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Abstract: We describe a new approach for the classical problem of solving ordinary
systems of linear equations with rectangular (or singular) coefficient matrices. Using
the complex Kronecker canonical form, the solution is analytically derived. This ap-
proach succeeds in decreasing the importance of arbitrary-unknown elements. More-
over, we have identified the necessary and required mathematical condition in order
to be able to obtain the solutions of the subject system.
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1. Introduction - Preliminaries Results

For every finite matrix A< C™", there is a unique matrix X € C™" satisfying the

four equations.

(1) AXA= A,

(2) XAX =X,
(3) (AX) = AX,
(4) (XA) = XA,

where A" denotes the conjugate transpose of A.
For any matrix AeC™", let A{l,...,4} denotes the set X e C™" which satisfies
equations 1,...,4 from among the above equations (1) - (4). A matrix X e

A{1,2,3,4} iscalled a {1,2,3,4} -inverse of A, and also denoted by A®***).
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One of the principal applications of {1} -inverses (i.e. it satisfies only the equation
(1)) is to the solution of ordinary systems of linear equations (1.1), see for instance

[1], [2], [4] etc. Let Ae C™", b € C™, then the equation

Ax=b (1.1)

is consistent if and only if for some A (i.,e. AGA= A, which some time is called a
g -inverse),

AAYD = b
in which case the general solution of (1.1) is given by

X = A%+(| —A(l)A)z, (1.2)

for arbitrary ze C", (i.e. n unknown elements).

In another words by using a classical terminology of linear systems, it is known
that a system of m linear equations in n unknowns is said to be a consistent system if
it possesses at least one solution. If there are no solutions, then the system is called

inconsistent, see [8].

To describe the set of all possible solutions of a consistent non-homogeneous rec-
tangular system, see Eq. (1.1), we construct a general solution as follows; consult [8].
Definitely, this approach is very classical and well known. However, for reasons of
complicity and comparison, it is described briefly in the next few lines.

Algorithm: Let [A|b] be the augmented matrix for a consistent mxn non-

homogeneous system in which rank (A) =r.

e Reducing [A|Q] to a row echelon form using Gaussian elimination and then solv-

ing for the basic variables in terms of the free variables leads to the general solu-

tion
X=p+xh+x h+..+x h . (1.3)
 As the free variables x; range over all possible values, this general solution gen-
erates all possible solutions of the system.

e Column p isa particular solution of the non-homogeneous system.
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o The expression x; h +x; h,+...+x; h,, isthe general solution of the associated

r

homogeneous system.

e Column p as well as the columns h are independent of the row echelon form to

which [A|b] is reduced.

e The system possesses a unique solution if and only if any of the following is true.
» rank (A) =n = number of unknowns.
» There are no free variables.
» The associated homogeneous system possesses only the trivial solution.

Now, we return to the terminology of generalized inverses, i.e. Eqg. (1.2) provides
us with the solution of system (1.1). However, the generalized inverses are very useful
in formulating theoretical statements such as those above, but just as in the case of the
ordinary inverse, generalized inverses are not practical computational tools. In addi-

tion to being computationally inefficient, serious numerical problems result from the

fact that AY need not be a continuous function of the entries of A, for further details

see [8], pp. 424. For example, consider

Thus, we can conclude that not only AY (x) is discontinuous in the sense that

lim,_, AY (x)= AY(0),

x—0

but it is discontinuous in the worst way because as A(x) comes closer to A(O) the

matrix A® (x) moves farther away from A”(0).

In the present study, we provide a new approach based on matrix pencil theory,

which minimizes naturally and sufficiently the arbitrary elements of vector ze C".
This method follows a completely different way. Thus, it is based on the deeper
knowledge of the structure of matrices, since the complex Kronecker canonical form
is being used. However, before we discuss analytically system (1.1), we shall begin

with the ordinary system with rectangular (or singular) coefficient matrix,
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AX =B, (1.4)

where A, BeC™", (with detA=0 when m=n), and X e C™. Now, with the
given constant matrices A, B and an indeterminate s, the pencil sA—B is called sin-
gular when m=n (or m=n and det(sA— B)EO). It is well known that the pencil
sA—B is said to be strictly equivalent to the pencil sA — B, if and only if there exist
invertible matrices P e C™", Q e C™, such as P(sA—B)Q = sA —B,. The class of
strict equivalence, i.e. & (sA—B), is characterized by a uniquely defined element,
known as a complex Kronecker canonical form (KCF), sA —B,, see [3], which is
specified by the complete set of invariants of & (sA- B). The characterization of sin-

gular pencils requires the definition of additional sets of invariants known as the

minimal indices. Now, let us assume that r =rank. (sA-B)<min{m,n}, where

C(s) denotes the field of rational functions in s having complex coefficients. Then

equations,
(sA-B)x(s)=0 and y'(s)(sA-B)=0",
have solutions x(s) and 1/_/(3), which are vectors in the rational vector spaces
N, (s)2 N, (sA-B) and VN, (s)£ N, (sA-B),
respectively, where
N, (s)2{x(s)eC"(s):(sA-B)x(s) =0},
and
N, (8) =1 (5) <€ (5):p () (sA-B) =0'}.
Obviously, N, (s) and M (s) are vector spaces over C(s) with
dim A, (s)=n-r and dim\, (s)=m-r.

It is also known that M, (s) and W (s) are spanned by minimal polynomial
bases {x(s),i=12,...,n—r} and {g}(s),i =1,2,...,m—r} of minimal degrees, cor-

respondingly, see [6], with



SOLUTION OF LINEAR SYSTEMS 89

{vl:vzz---zvg=0<v vas---svn_,} (1.5)

g+l
and
{uy=u,=--=u, =0<u,,, <u,,<--<u_}. (1.6)

The sets of the minimal degrees {v,, 1<i<n-r} and {u;, 1< j<m-r} are known

by [3] as column minimal indices (c.m.i.) and row minimal indices (r.m.i.) of SA-B,

respectively. Moreover, we have elementary divisors (e.d.) of the following type:

e.d. of the type s, d e N, are called zero finite elementary divisors (z. f.e.d.)

e.d. of the type (s—a)’, a=0, ceN are called non-zero finite elementary divi-

sors (nz. f.e.d.)

e.d. of the type §° are called infinite elementary divisors (i.e.d)

c.m.i. of the type v e NU{0} are called column minimal indices (c.m.i.) deduced

from the column degrees of minimal polynomial bases of the maximal sub-module

M, embedded in AV, (s) with a free C(s)-module structure.

r.m.i. of the type u e NU{0} are called row minimal indices (r.m.i.) deduced from
the row degrees of minimal polynomial bases of the maximal sub module M,

embedded in V| (s) with a free C(s)-module structure.

For further details, see [5], [6] and [7].

Thus, there exists PeC™" and Q e C™ such that the complex Kronecker form

sA —B, of the singular pencil sA—B is defined as follows.

P(sA-B)Q=3A —B,

1.7
2 block diag {0 .7

SA, =4, SA, = 4¢,sl, =3, sH, 1}

h,g !

Note that the, matrix ©, ; is uniquely defined by the sets {0,0,...,0} and {0,0,...,0}

g h

of zero column and row minimal indices, respectively.
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The second normal block sA, — 4, is uniquely defined by the set of non-zero column
minimal indices (a new arrangement of the indices of v must be noted in order to

simplify the notation) {v,., <v,,,<--<v, | of SA~B and has the form

g+l — Yg+2 —

sA,—4, 2block diag {sA, 4, ..SA, =4 SA, —4, |, (L8)

Where AVi :I:lvi Sg]e(cvix(vﬁl)’ //{V :I:Hvi 8 ]E(CViX(ViH.) for every |:g+1’g+2’

i =i
..,n=r,and I, and H, denote the v, xv; identity and the nilpotent (with annihila-
tion index v;) matrix, respectively. Also, 0 and g, =[0 - 0 1] eC" are the
zero column and the column with element 1 at the v, -place, respectively.
The third normal block sA;| — 4, is uniquely determined by the set of non-zero row

minimal indices (a new arrangement of the indices of u must be noted in order to

simplify the notation) {u,,, <u,,, <---<u, .} of sF —G and has the form

sAL —A; £block diag {sA}, — A, ,....SA, =4 ,...sA} -4 |, (19)

where A, =|-- et ol e for every j=h+Llh+2,...

m-—r, and IUJ and Huj denote the u; xu; identity and nilpotent (with annihilation

index u;) matrix and the zero column matrix, respectively. Furthermore, 0 and
&, =[1 - 0 0]t e C" are the zero column and the column with element 1 at the
first place, respectively.
The forth and the fifth normal matrix block is the complex Weierstrass form
sA, — B,, of the regular pencil sA—B which is defined by
sA, —B,, £block diag {sl, —J,,sH, -1}, (1.10)

where the first normal Jordan type block sl —J  is uniquely defined by the set of

fe.d.,

(s—a)"...(s-a)", > p=p (1.11)
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of SA—B and has the form
sl, —J, =block diag{slpl -3, (a),...8l, =3, (av)} . (1.12)
The g blocks of the second uniquely defined block sH, -1, correspond to the i.e.d.,
(8 (8), 270, = (1.13)
of SA—B and has the form
sH, —1, Zblock diag {sH, —1,,....sH, 1, |. (1.14)
Thus, the H, is a nilpotent matrix of index q=max{q;: j=12,...,c}, where
Hi=0 . (1.15)
We proceed to identify the matrices |, J, (&), H, as follows:

0

01 -0
| = : ] . : eRpiXpi1

fa 1 0] 0 0]
0 a 1 - 0 0 0
J,(a)=[1 & i ileC™andH =i ¢ - 1 i|eR%. (116)
00 0 a 1 000 0 1
0 0 0 0 af 000 0 0

Lemma 1. System (1.4) may be decomposed into the equivalent set of subsystems

0,,Yyn =D, Where Y, - e C (1.17)

h,g "g,n

AY, .. =D, ,whereY, , eCYY" fori=g+1g+2,...n—r, (1.18)

v, "vi+Ln v;,n ! v;+1,n

A'Y =D whereYujyne(C“JX”forj:h+1,h+2,...,m—r, (1.19)

N . . H
uj "uj,n ul+l,n

1Y,,=D,,, Where Y eC" (1.20)

p.n?
and

H, Yy n=Dy . for j=12,...,0,where Y, € C™". (1.21)

a; q;,n T Tajn?
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Proof. Consider the transformation

X =QY . (1.22)
Substituting the previous expression into (1.4) we obtain

AQY =B.
Whereby, multiplying by P, we arrive at AY =PBeC™".

Now, by denoting D =PB, we can conclude that AY =D. After that, we use the

complex Kronecker canonical form, i.e.

hgl ur'p?

A =block diag {0, ;, A, A}, 1, H, .

Furthermore, by writing

Y = I:Ygtn th,n Yut,n Y;n qtn} and D = [th‘“ D‘s"‘ Dlt“" D:’“ D;” T
and taking into account the previous analysis, we can easily arrive at (1.17) - (1.21).

The following Theorem is very important, because it provides the baseline for
Theorem 2, which follows in the 2" section. Under the results of this Theorem, we

have an understanding of the consistency of the solution of system (1.3).

Theorem 1. By solving systems (1.17) - (1.21), we have the following results.

a) We obtain a consistent solution, when the row vectors d, =0 (d is a row vector

of D=PB), forevery
=12 D VU LDV U U+ 20 hE D DT
+m—h-r,h+> 0 v+ um- h—r+ziv:lpi+q1,h+zi:g+lvi+ CagUpEm=h-r

Y pi+q1+q2,...,h+zi:g+lvi +ern_hrluJ +m—h-r+>" p +Z‘j:1qj.

b) We obtain specified arbitrarily vectors, i.e. y; C™", for every

i=12,...,0,0+V, +1, g+v,, + g+2+2,...,ngZi:ﬂvi+n—r—g,g+zg+lvi
+n—r—g+zJ NUIED N p,+1g+z vi+n—r—g+z:+luj+Z:=lpi+ql+1,...,

g+2| g+l '+Z =h 1uJ+n_r_g+2i:1pi+zcjtllqj+1'
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c) All the other elements are known, since they are derived by the corresponding ele-

ments of D=PB.
Proof.

System (1.17) has a consistent solution when the first hth rows of matrix D are

equal to zero. Moreover, the first g th rows of matrix Y are arbitrary.

o Systems (1.18), ie. A,Y, ,,=D,,, for i=g+1,9g+2, ...,n—r, can be written
as follows
Y| d,, Y | [,
LRI el I A I el Bl
[ Yotn iy i d, v [ Yan | d, ,

Consequently, y,, =d, eC*" for every 1=12,...,v; (note that | defines the

place of vector instead of the dimension), and every i=g+1,9+2,..., n—r. Fur-
thermore, the row vector y, , , is arbitrarily chosen.
Note that arbitrary row vectors are at g+v,,+1, g+v, +v, ,+2, .. .,

V. +Nn—r—g-place of matrix Y .

g + er:;rl

e Systems (1.19), i.e. Au Yon = —r, can be written

for j=h+1h+2,.

u +1,n?
as follows
gLIt len gl,n Xl,n gl,n
J XZ,n gZ,n y2’n gZ,n
. = A B el
H, ' : '
] (uj+1) _XUJ’H . guj{L,n (uj+1)xn L 0 i guj+l,n

- j><n

Consequently, y,,=d,, € C™" forevery 1=1,2,...,u,

and every j=h+1h+2,...,m—r. Furthermore, in order to obtain consistent solu-

tions, the row vectors d, ;. are equal to zero. Also the zero row vectors are at

n—r
h+ Zi:gﬂ i

U, +1, h+2._ 2V

—h—r -place of matrix D.

h+l+uh+2+2’ :

h+Zgll Z

j= h+1uJ

+m
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e From system (1.20), we derive that 1 )Y =D, =Y =D

p.n p.n p.n*
e Systems (1.21),ie. H, Y q . for j=12,...,0, can be written as follows
_le” | gl,n _Xz,n_ c_jl,n
Yan d,, d,,
qu _%' | = Xs” = 2
-qu’n_qjxn gqj,n g% L 0 A gqj,n

Consequently, y,, =d,,, € C™" forevery | = 2,...,q; andevery j=12,...,0

The row vector y, , is arbitrarily chosen. Furthermore, in order to obtain consistent

solution, the row vectors d, , are equal to zero.
Note that arbitrary row vectors are at
9*2. g+ Vi +n_r—g+z, h+1 J+z| 1p'+1

9+Z. g+1V.+n—r—g+ziV:lpi+ql+1, cen

g+y. i tn-r—g +2::+1uj +D B +z:llqj +1 -place of matrix Y .

Finally, the zero row vectors are at

h+Z|gl' Z h1u1+m h_r+zr=1pi+ql’

h+z| g+1' z h1u1+m h—r+zi:1pi+ql+q2,...,

h+zl Y ZJ LUpFm—h—r+>"" p, +z;qj -place of matrix D.
The above Theorem is a very interesting and straightforward result of KCF. Thus,
we have succeeded in having a better understanding of the structure of system (1.3).

Remarks a) In order to obtain consistent solutions of system (1.4), m—r +o rows of

matrix D should be equal to zero, see Theorem 1 (a).

b) Moreover, Y has n—r+ o are arbitrarily chosen row vectors, see Theorem 1 (b).

In what follows with study further the results of Theorem 1.
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2. Main Results

References [1], [2] and [4] have pointed out the importance of the pseudo-inverses
to the solution of a general system of equation (1.1). In this section, we study the solu-
tion of system (1.1) fully by using a different approach, which is based on matrix
pencil theory. However, in order to use the results of Section 1, we shall use the fol-

lowing definitions.

First, consider
A=[a a .. a]eC™,

where g, € C" for i=12,...,n are column vectors of matrix A. Moreover, we define

the nxn matrix as
X=[x & & .. gleC™,

where g=[0 ... 0 1 0 .. 0]', i=2,3,...,n. Finally, we define the matrix

i—place

B by

B=[b a .. a]eC™,
where b € C™. It is profound that Ag =a, forevery i=2,3,...,n.

Consequently, we obtain the equivalent system
AX=B<A[x & & .. &l]=[b a .. a] (2.1)

In order to have the singular case apart from the rectangular matrices, i.e. when
m==n; for m=n, we need to prove that the det(sA—B)=0 is always true (consider-
ing the notion of matrix pencil theory). Thus, the following theorem is more than im-
portant. Note that A, B are not arbitrary matrices, but they are having a very concrete

expression.

Theorem 2. Consider the pencil sA—B, where the singular matrix A=
[a a ... a]andthematrix B=[b a, ... a,] aresquare,i.e. m=n, and the

linear system Ax = b is consistent then det(sA— B)=0 is always true.

Proof. Considering the matrix pencil

sA-B=[sa,-b (s-1)a, - (s-1)a,], (2.2)
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=s(s-1)"[a &2, - (s-1)" b &---a.
However, since we have assumed that det A= |g1 a, ---gn| =0, when m=n, we obtain
det(sA-B)=—(s-1)""|b &,a,|.
Suppose that det(sA—B)# 0. We can show that
lba,-al=0.
Thisistrueif b¢(a,---a,) and a,,...,a, are linear independent.

Then, the matrix pencil sA—B is regular. Consequently, there are invertible ma-
trices P,Q such that

P(sA-B)Q=sA,-B,,
where sA, —B,, is the complex Weierstrass canonical form of pencil SA-B.

It is known that

PAQ:AN{@:” %’q}.

q.p q

Now, using the transformation (1.21) and multiplying by P, the system (2.1) can

be written

AQY =B = PAQY =PB=A)Y =D, where D=PB.

_ IP @P!q yp _ dp
woefy, ST

where y eC™,y eC¥; d eC”, d, eC* and n=p+q.

Moreover,
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Then two subsystems are derived, that is

y,=d
{ PP (2.3)
Hy, =d,
Matrix B=[b a, ... a,] has nonzero determinant. Also, every row vector of ma-

trix B is nonzero. Additionally, since P is invertible, the matrix D = PB is also in-

vertible. Consequently, the last vector d, e C*" is also nonzero.

Now, taking the second part of (2.3), we have derived that

yp+2,l yp+2,2 t yp+2,n qp+l
H y :d - . : . _ .
e ! yp+q,1 yp+q,2 yp+q,n gp+q—l
0 0 0 d

—n

Consequently, d, =0 which is not accepted. Thus, det(sA— B) =0, and the required
result is proven.

We proceed to continue the study of the results presented in Section 1 in more details.
We can write (1.22) as

X:QYQ[E & % %]:[Qi,j]i'jzl,zy_'_n[zl XZ X3 X”] (24)

where y, e C" for i=12,...,n, are row vectors of matrix Y . Then

ZQl,jyj,l
=1

;Qz'jyj‘l (2.5)

ZQn,jyj,l
L =L i

and
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ZQl,jyj,i
-1
ZQz,iji

[ forevery i=2,3,....,n (2.6)

;Qn,jyj,i

where Y zl:yi,jl a2 However, some of the y,, for j=12,...,n are arbitrarily
chosen and some other are already known. More precisely, see also Theorem 1,

* Vi Yo Yguo

° s
yg+vg+1+l,l ! yg*"g+1+"g+2+2‘l, Y zr:grﬂ"i*”*"vl’

and

y Y

zrigruv - sz h+l J+Z| 1p,+11
y

Z:Fgllv - HZJ h+l J+Z| 1’:"“1*l+ll Y
Zir;ruvi +”‘r+z:+1“i +ZiV:1 Pi +z(,:1lqi +1.1
are arbitrarily chosen. Note that all the other elements are known.

Thus, each element of x is given by the following expression, for 1 =1,2,...,n

n n-r—g
% = 2 Q.d +ZQ + 2 Qs
[ — l,s¥s1 1 sysl I, +z::1vg”+j y9+z;vg+r+5 1
$#£Q+Vg,+L, 0V Vg +2, . ., Z;Avim—r

s¢zl gaVi = rJrz:j m“ﬁz; P+,
zir:gr+1vl+n r+zi:1p|+q1+1 e
PISIURTEE) WNRIED LI LR
+z Q -r s-1
o1 . gaVit™ r+Z:J h+1uj+z _1p.+z 0t Z. AL r+Z:J L 1“J+Z _1pl+z _1qr+11

Furthermore, we can write it in vector form as
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0
. yl,l
0 :
dg+l,l yg 1
: 0
g+Vgu1il
0 0
g+vg+1+2,l yg+vg+1+1,1
0
de... :
Zi Ji+n-r-11
=g+ 0
0
yzm v +n-r,1
d . (e !
X= Q zi:g+lvi+n—r+l,l + Q 0
d n-r m-r
N
Zl:g+1v'+n_r+21:h+1u1+2|:1 Pl 0
y = "
0 gt T 2
de.. nor y
Zi:g+1vi +n—r+z it +Zi:1 pi+2.1 0
d 0
SR SR g S y
0 g avin-re ol gy pirE A +LL (2 7)
q 0
;[‘;gfﬁv,+nfr+zjm;h'+1uj+z,":1p. ~2‘J’;11q| +21 :
: 0
d L i
| pawrrsseesyda s z

Remark a) The solution of system (1.1) has n—r+o (< n) arbitrarily chosen ele-

ments which are sufficiently smaller when r is close to n, i.e. we have full column
rank, and the blocks depend on infinite elementary divisors, i.e. o, tends to zero, as

well.

b) If we are interested about consistent solution of systems (1.1), we should also con-

sider the first part of Theorem 1, i.e. d;, =0, for every
i=12,...,hh+ Zi:_wvi +U,,, +Lh+ Zi:_wvi +U , +U ,+2,...,h+ Zi:_wvi + zj;hﬂuj

n-r m-r v n-r m-r
+m—h—r,h+zi=g+lvi +ZJ,=MUj +m—h-r+>" p, +ql,h+zi=g+lvi +Zj=h+1uj +m-h-r
v n-r m-r 14 o
+D PG+, thZi:g+1vi +Zj:h+luj +m—h-r+> p, +zj:1qj.
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3. Conclusions

The present paper discusses the classical problem of solving an ordinary system of
linear equations with rectangular (or singular) coefficient matrices. Using the complex
Kronecker canonical form, the solution is derived. The proposed methodology im-
proves our knowledge of the problem into two main directions. Firstly, it decreases
importantly the arbitrary - unknown elements of vector z. Secondly, in order to ob-
tain consistent solutions, we know exactly the required and necessary mathematical

conditions.

Finally, it should be stressed that the more our matrix tends to be full row/ column
rank, and the less infinite elementary divisors it has, the better results are obtained,
since the arbitrary elements are enormously diminished. That remark is very compati-

ble to the known linear system theory, since our system tends to become regular.

Acknowledgement: The authors are very grateful for the insightful comments of the
anonymous referee.
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