Banach’s fixed point theorem. Krasnoselskii’s fixed point theorem is used to get
the existence result in Section 4, while Leray-Schauder Alternative is the basic tools
for obtaining the existence results in Section 5. In Section 6 we give some further
existence results using the idea presented in [4], [7] where the growth condition is
splitted into two parts, one for the subinterval containing the points involved by the
nonlocal condition, and an other for the rest of the interval. Finally, a particular case

of the results presented in Section 6, is discussed in Section 7.

2. PRELIMINARIES

In this section, we introduce notations and definitions which are used throughout
this paper. Let X = C([0,7],R) denote the Banach space of all continuous functions
from [0, 7] into R with the norm

= = t)|.
o] = leloy = ma |o(0)]

L'([0,T],R) denotes the Banach space of measurable functions z : [0, 7] — R which

are Lebesgue integrable and normed by
T
||| = / lz(t)|dt for all = € L'([0,T],R).
0

Let us recall some definitions on fractional calculus [19, 17, 13].

Definition 2.1. For an n times continuously differentiable function g : [0, 00) — R,

the Caputo derivative of fractional order ¢ is defined as

1 t
‘Dig(t) = m/ (t—s)" g™ (s)ds, n—1<qg<nn=I[g+1, ¢>0,
—q) Jo

where [¢q] denotes the integer part of the real number ¢ and I' denotes the gamma

function.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ for a continuous

function g is defined as

Pyl = | gt a0

provided the right hand side is pointwise defined on (0, co).
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Definition 2.3. The Riemann-Liouville fractional derivative of order ¢ for a contin-

uous function ¢ is defined by

e Loordye [t g(s) _
Dg(t)—m<£) /Omds,n_[q]+1,q>o,

provided the right hand side is pointwise defined on (0, c0).

In order to define the solution of the problem (1.1), we consider the following

lemma.

Lemma 2.4. Assume that 1+ Y v; # 0. For a given p € X the unique solution of
=1
the initial value problem

Dix(t) =p(t), 0<t<T, 0<q<1,

(2.1) 2(0)+ 3o ye(t) =0, 0St < oo Sty < T,
s given by
Pt —s)at 1 - (; —s) -t
22)  at)= | =L p(s)ds — —— i | o rls)ds.
/0 M) " 1+2%;7/o Mg "

7j=1

Proof. For some constant £ € R, we have

(23) o) = 170~ = [ T plsgas -
Then we obtain . B
o) = [ e - €

Applying the initial conditions for (2.1), we find that

m

_ 1 N G R
“}+§W;%A O

j=1

Substituting the value of £ in (2.3), we obtain the unique solution of (2.1) given by

_ (M=) 5 t_sql s)ds
am—A s - 1+2%; / o(s) ds.

This completes the proof. O

We shall assume throughout the remainder of the paper that 1+ ) v; # 0, and
=1
put, for brevity,

m -1 m
a=<1+2%> CA=1+1a]> |yl
j=1 j=1
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3. EXISTENCE RESULTS VIA BANACH’S FIXED POINT
THEOREM

Theorem 3.1. Assume that f :[0,T] x R — R is a jointly continuous function and

satisfies the assumption:
(Ar) [If(t,2) = fE ) < Lllz—yll, Vt€[0,T), L>0, z,y €R,

I'(g+1)
ATa
Then the initial value problem (1.1) has a unique solution.

with L <

Proof. In view of Lemma 2.4 solutions of (1.1) are fixed points of the operator F :
X — X, defined by

1

(3.1) (Fx)(t)z/o %f ds—ozZ%/ %f@,x(s))d&

ATIM
Setting supejo 7 [f(t,0)] = M and choosing r > T(q+ 1) = ATL’ we show that

FB, C B,, where B, = {z € X : ||z|| <r}. For z € B,, we have:

(e s R I
| st > | ftsat)a

IFx)@)] =

q)

/ @;(i‘lm F(s.2(5) = f(5.0)[| + | £(s. 0)[)) ds

)
t—9)"" _
+|O¢|Z|% / ) (1 (s, z(s)) = f(s, 0)[| + [ (s, 0)[]) ds
< (L“LM)ﬁ [/0 (t =) ds + |a\Z\7j|/0j(tj —S)q_ldsl
< (DM Tq+|a\TqZ|w\]
_ ATY(Lr+ M) _
= W <.
Now, for x,y € X and for each t € [0, T], we obtain
[(Fz)(t) — (Fy)@)| < ﬁ/o(t—S)q_lﬂf(S,ﬂf(S))—f(s,y(S))HdS
+|a\2m\ [ o) - w6l

IN

Lo = yl5s [ / <t—s>q-1+|a|z|w| / j(tj—sw-l]
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LTYA H

< = |lz—y].
= T+ ull

LT?A . . . .
< 1 it follows that F is a contraction. Thus, the conclusion

Since ——
I(g+1)

of the theorem follows by the contraction mapping principle (Banach fixed point

O

theorem).

4. EXISTENCE RESULTS VIA KRASNOSELSKII’S FIXED POINT
THEOREM

Our next existence result is based on Krasnoselskii’s fixed point theorem [14]

Theorem 4.1 (Krasnoselskii’s fixed point theorem). Let M be a closed convex and
nonempty subset of a Banach space X. Let A, B be the operators such that

(i) Ax + By € M whenever z,y € M;

(ii) A is compact and continuous;

(iii) B is a contraction mapping.

Then there exists z € M such that z = Az + Bxz.

Theorem 4.2. Let f : [0,7] x R — R be a jointly continuous function, and the

assumption (Ay) holds. In addition we assume that

(A2) [ (t,2)]| < u(0), ¥(t,2) € [0,T) x R, and p € L=(0,T).

Then the initial value problem (1.1) has at least one solution on [0, T.

Proof. Letting supcjo 7y [(t)] = ||ull, we fix
q

Lo ATl

I'(g+1)

and consider Br = {z € X : ||z]| <T}. We write
1

Fx)(0) = [ rsal ds—aZ% [ st

as

(Fx)(t) = (Pz)(t) + (Qu)(1)

where the operators P and Q are defined on B; by

(Pa)(t) = / @FTﬂs,u(s))ds,

(Qz)(t) = —QZVj/Oj%f(s,z(s))ds.
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For z,y € By, we find that

AT |

P < R

IPe+Ql = T
< T

Thus, Pz + Qy € Br. It follows from the assumption (A;) that Q is a contraction
a

LT
mapping. Note that condition (A;) implies m < 1 because A > 1. The conti-
q

nuity of f implies that the operator P is continuous. Also, P is uniformly bounded

on By as

)]
I'(g+1)
Now we prove the compactness of the operator P.

[Pl <

We define sup, ,yej0.1x5, | f (£, )| = f, and consequently we have

|(P2)(t1) — (Pa)(ta)]] = Hri) [t = s

(g

+/t (b — 5)1 f(s, 2(s))ds

_
I(g+1)
which is independent of x. Thus, P is equicontinuous. Hence, by the Arzeld-Ascoli
Theorem, P is compact on Br. Thus all the assumptions of Theorem 4.1 are satisfied.

So the conclusion of Theorem 4.1 implies that the initial value problem (1.1) has at

2(ty — 1) +t] — t3],

least one solution on [0, 7). O

5. EXISTENCE RESULTS VIA LERAY-SCHAUDER ALTERNATIVE

Theorem 5.1. Let f : [0,T] x R — R be a jointly continuous function. Assume that:

(A3) There exist a function p € L*([0,T],R*), and Q : RT — R™ nondecreasing such
that || f(t, 2)|| < p(O)Q([|))), V(t,2) € [0,T] x R.
(Ay) There exists a constant K > 0 such that
K
T (T — s)7!
AQ(K / —————p(s)ds
) [ St

0

Then the initial value problem (1.1) has at least one solution on [0, T.

Proof. We show the boundendness of the set of all solutions to equations z = A\Fz
for X\ € [0,1]. For, let x be a solution of x = AFz for A € [0,1]. Then for ¢t € [0,T]

we have

[z(®)] = |A(Fz) @)
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(t —s)at

‘ m b (t; — )"
< /0W\f(s,x(s))\ds+\a|;|w\/o W\f(s,x(s))\ds

T(T — 5)r! - (-t
< /0 Wp(s)ﬁ(”x”)ds—l—|a|;|7j|/0 Wp(s)ﬁ(nxﬂ)ds

—AQ(|a]) / %p@) s,

and consequently

In view of (Ay), there is no solution x such that ||z|| = K. Let us set
U={zeX:|z| < K}.

Arguments similar to those used to show that the operator P, in the previous result,
is continuous and completely continuous will show that the operator F : U — X,
defined by (3.1) is continuous and completely continuous. From the choice of U, there
is no u € 9U such that u = A\F(u) for some A\ € (0,1). Consequently, by the nonlinear
alternative of Leray-Schauder type [11], we deduce that F has a fixed point u € U
which is a solution of the problem (1.1). This completes the proof. a

In the special case when p(t) = 1 and Q(|z|) = k|xz| + N we have the following

corollary.

Corollary 5.2. Let f: [0,T] xR — R be a jointly continuous function. Assume that
I'(g+1)

ATe
|f(t,2)| < klx|+ N forall t €[0,T], x € R.

(As) There exist constants 0 < Kk < and N > 0 such that

Then the initial value problem (1.1) has at least one solution.

6. SOME FURTHER EXISTENCE RESULTS

In this section we assume that f : [0,7] x R — R is a Carathéodory function.
We recall that

Definition 6.1. The map f : [0,7] x R — R is said to be L'-Carathéodory if

(i) t — f(t,z) is measurable for each = € R;
(ii)  — f(t,x) is continuous for almost all ¢ € [0, T;
(iii) For each ¢ > 0, there exists ¢, € L'([0,T],R,) such that

|f(t,z)] < @g(t) forall |z| <q and for almost ¢ € [0,T].
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In Theorem 5.1 we proved an existence theorem assuming a growth condition on
f on whole interval. The problem (1.1) was studied in [7] for ¢ = 1 and in [4] in
time scales setting, where the growth condition is splitted into two parts, one for the
subinterval containing the points involved by the nonlocal condition, and an other for
the rest of the interval. Here we extend the results of [4], [7] to the fractional case,

by splitting the growth condition into two parts.

Notice that the operator F, given by (3.1), appears as a sum of two integral
operators, one Sg, say of Fredholm type, whose values depend on the restrictions of

functions on [0, t,,],

/Oﬂf( dS—aZ%/ if(s,:c(s))ds, t<t,

Spalt L(q) T'(a)
P = b (t — 5)11 (t; — )"
/0 Wf( ds—ozz%/ Tf(s,x(s))ds, t >ty

and the other one Sy, a Volterra type operator,

0, t<tm,
Sva(t) = /t (t—s)"
N f(s,x(s))ds, t >t
W T 1T
depending on the restriction of functions to [t,,, T']. This allow us to split the growth

condition on the nonlinear term f(t, ) into two parts, one for t€ [0,t,,] and another
one for t € [t,, T].

Theorem 6.2. Assume that

(Hy) f:]0,T] x R — R is an L*-Carathéodory function.
(Hs) There exist a continuous function w nondecreasing in its second argument, p €

L[t,,, T and a function U : RT — RT nondecreasing such that

< L) e o)
|f(ta )| < { p(t)\l’<|x‘)7 t e [tm7T]'

(H3) There exists Ry > 0 such that
L[ (t, —s)! 1
>Ry = —/ ——w(t, p)dt < —.
(H,) limsup R > 1.

Rnc tm (tm _ S)q—l T (T . S)q_l
A/O Ww(s,Ro)dS—F\II(R) /tm Wp(s) ds

Then the initial value problem (1.1) has at least one solution.
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Proof. We show that solutions of (1.1) are a priori bounded. Let x be a solution.
Then for ¢ € [0,t,,] we have

o) = A [ g rsa ds—aZ% [ %ﬂs,x(s))ds
tm (t _ S)q 1 tm . -
< [Tt |ds+|a|z|%| | s st
b (t,, — s)471
< A/O Wu}(s,\x(sﬂ)d&

Now we take the supremum over ¢ € [0, t,,] to obtain

tm (tm _ S)q—l
‘l’ho,tm} S AA TW(S, |$‘[07tm]) dS.

This, according to (H3) guarantees that
|7 [0,t,] < Ro-

Next, we let ¢ € [t,,,T]. Then

ol = A [ S G >>ds—aj§;% [ st
< /0 " (t;(z))q_lw(s,RO)ds—l—|a\§;% / v ;(3q_lw(s,30>ds
+ [ 2 wuets o
< a [Tl s mgas [ s as
< a [T I s+ Wl [ T
< a [T s+ W) [ 0 0

Consequently, we have

|z [tm,T]
6.1 = <1
A [ s s ety [T sy as
————w(s, s | i, —
o T " o, T
Now (H,4) implies that there exists R* > 0 such that for all R > R* we have
R
(6.2) > 1.

T (f — 5)i HGEET
A/O (s, s + () /tm Sl
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Comparing the inequalities (6.1) and (6.2) we see that
2t 7y < BT

Let v = max{Ry, R*}. Then we have |z| 7] < 7. It follows from (H,) that there exists
¢~ € L' ([0,T],Ry) such that

|f(t,z(t)| < ¢y (t) for almost every ¢ € [0, T7.

The operator F : E,Y — X, defined by (3.1), is continuous and completely con-
tinuous. Indeed, from (H;) the continuity is obvious (see [12]), and for completely

continuous we remark that it is uniformly bounded, since

bt —s)at (t; — s)a™t
| s s—aZ% / o sate) s

I'(q)

T [T
ot czsy<t>dt+|a|j§:;m—|m [ o

AT T
N F(q+1)/o P (0) df

and equicontinuous, since

[Fa(t)] =

IN

|Fx(ts) — Fx(ty)] < —ijlél\@g—sy_l—(h——Q“4Hf@¢ds»Mh

I'(q
57 [ = st ds
< g [ M= == [ o
1 QXAT¢%Odt

Hence by the Leray-Schauder Alternative we deduce that F has a fixed point in B,,
which is a solution of the problem (1.1). O

7. A PARTICULAR CASE

If f has at most a linear growth, i.e

F(to)] < blz|+d t €0,
T w4 d, t € [t T,

for some positive constants b, ¢, d, then the existence of solutions to problem (1.1)
follows directly from the Schauder fixed point theorem if f satisfies (H;), (Hy) and

(H3) provided
t4
Ab—"— < 1.
F(g+1)
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In order to apply Schauder fixed point theorem we look for a nonempty, bounded,
closed and convex subset B of X with F(B) C B.

Let 2 be any element of X. For ¢ € [0,t,,] we have

Lt—s)t (t; — )"
A—?@—ﬂ d%ﬂZM/-———ﬁ@dm%

[Fa(t)] = )

b (t,, — 5)a71
< A/O et + ) s

t -1 t —1
m (tm _ S)q /m (tm _ S)q
Ab/ L xlios,ds + Ad | AR
0 Tl ot 0 T'(q)

Ab by Ad by
= _m + . m

Fot t € [t,,, T| we have

IN

t —1 m ti -1
(t—s)1 / (t; — s)
Fx(t)| = /7fs,xs ds — « i ———f(s,z(s)) ds
[Fa(t)] T (s,2(s)) ; i ) (s,2(s))
td td bt —s)at
< Ab—" |z m—i—Adim#—/icxs +d)ds
D+ ol YA ), T Y
ta ta (T —t,,)4
< Ab uc Ad uc d
s Ay loe + AdRET T4
t —1
(t—s)1
+c z(s)|ds
| e
ptm [ d
Mg + 1) 71000 0% g1y J,, I
where
ta (T —t,)?

CO:AdF(q+1) —I—dr(q_l_l).

For § > 0 we put

|z]lp = sup e PFEt|(t)),
te[t'nnT}
T4
where k = 67. Then
I(g+1)
th C (st Ok(s—tm)
Fz(t) = AbF<7|x|[0,tm] +co+k | e ™ |x(s)| e ™ ds

q-+ ) tm

th FOt—tm)

Ab tq
< . m
- Te+1)

Dividing by e**(~tn) and taking the supremum we obtain

1
k) ).

‘S(I|[0,tm] + Co + 9

td 1
Fxllpg < Ab—"2 | + —|lzl|lp + co.
[Faily < Abgrrsleliog + gl +co
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Now we consider an equivalent norm on X defined by

]| = max {|2]o,,., [l=]lo} -

Then we have
td 1
Fzll < [ Ap——m 4 —
IFul < (At 1) ol +e
q td
where ¢; = max{Ad%,co}. Since Abl“(Til) < 1, we may find a § > 0 such
td 1

that Abl“(qi:il) + 7 < 1. Then there exists a number p > 0 with

td 1
Ab—"— + — < p.
( "Ta+1) +9)p+cl_p

Now we let B, = {z € X : |z]| < p}. The previous inequalities imply that F
(B,) C B, and thus Schauder fixed point theorem can be applied.

Acknowledgement. The authors are thankful to the anonymous referee for
her /his valuable comments and suggestions.
A. Boucherif is grateful to King Fahd University of Petroleum and Minerals for its

constant support.

REFERENCES

[1] R.P. Agarwal, V. Lakshmikantham and J.J. Nieto, On the concept of solution for fractional
differential equations with uncertainty, Nonlinear Anal. 72 (2010), 2859-2862.

[2] B. Ahmad, Existence of solutions for irregular boundary value problems of nonlinear fractional
differential equations, Appl. Math. Lett. 23 (2010), 390-394.

[3] B. Ahmad and J.J. Nieto, Existence results for a coupled system of nonlinear fractional differen-
tial equations with three-point boundary conditions, Comput. Math. Appl. 58 (2009), 1838-1843.

[4] D. Anderson and A. Boucherif, Nonlocal initial value problem for first-order dynamic equations
on time scales, Dyn. Contin. Discrete Impuls. Syst., Ser. A, Math. Anal. 16 (2009), No. S1,
Suppl., 222-226.

[5] K. Balachandran and K. Uchiyama, Existence of solutions of nonlinear integrodifferential equa-
tions of Sobolev type with nonlocal conditions in Banach spaces, Proc. Indian Acad. Sci. (Math.
Sei.) 110 (2000), 225-232.

[6] A. V. Bitsadze and A. A. Samarskii, Some elementary generalizations of linear elliptic boundary
value problems, Soviet Math. Dokl. 10 (1969), 398-400.

[7] A. Boucherif and R. Precup, On the nonlocal initial value problem for first order differential
equations, Fized Point Theory 4 (2003), No. 2, 205-212.

[8] L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolu-
tion nonlocal Cauchy problem, J. Math. Anal. Appl. 162 (1991), 494-505.

[9] V. Daftardar-Gejji and S. Bhalekar, Boundary value problems for multi-term fractional differ-
ential equations, J. Math. Anal. Appl. 345 (2008), 754-765.

[10] V. Gafiychuk, B. Datsko and V. Meleshko, Mathematical modeling of different types of instabil-
ities in time fractional reaction-diffusion systems, Comput. Math. Appl. 59 (2010), 1101-1107.
[11] A. Granas and J. Dugundji, Fized Point Theory, Springer-Verlag, New York, 2003.



[12]

[13]

[14]
[15]

[16]

FRACTIONAL DIFFERENTIAL EQUATIONS 259

A. Granas, R. Guenther and Lee, Some general existence principles in the Carathéodory theory
on nonlinear differential systems, J. Math. pures at appl. 70 (1991), 153-196.

A A. Kilbas, HM. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differ-
ential Equations, North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam,
2006.

M.A. Krasnoselskii, Two remarks on the method of successive approximations, Uspekhi Mat.
Nauk 10 (1955), 123-127.

V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional Dynamic Systems,
Cambridge Academic Publishers, Cambridge, 2009.

G. M. N’Guerekata, A Cauchy problem for some fractional abstract differential equation with
non local conditions, Nonlinear Anal. 70 (2009), 1873-1876.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

J. Sabatier, O.P. Agrawal and J.A.T. Machado (Eds.), Advances in Fractional Calculus: Theo-
retical Developments and Applications in Physics and Engineering, Springer, Dordrecht, 2007.
S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives, Theory and
Applications, Gordon and Breach, Yverdon, 1993.



