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ABSTRACT. Here we define a Caputo like right discrete delta fractional difference and we produce
a right discrete delta fractional Taylor formula for the first time. We estimate the remainder. Then

we produce related right discrete delta fractional Ostrowski, Poincaré and Sobolev type inequalities.
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1. INTRODUCTION AND BACKGROUND

Here we work on the time scale T = a + Z, where a € R. We consider functions
f:(a+7Z) — R. If a function f is defined on a subset of a + Z, then one can
extend it to all of a + Z, by assigning zero values to f on the complement with
respect to a + Z of that subset. Let ¢t € R, n € N, the falling factorial is defined
by t®) =t(t—1)---(t —n+1) = [[}2) (t — i), and in general +(®) = F(I;(ﬁ’_ll‘), where
o € R, with I' the gamma function I' (v) = [ e~ "t*~'dt, v > 0; t©) = 1.

From the time scales theory [5, p. 29|, [6], we know that the delta integral on
(a+17Z)

b*—1

(1) FE)At= " f(t), a* <V,

a',b*e€(a+72), f:(a+Z)—R.
Let t € (a + Z), then the forward difference
Af@)=f+1)—ft)=f>(@1),
the delta time scale derivative, see [5, p. 5], and

k
ARF ()= ( " ) (D)D) = A1),

=0 !

the kth order delta time scale derivative, see [5, p. 14].
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Notice here that if f is restricted on [a*, b*]N(a + Z), then A* f runs on [a*, b* — k]N
(a+7Z).

For a general time scale T, see [5, p. 38], we define

(2) hy:T?> - R, k€ Ng=NU{0}, ho (t,8) =1,V s,t €T,

t
hiyq (t,8) = / hi (1,8) AT, ¥ s,t € T.

We have that the delta derivative ha (t,s) = hy_y (t,8), k € N, t € T*, (for the
definitions of Ty, T*, see [5, p. 331, p. 2|, respectively) and hy (t,s) =t—s,V s,t € T.

Notice here that
(3) (a+7Z)=(a+7Z), = (a+17Z)".
We need

Lemma 1.1. On (a + Z) we have

(1) e t5) = L2

7l ,VkeN
Lemma 1.2. [t holds on (a + Z) that
(k+1) ) A (k)
t— t—
(5) (t=s)"" " _ &7 k € Np.
(k+ 1) Kl

Proof. We have that

{ (t — s)*H }At _ (41— s)FHD (¢ — ) D)
(

k+1)! k+1)!  (k+1)

SISy {H[((t—$)+1)—z]—H((t—s)—z)}

_(kil)'{ [(@_S)_(Z_l))]—H((t—s)—z)}

B (kil)!{(t s)+1)[(t—=s)((t—5)—1)((t—5)—2)((t—s5)—=3) -
(t=s)—(k=1)]=[t=s)(t—=95)—1D((t—5)—2)((t—5)—3)---

(¢ =s) = (k=1 ((t =) = k)}

(=) (t=5)—1)((t=5)=2)---((t—s) = (k—1))
(k+1)!
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((F=s)+1) = ((t=s) —F))
t—s)((t—s)-D((t=5)—2)---((t=s)—k+1) (t—S)(k)'

k! k!
]
Proof. of Lemma 1.1.
Notice that
AN (V)
i = O g
Assume (4) correct for k. Then
t t (k) (k+1)
B B (1 —s) _ (t—s)
P (t,5) = / hi (7 8) AT = / T YT G
proving the claim. O

Let f: (a+7Z) — R, m € N. Then by delta Taylor formula on time scales (see
[4], [6]), applied on (a + Z), see also (4), we get

= t—s)® ot —r -1
©  fa=Yaet s [ A

Vise(a+Z).
For s =0" € (a+Z), t € [a*,b*]| N (a + Z), where a* < b*, we get that

m—1 (k) g 1)mD
=S arp e 2T / =5 =D "7 A (g) As

— k! (m—1)!
m—1 oy () b*—1
_ k * (t —b ) _ 1 e 1\(m=1) Am
(7) =2 A <m_1>!;<t s= )"V AT(s).
We call the remainder
" .
(8) R (t) = o) Z (t—s— 1" VA™F(s).

We need
Proposition 1.3. For s,t € (a+Z), m € N, it holds

(9) t—s—1D)" Y = ()" (s+m—t—1)".
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Proof. We notice that

t—s—1)(t—s—-2)(t—s—-3)---(t—s—(m—1))

(s+m—t—1)mY = (s+m—t—1—1)

=(s+m—-t—1)(s+m—-t—2)(s+m—-t—-3)---(s+m—-t—1—m+2)
=(s+m—-t—1)(s+m—-t—2)(s+m—-t—3)---(s—t+1).

We need

Definition 1.4 (see [3]). Let v > 0, the right fractional sum here is given by

b*—1

Yo (s—t=1)"Vf(s),

s=t+v

(A% 1 f) () = (1),

where f is restricted on [a*,0*] N (a + Z).
Notice (A;}’_lf) is defined on {a* — v, a* —v+1,a* —v+2,..., 0" —1—v}.

Here one can take a* = —oo.

We also need

Theorem 1.5 (see [7]). Let p,v > 0. Then
(11) (AT AL ) (8 = (859771) o),

wheret € {a* — (p+v),a* —(p+v)+1,...,0"=1—(n+v)}.
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Remark 1.6. So far we have based on (9) that

(t—s— 1"V A" (s)

(call ' =t —m)

) bi ((s =t =)™ ) ams(s)

~ (m— 1)
(m 1).s:t,er

(notice here t' € {a* —m,...,b* =1 —m})

(10)

= (=)™ (AR (AT ) (1) = (=)™ (AyZ, (A™f)) (t —m) .
So we have proved

Theorem 1.7. It holds

(12) R (1) = (=1)" (A7, (A™f)) (t = m),

where t € [a*,b* — 1] N (a + Z), with a* < b* —1; a*,b* € (a+Z), [: (a+Z) = R,

a* could be —

2. MAIN RESULTS
We give

Definition 2.1. Let p >0, m —1 < p <m, m € N, m = [u] (ceiling of number),
v:i=m—p, that is u+v=m

The p-th order delta right fractional difference (Caputo way) is given by

(Al f) @ = (1" (D52, (A ) @)

(13 S e )

where t <b*—1—-v, b* € (a+Z),t€(a—v+1Z),acR.
If u = m € N, then (A‘(‘b*_l)_f) () = (—1)™ (A™ ) (1)
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Theorem 2.2. [t holds

(14) B (1) = (D¢, (Al f) ) E=m).

foru >0, m—1<pu<m meN tellab—-1nN(a+Z), a" < b —1;
a',b* € (a+72), f:(a+Z) — R; a* could be —o0

Proof. Let t € [a*,b* —1]N(a+Z), a* <b* —1;a"b* € (a+Z), f: (a+Z) — R.
Then t —m € [a* —m,b* —1 —m] N (a + Z). We observe that

(A5 (A f)) E=m) = (=)™ (A3, (A (A7) ) (= m)
= (" (A @) = m)
m —-m m (12 *
= (=)™ (A" (AT ) (t—m) = R ().
We have proved the following delta right discrete fractional Taylor formula.

Theorem 2.3. Let a € R, f : (a+Z) — R. Let a*,b* € (a+Z), a* < b*. Let
w>0:m—-1l<pu<m, meN, m=[u]),v=m-—pu,tecab —1nN(a+Z).
Then

m—1 *
(15) AL (b % TR,
k=0 '
where
R (1) = (Ao (Mo f) ) (= m)
1 (b*—1-v)
(16) = m Z (s —t+m— 1)(M_1) (A?b*—l)—f> (s)-
s=t—m-+p

Above a* could be —

Corollary 2.4. In the assumptions of Theorem 2.3, assume more that A* f (b*) =0
k=0,1,...,m —1. Then

(b*—1-v)
1) fO=g 2 G tem= ) () ).

We need

Proposition 2.5 ([2]). It holds

b*—v * (w)
_ (0" —v—1t)
(18) S (s-t-nen =T P20 sy,
s=t+p ,U

So by (18) we get
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Proposition 2.6. We have

(b*—1)—v

(19) > (s—(t-m)-nrY =

s=({t—m)+p

b —1—v—t+m)®
W

> 0.

We give the estimate

Theorem 2.7. All as in Theorem 2.3. Then

m—1 ) (k)
if(t) =S arp ey ] < e
k=0 '
b —1—v—t+m)®
(20) - U (u+1) seltmm b1} <A€bb _1)_f> (s)‘

Proof. By (16) we get

b*—1—v
|R* (t)] < % ( Z (s—(t—m)— 1)(M—1)>

M) s=t—m-+p
o
se{t—m+p,....b*—1-v} <A(b*_1)_f> (S)‘

a9y (b* =1 —v —t+m)®
= max
r (,u + 1) se{t—m+p,...,.b*x—1—v}

We need

Lemma 2.8 ([1, p. 580]). Leta > v, a,v > —1, a,v € R, a <b. Then

b (v+1) _ _(v+1)
b+1) a
21 > rt) = ( :
(21) : < v+1 )

We give a related Ostrowski inequality.

Theorem 2.9. Let a € R, f: (a+7Z) — R. Let a*,b* € (a+Z), b* —a* > 2. Let
w>0:m—-1l<pu<mmeN v=m-—putecla, b —-1nN(a+2Z). Assume
AFF(b*)=0,k=1,...,m—1. Then

1 b*—1
@ = rm-rw)
- (b* —a+ M)(,LH—I)

max
(b* — CL*) r (,u + 2) se{a*—m+p,...b*—1—-v}
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Proof. Using (15) and (16), since A*f (b*) =0,k =1,...,m—1, we get f (t)—f (b*) =
R*(t), t € [a*,b* — 1] N (a + Z). Then we observe

. b1 1 b —1
B = b*_a*t;f(t)—f(b*) = ;U(t)—f@*))‘
1 b*—1 1 b*—1
ST DO~ f ) = g YO IR (1)
(20) 1 = . (n)
S(w—aﬂFuH%J<Z;® —1—u—t+nn“)
% se{a*—mir,lti).(.,b*—l—u} (Aélb*_l)_f> (S)‘ - (*) .

Call r =b*—1—v —t+m. Since a* <t < b*—1, then —a* > —t > 1 —b* and
b*—1—v—a"+m>2b"—-1—-v—t+m>2b"—1—-v+1—-0"4+m=m—v=pu.
Therefore
p<r<b —a —1+p.

We would like to calculate

b*—1 b*—a*—14p
Z(b*—l—l/—t+m)(“): Z 7
t=a* r=U
b*—a*—1+p b*—a*—1+p
— Iu(ﬂ) + Z 7‘(“) =T (M + 1) + Z T(H)
r=p+1 r=p+1

(since b* — a* > 2 we get that p+1 < b* —a* — 1 + p, so that we can apply (21))

(b — a4 )" — (4 1)

=I'(p+1)+
(h+1) =
(b —a* + )" T(u+2)
=I'(p+1)+ —
(+1) p+1 w41
(b* —at+ M)(}H-l) (b* —at + M)(;H-l)
=T (u+1)+ ~T(u+1)=
(n+1) | (n+1) e
Consequently it holds
b*-1 * * (n+1)
b* —
) SRS R e [ Gl i
P pt1
So we have
(b* —a* + M)(,LH—I) ( . ) ‘
= w — E
(*) (b* — a*) r (;u + 2) se{a*—mirif,li}.(.,b*—l—u} C _1)_f (S) 2
Hence F, < E,, proving the claim. O

A related Poincaré type inequality follows
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Theorem 2.10. All as in Corollary 2.4. Let p,q > 1: % +% = 1. Then

t_z_* ‘f(t)‘q < (F(lw Z_ < _Z_ (S—t—l—m— 1)p(u—1)>

t=a* \s=t—m+pu

(23) x < b*_zl_y (a0 ) ) q).

s=a*—m-+p

Proof. Notice here s—t+m >y >0and s—t+m—pu>0and s—t+m—pu+1>0,

so that I )
_ —t+m
_t _1(“ 1): 5 >0
(s —t4m—1) '(s—t+m—pu+1)

By (17) we get

£ (t) s—)szlm (s—t+m—1)"" (A, 1) (s)‘

. ﬁ ( b*_zl_u (S_t+m_1)p(u—1)>5 (b*—zl—u ‘(A?b*_l)_f) () q>6

s=t—m-+p s=t—m+p

< ﬁ ( b*il:_” (s —t+m — 1)P(u—1)> » ( b*ilj—u ‘(A?b*_l)_f) (s q> a |

s=t—m-+p s=a*—m+p

Therefore we found

b*—1—-v %
(24) f ()] < % ( Z (s —t+m — 1)p(u—1)>

s=t—m-+p

x (Z (A 1) ) )

Hence

1 b*—1—v %
25 fOI" < == s —t+m— 1P
(25) FOI < gy (2%(

b*—1—v q
( S |(ah ) ) .

s=a*—m-+p

Applying Z?zzl to both sides of (25) we derive (23). O

We finish with a related Sobolev type inequality

Theorem 2.11. All as in Theorem 2.10. Let r > 1. Then

b1 g L [rmr v . P
<Z|f ) =T Z( Z (s —t+m—1)" ))

t=a* \s=t—m-+p

Sle
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b*—1—v q

(26) S (2 ) )

s=a*—m-+p

Proof. Raising (24) to the power r we obtain

T
b*—1—v P

Z (s—t+m—1)p(“_1)

s=t—m-+pup

If @) < Ty

b*—1—v

Z ‘(A;(Lb*—l)_f) (s)

s=a*—m-+p

q

Hence it holds

b*—1 b*—1 b*—1—v P

; |f(t)|r S (F(lw Z Z (S —t+m — 1)p(u—1)

t=a* \s=t—m+p

b*—1-v g
q
(27) > (Ao f) )
s=a*—m+p
Raising (27) to the power 1 we derive (26). O
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