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ABSTRACT. In this paper we shall discuss the existence of at least three solutions for the class
of two-point boundary value Kirchhoff-type systems

—Ki(fab |u}(2)|2dz)ul! = NFy, (z,u1, ... up) + pGy, (T, 01, . .. up),
ui(a) =ui(b) =0
for 1 < ¢ < n. The approach is fully based on a recent three critical points theorem of B. Ricceri [A

three critical points theorem revisited, Nonlinear Anal. 70/9 (2009) 3084-3089].

AMS (MOS) Subject Classification. 34B15, 47J10.

1. INTRODUCTION

In the literature many results focus on the existence of multiple solutions to
boundary value problems. There seems to be increasing interest in multiple solutions
to boundary value problems, because of their applications in physical processes de-
scribed by differential equations can exhibit more than one solution, and other fields.
For example, certain chemical reactions in tubular reactors can be mathematically
described by a nonlinear two-point boundary value problem and one is interested if
multiple steady-states to the problem exist. For a instance treatment of chemical
reactor theory and multiple solutions see [2, section 7| and the references therein.
For additional approaches to the existence of multiple solutions to boundary value
problems, see [11, 12] and references therein. Moreover, in [19], Ricceri obtained a
three critical points theorem and in [18] gave a general version of the theorem to

extend the results for a class of more extensive equations. By these results, many
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authors studied the existence of at least three solutions for BVPs (for instance, see
1,5, 6,9, 10, 13, 21]).
In this paper, we are interested in establishing the existence of three (weak)

solutions for the following Kirchhoff-type system on a bounded interval [a,b] in R
(a <)

1) K ([P () Pda)ul = Ay (2w, ) 4 pGl (2,0, ),

where K : [0, +oo[ — R for 1 < i < n are n continuous function, A, p are two positive
parameters, F' : [a,b] x R" — R is a measurable function with respect to x in [a, b] for
every (ti,...,t,) € R" and is a C''-function with respect to (¢, ...,t,) € R" for every
x in [a, b] such that F(x,0,...,0) = 0 for every = € [a,b], and G : [a,b] x R* — R
is a measurable function with respect to x in [a, b] for every (t1,...,t,) € R™, and is
a C'-function with respect to (t1,...,t,) € R" for every z in [a, b] and satisfied the

condition

n

(1.2) sup Y |Gy (@t )| < mg(a)

[(t1,etn)|<s i=1

for all s > 0 and some m, € L' with G(.,0,...,0) € L', and F, and G; denote the
partial derivative of F' and G with respect to ¢, respectively using Ricceri’s three
critical points theorem.

Problems of Kirchhoff-type have been widely investigated. We refer the reader
to the papers [3, 7, 8, 14, 15, 16, 23] and the references therein. B. Ricceri in an
interesting paper [20] established the existence of at least three weak solutions to a
class of Kirchhoff-type doubly eigenvalue boundary value problem using Theorem 2
of [17].

We mean by a (weak) solution of system (1.1), any u = (uy, . .., u,) € (Wy*([a,b]))"
such that

ZZ:;KZ-(/: ()2 d) /ab ul(2)i(z)dz — )\/bgFui(x,ul(m), e un (@) )i ()

a

—u/ ZGui(x,ul(a:),...,un(:c))vi(x)dx =0

for every v = (vy,...,v,) € (Wy([a,b))".
Our main result is Theorem 2.1, in the next section. Its proof is fully based on

a very recent three critical points theorem of B. Ricceri [18] (see also [4] for related

results) that we recall here for the reader’s convenience.

Theorem 1.1 ([18]). Let X be a reflexive real Banach space, I C R an interval,

® : X — R a sequentially weakly lower semicontinuous C' functional, bounded on
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each bounded subset of X, whose derivative admits a continuous inverse on X* and
J: X — R a C" functional with compact derivative. Assume that

lim (®(z) + AJ(x)) = 400

||z||—+oc

for all X € I, and that there exists p € R such that

sup inf (®(z) + A(J(x) + p)) < inf sup(®(z) + A\(J(z) + p)).

Ael T€X z€X el

Then, there exist a non-empty open set interval A C I and a positive real number -y
with the following property: for every A\ € A and every C' functional ¥ : X — R
with compact derivative, there exists 6 > 0 such that, for each pu € [0,6], the equation

Q' (u) + AJ'(u) + p¥' (u) =0

has at least three solutions in X whose norms are less than ~y.

For using later, we also recall the following result, Proposition 1.3 of [4] with .J

replaced by —.J, precisely to show the minimax inequality in Theorem 1.1.

Proposition 1.2 ([4]). Let X be a non-empty set and ®, J two real functions on
X. Assume that ®(u) > 0 for every u € X and there exists uy € X such that
®(ug) = J(ug) = 0. Further, assume that there exist vy € X, r > 0 such that
®(uy) > r and

—J U ’I“_J(U1)
(T <y

Then, for every h > 1 and for every p € R satisfying

—J(u1)
TS — SUPg ()< (—J (U _
sup (—J(u)) + ) o<~ () <p<r J(ul),

D (u)<r h (I)(Ul)
one has

sup inf (®(u) + A(J(u) + p)) < inf sup (®(u) + A(J(u) + p))

AeR ueX uEX N¢g[0,v]
where

hr
v =

—J(u :
r e — supg <, (—J (1))

For other basic notations and definitions, we refer the reader to [22].

The rest of the paper is organized as follows: Section 2 contains the statements of
our results, proofs of the corollaries and an example to illustrate the results. Section

3 consists the proof of our main result.
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2. MAIN RESULT AND SOME CONSEQUENCES

Let K; : [0,400] — R for 1 < i < n be n continuous function such that there
exist n positive number m; with K;(t) > m, for all t > 0 and let F': [a,b] x R" - R

be a measurable function with respect to = in [a, b] for every (¢4,...,t,) € R", and
a C''-function with respect to (¢i,...,t,) € R" for almost every z in [a,b] such that
F(z,0,...,0) =0 for every x € [a,b]. Corresponding to K; we introduce the functions

K; : [0, +00[ — R as follows
t
= / K;(s)ds for all t > 0
0

for1 <i<n.

We formulate our main result as follows:

Theorem 2.1. Assume that there exist a positive constant r and a function w =
(wi, ..., wy,) € (WY2([a,b]))™ such that

(i) Zlef|w V2dx) > 2r;

.. bR z,w(x))dx b
(ii) My = 27’2?;{«1&2]17 Ify/)()x ) L supe, e, Fla,ty, ... ty)de >0

b—a
whereAl::{(tl,..., )|lel_m}

(iif) Hmsupiy| e )—(00,...+00) P, il’l t’;f”) < 2mmf(7bni’i)<22<n} uniformly with respect to
x € |a,b] for some T satisfying
”
T > E

Further, assume that there exist n continuous functions h; : [0,+o00[ — R for
1 < <n such that

hi(tK; (1) =t
for allt > 0.

Then, there exist a non-empty open set A C |0, 7[ and a real number v > 0 with the
following property: for every A € A and for an arbitrary function G : [a,b] x R — R
which is measurable in [a,b] and C in R™ satisfying (1.2), there exists § > 0 such that,
for each i € [0,6], the system (1.1) has at least three weak solutions in (Wy*([a, b]))"
whose norms are less than .

Now we want to present a verifiable consequence of the main result where the

test function w is specified.

Corollary 2.2. Assume that there exist 2n+2 positive constants c;, d; for 1 <i <mn,
a and B with B+ o < b — a such that

i) >, K; (a+ﬁ S d?) > —a Doy mici;



THREE SOLUTIONS FOR A CLASS OF GRADIENT KIRCHHOFF-TYPE SYSTEMS 555

n b
(ii") My := =>4 miC?Z? f e fa SUD(1y,.tn)€As F(x,ty,... t,)dx >0
where

a+o d d b—p
B::/ F(a: —(z—a),. "(I—a))+/ F(z,dy, ... dy)
a o (07 a+a

-5L;F(@%ab—@,“£%@—x0

and A2 = {(tb R ) | Zz 1 z = mln{"iz 1W1L2<cz<n}}

(1i") T sup gy, .t — (+00,...-+00) Pzt t’zt”) < 2mmj$’_’i)<2l<"} uniformly with respect to
x € |a,b] for some T satisfying

zlz

4370, mic;
(b — a)M2 '

Further, assume that there exist n continuous functions h; : [0,+o00[ — R for
1 < ¢ <n such that

T >

hi(tK; (1)) =t
for allt > 0.
Then, there exist a non-empty open set A C |0, 7[ and a real number v > 0 with the
following property: for every A € A and for an arbitrary function G : [a,b] x R — R
which is measurable in [a,b] and C in R™ satisfying (1.2), there exists § > 0 such that,
for each p € [0,0], the system (1.1) has at least three weak solutions in (W, ([a,b]))"

whose norms are less than .

Proof. Set w(x) = (wy(x), ..., w,(x)) such that for 1 <i < n,

%(a:—a) ifa<z<a+a,
(2.1) wi(z) = < d; ifa+a<z<b-g,
Gb—z) fb-B<z<b
and r = ﬁ S or mic? where constants ¢;, d;, o and (3 are given in the statement of

the theorem. It is clear from (2.1) that w € X and, in particular, one has

a+
(2:2) = & (*27)

for 1 < i < n. Moreover with this choice of w and taking into account (2.2), from

(i') and (ii") we get (i) and (ii), respectively. Hence, using Theorem 2.1, we have the

desired conclusion. O
We want to point out a remarkable particular situation of Corollary 2.2.

Corollary 2.3. Fizp;, q; > 0 for 1 <1i <n. Assume that there exist 2n + 2 positive
constants c;, d; for 1 <i <n, a and  with 0+ a < b — a such that

(") Cipid? (%57) + §di (5% > o iy micts
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( ) M3 CL 1= 1pZ Zzn [pd2(—é833+7ldf(a—ﬁﬁ _f Suptly Lt )6A3F($ tl, t )d:L’>
0 where B is given as in (i) and Az := {(7%1, b)) Do 17 < mln{;)l,llilz<n}}
(1i1") Tm SUP (4, b ) (400, 4-00) F(xiletgl) < 2mli{£l_’z)§;§"} uniformly with respect to

x € |a,b] for some T satisfying

AT pic
(b — a)M3 )

Then, there exist a non-empty open set A C |0, 7[ and a real number v > 0 with the

T >

following property: for every A € A and for an arbitrary function G : [a,b] x R — R
which is measurable in [a,b] and C' in R" satisfying (1.2), there exists & > 0 such
that, for each p € |0,4], the system

pﬁ—qu |ui(z)|2dz)u! = NFy (z,u, ... uy) + pGoy (T, ur, - o uy),
(2.3)
ui(a) = u;(b) =0

for 1 <i < n, has at least three weak solutions in (W,*([a,b)))" whose norms are

less than .

Proof. For fixed p;,q; > 0 for 1 < i < n, set K;(t) = p; + ¢;t for all ¢ > 0. Bearing
in mind that m; = p; for 1 < i < n, from (i”), (ii”) and (iii”) we see that (i),
(it") and (iii") hold respectively. Also we note that there exist n continuous function
hi : [0,400] — R for 1 <7 < n such that

hi(LK;(t?) =t
for all t > 0 because the functions K; for 1 < i < n are nondecreasing in [0, +-o00[ with

K;(0) > 0 and t — tK;(t?) (t > 0) for 1 < i < n are increasing and onto [0, +o0.
Hence, Corollary 2.2 yields the conclusion. O

We present an example to illustrate our results applying by Corollary 2.3.

Example 2.4. Consider the system
(2.4)
s+ g1 Jo (@) Pd)ul = Mem () (o — ) + 1) + pG (un, u2),
{ w;(0) =wu;(1)=0, 1<i<2

_l’_
(2

where u;” = max{u;,0}, v; > 2 for i = 1,2 are real numbers such that the following
inequality holds

1/16
100/512 + 10*

A, i are two positive parameter and G : R? — R stands for any C'-function.

max{yy,72} 3
2 +1

(2.5) M, = (1omin{n2ke=10 4 10) — 2 —22 >0,
Setpi:%, qi:6—14fori:1,2and

for all t; < 0,
F(ti,t2) = ) _
oo (tleti+t;) forallt; >0, 1<i<2
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for each (ti,t,) € R% Assumptions (i”) is satisfied by choosing, for instance d; =
10,¢; = 1 for i = 1,2, [a,b] = [0,1] and & = § = 1. For (ii”), taking (2.5) into
account we see that

1/16
/—B — sup F(t1,t2)
100/512 “I— ]_04 t2+t2<2

]_/]_6 max{“ﬂ Y2} 3
> 07 d% —d; d- D +1 23
= 100/512 + 1072 (Z * ) [ +27]

M;

1/16 min —d; max{yy,75} 3
S 100/5{% (armimmlemd g g;) — =5 4 o)
1/16 _ s
= M;>0.
Moreover, since
F(t;,t
lim sup M — 0,

(1] altnl) = (00, h00) Doy B
we clearly observe that Assumption (iii"”) is fulfilled. Now we can apply Corollary 2.3
to the system (2.4) for any 7 > 16M

Finally, we end this section by giving the following result.

Corollary 2.5. Assume that there exist n + 2 positive constants c;,d; for 1 <i <mn,
a and B with B+ «a < b— a such that

(i) 2oie 1d?(°‘jf) > e i €

n b
(11/1/) M4 = b—a i=1 C?ﬁ% — fa SU.p(t17 tn)EAY F(ZII’ tl, . t )dl’ > 0 where B
is given as in (i) and Ay = {(t1, ..., t)| D iy 87 < D0

cee ) . F({Etl, ,tn)
(i) T SUD (g, o) (00,0, +00) — S 72

=1 "1
[a,b] for some T satisfying

< T(bfay uniformly wzth respect to r €

4 E?:l C?

T > b o),

Then, there exist a non-empty open set A C |0, 7[ and a real number v > 0 with the
following property: for every A € A and for an arbitrary function G : [a,b] x R — R
which is measurable in [a,b] and C' in R™ satisfying (1.2), there exists § > 0 such
that, for each p € [0,4], the system

= \F,, (:E ULy ooy Up) + Gy, (T, U1, . o Uy),

for 1 <i < n, has at least three weak solutions in (Wy>([a,b)))" whose norms are

less than ~.
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Proof. Taking p; = 1 and ¢; = 0 for 1 < i < n, all the assumptions of Corollary 2.3

are fulfilled. Hence, from Corollary 2.3 we have the conclusion. O

3. PROOF OF THE MAIN RESULT

In order to apply Theorem 1.1 to our problem, let X be the Cartesian product of
the n Sobolev spaces W, >([a, b)), ..., Wy([a,b]), ie., X = (W,>([a,b]))" equipped

with the norm

n
I, wa, )| =D s
=1

1/2
where ||u;]| = <fab(|u;(:£)|2)dx) for 1 <i <n.
We introduce the functionals ®, J : X — R for each u = (us,...,u,) € X, as

follows
1 o -~
(3.1) P(u) = 5 > Ki(lluill?)
i=1
and

(3.2) J(u) = —/ F(z,ui(x), ..., u,(x))dx.

Let us prove that the functionals ® and J satisfy the required conditions. It is well

known that J is a differentiable functional whose differential at the point u € X is

b n
J'(w)(v) = — / ZFui(:E,ul(:)s),...,un(x))vi(x)d:):

for every v = (vy,...,v,) € X. We claim that J' is a compact operator. Indeed, for
fixed (uq,...,u,) € X, assume (Ui, .-, Upm) — (U1, ..., u,) weakly in X as m —
+00. Then (Uim, ... Unm) — (ug,...,uy,) strongly in C([a,b]). Since F(x,.,...,.)

is C! in R™ for every x € [a,b], so it is continuous in R” for every = € [a,b], and
we get that F(z, uim, ..., Unm) — F(x,uq,...,u,) strongly as m — +o00. By the
Lebesgue control convergence theorem, J'(Uim, ..., Upm) — J'(u1,...,u,) strongly,
which means that J’ is strongly continuous, then it is a compact operator. Hence
the claim is true. Moreover, it is well known that ® is sequentially weakly lower
semicontinuous as well as bounded on each bounded subset of X and continuously

differentiable whose differential at the point v € X is
n b b

¥0)(0) = YK [ fuio)d) [ ia)el o)
i=1 a a

for every v € X. We claim that &' admits a continuous inverse on X (we identity X
with X*). To prove this fact, we need to find a continuous operator 7" : X — X such
that 7'(®'(u)) = u for all u € X. Let T': X — X be the operator defined by

T(vi,...,v) = (Th(v1),. .., Th(vy))
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such that T} : W, *([a,b]) — R expressed by

Loy — | i i £0
0 if v; =0,
where h; is defined in the statement of the theorem for 1 < ¢ < n. Since, h; is
continuous and h;(0) = 0, we see that the operator 7T} is continuous in X for 1 < i <mn
and consequensly 7" in X. For every u € X, taking into account that inf,>o K;(t) >
m; > 0, we have since h;(t K;(t?)) =t for all t > 0 that

T(2'(w) = T(EK(lul*)u, ... Kullua]*)un)
= (D L(JualP)w), -, To(Ka(llunl*)un))

MOl e o Bl
T R R o xR T

[l | 5 [[n 5
= Ky (lualuas - i
(K1(||U1H2)I|U1H S K (TP fual)

= (ug,...,up).

and so our claim is true. Moreover, since for 1 <i < n, m; < K;(s) for all s € [0, +o0],

from (3.1) we have

L1<i<
(3.3) d(u Zmz||u,||2 min{m 5 ! "}Z||u,||2 for all u € X.
i=1

Furthermore, form Assumption (iii), there exist two positive constants ¢ and  satis-

fying o < % and

(b—a)®
2min{m;, 1 <i <n}

Fla, ... t,) <oy ti+n

for all (¢, ...,t,) € R™ uniformly with respect to z € [a,b]. Fix u = (uy,...,u,) € X,

S0
(3.4)
2 (2 1 < <
Fla,u (@), .. un(x)) < mm{g_ a)ﬁ & (oZ fua(2) | + n) for a.c. x € [a,0].
i=1
Moreover, since
(b—a)2
m{a;g} lui(z)| < THU,H for all u; € Wy*([a, b])
re|a

for 1 <i < n, we have

I

(3.5) sup Z lui(x)]* < b

z€lab]
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for each u = (uy,...,u,) € X. Then, for any fixed A\ €]0, 7], from (3.1)-(3.5) we

obtain

b
O(u) + AJ(u) = K ([Juil[?) — )\/ F(z,ui(x), ..., u,(x))dx

- 20 Amin{m;,1 <i<n
Rl ) = 22 }Z/\uz \Pda

N | —

=1

v
DO |
'MB

1
22k min{m;,1 <i <n}

-
I

b—a
min{m;,1 <i < n} <& 207 min{m;,1 <i < n} e [°
> S Jull? - =Y [t P
2 — (b_ CL) - a
2rkmin{m;, 1<1i<n}
b—a
min{m;,1 <i < n} <& ormin{m;, 1 <i<n} &
> 5 > fluil* - 5 >l
i=1
2rkmin{m;, 1 <i < n}
b—a
min{m;, 1 <i < n} 27k min{m;,1 <i <n}
> g Z Jul® - = i=n

So, for each A € |0, 7[, we have

Hullli_rgroo(q)(u) + AJ(u)) = 4o0.
To check the other assumptions in Theorem 1.1 we use Proposition 1.2. To this end,
we see that the required hypothesis ®(u;) > r follows from (i) and (3.1) by choosing
u; = w. Also, by choosing uy = 0, we see that ®(ug) = 0, and since F(z,0,...,0) =0
for every z € [a,b], from (3.2) we have J(ug) = 0. Taking (3.5) into account, from
(3.3) for each r > 0 we get

(] —o0,7)) = {u=(uy,uy,...,u,) € X;®(u) <1}

. Z’1<< n
— {uEX;mm{m 2_Z_n}Z||UiH2<T}

1=1

- {uEX Z|ul rib—a) for each x € [a,b]}.

- 2m1n{m,,1 <i<n}

Now, since M; > 0 we have

b b
F d
/ sup  F(x,tq,...,t,)de < 2r Ja — (2, w(z))dz
(t1 st ) EAL Yo Ki( f |wi(x |2d:17)
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and we obtain

sip  (—J(w) = sup / Flz, u())dz

ued—1(]—oo,r|) min{mié 1<i<n} Sl 2<r

F([L’,tl, ce ,tn)dllf

VAN
m\
o
=
KL
m
2

. fab F(z,w(x))dx
S K f) Jwi(w)[2d)

=)
B(w(r)

SO

sup  (=J(u)) <r :
u€d—1(]—o0,r[) (w)

which is another required assumption in Theorem 1.1. Fix 1 < h < TTMl and p such
that

T_J(w) — SUDPg () <r —J(u —J(w
sup  (=J(u)) + 2w) Paw<r (=7 (1) <p<r (I;EEU))’

we®—1(]—o0,r]) h

due to 7 > Mle from Proposition 1.2, with ug = 0 and u; = w we obtain

sup inf (®(u) + M(J(u) + p)) < inf sup (P(u) + A(J(u) + p)).

AcR UEX ueX AE[0,7]

Moreover, since G : [a, b] x R" — R is a measurable function with respect to x in [a, b]
for every (t1,...,t,) € R", and is a C'-function with respect to (t,...,t,) € R™ for

every z in [a, b] satisfying the condition (1.2), then the functional

b
U(u) = —/ G(z,ui(x), ..., u,(x))de

is well defined and continuously Gateaux differentiable on X, with compact derivative,

and one has
' (u)(v) = — / ZGui(I,ul(m),...,un(x))vi(:c)dx

for all v € X. Now, all the assumptions of Theorem 1.1 are satisfied. Hence, taking
into account that the critical points of the functional ® + AJ + pW¥ are exactly the

weak solutions of the system (1.1), we have the conclusion.
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