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Abstract This paper is devoted to the study of singular initial value problems including 

Lane Emden equations. The singular initial value problem have been investigated by 

applying variational iteration (VIM) and homotopy perturbation (HPM) methods coupled 

with a transformation which is very useful to cope with the singular behavior which 

occur at .0=x  Several examples are given to confirm the reliability and efficiency of the 

proposed techniques.  
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    1. Introduction 

The singular initial value problems [1-10, 21-24, 28-30, 33, 34] are of utmost importance 

in nonlinear sciences. Several techniques have been employed to tackle such problems, 

see [1-10, 21-24, 28-30, 33, 34] and the references therein. He [8-17] developed the 

variational iteration and homotopy perturbation methods which have been applied [3, 5-

28, 31, 32] to a wide class of initial and boundary value problems. The basic motivation 

of this paper is the extension of these very reliable techniques for solving singular initial 

value problems. The singularity behavior at ,0=x  has been tackled by the introduction of 

a transformation ).()( xyxxu =  It is observed that the suggested transformation is very 

effective and useful. Moreover, in case of variational iteration method (VIM), we convert 

the second-order initial value problems into a system of two first-order integral equations 

which in turn makes the identification of Lagrange multiplier uniform and very simple. 

The homotopy perturbation method (HPM) coupled with the above transformation has 

been implemented on Lane-Emden equations. Numerical results clearly reveal the 

complete reliability of the proposed algorithms. 
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2. Variational Iteration Method (VIM) 

 To illustrate the basic concept of the technique, we consider the following general 

differential equation 

)(xgNuLu =+                                                         (1) 

where L is a linear operator, N a nonlinear operator and g(x) is the  forcing term. 

According to the VIM [3, 5-8, 10, 13-18, 22-24, 26-28, 31], we can construct a correction 

functional as follows 

dssgsuNsLuxuxu

x

nnnn ))()(~)(()()(
0

1 −++= ∫+ λ           (2) 

where λ is a Lagrange multiplier [3, 5-8, 10, 13-18, 22-24, 26-28, 31] , which can 

be identified optimally via variational iteration method. The subscripts n denote the nth 

approximation, nu~  is considered as a restricted variation. i.e. 0~ =nuδ ; (2) is called a 

correction functional. The solution of the linear problems can be solved in a single 

iteration step due to the exact identification of the Lagrange multiplier. The principles of 

variational iteration method and its applicability for various  kinds of differential 

equations are given in [3, 5-8, 10, 13-18, 22-24, 26-28, 31]. For the sake of simplicity and 

to convey the idea of the technique, we consider the following system of differential 

equations: 

 

,,....,3,2,1),,()(/
nixtftx iii ==         (3) 

 

subject to the boundary conditions. nicx ii ,...,3,2,1,)0( == . To solve the system by 

means of the variational iteration method, we rewrite the system (3) in the following 

form: 

 

,,.....,3,2,1),()()(/
nitgxftx iiii =+=            (4) 

 

subject to the boundary conditions. nicx ii ,...,3,2,1,)0( ==  and ig is defined in (1). The 

correction functional for the nonlinear system (4) can be approximated as 
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where nii ,...,3,2,1,1 =±=λ are Lagrange multipliers, nxxx ~,...,~,~
21 denote the restricted 

variations. 

For nii ,...,3,2,1,1 =−=λ  we have the following iterative schemes   
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If we start with the initial approximations nicx ii ,...,3,2,1,)0( == then the 

approximations can be completely determined; finally we approximate the solution 

)()(
)(

txLimtx
n

i
k

i
∞→

= by the nth term )(
)(

tx
n

i  for  .,...,3,2,1 ni =   

  

3. Homotopy Perturbation Method (HPM) 

To explain the He’s homotopy perturbation method, we consider a general equation of 

the type, 

,0)( =uL              (7) 

where L is any integral or differential operator. We define a convex homotopy H (u, p) by 

),()()1(),( upLuFppuH +−=              (8) 

where F (u) is a functional operator with known solutions v0, which can be obtained 

easily. It is clear that, for 

,0),( =puH                (9) 

we have 



190                                               Mohyud-Din and Noor  
 

),()0,( uFuH =  ).()1,( uLuH =  

This shows that ),( puH continuously traces an implicitly defined curve from a starting 

point H (v0, 0) to a solution function H (f, 1). The embedding parameter monotonically 

increases from zero to unit as the trivial problem F (u) = 0 is continuously deforms the 

original problem L (u) = 0. The embedding parameter p ∈(0, 1] can be considered as an 

expanding parameter [8-12, 19-21, 23-25, 32]. The homotopy perturbation method uses 

the homotopy parameter p as an expanding parameter [8-12] to obtain  

,3

32

10

0
2

L++++==∑
∞

=

upupupuupu
i

i

i        (10) 

if p →  1, then (10) corresponds to (8) and becomes the approximate solution of the form, 

.lim
0

1
∑

∞

=
→

==
i

i
p

uuf         (11) 

It is well known that series (11) is convergent for most of the cases and also the rate of 

convergence is dependent on L (u); see [8-12]. We assume that (11) has a unique 

solution. The comparisons of like powers of p give solutions of various orders.  

 

4. Numerical Applications  

In this section, we apply the variational iteration method (VIM) coupled with the 

transformation for solving singular initial value problems. We also apply homotopy 

perturbation method (HPM) along with the similar transformation to solve Lane-Emden 

equations. 

Example 4.1 Consider the following linear singular initial value problem 

32126
2

xxxyy
x

y +++=+′+′′                                             (12) 

with initial conditions 

.0)0(,0)0( =′= yy                                                                 (13) 

Using the transformation ),()( xyxxu = the singular initial value problem (12, 13) can be 

converted 

  to the following non-singular second order initial value problem 

,126)()( 432 xxxxxuxu +++=+′′                                             (14) 

with initial conditions 

.0)0(,0)0( =′= uu                                                        (15) 
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Now, using the transformation ),(xz
dx

du
= the non singular initial value problem (14, 15) 

can be  

rewritten as  the following system of differential equations 
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with boundary conditions 

.0)0(,0)0( == zu  

The above system of differential equations can be written as the following system of 

integral equations with Lagrange multipliers .2,1,1 == iiλ  
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Consequently, following approximants are obtained 
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Cancellation of the noise terms gives the solution  

,)( 43 xxxu +=  

and consequently 

.)( 32 xxxy +=  

Example 4.2 Consider the following Lane-Emden type equation  

0sin
2

=+′+′′ yy
x

y                                                                        (16) 

with boundary conditions 

0)0(,1)0( =′= yy                                                                  (17) 
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Using the transformation ),()( xyxxu = the singular initial value problem (16, 17) can be 

converted to the following non-singular second order initial value problem 

 

,0
)(

sin)( =







+′′

x

xu
xxu                                                                                    (18) 

with initial conditions 

1)0(,0)0( =′= uu                                                                                         (19) 

Now, using the transformation ),(xz
dx

du
= the non singular initial value problem (18, 19) 

can be converted to the following system of differential equations 
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The above system of differential equations can be written as the following system of 

integral equations with Lagrange multipliers .2,1,1 == iiλ  
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Consequently, we obtain the following approximants 
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The series solution is given by 
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and, consequently, 
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Example 4.3 Consider the following second order singular initial value problem 

0sinh
2

=+′+′′ yy
x

y                                                                                               (20) 

with initial conditions 

.0)0(,1)0( =′= yy                                                                                         (21) 

Using the transformation ),()( xyxxu = the singular initial value problem (20, 21) can be 

converted to the following non-singular second order initial value problem 

,0))(
1

(sinh)( ==′′ xu
x

xxu                                                                                   (22) 

with boundary conditions 

.1)0(,0)0( =′= uu                                                                                      (23) 

 

Now, using the transformation ),(xz
dx

du
= the non-singular initial value problem (22, 23) 

can be converted to the following system of differential equations 
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The above system of differential equations can be written as the following system of 

integral equations with Lagrange multipliers .2,1,1 == iiλ  
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Consequently, we obtain the following approximants 
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The series solution is given by 
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Example 4.4 Consider the following nonlinear singular initial value problem 

)(ln)(4)(6)(
2

)( xyxyxyxy
x

xy =−′+′′                                                                      (24) 

with initial conditions 

0)0(,1)0( =′= yy                                                                         (25) 

Using the transformation ),()( xyxxu = the singular initial value problem (24, 25) can be 

converted to 

the following non-singular second order initial value problem 
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with initial conditions 

.1)0(,0)0( =′= uu                                                                                               (27) 

Now, using the transformation ),(xz
dx

du
= the non singular initial value problem (26, 27) 

can be  

converted to the following system of differential equations 
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The above system of differential equations can be written as the following system of 

integral equations with Lagrange multipliers .2,1,1 == iiλ  
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Proceeding as above, the series solution is given as 
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and consequently, 
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The solution in a closed form is given by 
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Example 4.5 Consider the white-dwarf equation 

,0)(
2 232 =−+′+′′ Cyy
x

y  

with boundary conditions  
.0)0(,1)0( =′= yy  
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The series solution is given as 
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1
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1
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6

1
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and using the inverse transformation, the required solution is given by 
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Example 4.6 Consider the following generalized Lane-Emden equation 

,0,0 ≥=+′+′′ nyy
x

n
y
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Using the transformation, ),()( xyxxu =  the above problem can be re-formulated as  
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Applying the convex homotopy 
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Comparing the coefficients of like powers of p 
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The series solution is given by 
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and the inverse transformation will yield 
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For a fixed 0=n  and ,2,1,0=m  we obtain the following solutions respectively: 













++−+−=

=

−=

,
504

1

72

1

12

1

2

1
1)(

,cos)(

,
2

1
1)(

8642

2

Lxxxxxy

xxy

xxy

    

 

where 0=x  is just an ordinary point. Similarly, for fixed 5.0=n  and ,2,1,0=m  we get 

the following solutions respectively: 
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Finally for 1=n  and ,2,1,0=m  we obtain the following solutions respectively: 















++−+−=

++−+−=

−=

.
36864

13

288

1

32

1

4

1
1)(

,
147456

1

2304

1

64

1

4

1
1)(

,
4

1
1)(

8642

8642

2

L

L

xxxxxy

xxxxxy

xxy

 

 



                                            Singular Initial Value Problems                                           201  

    

5. Conclusion In this paper, we applied variational iteration and homotopy 

perturbation methods coupled with a very useful transformation for solving second-order                                          

singular initial value problems and Lane-Emden equations. The proposed algorithms 

proved to be very effective and convenient. Numerical results show the complete 

reliability of the suggested iterative schemes.  

 

Acknowledgement The authors are highly grateful to the referee and Prof Dr Rajesh 
K. Bawa for very constructive comments. We would like to thank Dr S. M. Junaid Zaidi 
for the provision of conducive research environment and facilities.  
 

References 

[1]. G. Adomian, R. Rach and N. T. Shawagfeh, On the analytic solution of Lane-

Emden equation, Found. Phys. Lett. 8 (2) (1995), 161. 

[2]. R. K. Bawa, Spline based computational technique for linear singularly perturbed 

boundary value problems, Appl. Math. Comput. 167 (2005), 225-236. 

[3]. M. A. Abdou and A. A. Soliman, New applications of variational iteration 

method, Phys. D 211 (1-2) (2005), 1-8. 

[4]. H. T. Davis, Introduction to Nonlinear Differential and Integral Equations, Dover, 

New York, 1962. 

[5]. J. Biazar and H. Ghazvini, He’s variational iteration method for fourth-order 

parabolic equations, Comput. Math. Appl. 54 (2007), 1047-1054. 

[6]. A. Golbabai and M. Javidi, A variational iteration method for solving parabolic 

partial differential equations, Comput. Math. Appl. 54 (2007), 1003-1009. 

[7]. F. geng and Y. Lin, Numerical solution of a system of fourth-order boundary 

value problems using variational iteration method, Appl. Math. Comput. 201 (1) 

(2008), 231-241. 

[8]. J. H. He, An elementary introduction of recently developed asymptotic methods 

and nanomechanics in textile engineering, Int. J. Mod. Phys. B, 22 (21) (2008), 

3487-4578. 

[9]. J. H. He, Recent developments of the homotopy perturbation method, Top. Meth. 

Nonlin. Anal. 31(2008), 205-209. 

[10]. J. H. He, Some asymptotic methods for strongly nonlinear equation, Int. J. Mod. 

Phys. (20)10 (2006), 1144-1199. 



202                                               Mohyud-Din and Noor  
 

[11]. J. H. He, Comparison of homotopy perturbation method and homotopy analysis 

method, Appl. Math. Comput. 156 (2004), 527-539. 

[12]. J. H. He, Homotopy perturbation method for bifurcation of nonlinear problems, 

Int. J. Nonlin. Sci. Numer. Simul. 6 (2) (2005), 207-208. 

[13]. J. H. He, Variational iteration method- Some recent results and new 

interpretations, J. Comput. Appl. Math. 207 (2007), 3-17. 

[14]. J. H. He and X. Wu, Variational iteration method: New developments and 

applications, Comput. Math. Appl. 54 (2007), 881-894. 

[15]. J. H. He, Variational iteration method, A kind of non-linear analytical technique, 

some examples, Internat. J. Nonlinear Mech. 34 (4) (1999), 699-708. 

[16]. J. H. He, Variational iteration method for autonomous ordinary differential 

systems, Appl. Math. Comput. 114 (2-3) (2000), 115-123. 

[17]. J. H. He and X. H. Wu, Construction of solitary solution and compaction-like 

solution by variational iteration method, Chaos, Solitons & Fractals, 29 (1) 

(2006), 108-113. 

[18]. S. Momani and Z. Odibat, Application of He’s variational iteration method to 

Helmholtz equations, Chaos, Solitons & Fractals, 27 (5) (2006), 1119-1123. 

[19]. S. T. Mohyud-Din and M. A. Noor, Homotopy perturbation method for solving 

fourth-order boundary value problems, Math. Prob. Engg. 2007 (2007), 1-15, 

Article ID 98602, doi:10.1155/2007/98602. 

[20]. S. T. Mohyud-Din, M. A. Noor and K. I. Noor, Travelling wave solutions of 

seventh-order generalized KdV equations using He’s polynomials, Int. J. Nonlin. 

Sci. Num. Sim. 10 (2) (2009), 223-229. 

[21]. S. T. Mohyud-Din and M. A. Noor, Homotopy perturbation method for solving 

partial differential equations, Zeitschrift für Naturforschung A, 64a (2009). 

[22]. S. T. Mohyud-Din, M. A. Noor and K. I. Noor, Solution of singular equations by 

He’s variational iteration method, Int. J. Nonlin. Sci. Num. Sim. 10-121 (2009). 

[23]. S. T. Mohyud-Din, M. A. Noor and K. I. Noor, On the coupling of polynomials 

with correction functional, Int. J. Mod. Phys. B, (2009). 

[24]. S. T. Mohyud-Din, M. A. Noor and K. I. Noor, Some relatively new techniques 

for nonlinear problems, Math. Prob. Eng. 2009 (2009). 

[25]. M. A. Noor and S. T. Mohyud-Din, Homotopy perturbation method for nonlinear 

higher-order boundary value problems, Int. J. Nonlin. Sci. Num. Simul. 9(4) 

(2008), 395-408. 



                                           Singular Initial Value Problems                                           203 

 

[26]. M. A. Noor and S. T. Mohyud-Din, An efficient method for fourth order 

boundary value problems, Comput. Math. Appl. 54 (2007), 1101-1111. 

[27]. M. A. Noor and S. T. Mohyud-Din, Variational iteration technique for solving 

higher order boundary value problems, Appl. Math. Comput. 189 (2007), 1929-

1942. 

[28]. M. A. Noor and S. T. Mohyud-Din, Solution of singular and nonsingular initial 

and boundary value problems by modified variational iteration method, Math. 

Prob. Engg. 2008 (2008), Article ID 917407, 23 pages, doi:10.1155/2008/917407. 

[29]. R. D. Russell and L. F. Shampine, Numerical methods for singular boundary 

value problems, SIAM J. Numer. Anal. 12 (1975) 13. 

[30]. N. T. Shawagfeh, Nonperturbative approximate solution for Lane-Emden 

equation, J. Math. Phys. 34 (9) (1993), 43-64. 

[31]. M. Tatari and M. Dehghan, On the convergence of He’s variational iteration 

method, J. Comput. Appl. Math. 207 (2007), 121-128. 

[32]. L. Xu, He’s homotopy perturbation method for a boundary layer equation in 

unbounded domain, Comput. Math. Appl. 54 (2007), 1067-1070. 

[33]. A. M. Wazwaz, A new algorithm for solving differential equations of Lane-

Emden type, Appl. Math. Comput. 111 (2000) 53. 

[34].  A. M. Wazwaz, A new method for solving initial value problems in the second-

order ordinary differential equations, Appl. Math. Comput. 128 (2002) 45-57. 

 

 


