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1 Introduction

We are concerned with determining values of A, i (eigenvalues) for which there exist posi-

tive solutions for the system of three-point discrete boundary value problems,

A%u(n—1)+ Xa(n)f(v(n)) =0, ne{l,...,.N—1}, N >2,

A?v(n —1) + pb(n)g(u(n)) =0, ne{l,....N—1}, N >2 M

u(0) =0, u(N) = au(n),
v(0) =0, o(N)=av(n),
wherenp e {1,...,N—1},0<a < N/n, A >0, > 0and
(A) f,9 € C([0,00), [0, 00)),
B) a,b:{0,...,N} — (0, 00),

(2)

(C) All of
fo:= lim M, go := lim @,
z—0t X z—0t X
foo = lim m and g, = lim @

T—00 xr Tr—00 €T

exist as positive real numbers.
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The existence of positive solutions for nonlinear second order multi-point boundary value
problems is the last decades in the focus of interest of many researchers. The study of
multi-point boundary value problems for second order ordinary differential equations was
initiated by II’in and Moiseev [13]. For a comprehensive bibliography on the subject we
refer to the survey paper of Ntouyas [16]. Existence results for positive solutions for second
or higher order boundary value problems for discrete difference equations with two- or
three-point boundary conditions were studied in [1, 2, 7, 8, 11, 12, 14, 15, 17] and the
references cited therein.

Recently the interest of the present authors was focused in the existence of positive so-
lutions for systems of second order multi-point boundary value problems. We refer the
interested reader to [3, 9, 10] and the references cited therein. We continue this study here
to cover the case of discrete systems.

Note that when o = 0 equation (2) reduces to

u(0) =0, wu(N)=0,

v(0) =0, o(N)=0. =

The main tool in determining values of A\ and u for which positive solutions (positive
with respect to a cone) of (1), (2) exist, is the following well-known Guo-Krasnosel’skii [6]

fixed point theorem.

Theorem 1.1 Let B be a Banach space, and let P C B be a cone in B. Assume €2; and €2,
are open subsets of Bwith 0 € ; € Q; C Q,, and let

TPﬂ(ﬁg\Ql)ﬁP
be a completely continuous operator such that, either

Q) || Tul|| < ||lu|l,uw € PNOQ, and ||Tul|| > ||u|,u € P NNy, or
(1) ||[Tu|| > ||u|l, v € PN 0OQ, and || Tu|| < ||ul|,u € P N OQs.
Then T has a fixed pointin P N (Q \ ).

2 SomePrdiminaries

In this section, we state some preliminary lemmas and the well-known Guo-Krasnosel’skii

fixed point theorem. The following lemmas are obvious.

Lemma2l Letne {l,...,N—1},0 <a < N/n;then,foranyy : {1,...,N—1} - R,
the boundary value problem

A*u(n —1)+y(n)=0, te{l,...,N—1}, 4)

u(0) =0, u(N) = au(n), (5)



Positive Solutions for Systems of Three-Point Nonlinear Discrete Boundary Value Problems 211

has the unigue solution

) = 5y SO wls) — T S ) = D ) ©

From (6) we have that

uln) <~ Zw - (s) + o gw — )y(s) N
< :<N—s>y<s>, nefl,.. N-1},
and
u(n) = —Noinan g(n — s)y(s)
_— §<N ~ 9ls) - <n — u(s)
- o 2“7 W)+ o N<N —5)y(s)
- 2@— )+ <N— (o) ®
— <N (s
- = Nzy<> N e gw = 8)y(s)
> Nfom :(N— s)y(s), ne{l,....N—1}.

Lemma22 Letne {1,...,N—1},0 < a < N/n;then,foranyy: {1,...,N—1} — R,
the Green’s function for the boundary value problem

A*u(n —1)+y(n)=0, ne{l,...,N—1}, )

u(0) =0, u(N)=au(n), (10)
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is given by
((n(N —3s) an(n—s)
— —(n— < <
N_Oln N_OfT/ (n S)? S—”? S 777
N — _
G LT R,
_ —an —an
G(n,s) = (N — s) . (11)
s
N—an Y ) 7]7
N —
It is obvious that
N-1
y(n) =Y G(n,s)y(s)
s=1

Lemma2.3([14]) Let 0 < a < N/n and assume (A) and (B) hold. Then, the unique
solution of (4)-(5) satisfies
min _u(n) > y|ul,

N — .
where v = mm{&77 al 77) %} (Asnpe{l,...,N —1}, it follows that v < 1).

N’ N -—
We note that a pair (u(n), v( )) is a solution of eigenvalue problem (1), (2) if, and only
if,

u(n) = A Z_ G(n,s)a(s)f (u Z_ G(s,r)b(r)g(u(r))) , nef0,...,N},

N—-1
n) =AY G(n,s)b(s)g(u(s)), nef0,... N}
A solution (u(n),v(n)) of (1), (2) is called a positive solution if u(i) > 0,v(i) > 0 for
ie{l,...N —1}.
Values of A, u for which there are positive solutions (positive with respect to a cone) of
(1), (2) will be determined via applications of the fixed point theorem, Theorem 1.1.
3 Positive Solutionsin a Cone

In this section, we apply Theorem 1.1 to obtain solutions in a cone (that is, positive solu-
tions) of (1), (2). For our construction, let 3 be a Banach space of real valued functions

defined on {0, ..., N} with supremum norm, || - ||, and define a cone P C B by
P = {x €B|xz(n)>00n{0,...,N}, and %ninN x(n) > ’)/HIH} :
nen

For our first result, define positive numbers L, and L, by

1 -1
L, := max [ 7 ] [ 0 ] )
—0”7 —0”7
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and
N-1 -1 N-1 -1
N N
Ly := mi N — N —s)b
9 i= min ~ o 8221( 5>a(5)f0] N ;:1( $)b(s)g0

Theorem 3.1 Assume that conditions (A), (B) and (C) hold. Then, for each A, u satisfiyng
Ly <A p < Lo, (12)

there exists a pair (u, v) satisfying (1), (2) such that u(n) > 0andv(n) > 0on{1,..., N —
1}.

Proof. Let A, ;4 as in (12) and let € > 0 be chosen such that

(st

[ 7_’70”7 e)]1 <A
and
A p < min [N]_Vanté(f\f—s) (s)(fo+€) _1,
[N ﬂvangw—s)b( oo+a]

Define an operator 7" : P — B by

n):= A Z_ G(n,s)a(s)f <,u Z_ G(s,r)b(r)g(u(r))) , u€eP. (13)

We seek suitable fixed points of 7" in the cone P.

By Lemma 2.3, 7P C P. In addition, standard arguments show that 7" is completely

continuous.

Now, from the definitions of f, and gg, there exists an H; > 0 such that

fx) < (fo+e€e)xand g(z) < (go+€)z, 0<z<H.



214 Henderson, Ntouyas, & Purnaras

Let u € P with ||u|| = H;. From (7) and the choice of ¢, we have for s € {0,..., N}

B Y Gl rbrgulr)) < p p” >V = g u(r)
< i SN = 00r) g+ ()
< i SN = 1)b0r) g+ Ol
<

Tu(n) = A Gln,s)als)f (u S G, r)b(r)g(u(r»)

< )\N ]—Van Sz_l (N —s)a(s)f (,u T:_I G(s,r)b(r)g(u(r)))
< A YN - al) o+ I 3 Gl bir)g(u(r)
€ A S =)+

< H1

= ull

So, ||Tu|| < ||u||. If we set
Ql = {l’ € B‘ HxH < Hl},
then
| Tul|| < ||lu||, foru e P NoQ. (14)

By the fact that f., and g, are positive real numbers, it follows that there exists Hy > 0
such that
f(@) 2 (foo — )z and g(z) > (goo — €)x, 2 > Hy.
Let

H; = max {2H1, E} .
v

Letw € P and ||u|| = Hs. Then,

u(n) > min  u(n) > y|ul| > Hy, ne{l,...,N—1}.
ne{n,...,.N}
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Observing that T'u satisfies (4)-(5) for y(s) = Aa(s)f(u(s)) and in view of (8) and the
choice of €, we have fors € {1,..., N — 1}

b3S Gl gu(r)) 2 s SN = bl )g(a)
> i SN = bl )gutr)
> e STV = ) — )
> i STV = ) g — ]
> ul
= H,,
and so, from (12) and the choice of ¢, we have
Tul) = A SV = (sl (u > s r)b(r)g(u(r»)
> A STV = (o) — I Y Gl g (ulr)
> A ;N — S)a(s)(f — )y
> gL S - ol O
> H2

= lull
Hence, ||[T'u|| > ||u|| for u € P and ||u|| = Hs. So, if we set
0 ={x e B [lz] < Ha},

then
|Tu|| > ||u||, foru € P N oQ,. (15)

Applying Theorem 1.1 to (14) and (15), we obtain that 7" has a fixed point u € PN (5 \
). As such, and with v defined by
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the pair (u, v) is a desired solution of (1), (2) for the given A. The proof is complete. U

For our next result we define the positive numbers

o R B
Ls: = max [N Z(N—S)G(S)f(J] ;

J— an o

and
Ly: = min [N ]—Vom ;(N—S)(I(S)foo] y
NV -1
[N_an§¥N—$Mﬂ%l

We are now ready to state and prove our second result.

Theorem 3.2 Assume that conditions (A), (B) and (C) hold. Then for each \, u satisfying
L3 <A p < Ly, (16)

there exists a pair (u, v) satisfying (1), (2) such that u(n) > 0andv(n) > 0on{1,... N —
1}.

Proof. Let A, 1 be as in (16) and let € > 0 be chosen such that

max [ i i(N—S)a(S)(fo—E)] ;

N —an

S=n

N —an po
and
N N -1
A, it < min (N —=s)a(s)(fo +€)|
—an s=1
-1
N Nl
[N_anng—@M@@m+@

Let T be the cone preserving, completely continuous operator that was defined by (13).
From the definitions of fy and gg, there exists H3 > 0 such that

f(x) > (fo—€)xrand g(x) > (go — €)x, 0<x < Hj.
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Also, from the definition of g it follows that g(0) = 0 and so there exists Hz € (0, H3)
such that

H;
png(z) < ~ 3 , 0<z<Hs;.

Mo Sy (N = 1)b(r)
For v € P with ||u|| = Hs we note that for » € {0,..., N}, it holds that 0 < u(r) <
|lu|| = Hs. As v(r) satisfies (4)-(5) for y(r) = ub(r)g(v(r)), in view of (7) we have for

se€{0,...,N}
B3 Gl () < i Y = blr)g(u)
S SN - b
T e on (V= mb()
<
Then, by (8)
Tuln) = A YV - s)als)f <u > ats r>b<r>g<u<r>>> ds
> A ;w - als) o~ Iy ;N — () g(ur)
> Ly SN )= Oy T S el
> gy S - sl
A N-1
> i SNl
> lull

So, ||Tu|| > ||u||. If we put
Qg = {l’ eB ‘ HxH < Hg},

then
|Tu|| > ||u||, foru € P N oQs. (17)

Next, by definitions of f., and g.., there exists H 4 such that
f(2) < (fo +€)zand g(7) < (goo + )z, > H,y.

Clearly, since g is assumed to be a positive real number, it follows that g is unbounded at
00, and so, there exists H, > max{2H3, H,} such that g(z) < g(H,), for0 < x < H,.
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Set
f*(n) = sup f(s), ¢*(n)= sup g(s), for n>0.

0<s<n 0<s<n

Clearly f* anf ¢g* are nondecreasing real valued function for which it holds

lim (@) = foo, lim g'(x) = (oo

T—00 €T T—00 €T

As f* anf g* are nondecreasing, for some H, > H, we have f*(z) < f*(H,), g*(z) <
g*(H4) for0 < x < H4.
For u € P with ||u|| = Hy, by (8) we find forn € {0,..., N}

Tul) £ A Y (N - als)] (u > s r)b(r)g(u(r»)
< A YW=l (0 6 r>b<r>g<u<r>>>
< Ay SN ) (o S - r>b<r>g*<u<r>>>
< Ay SN el e S - r>b<r>g*<H4>>
< N ]_Vom S:_l (N —s)a(s)f* 'LLN ]_Vom ;(N —7)b(r)(goo + 6)H4>
N N-1 .
< A gy O
< A (Y = e + O
< H4
=l

and so ||Tu|| < ||ul| for u € P with ||u|| = H,. For this case, if we let
Q4 = {l’ eB ‘ HxH < H4},

then
| Tul|| < ||lu||, foru € PN oQy. (18)
Application of part (ii) of Theorem 1.1 yields a fixed point u of T" belonging to P N (4 \

(23), which in turn yields a pair (u, v) satisfying (1), (2) for the chosen value of A. The
proof is complete. O
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Remark 3.1 Similar results to those in Theorems 3.1, 3.2 can be obtained for the following

systems of second order difference equations
VAu(n)+ Xa(n)f(v(n)) =0, ne{l,...,.N—1}, N > 2,
VAv(n) + pb(n)g(u(n)) =0, ne{l,....N—-1}, N >2,
subject to any one of the following discrete boundary conditions
u(0) =0, u(N) = au(n),
v(0) =0, w(N) = av(n),

Au(0) =0, u(N)=au(n),
Av(0) =0, o(N)=av(n),

19)

(20)

21

(22)

where, as usual, A is the forward difference operator with stepsize 1, Au(n) = u(t + 1) —

u(n) and V is the backward difference operator with stepsize 1, Vu(n) = u(n) —u(n—1).

The corresponding discrete boundary value problems for difference equations were studied
in [4, 5]. For example, in [5] it was proved that if (N+1—an)+ (1 —a) # 0and § # —1

the boundary value problem
VAu(n)+y(n)=0, ne{l,...,N}
u(0) = BAu(0) =0,  u(N) = au(n),

has a unique solution

= —n_ln—S S - n_‘_ﬁ — 3 s
u(n) = ;( )y()+;(N+1_an)+ﬁ(l_a)(1v+1 Yy(s)
—i et ) (m—s)y(s), ne{0,...,N+1},

(N+1—an)+6(1—a)

and the Green’s function for this problem is given by

s=1

([ (s+B)IN+1-n—a(n-n)]
N+1—an+pi—a) BEm S
(N+1—=n)(s+0)+an+5)(n—=s) n<s<n
Gln.s) = (N+1—an)+p6(1—a) ’ ’
’ (n+PB)N+1-s5—a(n—s) n<s <y
((N+ﬁ1)za77)+ﬁ(;—a) ’ ’
n -+ N+1-s
| Vri—an+ A —a) BEme 2

Using these relations and the necessary modifications we can extend our results to the above

boundary value problems. We omit the details.
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4 Discussion

A necessary condition for the existence of positive solutions of the BVP (1)-(2) is that the

positive numbers L, and L, defined in Section 3 satisfy L.; < L,. Setting

f(n) = pa|sinn| —i—plne_l/”, n e N,
g(n) = po|sinn| + qle_l/", neN,
we immediately observe that
lim /(@) =p1, lim ﬁ =q,
lim M = P2, lim m = (2.
z—0t z—0t+t X

Assume that

where a;(n) > 0,n € Nand by(n) > 0,n € N.
Recall that
= min {7 N =) 0
N> N—an 'NJ-

Now let us set g = 7+ < 1. Then y = min {aro, O‘l(laig) , ro} . Assuming that a € (1, %) ,

we have that v = ry and so

r N— -1 " N-1 -1
L, = foo , N —3s)b o
1 max —omz_: ] [N—an;( s)b(s)g ]
[ 2 Nl -1 p2 Nl -1
0 0
= b
maxq |7 v Sz:% ay (5)]91] ) [1 ~org Sz:% 1(s) CI1]
1 —ar 1
- rz . N—1 N—1 ’
0 min {pl S>ai(s), > bi(s) ql}
s=n s=n
1.e.,
L = 1—arg
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In a similar manner

=2

. - N
L, = min N_an;(]\f—s)a(s)fol ,[N_Om

(N —s)b(s) 90]

Il
o

s

T, -1 S, -1
= mi b
min g 5> a (8)292] : [1 - ; 1 (s) %]

L s=0
1
= (I—an)- N—1 N—1 )
max{ aq (8) P2, Z bl (8) QQ}
s=0 s=0
1.e., )
— ATy
Ly = N_1 N_1 :
max{ Z aq (8)}72, Z bl (8) QQ}
s=0 s=0
Observe that L, < Lo is equivalent to
1—arg 1—arg
< )
' N—-1 N—1 N—-1 N—-1
%mm{m S a(s), ¥ m@m@> mw{E:m«@m,sz@@}
s=rolN s=roN s=0 s=0
i.e., to
N-1 N-1 N-1 N-1
s {pzzal 963 b <s>} < rEmin {pl s Y b <s>},
s=0 s=0 s=rolN s=rolN
which can be written as
N-1
max {pz Z ( y 42 Z bl }
s=0
o <. (23)
min {on S a1 (5.0 Zlﬂﬁ}
s=roN s=rgN
A weaker - but easier to be verified - sufficient condition for (23) to hold is
N—-1 N—-1
max {ps, g2} max{ S ai(s), Y. b (s)}
s=0 s=0 2
‘ ‘ T v <71, 24)
min {p1, ¢ } mln{ >ooar(s), >, b (S)}
s=roN s=roN

while a sufficient condition for (24) to hold is

3 max {ar (), by ()}

max {p27Q2}_ s=0

min {p1, ¢1 } Nz_l min {a; (s),b; (s)}

s=rgN
Example 4.1 Consider the system of three point boundary value problems

A% (n— 1) + A= [pafsin (v ()| + pro (m) 7] = 0,

ﬂn@bmwmm+mmmeﬂwq:a

<7 (25)

N
A*v(n—1)+p

N
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w(0) =0, u(N)= %u (%N) ,
0(0)=0, wv(N)= %u <§N) ,

where ag, by, p2, P1, Po, g2 are positive real numbers.

We observe that 1 < a = § < 3 = 7., and that for the special case that a,(n) = ao and
bi1(n) = by, (23) becomes

N max {p2a0, g2b0 } (ﬂ>2
N —n  min{piag, q:bo} 7
1.e.,

max {p2ao, gabo } < (ﬁ>2 N —n
min {piaog, ¢1bo } N N
In view of the above discussion, we have the following result:
If
max {pado, g2bo} 2
min {p1ag, 1bo} 27’
then there exist some positive numbers A and p for which the above system has positive
solutions.

We note that the results obtained in the above discussion may easily be applied to BVPs

containing equations like

. }
2 ag STD)
Au(n—1) N_n[;\sm DoV \—i—th = 0,
b m ]
2 0 oV /Bn) | _
A%v(n 1)+uN_n[;ISIH Q2 |+th = 0,

where the constants involved are positive.
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