Dynamic Systems and Applications 20 (2011) 563-574

V-STABILITY OF NONLINEAR VOLTERRA
INTEGRO-DIFFERENTIAL SYSTEMS

FANWEI MENG?, LIANZHONG LI*, AND YUZHEN BAI*

%School of Mathematical Sciences, Qufu Normal University
Qufu, Shandong 273165, People’s Republic of China
fwmeng@qfnu.edu.cn
*School of Mathematical and System Sciences, Taishan University
Tai’an, Shandong 271021, People’s Republic of China
11z34970163.com

ABSTRACT. In this paper, we give some sufficient conditions for W-(uniform) stability of the
trivial solution of the nonlinear differential systems and of a nonlinear Volterra integro-differential

system.

AMS (MOS) Subject Classification. 45M10, 45J05.

1. PRELIMINARIES

Akinyele [2] introduced the notion of W-stability of degree k with respect to a
function ¥ € C(R4, Ry), increasing and differentiable on R, and such that W(¢) > 1
for t > 0 and lim; o, ¥(t) = b, b € [1,00). The fact that the function ¥ is bounded
does not enable a deeper analysis, of the asymptotic properties of the solutions of a

differential equations, than the notion of stability in sense Lyapunov.

Constantin [6] introduced the notions of degree of stability and degree of bound-
edness of solutions of an ordinary differential equation, with respect to a continuous
positive and nondecreasing function ¥ : R, — R,. Some criteria for these notions

are proved there too.

Morchalo [14] introduced the notions of W-stability, W-uniform stability, and W-
asymptotic stability of trivial solution of the nonlinear system x’ = f(¢,x). Several
new and sufficient conditions for mentioned types of stability are proved for the lin-
ear system x’ = A(t)x, in this paper ¥ is a scalar continuous function. Diamandescu
[16] give some sufficient conditions for W-(uniform) stability of the nonlinear Volterra
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integro-differential system ' = A(t)z + fot F(t,s,z(s))ds, in this paper ¥ is a matrix
function. Furthermore, sufficient conditions are given for the uniform Lipschitz sta-
bility of the system x’ = f(t,z) + g(t, z). For more results, see [3-5, 7-13, 15, 17, 18]
and the references therein.

The purpose of our paper is to prove sufficient conditions for WU-(uniform) stability

of trivial solution of the nonlinear system

(1.1) v =f(ty)+g(ty)

and the nonlinear Volterra integro-differential system

(1.2) 2= f(t,2) +/tF(t,s,z(s))ds,
0

which can be seen as perturbed systems of

(1.3) ¥ = f(t,x)

or the variational system

(1.4) u = fo(t,x(t, ty, x0))u

associated with system (1.3). Where f,g € C(Ry xR",R"), F € C(D xR",R"), D =
{(t,s) e R? : 0 < s <t < oo}, and f(t,0) = g(t,0) = F(t,5,0) = 0 for (t,s) € D,
moreover, f, = df/Ox exists and continuous on Ry xR™, and z(¢, to, z¢) is the solution
of (1.3) with z(tg, to, xo) = o, to > 0. The fundamental matrix solution ®(¢,ty, x¢)
of (1.4) is given by [7]

(1.5) O(t,tg, x9) = %(m(t,to,zo)).

Using the nonlinear variation of constants formula of Alekseev [1], the solutions of
the perturbed systems (1.1) and (1.2) with the same initial values as (1.3) are related
by

t
(16) y(ta th $0) = I(t7 th xO) + / é(ta S, y(S, th zo))g(& y(S, th IO))dS

to

and

s

¢
(1.7) z(t,to,xo):x(t,to,x0)+/ @(t,s,z(s,to,xo))/ F(s,u, z(u, ty, z,))duds.

to 0

We investigate conditions under which the trivial solutions of systems (1.1), (1.2)
or (1.3), (1.4) are ¥-(uniformly) stable on R,. Here ¥ is a matrix function whose

introduction permits us obtaining a mixed behavior for the components of solutions.

In this paper, the definition of W-(uniform) stability is the same as in [16]. Let
R" denote the Euclidean n-space. For z = (1,29, 3,...,7,)7 € R", let ||z| =
max{|z1|, |2, ..., |z,|} be the norm of z. For an n x n matrix A = (a;;), we define
the norm |A| = supy, < [|[Az||. Let ¥ = diag[¥,, Vs, ..., ¥,], ¥; € C(R,,(0,00)),



V-STABILITY OF INTEGRO-DIFFERENTIAL SYSTEMS 565

1=1,2,...,n. For ¥, =1,7i=1,2,...,n, we obtain the notions of classical stability
and uniform-stability, If we replace ¥ with U*, k € Z\{0, 1}, we obtain stability and
uniform-stability of degree k with respect to ¥ in [6].

2. U-STABILITY OF THE SYSTEMS

Theorem 2.1. If there exist a continuous function h(t,s) : D — (0,00) and the
constants K > 0, M > 0 such that:

(W (2)f(s,2)[| < h(t, s)[[¥(s)z]], 1imsup/0 h(t, s)ds = M

t—o00

and |[¥(t)U~1(s)] < K for 0 < s < t, then, the trivial solution of system (1.3) is
W-uniformly stable on R, .

Proof. Since z(t, o, xo) = xo + ftz f(s,z(s,to,x0))ds, it follows that:

[ (#)2(t, to, o) < II‘I’(t)onHJr/t 19 () (s, 2(s, 0, z0))||ds

< \I‘I’(t)‘lf_l(to)‘l’(to)moll+/ h(t, s)|[W(s)x(s, to, o) ||ds

to

< KH\If(tO):L’OH—i-/ h(t, s)||¥(s)x(s, to, zo)||ds,

to

this implies by Lipovan’s inequality ([17]) that
1@ () (, to, z0)|| < K[| (to)xollelo " < KM (to)xo
hence the conclusion of the theorem follows.

Theorem 2.2. If there exist two continuous functions h(t,s) : D — (0,00), w(u) :
R; — (0,00) and the constants K > 0, M > 0 such that:

W)V (s)] < K and [|U(t)f(s,2)|| < h(t, s)w(||¥(s)z]|) for 0 < s <t,

where ¥ (u) is nondecreasing submultiplicative function and

¢
Mlimsup/ h(t, S)d8:| = M < oo fOT all 0 < to < 9’
| (to)xo|| — t=oo Jo

where Qu) = [* %ds, ug € (0,00) and Q(oc0) = oo, then, the trivial solution of

ug w

Q7 QK) +

system (1.3) is W-uniformly stable on R.
Proof. Since z(t, ty, zg) = xo + ftz f(s,z(s,to, xo))ds, it follows that:

() (t, to, xo)|| < ||‘I’(t)930||+/t [[U(2) f (s, (s, to, 20))||ds

IN

KII‘P(to)onllJr/ h(t, s)w ([ (s)x(s, to, x0)[)ds

to
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or, equivalently,

[¥@)a(t,to.2o)ll . fe [0 _D(ts)

| [[W(s)x(s, to, o)l
|1 (to)xol| - to |1 (t0)ol| |19 (o) ol|

o(l¥ml) 1, (st ol
= R Tt IR ozl )°

to

C()(H\I](t(])l’(]| )dS

this implies by Lipovan’s inequality that
\Il t
@)t o0 < G [0 + S e, s
W (to)zoll  Je
< M|[W (to)ol|,

hence the conclusion of the Theorem follows.

Remark 2.3. Theorems 2.1, 2.2 are based on the fact z(t, ty, o) = :)30+ftz f(s,x(s, to,

x0))ds if x(t, 1y, zo) is a solution of (1.3) which satisfies x(to, to, o) = To.

Now we give the conditions for W-(uniform) stability of trivial solution of the
linear system (1.4), which can be expressed in terms of the fundamental matrix for
(1.4).

Theorem 2.4. Let ®(t,ty,zo) be a fundamental matriz of (1.4). Then

(a) The trivial solution of (1.4) is W-stable on Ry if and only if there exists a
function k : Ry — (0,00) such that |V (t)P(t, to, z0)| < k(to) fort >ty and for
|| W (to)xol|| sufficiently small.

(b) The trivial solution of (1.4) is V-uniformly stable on R if and only if there exists
a positive constant K such that |V(t)®(t, s, o) (s)] < K for all0 < s < ¢
and for ||W(s)xo|| sufficiently small.

Proof. Let u(t,ty, zq) = P(t,to, x9)xo is the unique solution of (1.4) satisfying
uo = u(to, to, To) = To-

Suppose first that the trivial solution of (1.4) is W-stable on R+. Then, for e =1
and to € Ry. There exists 0 > 0 such that any solution u(t, o, x¢) of (1.4) which
satisfies ||W(to)uo|| = ||¥(to)xo|| < §, there exists and satisfies

||\If(t)u(t,t0,z0)|| = ||\I/(t)q>(t,to,l’o)\lf_l(to)\y(to)l'oH <1 fOI t Z to.

Let v € R™ be such that ||v]| < 1. If we take g = 2U~!(to)v, then ||¥(to)zo|| < 4.
Hence, ||W(t)®(t, to, w) VU~ (to)3v]| < 1fort > to. Therefore, |¥(t)D(t, to, zo) VU (to)| <
2, it is equivalently that |U(£)®(t,to, x0)| < 3|W(to)] := k(to) for t > to.

Suppose next that there exists a function k : Ry — (0, 00) such that |W(¢)®(¢, ¢,
xo)| < k(to) for t > ty. For e > 0 and ty € Ry, let d(e,tg) = ek~ (to)| ¥~ (to)| L. For
|| W (to)uo|| = ||W(to)xo|| < & and t > ¢y, we have

1@ ()u(t, to, 2o)[| = [[W(E)D(£, to, 20) U~ (to) ¥ (to)ao|| < e.
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Thus, the trivial solution of (1.4) is W-stable on R,. Part (b) is proved similarly and

omit its proof. The proof is complete.

Remark 2.5. We generalize Diamandescu’s result [16] from linear case to nonlinear
case. In the W-stability of [16], our positive function k has reduced to a positive
constant K. In fact, the fundamental matrix solution ®(t, ¢y, xo) of a linear system is
independent of g, moreover, ®(t,ty) = Y ()Y ~1(ty), then we can give the conditions

for W-(uniform) stability of linear case in terms of Y (¢).

Theorem 2.6. Let ®(t,ty, x9) be a fundamental matriz of (1.4). If there exist two
constants p > 1, M > 0, and a continuous function ¢ : R, — (0,00), a continuous
matrixz function ®1(t) defined on R, , such that:

U () D(L, 5, 2) U (s)| < [U(t)DL ()P (s)U(s)| for 0 < s <t and for all z € R™.
Then, the trivial solution of system (1.4) is U-stable on R, if one of the following
conditions satisfied:

fot (s ()P (s) U (s)|Pds < M, for allt > 0;
(i) [ ¢ |<;t>1 S)UL(s)U(t)®,(t)[Pds < M, for all t > 0.

Proof. Following the proof of Diamandescu [16] Theorem 3.3, we get |V (t)P4 ()| <
K, for t > 0, where K, is a positive constant. Therefore,
(W) (t, to, m0)| = [W()P(t, to, 20) W (to) ¥ (to)]
< [T (1)PT (t) T (to)] - [T (t0)]
< Kl (U(to)®1(t0)) | - [¥(to)] = K(to)
for t > ty. Then, the theorem follows immediately from the Theorem 2.4. The proof
of case (ii) is similar to case (i) and we omit it.
In the following we consider the W-(uniform) stabilities of the systems (1.1), (1.2)
and (1.3).
Since f(t,0) = 0, there exists a sufficiently small § > 0 such that:
(HO) f(t,x) = f.(t,0)x + p(t,z) for ||z| < 0, where p(t,z) € C(Ry x R",R") and
|p(t, 2)[| = of[|z]])(z — 0).

Theorem 2.7. Let ®(t,ty,z9) be a fundamental matriz of (1.4) and assume that
Hypothesis (H0) is satisfied. If there exist a continuous function ¢ : Ry — (0, 00)
and a constant M > 0 such that:

/0t<p(3)\\1;(t) (t,s,0)0 " (s)|ds < M, forallt>0

and || U (E)p(t, )| < q(0)][V(t)z]], supso L < 17, where q(t) is a nonnegative con-

tinuous function on Ry. Then, the trivial solution of system (1.3) is U-stable on R

provided that the trivial solution of system (1.4) is W-stable on R, .
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Proof. From the last assumption we conclude that there exists a function k :
R, — (0,00) such that |W(¢)D(t, to,0)| < k(ty) for t > to. The solution of (1.3) with
initial condition z(to, 9, xo) = xo is unique and defined for all ¢ > 0, by (HO) and the

variation of constants formula, we have
t
(2.1) x(t, to, xo) = P(t, to, 0)xg +/ O(t, s,0)p(s, z(s,ty, x0))ds, t > t.

to

Hence,
T ()a(t, to,z0)l] < [[(E)D(L, o, 0) U™ (to) U (to)o]|

t [¥(p(s,a(s:to 20
v [ e, s 0o S
< ()0 ¥ o)

' q(s)
+/to p(s)|W(t)R(t, 5,000 (s )I@II‘I’( $)x(s, to, zo)||ds

for t > to. If we put b = sup,- q((?) < =7, then,

W (t)2 (¢, to, zo) || < k()| W™ (o) - [[¥(to)wol | + Mbsup |1 (£) (¢, 2o, o)
Zt0

ds

hence,

k(to)
()t to, w0)l| < 777

and the conclusion of the theorem follows.

(W™ (t0)| - 19 (to) o]l

Corollary 2.8. Suppose that all the assumptions of Theorem 2.7 hold, then the con-
clusion of the Theorem may be replaced by “the trivial solution of system (1.1) is V-
uniform stable on R, provided that the trivial solution of system (1.3) is W-uniform

stable on R,.”

Proof. Because the trivial solution of system (1.3) is W-uniform stable on Ry,
there exists a positive constant K such that |¥(¢)®(t,ty,0)¥ ()] < K, it is to
say that k(to)|%~'(ty)| can be replaced with K in the proof of Theorem 2.7, this
completed the proof.

Theorem 2.9. Assume that Hypothesis (H0) is satisfied and
lv®p(t.oll < a0 90al, L= [ abit <,
0

where q(t) is a nonnegative continuous function on Ry. Then, the trivial solution of
system (1.3) is W-uniform stable on Ry provided that the trivial solution of system
(1.4) is V-uniform stable on R.

Proof. Let ®(t,tg,z9) be a fundamental matrix for system (1.4), from the
last assumption, there exists a constant K > 0 such that |U(£)®(¢,s,z0) P (s)| <
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K for all 0 < s < t. Suppose the solution of (1.3) with initial condition x(tg, to, xo) =

xg is x(t, to, To), from (2.1) we get

W (@) (2, to, wo)|| < (t, 1o, 0) U™ (t0) ¥ (to)zo||

()
/ T2, 5, 00T (3)U (s)p(s. 2(s. to, 70)| s

< KII‘I’(to)xo|I+K/ s)|[W(s)x(s, Lo, xo)||ds

for t > tg > 0. By Gronwall’s inequality, we have
W), to, zo)|| < K|[W (k)| | o 1% < KX\ W (1) .
This shows that the conclusion of the theorem is true.

Theorem 2.10. Let ®(t,tg, o) be a fundamental matriz of (1.4) and assume that

the trivial solution of system (1.3) is W-stable on R, moreover,

t
W), 5,9)9(5, 9| < bt )W (s)y]| and L = limsup / W, s)ds < oo,
0

t—o00

where h is a continuous monnegative function on D. Then, the trivial solution of
system (1.1) is U-stable on R, .

Proof. Because the trivial solution of system (1.3) is W-stable on R, then for
e > 0 and t) € Ry, there exists a 0 = d(e,tg) > 0 such that: ||U(¢)z(t, 1, x0)|| <
e Le for t > ty and for ||¥(tg)zo|| < 8. The solution of (1.1) with initial condition
y(to, to, To) = xo is unique and defined for all t > 0, by (1.6) we get

W (t)y(t, to, x0)|| <

x(t, to, zo)||

()
/ BB, 5, 55, to, 0))9(5, y(5, t0, 70)) || ds

< e €+/ h(t, )|V (s)y(s, to, zo)||ds

to
for t >ty > 0 and for all xy which satisfied ||U(tg)zo|| < 0. By Gronwall’s inequality,
we have
t
H\I]<t>y(t7 tOv ,T()) || < e_LgeftO hlt,s)ds S €.
This shows that the conclusion of the theorem is true.

From the proof of the Theorem 2.10, we have the following corollary.

Corollary 2.11. Suppose that all the assumptions of Theorem 2.10 hold except that
“the trivial solution of system (1.3) is W-stable on Ry " is replaced with “the trivial
solution of system (1.3) is W-uniform stable on R 7, then the trivial solution of system
(1.1) is W-uniform stable on R, .
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Before we give the W-(uniform) stability of trivial solution of system (1.2), we

state a hypothesis which is natural in studying the W-(uniform) system (1.2).

(H1) For all ty > 0, zo € R™ and p > 0, if ||U(¢g)zo|| < p, then there exists a unique
solution z(t) on R, of system (1.2) such that z(tg, to, xg) = xo and ||W(t)z(¢, to, xo)|| <
p for all t € [0, to].

Theorem 2.12. Assume that Hypothesis (H1) is satisfied. Let ®(t, 1y, o) be a funda-
mental matriz of (1.4) and assume that the trivial solution of system (1.3) is W-stable

on Ry, moreover,
| (t)D(t, s, 2)F(s,u, z)|| < h(s,u)||¥(u)z|| for (t,s) € D and for all z € R",

L = [7 Jsh(s,u)duds < oo, where h is a continuous nonnegative function on D.

Then, the trivial solution of system (1.2) is W-stable on R, .

Proof. Suppose € > 0 is arbitrarily chosen. Because the trivial solution of
system (1.3) is W-stable on Ry, then for ¢ %¢ > 0 and ¢y € R, there exists a §, =
d1(g,t9) > 0 such that: ||W(t ) (t,to, o)|| < Se~Fe for t >ty and for || ¥ (to)zo|| < 1.
From (H1), for 65(¢) = 5-e ¢, let to > 0 and zy € R™ be such that z(to, to, z0) = 2o
and ||W(t)z(t, to, xo)|| < d2(e) for all ¢ € [0,%p]. Choose § = min{dy,ds}, then the
solution of (1.2) with initial condition z(ty,ty, o) = xo is unique and defined for all

t >0, by (1.7), for t > tg we get
W (t)z(t to, x0)|| < [T (E)2(t, to, z0)|]

/ [|[U(t)D(t, s, 2(s, t, x0)) F (s, u, z(u, tg, xg))||du ds

< %e—LH/ / (s, ) |19 ()2 (1, o, 20)|du ds
to JO

IN

t to
%e—LH// (s, ) |19 ()2 (1, o, 20)|du ds
to JO

t s
—l—/ / h(s,uw)||¥(u)z(u, to, xo)||du ds
to Jto
t s
< e_Le—l—/ / h(s,uw)||¥(u)z(u, to, xo)||du ds
to Jto

Define Q(t) fto Jo 1, u) |1 (u)2(u, to, mo)||du ds, then [|W(t)2(t, to, z0)|| < e "e +
Q(t), Q(t) is nonnegative , continuously differentiable and increasing on [ty, c0). For
t > ty, we have

Q) = / Bt )| [ ()2 (o, to, o) | du

to

< / h(t,u)[e e + Qu)]du

to
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t

< e ke /t h(t,u)du + Q(t)/ h(t,u)du

to to
or, equivalently,
t

Q'(t) — Q(t)/ h(t,u)du < 6_L€/ h(t,u)du

to to

Multiplying the above inequality by e~ Ji Jug M) ds

% (Q(t)e_ A h(s,u)duds) < e—Lg% (_e— I h(s,u)duds) .

Consider now the integral on the interval [t, ] to obtain

, we get

t s .
Q(t)e_ fto fto h(s,u)duds < e_LE(l e fto fto h(s,u)duds).

So, Q(t) < e Le(eho i eWduds _ 1y and hence |[W(t)z(t, to, x0)|| < e Fe + Q(t) <
e~ Leelio Jig Ms)duds < efort > ty. Then the trivial solution of system (1.2) is U-stable

on R,.

From the proof of the Theorem 2.12, we have the following corollary.

Corollary 2.13. Suppose that all the assumptions of Theorem 2.12 hold except that
“the trivial solution of system (1.3) is W-stable on R, 7 is replaced with “the trivial
solution of system (1.3) is W-uniform stable on R 7, then the trivial solution of system
(1.2) is W-uniform stable on R, .

This is because that the d; in the proof of the Theorem 2.12 will be independent

of to if the trivial solution of system (1.3) is W-uniform stable on R,.

3. EXAMPLES

Example 3.1. Consider the nonlinear differential equation

(3.1) y = —y + e 'sintmin{y? y}.

In the equation (3.1), f(t,y) = —vy, g(t,y) = e tsint min{y?, y}, equation (3.1)

can be seen as perturbed equation of
(3.2) ¥ = —uz,

and the variational system through (o, ) associated with system (3.2) is (3.2) itself,
it’s fundamental matrix solution ¢(t, ¢y, zo) = e~ %) independent of x. Obviously
the trivial solution of equation (3.2) is uniform stable. If we choose the scalar function
W(t) = e, since [(t)d(t, s, 20)0 " (s)] = |efe F%)e=5| =1 for all 0 < s < t < oo, the

trivial solution of equation (3.2) is ¥-uniformly stability on R . Moreover,

t
(0)6(t, 5,9)9(s.9)| < e [(s)y] = e *le’y| and 1 = lim sup / e~*ds < o0,
0

t—oo
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Then the trivial solution of the nonlinear differential equation (3.1) is ¥-uniformly

stability on R, from our Theorem 2.10.

Example 3.2. Consider the nonlinear differential system

(3.3 { y; = + min{y 3} sint,

yh = —yo + min{ys, y3} cost.

In the equation (33)7 f(ta y) = (y1> _yQ)Ta g(t7 y) = (min{yla y%} sin t, min{y2> yg} cos t)T7
equation (3.3) can be seen as perturbed system of

(3.4) { 7=,

I
I2 — _x2,

and the variational system through (o, ) associated with system (3.4) is (3.4) itself,

it’s fundamental matrix solution

(t—to) 0
e
(I)(t,to,llj'o) = ( 0 6_(t_t0) ) ;

independent of xy. Because |®(t,ty, xo)| is unbounded, the trivial solution of system

(3.4) is unstable. Choose the matrix function

—2t
U(t) = ( ‘ 0 ), since

t
0 ez

6(t—s) 0 6—2t 0 623 0

W(t)d(t, s, U l(s)] = . .
W(OD(t,5,20) T () ( S 1 (A I G
e (t=9) 0

- 0 e 309

for all 0 < s < t < oo, then the trivial solution of equation (3.4) is t-uniformly

<1

stability on R, . Moreover,

12t s,y)g(s, )l = [I[TO)D(E,s,9) T ()] [T(s)g(s. y)]ll
< UOR( 5, y) 8 ()] ([ U(s)yl] < e 2 [W(s)y]]

and 2 = limsup,_, f(f e~2(=9)ds < co. Then the trivial solution of the nonlinear

differential system (3.3) is ¥-uniformly stability on R, from our Corollary 2.11.

Example 3.3. Consider the nonlinear Volterra integro-differential system

{ =2+ fot min{z(s), z2(s)}(sint)(cos s)ds,
)

(
(3:5) 2h = —2o + fg min{2,(s), 23(s) }(cost)(sin s)ds.
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In the equation (3.5), f(t,2) = (21, —20)T, F(t,s,2) = (min{z;, 22} (sin t)(cos s),

min{zy, 22}(cost)(sin s))T, equation (3.5) can be seen as perturbed system of equation

—2t 0
(3.4), by similar discussion and choose the same matrix function ¥ (t) = ‘ 0 o |
e2
e~ (=9 0
we have | (t)®(t, s, 20) V()| = 0 Ligg || S1forall0<s<t<oo,
e 2

then the trivial solution of equation (3.4) is ¥-uniformly stability on R,. Moreover,

[|[W(t)D(t,s,2)F(s,u,z)|| = ||[\If(t)®(t,s,z)\lf_1(s)} [W(S)F(s,u,z)m
< [U)D(,5,5) T (s)] - [ V(s)z2]| < e 2| W(s)y]|

(t—s

and 2 = limsup,_, f(f e~2(=9)ds < oo. Then the trivial solution of the nonlinear

Volterra integro-differential system (3.5) is ¢-uniformly stability on R, from our
Corollary 2.13.
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