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ABSTRACT. In this paper we consider a Timoshenko system with a delay term in the feedback
and memory term. Under an appropriate assumption between the weight of the delay and the weight
of the damping, we prove a well posedness result. Furthermore an exponential stability result has
been shown if the weight of the damping is greater or equal to the weight of the delay. We distinguish
two cases: the case where the weight of the delay is less than the weight of the damping and the
case where the two weights are equal. In each case we introduce an appropriate Lyapunov functional
which leads to an exponential stability. This result extends the one in [15] and the recent result in
[23].
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1. INTRODUCTION

In this paper we consider the following Timoshenko system
prpu (z,t) — K (0. +¢), (z,1) =0,
(1.1) P2ty (2,t) — bibgy (2,1) + /Ooog(s)wm (z,t —s)ds
+K (0o + ) (2, 8) + punte (2, 1) + pathy (z,t — 7) =0,

where (z,t) € (0,1) x (0,+00), 7 > 0 represents the time delay and p;, ps are two

positive constants. This system is subjected to the following boundary conditions

(1.2) 0(0,t) = p(1,t) =v(0,t) =(1,t) =0
and initial conditions
@ (x,0) =¢o,  u(x,0) =1, P (z,0) =1y,
Uy (x,0) = 1y, U (x,t —7) = fol(z,t —7)
The initial data (vg, 0, ¥1, %1, fo) are assumed to belong to a suitable functional

(1.3)

space.
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Problem (1.1)—(1.3) has been studied in [23] for g = 0 and in [15] for 41 = pe = 0.
Our goal in this work is to extend the results in [23] and [15] to the case where g # 0
and p; #0,1=1,2.

Using the energy method, we prove that solutions of (1.1)—(1.3) decay exponen-
tially to zero as time goes to infinity provided that p; > ps and the relaxation function

g satisfies the following assumptions:

(G1): g: R, — R, is a C"! function satisfying

g(0) >0, b—/ g(s)ds =b—go=1>0.
0
(G2): There exists a positive constant ¢ such that
(1.4) gt <—Cgt), vt=0.

Let us first recall some result related to the problem we address.

In the absence of the viscoelastic damping (g = 0), problem (1.1)—(1.3) has been
studied recently by Said-Houari and Laskri [23]. Under the assumption p3 > po , they
proved the well-posedness of the problem and established for p; > ps an exponential

decay result for the case of equal-speed wave propagation, i.e.

(1.5) K_0
P P2

Subsequently, the work in [23] has been extended to the case of time-varying delay of
the form vy (z,t — 7 (t)) by Kirane, Said-Houari and Anwar [9]. First, by using the
variable norm technique of Kato, and under some restriction on the parameters p1, fo
and on the delay function 7(¢), the system has been showed to be well-posed. Second,
under an hypothesis between the weight of the delay term in the feedback, the weight
of the term without delay and the wave speeds, an exponential decay result of the

total energy has been proved.

In the two papers [23] and [9] the authors have extended some works on the wave
equation with delay to the Timoshenko system with delay. The stability of the wave
equation with delay has become recently an active area of research and many authors
have shown that delays can destabilize a system that is asymptotically stable in the

absence of delays (see [6] for more details).

As it has been proved by Datko [5, Example 3.5], systems of the form
Wit — Wry — QWgrt = 07 MRS (O, ]-), t> O,
w(0,t) =0, w, (1,t) = —kw, (1,t —7), t>0,

where a, k and 7 are positive constants become unstable for any arbitrarily small

values of 7 and any values of a and k.
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Subsequently, Datko et al [6] treated the following one dimensional problem:
U (T,1) — Uge (2, 1) + 2au4(z,t) + a*u(z,t) =0, 0<z <1, t>0,
(1.6) u(0,t) =0, t >0,
uz(1,t) = —kuy(1,t — 1), t >0,
which models the vibrations of a string clamped at one end and free at the other
end, where u(x,t) is the displacement of the string. Also, the string is controlled by
a boundary control force (with a delay) at the free end. They showed that, if the
positive constants a and k satisfy
e +1
e —1
then the delayed feedback system (1.6) is stable for all sufficiently small delays. On
the other hand, if

k <1,

e’ +1 o1
e2e — 1 ’

then there exists a dense open set D in (0,400) such that for each 7 € D, system

k

(1.6) admits exponentially instable solutions.

Nicaise and Pignotti [17] have examined the problem

( u(x,t) — Au(z, t) + pue(x, t) + poug(x, t —7) =0, € Q, t >0,
u(z,t) =0, r eI, t>0,
(1.7)
u(z, —t) = up(z, 1), u(z,0) = uy (), reQt>0
| w(r,t —7) = folz,t —7), re te(0,7).

Using an observability inequality obtained with a Carleman estimate, they proved

that, under the assumption

(1.8) M2 < Hi,

the energy is exponentially stable. On the contrary, if (1.8) does not hold, they found
a sequence of delays for which the corresponding solution of (1.7) is unstable. The
same results were shown if both the damping and the delay act in the boundary of

the domain.

The study of [17] was followed by [18] where the authors of this latter paper have
additionally established an exponential decay rate for problem (1.7) where both the
damping and the delay are acting on a part of the boundary. That is
—(z,t) = —pyu(x, t) — / pa(s)u(t — s)ds, rely, t>0,

T1
where I'y is a part of the boundary of the domain . Instead of (1.8), the result of
[18] holds under the assumption

T2
f >/ pa(s)ds.

T1
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Recently, Ammari et al [3] have treated the N —dimensional problem

([ uy(x,t) — Au(z,t) + auy(z,t —7) =0, z€Q, >0,
u(z,t) =0, x €Ty, t>0,
(1.9) %(m,t} = —ku(z, t), zely, t>0,
u(x,0) =ug(z), w(r,0)=1u(x) x €Q,
| w (7,t) = g (,1), xe te(—1,0)

where  is an open bounded domain of RY (N > 2) with boundary 992 = Ty UT'; and
I'oNT; = 0. Under the usual geometric condition on the domain €2, they proved an

exponential stability result, provided that the delay coefficient a is sufficiently small.

For py = po = 0, problem (1.1)—(1.3) has been recently investigated. To the
best of our knowledge, the first paper studied the Timoshenko system with memory
damping is the one of Ammar-Khodja et al. [2], where the authors considered a linear

Timoshenko-type system with memory of the form
prpie — K(pz + ) =0,

ot — bibas + /0 ot — e (s)ds + K (0 + 1) = 0,

in (0, L) x (0, +00), together with homogeneous boundary conditions. They used the
multiplier techniques and proved that the system is uniformly stable if and only if the
wave speeds are equal <p£1 = p%) and ¢ decays uniformly. Precisely, they proved an
exponential decay if g decays in an exponential rate and polynomially if g decays in a
polynomial rate. They also required some extra technical conditions on both ¢’ and
g” to obtain their result. Guesmia and Messaoudi [8] proved the same result without
imposing the extra technical conditions of [2]. Recently, Messaoudi and Mustafa
[10] improved the results of [2] and [8] by allowing more general decaying relaxation
functions and showed that the rate of decay of the solution energy is exactly the rate
of decay of the relaxation function. Also, Munioz Rivera and Ferndndez Sare [22],
considered a Timoshenko-type system with past history acting only in one equation.

More precisely they looked into the following problem

prow — K(ox +1), =0

1.10 °°
( ) ptht - b"vaoc "’ /0 g(ﬂwx:c(t - S, )ds + K(‘px + ¢) = O

together with homogenous boundary conditions, and showed that the dissipation
given by the history term is strong enough to stabilize the system exponentially if
and only if the wave speeds are equal. They also proved that the solution decays
polynomially for the case of different wave speeds. This work was improved recently
by Messaoudi and Said-Houari [16], where the authors considered system (1.10) for
g decaying polynomially, and proved polynomial stability results for the equal and
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nonequal wave-speed propagation access under weaker conditions on the relaxation

function than those in [22].

The feedback of memory type has also been studied by Santos [24]. He considered
a Timoshenko system and showed that the presence of two feedbacks of memory type
at a subset of the boundary stabilizes the system uniformly. He also obtained the
energy decay rate which is exactly the decay rate of the relaxation functions. The
interested reader is referred to [1, 11, 13, 20, 21, 26] for the Timoshenko systems with
frictional damping and to [19, 12, 14, 15, 25] for Timoshenko systems with thermal

dissipation.

The paper is organized as follows: In section 2, and by using the semigroup
approach, we prove the well-posedness of the problem (1.1)—(1.3). In section 3, we
establish an exponential decay of the energy defined by (3.2) below provided that the
weight of the delay is less than the weight of the damping. This is the contents of
subsection 3.1. We also prove in subsection 3.2 the same exponential decay result even
if the weight of the delay is equal to the weight of the damping. In each subsection,

we introduce an appropriate Lyapunov functional which leads to the desired result.

2. WELL-POSEDNESS OF THE PROBLEM

In this section, we will use the semigroup approach and the Hille-Yosida theorem
to prove the existence and uniqueness of the solution of the problem (1.1)-(1.3) (or
equivalently problem (2.5)—(2.6)). We point out that the well-posedness in evolution
equations with delay is not always obtained. Recently, Dreher, Quintilla and Racke
[7] have shown some ill-posedness results for a wide range of evolution equations with
a delay term. In order to prove the well-posedness result we proceed as in [17] and

23] and introduce the following new dependent variables:

(2.1) z(x,p,t) =y (x,t —7p), z€(0,1), pe(0,1), t>0.
Then, the above variable z satisfies the following equation

(2.2) Tz (2, p,t) + 2, (z,p,t) =0, in (0,1) x (0,1) x (0, +00).
We then set the auxiliary variable (see [4])

(2.3) n'(z,8) = (z,t) — ¥ (x,t — s), s > 0.

Hence, we obtain the following equation

(2'4) Uf(xasﬂ‘??z(%s) =y ([E,t).
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Therefore, problem (1.1)-(1.3) takes the form

¢

prw (x,1) — K (¢p +9), (2,1) =0,
p2wtt ($, t) - lwxaz (*1'7 t) + K (8090 + w> (iL‘, t)

(2.5) s (,0) + pz (2, 1,0) — / " (), )ds = 0,
0

T2(, p,t) + 2,(z, p,t) =0,

ﬁf($> S) + 772(%, S) = wt (xvt)

\
where z € (0,1),p € (0,1) and ¢ > 0. The above system is subjected to the following

initial and boundary conditions

[ 0(0,1) = (1, 1) = ¥(0,t) = (1,t) =0, t>0,
2(x,0,t) = Py(x, t), z € (0,1), t >0,
0 (0,.) =wo, ¢ (0,.) =1, in (0,1)

(2.6) ¥ (0,.) =0, ¥ (0,.) =1y, z € (0,1),

2(x,1,0) = fo(x,t — 1), in (0,1) x (0,7),
n' (z,0) =0, vt >0,
n'(0,s) =n'(1,s) =0, Vs >0,

[ 7° (x,8) =m0 (s), Vs > 0.

Now, we discuss the well-posedness and the semigroup formulation of the initial-
!/

boundary value problem (2.5)-(2.6). For this purpose let V := (@, oy, ¥, ¢y, 2,1")
then V satisfies the problem

) { Vi(t) =V (), t>0,

V(0) =V,

where Vj := (¢o, ¢1,%0, V1, fo,m0)" and the operator .27 is defined by

u
2 K
u P1
¥ v

o =1 K 1 [t
v —Vyy — — (P + V) + —/ g (8) wes(s)ds — M, _#2, (., 1)
P2 P2 P2 Jo P2 P2
2 -1
w T
—Ws + v

We define the energy space

A = Hj (0,1)xL*(0,1)x Hy (0,1)x L* (0,1)x L ((0,1), L* (0, 1)) x L2 ( R*, H; (0,1)) ,
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where L2 (R*, Hj (0,1)) denotes the Hilbert space of Hj-valued functions on R,

endowed with the inner product

((ba ﬁ)Lg(RJﬁ,Hé(Q)) = /() /() b g (S) (bx (S) 191 (S) dsdzx.

Clearly, 77 is a Hilbert space with respect to the inner product

<V,‘~/>% = /1 1uildx+/ QUvdx—l—K/ (0 + ) (Pg + V)da

+o0
—I—l/ ¢x¢xd:v+// S)wy (8) Wy ( dxds—|—§/ / zzZdpdx

for V.= (p,u,v,v, z w) V= <g0, ,¢, v, Z, ) and & is a positive constant such that

1

(2.8) { Thy <& <7 (201 — pi2) if p1 > pa,

=T if = ps = p.
The domain of &7 is
( (o, u, 0,0, z,w) € A/ p,p € H*(0,1) N HL(0,1), wu,ve HL(0,1),
w e L2 R+, H?(0,1) N H} (0,1)),
w, € L2 (RY, Hy (Q)), 2z, € L*((0,1),L*(Q)),
w(z,0) =0, z(z,0)=v(x)

\

P (o) =

\

The well-posedness of problem (2.5)—(2.6) is ensured by

Theorem 2.1. Let Vy € JZ, then there exists a unique weak solution V€ C' (R ; )
of problem (2.7). Moreover, if Vo € P (), then

VeC(RLD(H)NCH(Ry; ).

Proof. To prove Theorem 2.1, we use the semigroup approach. So, first, we prove
that the operator . is dissipative. Indeed, let V = (¢, u, 9, v, z,w) € 2 (2/), then

1 1
@V, = [ o (? (Pec +wx>) uds + K [ (pat 0) (0 + o)
1 1 l K
—|—l/0 Yyudr +/0 P2 (Elbm - E (o + 1)

1 [t
—I—— g (8) Wep(s)ds — F, &Z( )> vdz
P2

“+oo
/ / s)w, (—ws + v) , drds — —/ / 2z,dpdx
1,1 1 [t
/ / 2z, dpdr = —/ (2% (1) — 2% (0)) da.
o Jo 2 /o

It is clear that
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Consequently, using the fact that z (0) = v and w(z,0) = 0 (definition of Z (7)),

we get

%WV,V)%J _ —<u1—£)/ dx——/ (z,1)d
(2.9) —ug/ () z(z,1)de + = // s)|wy(, s)|*dsd.

Using Young’s inequality, we get

1 1
5(427‘/,‘/}% < —(ul—%—%>/ovz(x)dx

_(%_&>/ (2. 1)dz + - // $)|wa(z, s)|2dsdz.

Now, we distinguish two cases: first if ¢ satisfies the first condition in (2.8), we can

find a positive constant C' > 0, such that

%(%KV>%§—C{/OIUQ(x)dx+/OI a:ldx} // $)|we(x, 5)|2dsdz.

Second, if ¢ satisfies the second condition in (2.8), we get

<£7V V) / / s)|wy(z, 5)[Pdsdz.
In both cases and since g is a non-increasing function, we deduce that
(V, V), <0.

Which means that <7 is dissipative.

Next, we prove that —¢ is maximal. Indeed, let F' = (f1, fa, f3, f1, f5, f6)' € F€,
we prove that there exists V = (¢, u, 9, v, z,w) € 2 () satisfying

(2.10) (Md— o)V =F,
which is equivalent to
(2.11)
)\90 —u= f17
K
A — — (909693 + ¢x) = f27
1
/\1/J — U= f37
l K 1 [t
AV — <_1/’:m ——(pa+9¥)+ —/ g (8) Wae(s)ds — My £z, (., 1)) = f4.
P2 P2 P2 Jo P2 P2
1
A+ =2, =[5
T
A+ ws —v = fg
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Suppose that we have found ¢ and v with the appropriate regularity. Therefore, the
first and the third equations in (2.11) give

' V=X — f3.

It is clear that u € Hj (0,1) and v € Hj (0,1). Furthermore, by using the fifth

equation in (2.11) we can find z with
(2.13) z(x,0)=v(z), forxe (0,1).

Following the same approach as in [23] (see also [17]), we obtain, by using the fifth
equation in (2.11),

z(x,p) = v () e 4 Te M7 /P fs (z,0) e’ do.
0
From (2.12), we obtain
(2.14) 2 (x,p) = M) (1) e M — fae T 4 e M7 /p fs (z,0) e do.
0
We note that the last equation in (2.11) with w (z,0) = 0 has a unique solution

wes) = ([ Uaten @)
(2.15) = ([ ettt + 200 - R dy) e

By using (2.11), (2.12) and (2.15) the functions ¢ and v satisfy the following system
K
)‘290 - P_ (‘Pm“ + %) = fa+ Af1,

(2.16) i i
()\2 AJr“iA—T)w—lmerE(gﬁgme):f
p2 P2 P2

[ = L + A g(s)e™ (/ e)‘ydy> ds
P2 P2.Jo 0

Fe [aen ( | et - fo., dy) ds - (A+ fy “—A) i

P2 P2 P2
MQT / f5 z, O' )\UTdT

We have just to prove that (2.16) has a solution (¢, ) € (H2(0,1) N HE (0,1))* and
replace in (2.12), (2.14) and (2.15) to get V = (¢, u, ¥, v, z,w) € 2 (&) satisfying
(2.10). Consequently, problem (2.16) is equivalent to the problem

(2.17) C((p, ), (w,x)) =1 (w, x)

where
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where the bilinear form ¢ : [HL(0,1) x HZ (0,1)]> — R and the linear form L :
H; (0,1) x Hg (0,1) — R are defined by

(o) (w,x) = / (P V20w + K (0 + 1) (ws + X)) do

1
+ / <(P2)\2 + A+ ppde ) Uy + lpz%xx) dx
0
and

1 1
L(w,x) = i fxdx—l—/o p1 (fo+ Af1) wdz.

It is easy to verify that ( is continuous and coercive, and L is continuous. So ap-
plying the Lax-Milgram theorem, we deduce that for all (w, x) € Hg (0,1) x H} (0, 1),
problem (2.17) admits a unique solution (¢, ) € H} (0,1) x Hj (0,1). Applying the
classical elliptic regularity, it follows from (2.16) that (p,v) € H?(0,1) x H*(0,1).
Therefore, the operator A\I — &7 is surjective for any A > 0. Consequently, the result
of Theorem 2.1 follows from the Hille-Yosida theorem. O]

3. EXPONENTTIAL STABILITY OF SOLUTION

In this section, we show that, under the assumption ps < pq and for pﬁl = p%, the
solution of problem (1.1)—(1.3) decays exponentially to the study state. To achieve
our goal we use the energy method to produce a suitable Lyapunov functional. We
will discuss two case, the case where s < 117 and the case py = 1. We will separate

the two cases since the proofs are slightly different.

3.1. Exponential stability for pus; < p;. In this subsection, we will prove that
under the assumption pus < pi, and if the wave speeds are equal, the solution of

problem (1.1)—(1.3) decays exponentially to the steady state.
For ¢ satisfying

(3.1) THe < & < T(2u1 — pa),

we define the energy functional of the solution of problem (1.1)—(1.3) as

1 1
E(t)=E(t,z,0.0,0") = —/ {p19] + p2t} + Klipw + 0> + 102} da

(3.2) 5/ / (x, p,t)dpdz + = / / s)|nk(x, s)|*dsdz.

In the sequel, we will write for simplicity F(t) instead of F (¢, z, ¢, 1, 1) .

Now, we prove that the above energy E (t) is a non-increasing function along the

solution trajectories. More precisely we have the following result.
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Lemma 3.1. Assume that j11 > s, then the energy E(t) is non-increasing and there
exists a positive constant C' such that for any regular solution (¢, 1, z,n") of problem
(2.5)~(2.6) and for any t > 0, we have

dil—t(t) < —C’{/1wt2(x,t)dx+/0122(x,l,t)dm}

(3.3) / / s)|nt(z, s)Pdsdz.

Proof. To prove the above Lemma, we multiply the first equation in (2.5) by ¢,
the second equation by v, using the fourth equation in (2.5) and performing an

integration by parts, we find

1d

th {/ {p1¢t +p1¢t +K|90z+¢| +l¢ }dx} + 5%/ g(s)|n;(x,s)|2ds

(3.4) = —,ul/ V2 (1) dx—ug/o Wy (x,t) z (z,1,t) do

/ / s)|nk (x, s) |2ds

Now, multiplying the third equation in (2.5) by %z, integrating the result over (0, 1) x

(0,1) with respect to p and x respectively, we obtain

-0
th// (x,p,t)dpdr = =) zz,(x, p, t)dpdz
e
(3.5) = ) apz (z, p, t)dpdx

= % 1 (2%(2,0,t) — 2*(z,1,t)) da.
0

From (3.2), (3.5) and (3.5), we find

O (- £ [ £ [ Far

(3.6) —,LLQ/ Uy (x,t) z (z,1,t) doe + = / / s)|nt (z, s)|*dsdz.

Now, using Young’s inequality in (3.6), we get

dEdt(t) < —<u1————)/¢t
(3.7) —(%—%)/ (z,1,t)dz + = // s)|n(z, s)|*dsdz.

Then, exploiting (3.1) and (3.2) our conclusion holds. This completes the proof of
Lemma 3.1. O]

Our first stability result reads as follows:
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Theorem 3.2. Let Uy € D (o). Assume that us < py and

K b

PP

Then there exist two positive constants C' and ~ independent of t such that

(3.8)

(3.9) E(t) < Ce vt > 0.

To derive the exponential decay of the solution, it is enough to construct a func-
tional £ (t), equivalent to the energy E(t), satisfying
dZ(t)
dt

where A is a positive constant. In order to obtain such a functional .Z, we need

< —ANZL({t),  YE>0

several Lemmas.

Let us first define the following functional
1 w1
0 0
Then we have the following estimate.

Lemma 3.3. Let (¢,, z,n") be the solution of (2.5)—(2.6), then for any e, 6 > 0,

we have the following result

dI, (t ! ! '
;t” < —/ (plgo§+p2¢?)dx+K/ \sox+w12da:+(l+sc*+51)/ Prda
0 0
2
(3.11) +Z—z 22 (x,1,t) d:p—|—4—51/ / s)|nk(x, s)*dsdz,

where C* = 1/m? is the Poincaré constant.

Proof. By taking the time derivative of (3.10), we have

d]l (t) ! 2 2 '
i / (0167 + potiy) dew — / (prowp + p2uth) du
0 0

i /O e

Therefore, by using the first and the second equations in (2.5) and integrations by

parts, we obtain from the above equality

dI, (1)

1 1 1
(3.12) p = —/ (,0190?4—021/%2) dm—i—K/ |90z+¢\2dx+l/ widx
0 0 0

1 1 o0
+,u2/0 z(x,l,t)@[zd:l:—l—/o (8 (x,t)/o g(s)n.(z, s)dsdz.

By exploiting Young’s inequality and Poincaré’s inequality, we get for any € > 0,

1 1
(3.13) ug/ (x,1,t)dx < ’Zz 22 (x,1,t) dv + C*e/ Vidx.
0 0

0
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Moreover, Young’s inequality, Holder’s inequality and (G2) imply that for any 6; > 0,
(3.14)

1
/ Wy (x,1) / g(8)n.(x, s)dsdxr < 51/ Y2 (1) dl‘+4—51/ / s)|nk(x, s)Pdsdz.
0

Inserting the estimates (3.13) and (3.14) into (3.12), then (3.11) is fulfilled. Thus the
proof of Lemma 3.3 is finished. m

Now, Let w be the solution of
(3.15) —Wyy = Yy, w(0) =w (1) = 0.
Then, we have the following inequalities.

Lemma 3.4. The solution of (3.15) satisfies

1 1
/ wrdr < / Vide
0 0
1 1
/ w?dr < / Vido
0 0

Proof. We multiply Equation (3.15) by w, integrate by parts and use the Cauchy-

1 1
/ widaj < / wzdx
0 0

Next, we differentiate (3.15) with respect to ¢ and by the same procedure, we obtain

1 1
/ w?dr < / Vido
0 0

This completes the proof of Lemma 3.4. m

and

Schwarz inequality to obtain

Remark 3.5. The solution of (3.15) can be given explicitly as

/wy, dy+x</wy, dy)

Next, we introduce the following functional

1 1
(3.16) I = / (p2thith + prpw) da + % / W2z,
0 0

where w is the solution of (3.15). Then we have the following estimate.

Lemma 3.6. Let (@, 1), z,1') be the solution of (2.5)~(2.6), then for any 01, Ay, Ay >

0, we have

1
0 < s [ (o 8) [t

1 1
(3.17) +p1)\2/ 2 (0 1) da + ﬂ 2 (21,1) da
i Do
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451/ / s)|nt(z, s)|*dsdz.

Proof. By taking the derivative of (3.16) with respect to t and using the equations in

(2. 5) we conclude

dI
2 / ¢2dx+p2/ w,?dx—K/ w2d;1:—|—K/ w2dz
—|—p1/ gptwtdx—ug/ vz(x,1,t) / W (z, 1) / g(s8)n.(x, s)dsdx.

Using the first inequality in Lemma 3.4, we get

dl
zlt( / ¢2d$+/)2/ ¢td$+,01/ prwpdx

(3.18) o /0 Ya(r,1,t) + /0 bo(2,1) /0 g(s)nt (z, s)dsda.

By using Young’s inequality and the second inequality in Lemma 3.4, we have for any
XQ >0

1 1
(3.19) Pl/ pdr < pl)\g/ ©? (x,1) d:c+ = % z,t)d
0

Similarly, Young’s inequality and Poincaré’s 1nequal1ty give us the estimate

1
/wz (z,1,t)dx <,u20)\2/ Vido +4>\ / 22 (x,1,t)dx, YAy > 0.
2

Now, using the estimate (3.14) and inserting (3.19) and (3.20) into (3.18), then (3.17)
holds. Thus the proof of Lemma 3.6 is finished. O

(3.20)

Next, we introduce the functional

J () /wt oo + ) d + 22 /%%dx

(3.21) / gpt/ s)nt(x, s)dsdzx.

Then we have the following result.

Lemma 3.7. Let (¢, 1, z,n") be the solution of (2.5)—(2.6). Assume that

P1 P2 P2
22 = =22
(322) K 1+ g b

Then, for any €1 > 0, we conclude

YO < e (e | °°g<5),7;(m,3))];;_<;(_2€) / (ot 0 dr
(3.23) + (pg + —) / Yidz + & /01 2o + 2 ,u2 22 (x,1,t)dx

41 0
a0 [ [ o) oo dsar
0 0
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Proof. Differentiating J (t), with respect to ¢, we obtain

dJ (t
di /¢tt ©r + 1) d$+,02/ Py ( ¢z+¢)
/¢x@ttdx+K/ got/ s\t (z, s)dsdx
pal P1
+K ; 1/1t90t$+K/O<Ptt g g(s)n(x, s)dsdz.

Then, by using equations in (2.5), we find

ai (1)

- = /0 (@ + ) [ee (2, 1) — K (0o +9) (2, 1) — puathy (2, 1) — poz (x,1,1)] du

1

1 ')
+ / (62 + ) / g() (z, $)dsdz + py ¢tdx+z / (62 + ), Yuda

0

(——102)/ Vipprdr + K/ SOt/ 8) (Ve () — niz(xjs))dsdﬂs

+/0 (soz+1/1)m/ 9(s)m;(, s)dsda.

0

Using (3.22), we obtain
dJ (1) ! 2 ! g
— = K (et ) —m | (e +¥)idr + py wt dx
0 0
1

(3.24) —,ug/ (pz + 1) z(x,1,t)de + K/ gpt/ s)nk(z, s)dsdx
0
=1

+ [lpatals_y + [@C (z,1) /0 h g(s)n'(z, s)ds}

z=0

For any ; > 0, Young’s inequality leads to

1 1
3.25 v wda| < «t )7 d i d
(3.25) u1/0(<p+w)w:v 81/0(w+w T /ww
1 1
(3.26) ,u2/0 (pr + 1) 2 (x,1,t) dz gal/o (pz +)° dx—l—f;l 2 (v, 1,t) dx,
and

1 00
% / O g (s)nt(z, s)dsdx
0 0

2 1 [e'S) 2 1
P1 / 2
3.27 < (x,8)ds | dxr+¢ / dx
( ) 4K281 / </ g ( )77 ( ) ) 1 o Pt

1
< C (g // )‘ni(x,s)fdsdaz—i—al/ rdx.
0

Plugging (3.25), (3.26) and (3.27) into (3.24), then inequality (3.23) holds. O
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Next, in order to handle the boundary terms, appearing in (3.23), we use the

function
q(x)=2—4z, z€(0,1).

So, we have the following result.

Lemma 3.8. Let (p, 1, 2,n") be the solution of (2.5)—(2.6). Then for any e > 0,
the following estimate holds

(3.28) {% (zwz+/Ooog(s)ni(a:,s)ds)K:;

€2d

1 1
< _EE/O p1q () sotcpmderK%z/o (0o + ) da

1 d [ o !
S p2q () Uy | 1)y +/ g(s)nt(x, s)ds | dx + 382/ gaidx
dey dt Jy 0 0

2 3 ! 1 1
et s / ¢§df€+—(2p2(l+go)+4u38§+/)252)/ Yrde
4e 9 2e 0 452 0

9 1
P29 ) // )‘77;(3773)’2d3d:6+ p1€2/ rdx
K Jy
1
+4_52 (4+252)/ / )’Uﬁ:(%s)’zdsdxﬁwubg@/o 22 (x,1,t) dx.

Proof. By using Young’s inequality, we easily see that, for any 5 > 0,

[% (lwz + /OOo g(s)m, (z, S))} :

320 < alR0.0+e20.0] ¢ o (10004 [ on0.9)

4; (Z%(l t) + /Ooog<s)ni(1,s)ds>2.

On the other hand, it is clear that

d 1 [e9)
e | )y ' (x,8)ds ) d
i [ e (. ["atontiasas) o

1 o)
::/MM@%O%+/QMW%MQW
0 0
1 0
(330) # [ paterv (e [ atontatoas ) a
0 0
Now, using the second equation in (2.5), we find

2

- /0 1 q(z) (lwm (z,t) = K (02 +9) (2,1)
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ot () — oz (2, 1,8) + / " s, 9)ds)

(1wt [ atomtiasias ) do
(3.31) ; /O o (2) (zwu n /O " ot s)ds) dz.

By noticing that

/01q<m>(zwm<x,t>+/0 o) (104 [ ottt ) d
- _;/Oqu<w>(z%<x,t>+ (2, 5)d )dx

2 (1o [ ats >nx<x,s>ds)2] i

The last term in (3.31) can be treated as follows:

(3.32) +

=0

(3.33) /0 92 (2) Ve (th+ /O N g(s)n;t(x,s)ds) da
:le/o Q($)¢t¢xtd$+,02/0 Q($)¢t/0 9(8)my(w, 8)dsdz

l 1 ) 1 o)
= —% q (v)ide +p2/ q(z) @bt/ 9(s)n(w, s)dsdx
0 0 0

p2l 1/ 2 ! > t

= —— td t t Sfdd
> /. q (x) 1 :c+pz/0 q(x)w/o 9(8) (Y — mg)adsdz
9l

B p 1 . 1 1 oo .
——22 [ @it [ o visade = [ a@ye [ gt

——M : / 2 ' - / t

Inserting (3.32) and (3.34) in (3.31), we arrive at

(zmw + [ o, s)ds)2 ¥ (zwma, 0+ [tk s)ds)2

1

d > '
= g [ (1o [ ottt siis) do s 2+ g0 [ vt

K / (o) (10 [ atohibtoo)ts)
(3.34) / Qi / s)nydsdz — /0 q(z (l% / Oog(S)ni(x,S)dS) dx
+2/0 (wx g5z, s)d )2@5
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s | (@)= (1) (16 + [ atopitto.s)as )

Now, we estimate some terms in the right hand sides of (3.34) as follows:

First, using Minkowski and Young’s inequalities, we infer that

2 [ (e [ tomite s>ds)2dx
(3.35) < 42 / W2z + 4gy / / () |0z, s)|” dsda.

Second, by Young’s inequality and (3.35) we have, for any A > 0

\K / o) (oot 0) (10 + [ atointto o) de

/01 (0 + 1) (lwz + /OOO g(s)nt (=, S)ds) I

1 1 [e'S) 2
< 4K2)\/ (0o + 1) da + 5 (lz/zx +/ g(s)nt(z, s)d5> dx
0 0

1 1 o0
< 4K2>\/ (%+¢)2dx+—/ wider@/ / g(s) [t (x, 5)| dsd.
0 2X Jo 2X Jo Jo

Similarly, we get

1 [e'e)
w [ @ (wx v g(S)ni(x,s)d8> da
0 0
1 lQ 1 90 1 (o) 9
< iy [wtdor g [wtdee [ o) o) dsdo
0 2\ 0 2\ o Jo

o [ a1 (16 [ atepitto.spas )

1 1 oo
< 4u§)\/ *(z,1,1) dx—l——/ Y2dx + 2\/0 /0 g(s)‘n;(x,s)fdsdx.
0

Also, it is clear that for any 5 > 0, we have

p2/ q%/&/ s)ntdsdx
1 00
< p252/0 wfda:—pgg(O)C(sg)/o /0 g'(s) !77;(3:, s)’2dsdm.

Inserting all the above estimates into (3.34), we obtain

(120,004 [ atemico s>ds)2 + (0 + [t 3>ds)2

d [* o0
< o 1y t(x,s)ds ) d
< -y sz()¢<w +/0 9(s)n,(x, s) S) T

2K

IN

and
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1
+ (2p2(1 + go) + 4 + paco) / Vidx
0

3 1 1
(3.36)  +I° (4 + ﬁ) / Y2dr + 4K2/\/ (0 + ) da
0 0

1 o0
—029(0)0(82)/ / g'(s) |77;(x, s)|2 dsdx
o Jo
3 1 00 9 1
+90 (4 + —) / / g(s) |nk(z, s)|” dsdx + 4/13)\/ 22 (x,1,t) dx.
27/ Jo Jo 0

On the other hand, we have

1 d 1 1
(2(1,1) + ¢2(0,t)) < ———/ p1Q(x)90t§0xdx+3/ prdx
K dt ;

(3.37) / Yo + 4 p o

Consequently, by plugging the estimates (3.37) and (3.37) into (3.29), then our desired
estimate (3.29) holds true. This completes the proof of Lemma 3.8. [

Now, let us introduce the following functional (see [23])

1 1
(3.38) I3(t) = / / e~ 2P (x, p, t)dpda.
0 Jo

Then the following result holds.

Lemma 3.9. Let (p,1,z,n") be the solution of (2.5)~(2.6). Then we have

d c [* 1 /!
3.39 —L{t)<-L(t) — — *(z,1,t)dx + — Z(z,t)d
339)  ZhO<-h-5 [ Feindrg [ deow
where ¢ is a positive constant.

Proof. Differentiating (3.38) with respect to ¢ and using the third equation in (2.5),

d 1 1 ) )
— e TP (x, p, t)dpd:z:)
all,
1t
= ——/ / e ¥ Pzz2,(z, p, t)dpdx
= // 2P 2z, p,t dpdx——/ / o e 2P (z, p,t)) dpda.

By recalling (2.6), the above equality implies that there exists a positive constant ¢
such that (3.39) holds. O

we have
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Proof of Theorem 3.2. To finalize the proof of Theorem 3.2, we define the Lyapunov

functional .Z(t) as follows
1
2 =MEW+ L0+ ML 0+ 0+ 2 [ papeds

(3.40) b oo (s [ atomtteas) ae s 10,

where M, Ny, Ny and €5 are positive real numbers which will be chosen later. Con-
sequently, the estimates (3.3), (3.11), (3.17), (3.23), (3.29) and (3.39) together with
(1.4) and the following inequality

1 1 1

(3.41) / p2dr < 2/ (o + ) dz+2 | 2dx
0 0 0

lead to

d P1

— t) < MC — — + N. —

dtf() < [ C 4 L 2(:02—1-4)\2)

1 I
+{ p2 + i + - (2p2(1 + go) + 4uies + pac2) + / vide
4 4 €9 27' 0

r 1
py Nopo i3 2 c 2
—-MC 22 . 1,t)d
—i—_ +165+ Dy +41+u2€2 27]/0 2%(z,1,t)dx

[ 2p1€ !
+ _p + N2P1)\2 + pre2 + &1 / @?dﬁ
L 4 K 0

[ 3K 2 ! 2
+ | — 7—28 +K82—|—682 (Qﬁx—i‘w) d&l—[g(t)
L 0
(3.42) L[k
' 14
12 3 g (1 3
— 4+ — N. — |4
+(7€2+452( +2€§>]/ vade +{451( i 2)+42< +2€2>

—¢ <¥—QOC’(€1) p29 Cle, )}// (s) [n(z, 9)|” dsd.

At this point, we have to choose our constants very carefully. First, let us choose &

(I4eC* +01) + Na (01 + poC* Ny — 1)

small enough such that

<3K
€< —.
8

Then, take £; = €5 and choose €5 small enough such that

K/8 p1/8 )
K246 (2pm/K)+1

€9 < min(

After that, we select §; = Ay and choose Ay small enough such that

/2
o< 2
1+M20*
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Once all the above constants are fixed, we fix Ny large enough such that

1 . 12 3
No— > —(I4+eC*"+61)+Tea+ — |44+ — .

4 Aey 22

o]~

After that, we pick Ao so small that

Ny < .
> = 32N,

Finally, we choose M large enough so that, there exists a positive constant 7;, such
that (3.42) becomes

d

1
20 = —m/ (W + 02 + @) + (g +9)° + 2(2, 1,1)) da
t 0

1 1 1 o)
(3.43) —m/ / 2(z, p, t)dpdw—m/ / g(s) [t (x, s)|” dsdz,
0 0 0 0

which implies by (3.2), that there exists also 7o > 0, such that

(3.44) %z () < —mE(t), V>0

We also have the following lemma.

Lemma 3.10. For M large enough, there exist two positive constants [y and [

depending on M, Ny and €5, such that
(3.45) LE () < Z(t) <BE(l), Vt>0.

Next, combining (3.44) and (3.45), we conclude that there exists A > 0 such that
d
(3.46) E.f (t) < -AZ (1), vt > 0.

A simple integration of (3.46) leads to
(3.47) L)< Z0)e ™,  vt>0.

Again, use of (3.45) and (3.47) yields the desired result (3.9). This completes the
proof of Theorem 3.2. [

3.2. Exponential stability for p; = ps. In this subsection we assume that p; =
e = p. As we will see, we cannot directly perform the same proof as for the case
where po < pp. We point out here that in the absence of the viscoelastic damping,
that is for ¢ = 0, Said-Houari and Laskri [23] have proved recently an exponential
stability result for p; > po. Here we push the result in [23] to the case where 1 = pg
and we show that the presence of the viscoelastic damping in the second equation in
(1.1) may extend the set of (p1, o) for which the exponential stability of (1.1)—(1.3)
occurs. For the wave equation, Nicaise and Pignotti have proved recently in [17] that

for p; = pe some instabilities results hold.

Our main result in this section reads as follows.
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Theorem 3.11. Let Uy € D (/). Assume that puy = py = p and g satisfies (G1)
and (G2). Assume further that (3.8) holds. Then there exist two positive constants
C and 4 such that for any solution (p,v,z,n") of problem (2.5)~(2.6), we have

(3.48) E(t)<Ce™™  ¥t>0.

To prove Theorem 3.11, we need some additional Lemmas. First, if pu; = us = p,

then we can choose £ = 7u. In this case Lemma 3.1 takes the form

Lemma 3.12. Assume that ps = p; = p, then the energy E(t) is non-increasing
and there exists a positive constant C' such that for any regular solution (¢, v, z,n")
of problem (2.5)—(2. 6) and for any t > 0, we have

(3.49) < 2/ / s)|nt(x, s)Pdsdz < 0.

The proof of Lemma 3.12 is an immediate consequence of Lemma 3.1, by choosing
E=Tp.
If s = p1, we need some additional negative terms of fol Y(x, t)dz, for this

purpose, let us introduce the functional:

(3.50) I, = —pg/o Uiz, 1) /Ooog(s)nt(a:, s)dsdz.

Then, we have the following estimate.

Lemma 3.13. Let (p, 9, z,1") be the solution of (2.5)~(2.6). Then we have

d 1
S0 < (- 22) [vitende s o [ ta e K0 [ (oot o2a

g 9C*  goC*
(3.51) +(go+4—f;)1+ Z’yz + 04 ( ))/ / |7733 z 3| dsdx

* 1 00
—%/ / J'(s) [t (@, 5)|* dsda + o 74/ 2 (x,1,t) da.
0 0 0

Proof. Differentiating (3.50) with respect to t, we get

df;_it) _ /0(—zwm(:c,t)+l<(%+w>(x,t)

b o) e (o1 = [ g(ehtateonts) x ([ ot s)ase)
(3.52) / vl 1) / o(s)nt(z, )dsdz.

The terms in the right hand side of (3.52) can be estimated as follows:

First, using integration by parts, the boundary conditions (2.6), Hélder’s inequal-
ity and Young’s inequality, we get for any v; > 0

_ /01 e (2,1) /Ooog(s)nt(x, s)dsdx
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1 00
= [t [ ot sa
1 00 2
< / V2 (x,t) dx—l—— (/ g(s)ni(x,s)dsdx) dx

Am

< l271/0 P2 (:U,t)dx+4%// )}n;(x,s)fdsdx.

Second, Poincaré’s inequality and Young’s inequality give for any v, > 0
1 o)
JRICEROIER / o5\ (r, )il

g(s) }n;(x, s)|2dsd:z:.

S 72/ |90:c+¢\ (

Third, as above we have for all v3, 74 > 0
1 [e'e]
[t s 10) [ (o) (o s)ds
0 0
2 ' 2 2 QOC* ¢ 2
< u / (vgwt (,t) + v42° (2, 1,t)) dx + ( ) / / (s) ‘7735(357 s)} dsdzx.
0

Fourth, it is obvious that

[ setatesias [ atoptnsyisas
= [([ st oas)

1 00
<o [ [ o) i) dsde.
0o Jo
Fifth, we have

1 o) 1
o / bz, ) / g(s)i(z, s)dsdz = —pago / YR, t)de

1 0
/)2/ ¢t<$7t)/ g (s)n'(z, s)dsdz.
0 0
< 0290/ W2 a
_—C’g p2/ / g'(s) |77;(x,5)|2d5da:.
2 o Jo
This last inequality implies

! o t P29
0, / (e, ) / o(s)rt(e, s)dsda < / W

* 1 00
SR [T ) ko) s
0 Jo

On the other hand, it is clear that

o [ wtet) [ g asts
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Inserting all the above estimates into (3.52), then our result (3.51) is obtained. This
completes the proof of Lemma 3.13. O]

To finalize the proof of Theorem 3.11, we define the Lyapunov functional % (t)

as follows
1 ~
Ft)= NE@)+3h(0)+ b 0)+7(0)+ 2 / pr00epade
1 00
(3.53) 4 - pzq( ) Uy (lwm + / g(s)nt(z, s)ds) dx + N3I3 (t) + Nyly (1),
0

where N, Nl, Ng, N3, Ny and €5 are positive real numbers which will be chosen later.
Consequently, using the estimates (3.11), (3.17), (3.23), (3.29), (3.39), (3.49) and
(3.51) together with (1.4) and the algebraic inequality (3.41) we get

d P2 | % P1 1
Efgg (1) < [_Z + Ny <P2 + e > + 1oy (202(1 + go) + 4piies + poe2)

N 1
+ p2+ﬂ +—~|—N4<u7 %> /wfdx
de, ) " or 2 .

1
N2 o M2 MQ 2 Nsc 2 2

Ny—— 4+ =% - — + N, 1,8)d
+16+ 4)\2+41+M252 27+ 4M74}/02($7,)$

P1 2p182
+ |- +e+
1 TR

1
+ N2;01)\2} / <P?d37 — N3l (t)
0

K 1
(3.54) + | = (K —20) + - + K?ey + NyK*v, + 652} / (oo + ) dz
0

1 .
+ Z (l +eC* + 51) + Ny (51 + [LQC*/\Q — l)
22 3 !
b (4 2 ) NPy Te / W

+C// ‘nxxs‘dsdx

~_ 90 | 1 Yo 90 3 g gC*  gC* [ 1 1
C = No— 4+ — 4+ — N. A =
1651 + 451 + 482 ( + 26%) + N < g0 + 4"71 + 4'72 i 4 (73 * Y4

p29(0)C(ea) N4C’*ng(0))
452 2 '

—¢ (— = 90C(e1) =

Now, our goal is to choose our constant in (3.54) in order to get negative coefficients
on the the right-hand side of (3.54). To this end, let us first choose £ small enough
such that

<K
e < —.
!
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Then, take £; = €5 and choose €5 small enough such that

K/8 p1/8 )
K2+6" (2pm/K)+1)"

Also, we pick 3 sufficiently small such that

g9 < min(

Next, we select 61 = Ay and choose Ay small enough such that
[/2
<2
1+ ,LLQC*
Once all the above constants are fixed, we fix Ns large enough such that
N, (l+eO*+5)+7g+l2 P
= ! 27 4y 2¢2

q>|~

After that, we pick Ao so small that

1
32N,

Furthermore, choosing N3 large enough such that

Ay <

N3C ﬂ2 M2 MQ 2
~s¢ N, e .
4 = 16e TNV, Te, TR

Next, we fix Ny large enough such that

N. ~ 1
Ny—/— > (,02 + —> + —j + Ny <P2 + ﬁ) 10 (2P2(l + go) + 4uies + 0232)
€2

Once N, and all the above constants are fixed, we may choose 7;, 72 and 7, small

enough such that

A

1 N NgC
STrN, PSRN SN

Once all the above constants are fixed, we pick N large enough such that there exists
71 such that

Yo <

1
L < —m/o (2 + 02+ 0+ (oo + )2 + (2, 1,0)) da

11 1 oo
(3.55) — / / 2(z, p,t)dpdx — M / / g(s) |nk(z, s)’2 dsdz.
o Jo 0 Jo

On the other hand, for N large enough,we can find two positive constants Bl and Bz
depending on N, ]\72, N3, Ny and €5 such that

(3.56) BE(t) < F (t) < hE(t),  Vt>0.

Using (3.55) and (3.56), the remaining part of the proof can be finished exactly as
the one of Theorem 3.2, we omit the details. [J
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Remark 3.14. In the above section, we proved the stability result of problem (1.1)-

(1.3) under the condition ps < p;. It is an interesting open problem to study the

case [y > fu1. Based on the result in [17] we conjecture that our solution is instable.
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