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ABSTRACT. In this paper, we study the stability, bullwhip effect and optimization of the order
policy system for a horizontal collaboration supply chain network in which two or more retailers
or distributors may mutually accept a small order. Two Z-transform expressions of the solutions
to the order equations are obtained respectively for the horizontal collaboration and non-horizontal
collaboration supply chain networks. It is shown that a stable (unstable) order policy system for
the non-horizontal collaboration supply network can remain (become) stable in the horizontal col-
laboration supply network as long as suitable order policies are adopted. Conditions sufficient for
the absence or presence of the bullwhip effect in the order policy system are obtained. A special re-
lation between the horizontal collaboration and non-horizontal collaboration supply chain networks
is proved. This relation shows that the horizontal collaboration supply chain network can either
enhance or reduce the bullwhip effect in the non-horizontal collaboration supply chain network.

Moreover, we present an approach to obtain the optimal order policy indirectly.
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1. Introduction

Supply chain networks often face three problems: intense competition, unpre-
dictable customer demand and constrained supplies. In order to survive and develop
in such complicated and changing environment, collaboration in supply chain net-

works has become one of the most effective ways to create business value.

Soosay, Hyland and Ferrer (2008) summarized various types of collaboration in
supply chain networks, including vertical, horizontal, lateral and virtual collaboration.
The so-called vertical collaboration takes place at different levels of a supply chain
network. The most important type of vertical collaboration is information sharing —
retailers and suppliers share demand information and action plans in order to align
their forecasts for capacity and long-term planning, yet still order independently. In-
formation sharing may reduce the bullwhip effect which refers to the phenomenon
where the variance of the orders amplifies as one moves upstream, enhancing prof-
itability (Lee et al. 2000, Dejonckheere et al. 2004, Ouyang 2007). Another type of
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vertical collaboration, which has been studied by Caridi et al. (2005), Chung and
Leung (2005), Shirodkar and Kempf (2006), is the collaborative planning, forecasting
and replenishment (CPFR) process, which enhances the cooperation of exchanging
sales and order forecasts between trading partners. The horizontal collaboration pro-
posed by Barratt (2004), Simatupang and Sridharan (2002, 2005) occurs when two or
more unrelated or competing partners (e.g., suppliers, retailers, etc.) cooperate at the
same level of the supply chain to share their private information or resources such as
inventory levels or distribution centers. Such horizontal collaboration can overcome
financial barriers to trade (Manning and Baines 2004) and reduce overall cost of the
supply chain (Prakash and Deshmukh 2010).

From the review of literature, it can be seen that information sharing is key to
vertical and horizontal collaboration in the supply chain network. Though informa-
tion sharing can reduce the bullwhip effect and overall cost of the supply chain, and
can help supply chain members to effectively match demand and supply to increase
overall supply chain profitability, the idea is not easy to realize since it is based on
mutual trust, openness, shared risk and shared rewards (Barratt 2004). It is even
more difficult to realize when the benefit to supply chain members is not consistent
with overall supply chain profitability. So we consider in the present paper an easily
executed horizontal collaboration supply chain network without information sharing.
Such a horizontal collaboration occurs when two or more partners (e.g., retailers,
distributors, etc.) competing at the same level of the supply chain network mutually
accept a relatively small order. Here, we say that it is an easily executed horizontal
collaboration supply chain since the mutual order quantity is relative small. In fact,
such a horizontal collaboration often occurs in real supply chain networks. If there
are no mutual order goods between the distributors or retailers we call it a compe-
tition supply network since any two retailers or distributors can be regarded as the
competitors. It will be shown in the paper that horizontal collaboration can improve
greatly the competitive performance of supply networks. Note that the horizontal
collaboration (accepting mutually an order for a relative small quantity) is similar to
the model of transshipment or inventory sharing which refers to the lateral transfer
of inventory among depots, dealers, or retailers. This model has been studied by
many authors such as Krishnan and Rao (1965), Rudi, Kapur and Pyke (2001), Dong
and Rudi (2005), Zhao, Deshpande and Ryan (2006), and Hanany, Tzur and Levran
(2010).

Previous quantitative studies of supply chain (network) have mainly focused on
three problems: stability of supply chain, the bullwhip effect in supply chains and
optimization of order policies. In the present paper, we study these three problems in
the horizontal collaboration and the competition supply chain networks. The paper

is novel in that (1) it gives two Z-transform expressions of the solutions to the order
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equations respectively for the horizontal collaboration and the competition supply
networks; (2) it shows that a stable (unstable) order policy system for the competi-
tion supply network can remain (become) stable in the horizontal collaboration supply
network as long as we adopt suitable order policies; (3) it gives some sufficient condi-
tions for avoiding or producing the bullwhip effect in the order policy systems; (4) it
proves a special relation between the horizontal collaboration and competition sup-
ply chain networks, and by this relation we can show that the bullwhip effect in the
competition supply network can either be reduced or enhanced in the corresponding
horizontal collaboration supply network; and (5) it presents an approach to obtain

the optimal order policy indirectly.

The paper is organized as follows. We survey relevant literature in Section 2.
The horizontal collaboration and competition supply chain networks and their or-
der equations for the order policies are described in Section 3. Section 4 gives the
solutions to the order equations, and analyzes the stability in the order policy sys-
tem for the horizontal collaboration and the competition supply chain networks. In
Section 5, after presenting some sufficient conditions for avoiding or producing the
bullwhip effect in the order policy system, we present a special relation between the
horizontal collaboration and the competition supply chain networks. Section 6 shows
an approach to obtain the optimal order policy indirectly. As an application of the
main results, an example analysis is performed in Section 7. In Section 8, we conclude
and discuss the limitations of our model as well as several extensions. The proofs of

theorems are given in the Appendix.

2. Literature Review

Stability is a fundamental characteristic of order policy systems in supply chain
networks. Riddalls and Bennett (2002) and Warburton et al. (2004) study stabil-
ity properties and present a stability criterion for a continuous version of the supply
chain. Disney and Towill (2002) develops a discrete transfer function model to deter-
mine the dynamic stability of a Vendor Managed Inventory supply chain. Hoberg et
al. (2007) proves that a two-echelon supply chain with a stationary demand that oper-
ates under inventory-on-hand policies are not stable, but supply chains that operate
under installation-stock and echelon-stock policies are. Disney (2008) investigates
the discrete time order-up-to policy with two independent proportional controllers
in the policy’s feedback loop and identifies the conditions of stability using Jury’s
inners approach (Jury, 1974). Ostrovsky (2008) studies a set of bilateral contracts —
another kind of stable supply chain network — no upstream-downstream sequence
of agents can add a chain of contracts (or drop, if necessary, some other contracts)
to make themselves better off, and shows that under same-side substitutability and

cross-side complementarity, the chain-stable networks are guaranteed to exist. What
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we consider in the paper is different from those studied by the above authors, and
our focus is on the relation between the horizontal collaboration and non-horizontal

collaboration supply chain networks in terms of stability.

The bullwhip effect was originally observed and studied by Forrester (1961).
Sterman (1989) reports evidence of the bullwhip effect in the Beer Distribution Game.
Lee et al. (1997) give five important causes of the bullwhip effect: the use of demand
signal processing, non-zero lead times, order batching, supply shortages and price
fluctuations. They show that the information transferred in the form of orders tends
to be distorted and the distortion tends to increase the bullwhip effect. Chen et
al. (2000) quantifies the bullwhip effect in order-up-to policies based on exponential
smoothing forecasts as well as moving average forecasts. Alwan (2003) reveals that
there is actually no bullwhip effect in a negatively correlated process under an mean
square error optimal forecasting scheme. Daganzo (2004) presents a policy-specific
but demand-independent upper bound for the order variance amplification factor of
any decentralized policy and shows that the bound is always tight for the suppliers
at the end of a long chain so that a policy exhibits the bullwhip effect if and only
if its bound is greater than 1. Hosoda and Disney (2006) reveals that the level of
a three-echelon supply chain has no impact on the bullwhip effect, which instead is
determined by combining the lead-time from the customer and the local replenishment
lead-time. Strozzi et al. (2008) finds that stabilizing the dynamics of a single-product
one-echelon supply chain can reduce the total costs and the bullwhip effect. By
using the discrete control theory model and z-transform techniques, Dejonckheere
et al. (2003), Disney and Towill (2003), Disney et al. (2004), Ouyang and Daganzo
(2006) and Disney (2008) obtain analytical expressions for the bullwhip effect and
some analytical conditions for its absence or presence. Lee et al. (2000), Chen et al.
2000, Dejonckheere et al. (2004), Ouyang (2007), Madlberger (2008) and Ren et al.
(2010) investigate the value, impact and benefits of information sharing in supply
chains. Sucky (2009) extends the analysis of Chen et al. (2000) to a supply chain
with a network structure in which risk pooling can reduce the bullwhip effect at every
individual stage and shows that the bullwhip effect may be overestimated if a simple
supply chain is assumed. Ouyang and Li (2010) analyze the bullwhip effect in supply
chains with a general network topology, general linear ordering policies (information
sharing schemes), and various customer demand(s). They present robust formulas to
test the existence of the bullwhip effect in the worst-case metric, which do not require
knowledge of the demand process. Our model is essentially a simplification of Ouyang
and Li’s model. It is the simplification that allows us to obtain the Z-transform
expressions of the solutions to the dynamics equations for order policy systems. Our
work on the bullwhip effect in supply chain networks extends or complements the

above works.
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The optimization of supply chain networks is one of the most important tasks in
supply chain management. Santoso et al. (2005) develops a practical methodology for
large-scale supply chain network design problems under uncertainty and provide an ef-
ficient framework for identifying and statistically testing a variety of candidate design
solutions. Altiparmak et al. (2006) proposes a new solution procedure based on ge-
netic algorithms to find the set of Pareto-optimal solutions for multi-objective supply
chain network design problems. Herty and Ringhofer (2007) develops a methodology
based on a fluid dynamic model for a supply chain to investigate optimal dynamic
policies. Kaplan et al. (2007) presents an optimization model for integrated multi-
product and multi-echelon supply chain networks with price elasticity. Sheremetov
and Rocha-Mier (2008) investigates the problem of dynamic optimization of the sup-
ply chain network within the framework of the collective intelligence theory. Shukla
et al. (2010) proposes a hybrid approach incorporating simulation, Taguchi methods,
robust multiple non-linear regression analysis and the Psychoclonal algorithm to iden-
tify the optimal operating conditions for supply chain networks. Gottlich et al. (2010)
presents a model for a production network with order and distribution policies and
money flow, and the distribution and order rates are determined by an optimization
problem for maximizing the money flow where the discretized maximization problem
is solved by mixed-integer programming. Different from the above-mentioned works
on the optimization of supply chains, we derive the exact expression of the opti-
mal vector solution to the optimization model for the horizontal collaboration supply

chain network.

On the topic transshipment problem, Rudi et al. (2001) examines how the possi-
bility of transshipment between two independent locations (sellers) affects the optimal
inventory orders at each location, and find transshipment prices that induce the loca-
tions to choose inventory levels consistent with joint profit maximization. Dong and
Rudi (2004) further shows that the impact of transshipment on the manufacturer and
that on the retailers are very different depending on whether the manufacturer is a
price taker or a price setter. Zhao et al. (2006) proves that the optimal inventory and
transshipment decisions for an individual dealer are controlled by threshold rationing
and requested levels. Hanany et al. (2010) proposes a new mechanism based on a con-
tract between the retailers and a transshipment fund, and show that the mechanism
strongly coordinates the system, i.e., achieves coordination as the unique equilibrium.
These papers and other related literature (see the references in Hanany et al. (2010))
deal mainly with transshipment problems in a single-period supply chain network.
We, on the other hand, are concerned with how horizontal collaboration can affect
the stability, bullwhip effect and optimization in multiple-period (dynamic) supply

chain networks.
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3. Modeling Supply Chain Networks

3.1. Competition and horizontal collaboration networks. Consider a supply
chain network with one manufacturer, several distributors and many retailers (or spe-
cialty stores). If there is no mutual order goods between the distributors or retailers
(see Fig. 1) we call it a competition or non-horizontal collaboration supply network
since any two retailers or distributors can be regarded as the competitors. If there
is a small quantity of mutual ordering goods between the distributors or retailers
(see Fig. 2), we call it an easily executed horizontal collaboration supply chain net-
work. As can be seen, if one removes all collaborations in Fig. 2, what remains is the
competition supply network. Note that there is no information sharing in both the

competition and horizontal collaboration supply chain networks.

Q O

A

A

O—retailers, D—distributors, Q manufacturer, —» - orders

F1GURE 1. The competition supply network

Let S = S3U Sy U Sy U Sy, where S3 = {m} denotes the manufacturer, and
Sy ={dy,...,dy}, S1 ={r1,...,m} and Sy = {c1, ..., c,} denote respectively the set
of distributors, the set of retailers and the set of customers. Note that all customers
ordering goods from the retailer r; are denoted by ¢; (i = 1,...,n). Let z;(t), y:(t),
i € Sy US) and zg4(t), (a,b € S) denote respectively inventory position, in-hand
inventory and the items ordered by a from b at discrete time ¢ = 0,1,.... Since
the manufacturer does not order the items from distributors, retailers and customers,

distributors do not order from retailers or customers, and retailers do not order from
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customers, it follows that z,(t) =0 for a € S3, b € S, US; U Sy, a € Sy, b€ S1 U Sy,
and a € 51,0 € 5.

N ’

O- retailers, D-distributors, O-manufacturer, —-orders, ---- mutual orders

FI1GURE 2. The horizontal collaboration network

Like Ouyang and Li (2010), we write the conservation equations for the inventory
position z;(t) and the in-hand inventory y;(¢) for i € S;, j = 1,2, in the competition

supply network as

(3.1) mit+1) =z + > )= D> z(t)

k€St keS;—1
and
(32) yi(t+1) =yi(t) + Z zig(t = lir) — Z zi(t),
k€Sjt1 keS;_1
where e;; = 0,1,2,... denotes the lead time by which ¢ receives the ordered items

from k. The conservation equations for the horizontal collaboration network can be

similarly written as

(33)  mt+D) =z + Y z)— > @+ D zt)— >zl
k€S keS; 1 i#kES; i#kES;

and

w(t+ ) =w)+ Y wwlt—ex) = Y zult)

k€Sjt1 keS;_1
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(3.4) + Z Zig(t — eir) — Z 21i(t)

i#£keS,; i#kes,
3.2. The dynamics equations for order policies. Similar to Daganzo (2004)
and Ouyang and Li (2010), we assume that the order z;(t) can be described linearly
by its past order and inventory history. Without loss generality we assume that
Zo(t) = yo(t) = 0 for t <0 and z(t) =0 for t <0, a,b € S. Let A;(p), Bi(p), Culp),
Dyi(p), Uy(p) and Vj;(p) be six polynomials with respect to the unit shift operator p

for a time series.

(I) The set of order equations for the competition supply network is

sz(t) = A,(p) ( )—l—B Z C,l Z,l t— 1)
lGS]+1
(3.5) + Z Dii(p)zu(t — 1) + ¥ir(t)
lGijl

fori € S;, k € Sj11, j = 1,2, where {¢;x(t), t > 0} is a random variable series with
E (i (t)) = pir(t) and Var(u(t)) = o2 (t), which can be considered as the random

error series of the order policy system.

(II) The set of order equations for the horizontal collaboration network is

élk(t) = A() ()+B Z Czl let—l Z Dlz let—l)

IGS]+1 lES] 1
(3.6) + ) Uaza(t =1+ D Vilp)au(t — 1) + da(t)
i#leS; i#leS;

fori e S;, k € Sj11, j = 1,2, where {ﬁik(t),t > 0} is a random variable series with
E@Wu(t)) = fun(t), Var(u(t)) = 62(t), which denotes the random error of the order
policy system, and {z;(¢)}, {9:(t)} and {Z;(¢)} satisfy (3.3) and (3.4).

Since the mutual order quantities between retailers or distributors considered in
the paper is relative small in the horizontal collaboration network, we may assume
that the order by retailer (distribution) 7 from retailer (distribution) [ at time ¢ only
dependents on the order by retailer (distribution) ¢ from all distributions (manufac-
turer) and the order by all customers (retailers) from retailer (distribution) i at time
t—1. That is, the mutual order between distributors or retailers is assumed to satisfy
the following equations
(3.7) Zat)= Y ma@zkt—1)+ D Culp)zult—1)

k€S i1 keS; 1
for i # 1, 1,1 € Sj, 7 = 1,2, where both n;,(p) and (y;(p) are two polynomials with

respect to the unit shift operator p for a time series. To guarantee the order Z;(t) in
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(3.7) is relative small, we assume that the following numbers

[na(p)| = Z lcas(m)l,  |Cu(p)| = Z |c1i(C)

are small, where both {c¢;;;(n),1 < j < p} and {c;;(¢),1 < j < p} are the coeflicients
of two polynomials 7;(p) and (;;(p), respectively.

Note that it is assumed that the upstream has ample stock to satisfy downstream
demand. Moreover, the above order policy allows the order zy(t) (or Zy(t)) to be
negative. In such a case, we assume, like Lee et al. (1997) and Chen et al. (2000),

that excess inventory can be returned without a cost penalty.

4. Stability of Order Equations

The first problem we are concerned with is the stability of the order policy system.
The stability means that the order z;(t) is bounded for all time ¢ as long as the
market demand is bounded. Solving equations (3.5) and (3.6), we can obtain the
necessary and sufficient conditions for the stability of the competition and horizontal

collaboration supply chain networks, respectively.
Denote the Z-transforms (Graf 2004) of {z;(t)}, { (O % {vi(0)}, {0:()}, vir(t),

)
?%ik( ), {zi()} and {24(t)} by Xi(2), Xi(2), Yi(2), Yi(2), War(2), War(2), Zun(z) and
Zir(z), respectively.

For the competition supply network, it follows from (3.1), (3.2) and (3.5) that

@) X)) = (Y Zu) - Y Zule)

leSjt1 leS;j1
1 B
(4.2) Yi(2) = z—l[ Z 21 Za(z) — Z Z1i(%)]
leSjt1 lesSj_1

Zi(2) = AGHXi(2) + Bz i)+ > 2 Culz ™) Za(2)
leSjt1

(4.3) + 3 27 D27 Zu(2) + Uar(2)

lEijl
forie S;, ke Sji1,j=1,2. By (4.1) and (4.2) we can rewrite (4.3) as
(4.4) Zi(z) = Y aulz + ) Bi(2) Zu(z) + Ti(2)

lESj+1 lESJ 1
forie S;, k€ S, 7=1,2, where
Ai(Z_l) Z_eilBi(Z_l) CZ'[(Z_I)

4. ; =
(45) Q z—1 + z—1 + z
Dli(z_l) B A,’(Z_l) B Bi(z_l)

z z—1 z2—1

(4.6) Bu(z) =
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Without loss of generalization, we assume that a;(z) and §;(z) are not both equal
to zero.

By taking ' = ¢; € Sp, | =r; € Sy and @ # j, we have z;(t) = 0 for all ¢, and
therefore, Zy;(z) = 0. Since z,(t) can be considered as the demand of customer c;
(the set of all customers who order or buy goods from retailer ;) at time ¢, we denote

Zeyr; () and Z, () simply by 2, (t) and Z,(2) respectively.

Theorem 1. The order policy for the competition supply network in (4.4) is stable
in time if and only if all zeros of the following equations
(4.7) 1—2N1= ) auz)=0, i€S;, j=12

1€S; 11
are located inside the unit circle of the complex z-plane. Furthermore, if the order
policy is stable, then the Z-transform, Zg.,(z2), of the order {zq,m(t)} placed by dis-

tributor d; € Sy with manufacturer m, has the following form

- ﬁrldi( ) ﬁcm( ) c (Z)
Zd-m z =
) = D gt >><1—z] e, ()

Bra(2) i1 @y (2)¥rg, (2)
+Z 1—0‘dm ) (1= 30 ang,(2)

\Ildim(z) + Zl:l ﬁrldi(z) T’ldi( )
1 — agm(2)

(4.8) +

forl1 <i<k.

Now we consider the stability of the order policy for the horizontal collaboration
network. By (3.3), (3.4) and (3.6) we can similarly obtain

Zi(z) = Y oal@)Zulz)+ > Bul2)Zu(z)

lESjJrl lEijl
(4.9) + > a2 Za(2) + > 0u(2) Zu(z) + Ua(2)
i;ﬁlESj i;ﬁlESj

forv € S;, k € Sj11, j = 1,2, where

A- -1 _eilB, -1 ) —1
) | BT Ua)
z—1 z—1 V4
(»—1 A. -1 B, -1

(4.11) Su(z) = Vi) Aiz7h)  Bi(z7)

z z—1 z—1

(4.10) Yi(2)

Plugging the Z-transforms of (3 7) into (4.9) we get

sz(z) = Z azl ( Z ﬂzz le

lESjJrl lESJ 1

(4.12) + Z Z Gt (2) Zin( Z Z Baw Zw (2) + V()

leSj 1 i#lES; leSj_1i#lI'eS;
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forie S, j =1,2, where

(A13)aa(z) = aa(z)+2"mu(z"") Y w(2),  Gun(z) = 6i(2)2 (=)
iAUES,
(414)3(z) = Bulz) + 2"z Z Yir(2),  Bar(2) = dpi(2)z " Gu(z7Y).

i#l €S

In order to obtain the closed form solution to equation (4.12), we assume that
dri(z) does not depend on 4, that is,

(4.15) 51/,'(2’) = 51/(2).

fori,l' € Sj, j =1,2. To guarantee (4.15) we assume in the following discussion that

Vl’i(z_l) = ‘/l’(z_1>7

(416) Adi(Z_l) + Bdi(z_l) = Adl (Z_l) + Bd1 (Z_l)
for 1 <i <k, and
(4.17) A () + By (27 = A (27 + By (271

for 1 <1 < mn. Of course (4.15) can be true in other cases. For example, if %}1) +

Lz(il) is a polynomial and we take Vi;(271) = ZAED zB"(Z?) + Vi (271), then

z—1 z—

(4.15) holds, where Vj(p) is a polynomial with respect to the unit shift operator p for
a time series. Here we do not consider this case since the main results for this case

are similar to those of the previous case.

Let dl/l(z) = dim(z) and Bll/(z) = Bml(z) if (415) holds.

Theorem 2. Let (4.15) be true. Then the order policy for the horizontal collaboration
supply network in (4.12) is stable in time if and only if all zeros of the following

equations
-1(1 S () — (s B 2ies,,, n(2)
(1—2 )<1 leszj;l[au( ) — du( )]) <1 lgs:j L= es,., [oun(2) — @l,l(z)]>

(4.18) —0

fori € S;, j = 1,2 are located inside the unit circle of the complex z-plane. If the
order policy is stable, then the Z-transform, Zgm(2), of the order {24,(t)} can be
expressed as
S Ot (2) 2 () + 341 B () Zia, ()] + W (2)
1- &dim(’z) + &dim(z)
ST Bt (20 () + 5y By (V2o () + s (2
(1= Gy (2) + Gam(2)) (1 = )y 55(2))

ZAdzm(z) =

(4.19)
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where
B (2) 2 (2) + 3 1 Begr () Ze, (2) + u(2)
L= 3001 (g, (2) = G, (2))
N b(2) + 0 B (2) Zei(2) + 324 Beyry (2) 2, (2) + bi(2)] ()
(1= 325 [, (2) = G, (DN (1 = 37, #5(2))
(4.20)  Znay(2) = Zuay (2) + Wy, (2) = Wpa, (2), 2 <5 <k,
and b(z) = Sy S (U, (2) = By (2)) i, (2),

Graym (2) fa(2) >y Gy (2)
1= Qn(2) + G (2)° 1= 38 (G, (2) = Ay, (2))

ZT’ldl( )

Y

(4.21)  ki(2) =

~

bi(2) = Upa (2

Tld Tldl(z))(&rldj (Z) - dT’zdj (Z))

IIM?r

for1 <i<k, 1<[l<n.

As can be seen, the stability does not depend on the polynomial (;(p), i € S;j_1,
€S, 7=1,2. Next we discuss the stability of the two order policy systems. Let the
order policy for the competition supply network in (4.4) be stable in time. It follows
from (4.7) in Theorem 1 that

ai(z) & (1-2"H1~ ) au(2))

1€5;41
= 1—2= > AT+ Bz + (2 — 1) (7] #£0
1€5;41
fori € S;, j =1,2,and all |2] > 1. Let a; = minj;>; |a;(2)|. Note that A;, B; and
Cy are three polynomial functions of 27!, and lim, ., a;(z) = 1. Hence a; # 0. It
follows from (4.10), (4.11) and (4.13) that

bi(z) = Z (1 =z Hfau(z) — aalz) — aa(z)]

lESj+1
= 2 Y e (1—z (Y Un(zY) = Vilz )] + A=) + By(= ™)
leSj11 Z#l,ES
> (A + 2w Bi(=T))
i#lES;

for i € S;, j = 1,2. Thus, we can take small values of |n;(p)| for i € S;, | € S;41
Jj = 1,2, such that a;(z) — b;(z) # 0 for all |2| > 1 and ¢ € §;, j = 1,2. Similarly, we
can take small values of |n;(p)| for i € S;,1 € S;41j = 1,2 such that

lESJ+1 OAél/l (Z)

W):l‘z S s, oz —an()]
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for all |z| > 1. That is, the equations in (4.18) satisfy (a;(z) — b;(2))c;j(2) # 0 for all
|zl > 1 and i € S;, j = 1,2. Thus, if the order policy system for the competition
supply network is stable, then the order policy system for the horizontal collaboration
supply network is also stable as long as we take suitably small values of |n;(p)| for
i1 €55,1€85541 =12

Let the order policy for the competition supply network be unstable over time.

For example, there is a zy (|z9] > 1) such that a;(z9) = 0 for some i € S;. Assume
that

(4.22) Ag (1) + By, (1) £ 0, A, (1) + B, (1) #0.
Hence, zy # 1 since a;(1) = |Sj11](Ai(1) + Bi(1)) # 0 for i € S;, j = 1,2, where

|Sj+1] is the number of elements of set Sj;;. Take the polynomials 7;(p) such that
Dies;y, Ma(z7h) # 0 fori € S;, j = 1,2 and all [2] > 1. If bi(29) # 0, we can take
small values of |n;(p)| for i € S;, 1 € S;j11 j = 1,2, such that (a;(20) — b;(20))c;j(20) =
—bi(20)cj(20) # 0. If b;(29) = 0, we can take suitable values of Uy (p) and V;(p), and
small values of |n;(p)| for i #4' € S;, 1 € Sj41 j = 1,2 such that a;(zp) — bi(z0) # 0
for i’ # i, and therefore

(ai(z0) = bil20))cj(20) = (1—25") Y dulzo)

1€Sj41
= 25%(20 = 1)di(20)2%7 Y malz") #0
1€Sj41
as long as d;(zp) # 0. In fact, we can take the polynomials V;(p) such that ¢;(z) # 0 for
all |[z] > 1and ¢ € S;, j = 1,2. That is, an unstable order policy for the competition
supply network can be made stable in the horizontal collaboration supply network.

We sum up the discussion above in the following corollary.

Corollary 1. Let (4.22) be true. A stable (unstable) order policy system for the
competition supply network can remain (become) stable in the horizontal collabora-

tion supply network as long as we adopt suitable order policies {nu(p)}, {Uu(p)} and

{Vi(p)}-
5. The Bullwhip Effect

Let the customer demand z,(¢) be a random variable. The sum ', z.(¢) can
be considered as the market demand at time . The sum S | zg,.,(t) is the total
order of distributors, d;, 1 < i < k at time ¢, which can be considered as the output
of the manufacturer m at time ¢. According to the definition of the bullwhip effect
(Lee et al. 1997), let

Biv(r) = =0 VO (i Zam (1))
S Var(Si, za(t))
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where Var(X) denotes the variance of random variable X. We say that there is no
bullwhip effect in the supply chain network after time Ty if BW(T) < 1 for T' > Tj.

By (4.8) and (4.19)-(4.21), both 3>F | Zy.n(2) and S°F_| Z,.u(2) of solutions (4.8)
and (4.19) can be written as

k
(5.1) szim(z)
= N2)Z Z Zam(2) = 3 Ni(2)Z(2) + D(z),

where

. 6017‘1 ﬂrld
(5.2) M(z) = S Z 1 _adlm 2)

(5.3) M(z) = pz(Z)(ﬁqm(Z)—ﬁcm(Z))

Zl’ pr(2) A . -
+1 _ Z;c 1/{]( )[(ﬁcﬂ’l( ) /Gclrz(z))'%l(z) + ﬁcm(z)]

1 " Brua, IEDY Zﬂnd( )
pi(z) = 1—ZJ (G, (2) = g, (2)) ; 1—adlm radlm( )
+Zf:1(1 — Gaym(2) + Gy (2) (2 (Bria, (2) + 3252 Bra, (2))55(2)
(1= 2251 R (D) (L = 325 [y (2) — g, ()
for 1 <1 < n, and both D(z) and D(z) are the linear functions of {¥;,(2)} and

{W;(2)}, respectively. This means that the variance of the output of the manu-

facturer, Zle Za,m(2), consists of two parts: one is that of the market demand, the
other comes from the error of the order policy system. In this section we only consider
the bullwhip effect produced by the variance of the market demands Y, | A(2)Z,,(2)
and Y7 \(2)Z,(2), so that we assume that o2 (t) = 0 and 62,(t) = 0 for t > 0,
i €S;, ke Sj, j=1,2 This means that both {t(t)} and {¢u(t)} for t > 0,
i €S;, ke S, j=1,2, are deterministic number series, and therefore, D(z) and
D(z) are two deterministic functions, that is, Var(D(z)) = Var(D(z)) = 0.

Lemma 1. Let

(5.4) MN(z) = fuz T N(2) =) fia
j=0 =0
Then
(5.5) Y iy = lmAG) =1 ) fy=lmA(z)=1+Q

J=0 J=0
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for 1 <1 <mn, where Q; is a function which only depends on {Nwa4;}, {Nam}> {Gra; }

and {Cepr, }- In particular, when ny,q,(1) = 0, N4;m(1) =0, (e, (1) = 0 and .,y (1) =0,
we have Q; = 0, and therefore y =2 flj =1

Theorem 3. Suppose that

(5.6) Z Cov(ze (t — 1), 2¢,(t — 7)) < Z (2, (1), 2e, (1))

t>max{i,j} t=0
for 1 <1, 1I'"<n,0<4,j<T andT > 1Ty, and the coefficient series {fi;} in (5.4)
satisfies fi; > 0 for 1 <1 <mn, j >0, and

(5.7) ZZ [1— (Zﬁj) (éﬁ)] <200v Zey(t), 7y (t ))) >0

=1 I'=1
forT' > Ty. Then there is no bullwhip effect in the stable order policy for the compe-

tition supply network after time Tj.

Remark 1. By (5.5) we know that (Z;F:O flj> (Z;F:O fl/j) <lforl1<U[LlU <n.
It follows that both (5.6) and (5.7) are true if 3., Cov(z, (t), 2¢,(t)) = 0 for 1 <
I # 1 < n and ZtTZmax{i,j} Cov(ze(t —1),2,(t —j)) < 0for 1 <[, I' < n and
0 <i# j <T. This means that there is no bullwhip effect in the stable order policy
for the competition supply network for all time as long as f;; > 0 for 1 < [ < n,
j >0, and all covariances of customer demands are nonnegative at the same time

and negative at different times. This result is similar to that of Alwan (2003).

We can obtain the same result as Theorem 3 for the horizontal collaboration

supply network as long as we add the condition, Z;io flj <1.

Theorem 4. Suppose that the condition (5.6) holds, and the coefficient series {f;;}
in (5.4) satisfies flj >0 for1<I1<mn,j>0, Zioﬁj <1 for1<Il<mn, and

58 3y [1 - (Z flj> <i f)] (Z Cov(en (8, 7, >>> -

I=1 I'=1
forT > Ty. Then there is no bullwhip effect in the stable order policy for the horizontal

collaboration supply network after time T.

In the following theorem we give other sufficient conditions for the bullwhip effect

to exist.

Theorem 5. Let two customer demands be unrelated and the demands at different
times also be unrelated. If Z;io fli- <1 (Z;io fé < 1) for all 1 <1 < n, then there
is no bullwhip effect in the stable order policy for the the competition (horizontal
collaboration) supply network. If 322 7 > 1 (Z;io ffj > 1) forall1 <1 <n and
the variances Var(z,(t)) are bounded for t > 0 and 1 < | < n, then the bullwhip
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effect exists in the stable order policy for the competition (horizontal collaboration)
supply network.

In other words, the result of Theorem 5 implies that if the bullwhip effect exists,
then there is at least one [ (1 <1 < n) such that Y3°° f2 > 1 (or 3272, fZ > 1).

Remark 2. According to Disney and Towill (2003), -2 f7 and 3772 ffj can be

expressed as

S fi= 5 [ M) Zfl] o [ e e
=0 - -

where ¢+ = y/—1. Thus, it can be said that the bullwhip effect in the horizontal
collaboration supply network is smaller than that in the competition supply network

as long as

/7T ()N (e™™) = N(e™)\(e™™)]dw > 0.

—Tr

We next present a close relation between {f;;} and {f;;}. To this end we first

give a lemma which describes a property of {f;;}. Let

[(1 _Z_l)(l adzm ng 5

[(1 — z_l) <1 — Z Qlryd, (Z))] = Z hljz—j

and
o0

/87"ld /6017”1
§ gll 7 g
1—adm ’ 1—2“0%(

for 1 <i <k, 1 <1< n. Notethat g;;, gij, luj and h’lj can be written as g;; =
aij(g:), gui = aj(gi)?, huj = by (hy)?, hy; = bgj(hl)j, where g; and h; are the largest

roots in absolute value respectively of the equations (1 — 271 (1 — agm(z)) = 0 and
(1 =21 = ), angy(2) = 0.

Lemma 2. Let ¢* = maxj<;<i |¢;| and h* = maxi<j<,, |hi|. If giy; Satisfies a;y; # 0,

lim; oo @iy j—k/Giy; = 1 for each fized k, and

(5.9) il = 9" > 1" gigl > [gir|, @i #0
for 1 <i" #ig <k, then fi; can be written as

(5.10) fii = €3iog = Cijig;(9i,)’

for j >0, where {c;;} satisfies

: Beyr (gio)
(5.11) a = lim ey = (1= 1/gi,) Bra, (9i0) -
j—o00 J 0 150 0 1 — Z;?:l aTldj (g7«0>
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for1 <1l <n.

Lemma 2 holds also for { fl]} as long as g;, is replaced by g;, which is the largest
root in absolute value among all roots of the equations (1—2z71) (1 — g, (2) +Gam(2))
and (1 -z )(1 - Z] 1[a7’zd ( ) drzdj(z)])'

By the lemma we can now establish a special relation between {f;;} and {f;;}.

Theorem 6. Let fi; # 0,¢; # 0 for some l (1 <1 < n) and j > 0, {gi;, j > 0}
satisfy (5.9). Suppose that §;, = gi,. Then, for any small positive number e < 1 we can
choose the order policy of horizontal collaboration {n,a,, Na;m, Crdss Cer ) With small
values of |Nra; (D), Na;m ()], |Cra; (P)] and (e, (p)| such that there exists a number
series €; for j > 0 which satisfies |ei;] < € for j >0, lim;_ €5,

(5.12) fij = (L+e) fij,

and

(5.13) Zfljflj =Q
=0

As an application of Theorem 6, we discuss in the following the bullwhip effect
in the competition and horizontal collaboration supply networks. By (5 12) we can
choose two kinds of order policy for horizontal collaboration {nrl a5 nd m, C l d , C e
and {nrld, 7722,)%, Crl 4> ¢V such that the corresponding number series {q '} and

{qj } satisfy

5.14 (72 2= o(1+)S ) 1G> 3020 17
(5.14) j;(flj ) { =y 0(1—|—5 )fl] <320 I

where the coefficient series { fl js } in (5.14) corresponds to the order policy of hori-
zontal collaboration {nﬁf}ii, 776(lj2n7 rld ) Ccm} for s = 1,2. Thus, we have the following

corollary.

Corollary 2. Let two customer demands be unrelated and the demands at different
times also be unrelated. We can choose two kinds of stable order policy for horizontal
collaboration such that the bullwhip effect in the stable order policy for the competition
supply network can either be reduced or enhanced in the corresponding horizontal

collaboration supply network.

6. Optimal Order Policy

A good order policy should not only satisfy market demand, but also produce
no bullwhip effect. Additionally, it should be stable. So the optimal order policy
considered in the paper should not only satisfy the market demand best, but also

keep the variance of the order to a minimum.
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In this section we assume that 1 (t) = 0 and ¢y (t) = 0 for t > 0, i € S;,
k € Sj11, 7 = 1,2, that is, the order policy system doest not err. This implies that
D(z) = 0 and D(2) = 0. Let C(t) = S5, 2z, (t) and M(t) = S5 24, (t), which
can be considered as the market demand and output of the manufacturer at time t,
respectively. It follows from (5.1)—(5.4) that

> Zum(z) = sz<z>zcl<z>=2<. fzjz_j) Z.(2)

=1

> i) = Sh2 =3 (Do) 2o

I=1 \j=0
Hence

n t k n t .
(6.1) Y zam) =D fiza(t—7), > Zam(t) = 1jze, (t — J)

i=1 I=1 j=0 i=1 I=1 j=0

for t > 0. Assume that

T
(6.2) 0<> Ct)»C<o0 (T—o0), fy;>0

t=0

for j > 0 and 1 <[ < n. Note that Z;io fi; = 1. Thus

T—j

(6.3) MM =YY iy zalt)

I=1 j=0  t=0
and therefore
EtTZO M(t) 27:1[(2;20 [ij) Ztho 2, (1) — Z;on Jij Zf:T—j—i—l 2, (1)]
YO S o 2 (t)
for T'> 0, and

<1

T
lim 2t=0 M) _
im == =
T=oo 300 C(1)
This means that the total output of the manufacturer can never satisfy the total
market demand. That is, the competition supply network cannot satisfy the market
demand within any finite time under condition (6.2). However, by (5.12) we know
that the horizontal collaboration supply network may be able to satisfy the market
demand within a finite time under condition (6.2). We first discuss the following

optimal order policy for the horizontal collaboration supply network,
T T

(6.4) Var optimal policy} (Z M(t)) = min ~ Var (Z M(t))
=0 {order policies} =0

which is subject to

T T
(65) E{order policies} (Z M(t>> =k (Z C(t)) s
0 t=0

t=
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where F/(X) is the expectation of the random variable X. That is, the optimal order
policy will not only enable the total output of the manufacturer to satisfy the total
market demand within time 7" but also keep the variance of the total output of the

manufacturer to a minimum value. Similar to (6.3) we have

(6.6) DMy => > "fy i 2, (1).

I=1 j=0  t=0

Let fi = (fuo,o- o Jir)s Fro= (fr,o i fo)s 25 = Yousg 2e(t), ;= E(z), =
(fios - - - pur), and Vi = (Cov(zy, 2z1;)) be the covariance matrix for 1 < [, I" < n.
Let the notation A’ denote the transpose of matrix or vector A. Then, (6.4) and (6.5)
can be written in the following vector form

T T n n
(6.7) Varg (Z M(t)) = I%ITH Var (Z M(t)) = H}ITHZ Z FVufh
=0 =0

I=1 I'=1
which is subject to

(68) Z fl/J/; = Cr, Z fll/ =N,
=1 =1

where ep = S E(C(t)) and 1 = (1,...,1).
An order policy that makes the n vectors Fif = (fy, ..., f}) satisfy (6.7) is called
the optimal order policy or the optimal vector solution. The following theorem gives

the expression of the optimal vector solution.

Theorem 7. Let the covariance matriz Vi be nonsingular for 1 <1 < n. Then the

optimal vector solution can be expressed as

(6.9) = [Xf(/il + Z ;Vir) + A3 (1 + Z 6@"/2'1)

i=1+1 i=l+1

-1
Vi

for 1 <1 <n when asb; — a1by # 0, where

(6.10)&1 = Z <,Ul + Z aiVil) {/El—ll” as = Z <,Ul + Z OéiVil) ‘/zl_l]_l

=1 i=l+1 =1 i=l+1
G = 3 (1 S ml) VT, =Y (1 .S m) Vit
=1 i=l+1 =1 i=l+1
)\T _ blcT — nb2 7 )\; _ nas — aiCr
asby — a1by asby — a1by

and oy and (3; are two vector functions which depend only on p;, VJ;1 and Vjjy1,... Vin
fori < j <mn. In particular, agb; — a1by > 0 when Viy =0 for 1l #1" and p; # 1 for
1 <1 <n, where c is a constant.
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As can be seen from the proof of Theorem 7, if the restriction Y ", fil’ = n is

removed, the optimal vector solution becomes

* CT
fl as <,ul+ Z Q; 2l> ‘/ll !

i=l+1
for 1 <1 <n when ay # 0.

Remark 3. Takingflo:lforlglgnandﬁj:Oforlgng,1§l§n,we

have

> M(t) ZZfUqu e

t=0 =1 j=0 t=0

This means that

mln Var (ZM ) <Var (i C(t)) .

That is, the optimal order policy avoids the bullwhip effect.

Note that the order policy corresponding to the optimal vector solution F7 in
(6.9) is optimal only at time 7', it may not be optimal at time ¢, 0 < ¢ < 7. On
the other hand, the two conditions in (6.8) are too restrict to be realistic. Thus we

consider the following model.

Z E(M(s)) —ci| + thVar (Z M(S)) ;

where, ¢; = St F(C(s)) and both {w;} and {v;} are positive weight coefficients
satisfying Z?zo(wt + v;) = 1. Model (6.12) means that the order policy that corre-

sponds to the optimal solution F7 satisfies the market demand c; best; it also has the

T
6.12 min w
(612)  mi ; :

minimum variance for all time 0 <¢ <7T. When ZZ;O wy > ZtTZO vy, it implies that
satisfying the market demand is more important than reducing the variance of order

quantity of all distributors.

Let zl(;) =300z, (s) for 0 < j <t zl(]t) =0fort+1<;5<T, ,ul(;) = E(zl(;)),
w(t) = (,ul(é), . ,,ul(t), . ,,ulT) and Vi (t) = (Cov(zl(l), 20 )) be the covariance matrix

for 1 <[, I’ <n. Then, (6.12) can also be written in the following form

T n 2 n n T
(6.13) I%ITH Z wy [Z fug(t) — e | + Z Z Z v fiVir (8) f
=0 I=1

I=1 I'=1 t=0
To get the optimal solution, let V' = (V;;(v)), W = (W4, ... W,)and C = (C4,...,Cy),
where Vj;(v) = ZtT:o v Vi (t) for j <14, Vi;(v) =0 for j >4, and

VVl = Z wt#?(t)(ﬂl(t% s ’Mn(t))
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and C; = ZtT:O wyeyy(t) for 1 <1 < n.

Theorem 8. Let the matriz V +W be nonsingular. Then the optimal vector solution
F3 for the model (6.13) can be expressed as
(6.14) Fr=C(V+WwW) .

Note that in order to obtain the optimal solution, the numbers flj, 0<5< T,

1 <1 < n,in Theorems 7 and 8 are regarded as the independent variables. In fact,

fi; can be written as

(615) fl] - flj(xb o gy Y1y - yq) = a'lj(xla o Ty Y1, - 'yq)[bl(y17 cee ayq)]j

for j > 0, 1 <1 < n, where |b(y1,...,y9)| < 1, aj(z1,...,2a,%1,...Yy,) and

bi(y1,.-.,y,) are the functions of independent variables xi, ..., %4, Y1, ...y, that is,
flj, 1 <1 <n,j>0, are the functions of independent variables z1,...,zq4,y1,...Y,-
An optimal solution fl’; = flj(x’{, - T YT, - - Yy ) can be obtained using the following
corollary.

Corollary 3. Let {cfj, 0<j<T,1<1<n}, be the optimal solution to Theorems 7

or & and let
n T

L(Zlfl, ey Xdy Y1, - yq) = Z Z[flj(xla ey Xdy Y1, - yq) - Czkj]2'
I=1 j=0
If D is a closed and bounded space of real numbers of d + p dimension and flj,
1 <1 < n, 0 <35 < T, are continuous functions, then there exists a wvector
(x1, ..., 25,1, .. ys) such that

(6.16) L(x3,...,75,v1,...y;) = min L(xy, ..., Y1,y - Yq)-
(T15-,Zd,Y1,---Yq)ED

The results of Theorem 8 and Corollary 3 hold also for the competition supply
chain network if fy is replaced by fy.

From the above discussion we see that to overcome the difficulty of getting the
optimal vector for model (6.7) or (6.13) under condition (6.15), we first obtain the op-
timal solution {cj;} in (6.9) or (6.14) under the assumption that { fi;} are all indepen-
dent variables, then find the optimal vector (x7,...,zj,47,...y;) in (6.16) such that
the difference of {fi;(z7,..., 25, vi,...y;)} and {¢;} arrives at the minimum value.
Thus, the order policy corresponding to the optimal vector (27, ..., 25, i, .. y(’;) is the

optimal order policy we seek. That is, the optimal order policy is obtained indirectly.

7. An Example

Example. Let Ay (p) = Aq # 0, A,.(p) = A, # 0 for i = 1,2, and B;(p) = 0 for
s Sj, j = 1,2 Let Cdim(p> = Cd, Cmd‘(p) = Cr, DTidj(p) = Dd, chrj =D, for

J
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i,7=1,2,and Uy(p) = Vulp) =U #0fori # 1, 4,1 € S;, 7 =1,2. Let 04,1 (p) = Na,
Nrid; (p) =y, Grid (p) = Ca and (., (p) = ¢, for i, 5 = 1,2. (see Fig. 3).

| L T—
O

O—retailers, |:|—distributors, Qmanufacturer, —-orders, ----mutual orders

F1GURE 3. A horizontal collaboration network with two retailers

Assume that 1 (t) = 0 and ﬁlk(t) =0fort>0,i€S;, ke Sjt1,7=12 The
order equations for the competition and horizontal collaboration supply networks are
given by the following.

(I) Order equations for the competition supply network
2q,(t) = Agrq,(t) + Cyzq,(t — 1)+ Dg(zp, (t — 1) + 2,,(t — 1))
2 (t) = Apx. (1) + Crzp(t — 1) + Dp(ze,(t — 1) + 2, (t — 1))
fori=1,2.
(IT) Order equations for the horizontal collaboration network
2a,(t) = Agwg (t) + CaZg (t — 1) + Da(Z, (t — 1) + 2,,(t — 1))
+U (Zaya, (t — 1) + 24,4, (t — 1))
Z,(t) = Ay, (1) + Cr2p (t = 1) + Dy(2e, (t = 1) + 26, (t — 1))
+U (2, (t — 1) + 200, (t — 1))
Zaa;(t = 1) = maa,(t —2) + a2, (t = 2) + 2,,(t — 2))
Gyt —1) = 20,2, (f — 2) + Gz, (t — 2)
fori,7=1,2, and i # j.

Next we shall discuss respectively the stability, the relation between { fy, k > 0}
and { Fies k> 0}, the bullwhip effect and the optimal order policy.

(1) Stability. Since

ag(z) 2 (1 =21 = agm(2)) = 272[2% — (1 4+ Ay + Cy)z + C4,
a(z) = (1—2z7h <1 — Z Uy, (z)) =27 %2% — (1424, +2C,)z + 2C,]

it follows from (4.7) that the order policy for the competition supply network (I) is

stable if and only if the roots, ri, 79, of a4(z) = 0 and 73,74, of a,(z) = 0 satisfies

(7.1) r1a| = ‘1+Ad+Cdi\/(1+Ad+Cd)2—4Cd /2 <1,
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(7.2) Irsa] = |1+2A, +2C, £+/(1 424, +2C,)2 - 8C,|/2 < 1.

As an application of Corollary 1, we next discuss the stability of the horizontal
collaboration network (II). Note that

ba(z) & (1= =B (2) — Cam(z) — () = 22
b(z) 2 ,2 (1= ), (2) — 0, (2) — () = 20
for7=1,2, and .
o) & 1 Wl0-2U-AJ sy 21— U - Ay

2%(a,(2) — br(2))
Hence, (4.18) can be rewritten as

(7.3)  aa(z) — ba(2))ca(z) = 27°[2° = (1 + Ag + Ca)2* + (Cq — 2n4U) z + 2n4U]
(7.4) (ap(2) — bo(2))er(2) = 273[2% — (1 4+ 24, + 2C,) 2% + 2(C, — 2n,U)z + 4n.U].

22(aa(z) — ba(2))

Clearly, we can take small values of n; and 7, such that (aq(z) — ba(z))ca(z) # 0 and
(a;(2) —br(2))cr(2) # 0 for all |z| > 1 as long as (7.1) and (7.2) hold. That is, we can
take small values of 1y and 7, such that the order policy system for the horizontal
collaboration supply network still remains stable.

Let aq(z0) = 0 and a,(z9) = 0 for some |z9] > 1. Here, zy # 1 since a4(1) =
—Ay#0 and a,(1) = —2A, # 0. Then

(aa(z0) = ba(z0))ca(z0) = 25 °2naU(1 = 29) # 0
(ar’(zo) - br(zo))cr(zo) = ZO_34777’U(1 - ZO) #0

as long as 1y # 0 and 7, # 0. This means that we can take small values of 74(# 0)
and 7, (# 0) such that (aq(2) — ba(2))ca(z) # 0 and (a.(2) — b.(2))c () # 0 for all
|z| > 1. That is, an unstable order policy system for the competition supply network
can be made stable in the horizontal collaboration supply network as long as we take
suitable values of 14, . and U.
(2) Relation between {f;;} and {f;;}. It follows from (5.2) and (5.3) that
2272[Dy(1 — 271) — A[D,(1 — 271 — A,]
aq(z)ar(2)
M(z) = 2272(Dg + 2272U) (1 — 271 — AJ[(D, +2271¢U) (1 — 271 — A,
(ar(2) = br(2))er(2)(aa(z) = ba(z))ca(z)

for [ = 1,2. Let the numbers 7;, i+ = 1,2,3 and 7, ¢ = 4,5,6 be the roots of
equations (aq(z) — bg(z))ca(z) = 0 and (a,(2) — b.(2))c.(z) respectively, which satisfy
7] < 1,1 <i<6. Let r; # r; and 7; # #; for i # j. Then, \(z) and \(z) can be

rewritten as

Ni(z) =

N(z) =2F(zHG(zY), N(z) = Qﬁ’(z_l)@(z_l),
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where
! T A 6 7
G(Z_l) - Z [H(Tz - Tj>_1] ?Z‘Z_l; G(Z_1> == Z [H(fz - 72])_1] ﬁfz_l
i=1 Lj#i v i=1 Lj#i v
F(Z_l) = DdDTZ_2 — (QDdDT — DdAr — DTAd)Z_l + (Dd - Ad) (Dr — AT)
and
F(zY = F(zY)+2U[C(D, — Ay) + G (Dg — Ag)]z7}
+2U[2(4¢ U — ¢ Ag — Cdflr],z*_2
—2U1[C4(2¢.U — D,) + (26U — D))z~ + 4¢. (U 24
Note that A;(z) = Aa(2) and 5\1(2) = 5\2(2). Let fi = fr and flk = fk for [ = 1,2.
Let s = z~ 1. Thus

f o EEO)

dks

= 2>k [F(O)G<k>(0) + EF'(0)G*D(0) + ———

_ [F(O)Rk +F(0)Rey + %F”(O)Rk_g]

for k Z 2, where f1 = f2 = 0 R(] Rl =0 and Rk Zz 1 [H#Z(rl - Tj)_1:| (7"2')1+k
for k > 2. Similarly, we have

L ED(0VR
P 22 L )(S?Rk_J
j=0
for k > 2, where fo = fi =0, Ry = 2%, [H#i(ﬂ - @-)-1} (7,)%*5 for k > 2, Ry = 0
for k= —-2,—-1,0,1, and
(0) = F(0)
(0) = FW(0) +2U[¢(D; — Ay) + G (Da — Ag)]
F@0) = FO0) +4U(266U — G Ag — CA,)
( ) 12U[Cd(Dr - 2<7“U) + CT’(Dd - 2<dU)]
( ) = 4|4U2Cd<r

As can be seen

> 2444, . = .
kzzokaAl(l)Z A 212)\1(1)=ka

k=0
Let [riy| = maxi<i<a{|ril}, [7i| = maxi<ice{[7s[} and |rig| > |r;l, |74] > [75] for
J #io. Let r;, and 21 be two roots of the equation a4(z) = 0. In order to get the root

Tiy Of (agq(z) — ba(z))cq(2) = 0 such that 7, = r;,, let
(aa(2) = ba(2))ca(z) = (L =1y /2)(1 = 21/2)(1 = 22/2) = 0.
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By (7.3) we have

1
217225 1—|—Ad—|—Cd—’l“iO:f:\/(1+Ad—|—0d—ri0)2—|—87’]dU .

Clearly, 2y — z; and 23 — 0 as 7y — 0. Note that

lim R—: = R(ﬂ'o) = Ty H(Tio - Tj>_1’

ko0 T j#io
. Ry .
im 2 = ) =, [~ )7
%0 J#i0
it follows that
lim 25 = R ) PG, Tim 25— R ) B!
k1—>r£10 ok (Tio) (Tz’o )’ kl—{{.lo Pk (riO) (Tio )
20 0

Moreover, the numbers {e;;} in Theorem 6 can be written as

Elk = fk_l(fk — fx)
— o (F(O)(f%k ~ Ry) + F'(0) (Rt — Rer)

+F//2(0) (Rk—z — Rr_2) + (13’/(0) - F/(()))Rk—l + %(F”(O) - F//(O))J%k—2
o (FO0) = FO0) Ry + 5 (FO(0) ~ FO(0) Ry
for £ > 2, and
b FOD(R) — Blry) + (F(ry)) = Flr )Ry
koo R(ri,)F(r;)") '

Since R(ry,) — R(ri,) — 0 as g — 0, 5, — 0, and F(rl_ol) — F(r;)') = 0as ¢ — 0,
¢, — 0, it follows that &;, can be uniformly small when 7y, 1., {4 and (, are all small.

(3) The bullwhip effect. Taking Ay = —1/6, Cy = 1/4, A, = —5/48, C, = 1/8,
it follows from (7.1) and (7.2) that r = 3/4, ro = 1/3, r3 = 2/3 and r, = 3/8.
Similarly, taking 7y = 1/36, . = 1/128 and U = 1/2 we can obtain the following six
roots of the equations (a4(z) — by(2))cq(2) = 0 and (a,.(2) — b.(2))c - (2) =0

r1 = 0.7226, 7y =0.4468, 73 = —0.086
74 = 0.631, 75 =0.464, 7= —0.0534.

It can be checked that R, > 0 and R, > 0 for k > 2 since G®)(0) > 0 and
G®(0) > 0 for k > 2. In fact, we have
1 1

A G ey Y 5 ST ey ¢ ey ey g

a <r1 im ll —17°1/z 1 —17~1/ZD <r3i7’4 ll —17°3/z 1 —17~4/ZD
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_ ﬁ;ﬁ[rf-ré]z_k ﬁ;ﬁ[r§-ri]z_k ‘
iy LT1—T2 iy LT3~ T4
This implies that G*)(s)|,—g > 0 for k > 2 since r; = 3/4 > ry = 1/3 and r5 = 2/3 >
r4 = 3/8. Similarly, we can check that G®(s)[,—o > 0 for k > 2.
Let 0> Dy > Ay =—1/6and 0 > D, > A, = —=5/48. Then —D4(D, — A,) > 0

and —D,(Dg — Ay) > 0. Thus

fr/2 = (Dg— Aq)(D, — A,) Ry

—[Dy(D, — A,) + D.(Dg — Ag)|Rg—1 + DyD, Ry, 5 > 0

for £ > 2. By Theorem 3 we see that the bullwhip effect does not exist in the
competition supply network when (5.6) and (5.7) hold for { fx, k > 0}. Taking (4 and
¢, such that D; < (4 <0 and D, < (. <0, we have

fi/2 = (Da—Ad)(Dy — ARy — [(Da — Ca)(Dy — Ay) + (Dy — ) (Dg — Ag)| Ry
"‘[(Dd - Cd>(Dr - Cr) + Cd(DT - AT) + Cr(Dd - Ad)]ﬁl)k—2
+[Ca(Dyr = ¢) + G (Dg — Cd)]Rk—?) + Cdﬁrﬁ’k—4 >0

for £ > 2 when (4 and (, are small. Thus, by Theorem 4, the bullwhip effect does
not exist in the horizontal collaboration supply network when (5.6) and (5.8) hold
for {fk,k‘ > 0}. Note that Ry =1, Ry = 2.125 and R, = 2.9306. If we take (=1,
¢-=1D;=—-1/12 and D, = —1/48, then

fo=0.0139, f3=0.3802, f; = 2.6644.

By Theorem 5, this means that the the bullwhip effect exists in the horizontal collab-
oration supply network when two customer demands are unrelated and the demands

at different time is also irrelative since Z?:o f7>1

(4) The optimal order policy. We first calculate the optimal solution to
Theorem 8. Consider T'= 3 and w; = v; = 1/8 for 0 <t < 3. Let 2., (1), 2,(t), 0 <
t < 3, be mutually independent with the expectations E(z.(0)) = 1/2, E(z,(1)) =
1/2, E(z,(2)) = 1 and E(2,(3)) = 1 for i = 1,2 and the variances Var(z.,(t)) = 1
fori=1,2and 0 <t < 3. Then, C = %(13 73 1) and

39 23 11 4
123 332 8 3
2111 8 11/2 2

4 3 2 32

Thus, the optimal solution in (6.14) can be written as ¢j; = 0.0084, ¢j; = 0.5334,

¢, = —0.148 and ¢j; = —0.2252 for | = 1,2. Now, we consider the optimal solution

VW =

fos fi, f5 and f; which satisfy (6.16) for the competition supply network. Here, we
only consider a special case: let Dy — Ay = D, — A, = z, that is, Dy = —1/6 + = and
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D, = —5/48 + x, where z is a variable. Since fy = f; =0, Ry = 1 and Ry = 2.125, it
follows that

X

fo=22% fy=2[2"R3— (—1/6 + )z — (=5/24 + 2)2] = 7 T

Hence

2 2
_ * \2 * \2 2 x)\2 [L’_ z X
o) =2 () + () + e - + (T + 137 - ) ]

Let L'(z) = 0, then
2% 4+ 0.00832% 4+ 0.0877z + 0.0025 = 0.

It can be checked that there is only one real root, * = —0.0284, for this equation.
This means that L(z) is at the minimum at x = z*. Thus, we obtain the optimal
solution: f5 = f; = 0, f; = 0.0016 and f; = 0.0004 when D; = —0.1951 and
D, = —0.1326.

The above optimal solution is restricted because the variables A4, A,, Cy and C.,
were previously fixed. Since fi, k > 2, are the functions of the variables Ay, A, Cy,
C,, Dy and D,, it is better to seek the vector (A%, Ax, C5, C¥, D5 D) that satisfies
(6.16) in Corollary 3, that is

T

L(A3, A%, C5,C D5, DY) = 2 min }Z[fk(Ad,Ar,Cd,Cr,Dd,Dr)—022]2-

Aa,Ar,Cq,Cr,Dq,Dr
{Aq d d =0

Thus, the vector (A}, Ax, C, Cr, D5, DY) is the best order policy for the competition

supply chain network.

8. Conclusion and Discussion

In the paper, we compared the horizontal collaboration supply network with the
competition (non-horizontal collaboration) supply network in terms of the stability
and the bullwhip effect in the respective order policy systems. By solving the order
equations, we can get the necessary and sufficient conditions for judging the stability
of the respective order policy systems for the horizontal collaboration and competi-
tion supply networks. It is shown that a stable (unstable) order policy system for the
competition supply network can remain (become) stable in the horizontal collabora-
tion supply network as long as we adopt suitable order policies {n;(p)}, {Uu(p)} and
{Vi(p)}. By using the expressions of the solutions we obtain two number series { f;;}
and { flj}, which are the coefficients of the linear combination of market demands
{z,(t)}. Making use of the coefficients we get the sufficient conditions that lead
to the absence or presence of the bullwhip effect in the two supply chain networks.
The special relation between the two supply networks in Theorem 6 shows that the

horizontal collaboration supply network can either reduce or enhance the bullwhip
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effect in the competition supply network. It is difficult to get the optimal solution
{f[;} for model (6.7) or (6.13) since {fl]} is a series of functions with variables,
T1,. .., Td, Y1, - - - Yq Hence, we first obtain the optimal solution {¢j;}, then we get the
optimal solution {f;} by choosing vector (z7,..., 23, 47,...y;) such that the differ-
ence between { f;(z7,..., 23, 97,...y;)} and {c};} is at the minimum value. That is,
we can obtain indirectly the best order policy corresponding to 7, ..., z3,y7, ...y, by
using the optimal solution {cfj}. Finally, the example analysis shows that all results

obtained in this paper are applicable.

Our model has several limitations. First, the order {z;(¢)} is assumed to be
determined by the linear combination of its past order and inventory levels, that is,
the order satisfies the linear equations with the random errors. Secondly, we assume
in Section 5 that 02 (t) = 0 and 62 (t) = 0, and in Sections 6 and 7, that 1;(t) = 0
and ﬁlk(t) =0fori e S;, k€ Sjq1, 7 =1,2. These assumptions restrict our model’s
practicalness. Third, there is no information sharing in the order policy system.
Fourth, the prices of the manufacturer, distributor and retailer, were not considered
when seeking the optimal order policy. There are a few possible extensions. It
would be interesting to generalize our model to one in which the orders satisfy some
nonlinear and stochastic equations with information sharing. It would be worthwhile
to study the bullwhip effect in the optimal order policy without neglecting its random
errors. The following model would also be of interest: Let p,,, p., @ and 3 denote
the manufacturer’s price, retail price, inventory cost (per unit) and loss (per unit)
out of stock, respectively. Assume that p,, < p,. In order to satisfy the market
demand, Zf:o C(t) where C(t) = Y-, 2z, (t), with the best economic benefit under
the condition that there is no bullwhip effect, we may take an optimal order { fl’;}
such that the following total average profit (TAP)

TAP({i;}) (ZHt {f} )

arrives at the maximum value, that is,

TAP({f3}) = IF&XTAP({ﬁj}>

lj

subject to BW(T') < 1, where
H(t.A{fis}) = (= pm) min{C(t), M(1)} — (pm + ) (M(t) = C(¢))"
_(pr — Pm T ﬂ)(C(t) - M(t))+ + )‘|M(t) o C(t)‘ﬂyv
M) = >, Z;ZO fijze,(t — 7), and both nonnegative numbers A and v can be

considered as reward parameters.
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APPENDIX A: Proofs of Theorems

Proof of Theorem 1. Let i € S;. Then for k € S3 = {m}, i.e., k = m, it follows
from (4.4) that

sz(z) - azm z +Zﬁl2 le +\sz( )

€Sy
(Al) - 1 — O(Zm (Z ﬁll le _l_ \Ijzm( ))
€Sy
and
(A-Q) le Z Oézz' le' ) + Z 51'1(2)21/1(2) + \I’li(z)
I'eSq IIES()

for [ € S;. In order to solve equation (A.2), for fixed 7, € S; we let d; € S,
2i = L, (2), @i = g, (2), bi = W,4,(2) for 1 < i <k, and ¢ = B,,,(2)Z,(2). Thus,

(A.2) can be rewritten as

(1-@1)21 — A9Z9 — Q323 — =+ — AR — b1+C
(A.3) —a1z1+ (1 —ag)ze —agzz — - —agzp, = by+c
(A.4)
(A.5)

—az — o —ap1zk-1 + (1 —ap)zr = by +ec

Now we solve (A.3). The first equation multiplied by —1 is added to the second,
through to the kth equation, then the jth equation multiplied by a;, 1 < 7 <k, is
added to the first equation. Thus we can obtain the following solution to (A.3)

c+ Zle a;b;
1— Z?ﬂ aj
for 1 <4 < k. That is, the solutions to (A.2) or (A.3) can be written as
Beri(2)Ze(2) + 3051 gy (2) Vg (2)
1= g (2)

for 1 <l <nand1<i<k. Plugging (A.4) into (A.1) we have (15).

It follows from (A.1) and (A.4) that {Z,,(2),1 <7 <k} and {Z,4,(2),1 <1 <
n,1 < j < k} are stable (Graf 2004, P. 109) if and only if {ag,m(2),1 < i < k} and
{ane(2),1 <1< n,1 <5 <k} satisfy (4.7). This completes the proof.

Proof of Theorem 2. Let i € S5. It follows from (4.12) that

+b;

Z; =

(A.6) Zrai(2) =

+ \IlT’zdi(Z)



30 D. HAN AND F. TSUNG

(A7) + Y b2 Zrm(2) + DY B Zw(z) + Uin(2)

1#£l'€So 1€Sy 1Al €Sy
and
Zli(z) Z Oézz' le' ) + Z BI’I(Z)ZAI’I(Z)
I'eSs l’ESo
(A8) + Z Z Oé]l/ ]l’ + Z Z /61/ Zl’ —l— \Ijlz( )
'eSs I#j€51 I'eSy l#j€S1

for I € Sy, where dup(2) = 05(2)2 e (271) and B = 0w (2)2 2w (z7Y), k € S;,
K € Sji1, j=1,2 Let dj € Sy, zi = Zam(2), @i = Gam(2), d) = Ggm(2), bi =
> les, Bia, (2) Z14,(2) and ¢; = Dies) Ditress Buw Zyw (z) + Win(2). Then, (A.5) can be
rewritten simply as

/ / /
(1 —ay)z1 —ahzg —ajz3 — -+ —apzy = b+
(A.9) —ayz1+ (1 —ag)ze —ages — - —apz, = by + o
!/ /
—ayzy — o —ap_q2k-1+ (1 —ag)ze = b+ ck.

Now we solve the equations. The first equation above multiplied by —1 is added
to the second, through to the kth equation, then the jth equation multiplied by
a;/(1—a;+a;), 1 <j <k, is added to the first equation. Thus we can obtain the
following solutions to (A.5) or (A.7).

) Zk (bj+cj)aj

=1 1—a,+a’

(AlO) Zi = 17_‘_/ bz + C; + ’ i J+,J
1 Z]=1 1—aj]+a3

for 1 <i < k. (A.8) can be written as (4.19) in Theorem 2.
To solve (A 6), let r, € S1,d; € Sy and let 25 = Zmd (2), aj = ana,(2)), ay;

d?“zdj( ) bl] - ?“Ld ( ) ﬁcm( ) ( )+ Z];Al ﬁcgrg(z cj (Z) for 1 <7< n,1<j<
k. Thus, (A.6) can be written as

n k
1 —ayj)21; — Zauzu - Z Za;lzu = ¢+ by, quadl < j <k,

1] i#1 1=1
n k

1 — agj)z0j — Zazzzzz - Z Z%Zil = ctby, 1<j<k,
1] i#2 1=1

( ang Znj — Zanlznl_zza’lzzl = Cn_l'bnja 1 S] Sk
l#j i#n =1

There are n X k equations. For each i (1 <7 < n), the ((¢ —1)k+ 1)th equation above
multiplied by —1 is added to the ((i —1)k+j)th equation for 2 < j < k, then the first
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equation multiplied by —1 is added to the ((i — 1)k + 1)th equation for 2 < i < k.

Thus, we have

n k
/
(1 —a1)z11 — E ayz1 — E E a;zi = 1 + by,

1£1 i1 =1
—zi1 + 21y =byj — by, 25 <K,
—(1—an +dy)zn + ) (ay —ay)zu
1£1
+(1 — ag + aby)z01 — Z(azz — ay)zy = ¢ — ¢1 + by — by,
1#1
—2o1 + 295 = byj — by, 2<7<k,

—(1—an +ay)zn + Z(all — ay)zu
1#1

+(]- — Qp1 + a'lnl)znl - Z(anl - a’/nl)znl =C, — (1 + bnl - bll
1#1

_Zn1+znj:bnj_bn17 QSJSI{;
Furthermore, for each i (2 < i < n), the ((i — 1)k + 1)th equation is added to the
((i — 1)k + j)th equation multiplied by a;; — a;., 2 < j < k, and the first equation is

5

added to the ((i — 1)k + j)th equation multiplied by aj;, 2 <i <n, 2 < j < k. Then,

for each i (2 < i < n), the ((¢ — 1)k + 1)th equation is added to the jth equation
multiplied by a}; — a5, 2 < j < k, and the first equation is added to the jth equation
multiplied by a5, 2 < j < k. Hence

(1 — 041)211 — ZO&;ZH = C + b+ 61,
=2

—znn+2z; = by —bn, 2<j5<Fk,
—(1—Oél—l-O/l)le—l-(l—OéQ—l—Oéé)Zgl = 02—614-82—61,

—z1 + 295 = boj —by, 275 <K,

—(1 — Q] + 04/1)211 + (1 —Q, + Oé;L)an = c¢,—C + Z;n — Z;l

—Zn1 + Rnj = bnj - bn1> 2 S] < k.
where
k k n k
R ST ST 3 S ]
1=1 1=1 i=1 j=1

k
bi = by + Z(sz — bi1)(aij — a';j)> 1<i<n.
=1
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Finally, we can obtain the solutions to (A.6) in the following as long as the first
equation above is added to the ((i —1)k+ 1)th equation multiplied by o/ /(1 —a;+af),
2<1<k.

1 - b+ Tata
(Al].) Zil1 = ﬁ b, + ¢ + -~ L oi’+ 4
— Q4 + ai ]- - Zl:l l—all-i-ocl

zij = zn+bij—ba

for 1 <i<n,2<j<k. Thus, (4.20) in Theorem 2 can be obtained from (A.9).

From (A.8) and (A.9) we see that the order policy for the horizontal collaboration
supply network in (2.12) is stable in time if and only if {&4,m(2) }, {Qa;m(2)}, {Qra,(2)}
and {d,q4;(2)} satisfy (4.18). This completes the proof Theorem 2.

Proof of Lemma 1. Using (4.5) and (4.6) it can be checked that

Zfl] — llm 66[7‘[ Z /67‘ld
=0 Z—’ll—Z] 1arld 1_adm

B A,(1)+ B, (1 +Bd (1)
; Z Ba (i
Zj:l(ATz(l) + Brz )+ Ba,(1)

It follows from (4.5), (4.6), (4.10), (4.11), (4.13) and (4.14) that
ll_I)I}(Z - 1)<BCZT1( ) 6017‘1(Z>> = _(AT1(1> + BTl(l))(l - nCClTl(:l))
e — 00 () = g (&1) = ~(Aa 1)+ By (D)L= K (1)
)

=1.

im(z = 1)(1 = Gam(2) + Gam(2) = —(Aa(1) + By, (1)(1+ kngm(1),
k k
lim(z = 1)(1 = Y[, (2) = G () = —(Aq(1) + By (1) D (1 + G, (1
and
o - ndjm(l) A . Zf:l nTjdi(l)
= S T, MY T S S O . @)

for 1 <1 <n, where

Ccm(l) + % Z?:l nﬁd 1 Z Cn + d; m( )
% + Zf—1 nrld-(l) L+ ]W]d m )

Ccm( )"’ ZZ 177rld Crl 1) + na;m(1)
" i na (1) Z 1+ Kna;m (1)

Q=

+ Ry,
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(nCClTl(l) - 1) Zf 1(1 + kﬁdzm(l))_l Z?:I[Cﬂd]’(l) - (1 - kCTldj(l))'%j(l)]

R = =
(1= 305y #5(1) Sy (1 + 1y, (1))
Zl’ 1Pl’( ) C(1—n s
1 _ Z;f . Kj(l) [Ccm( ) (1 CCH“L(l)) l(l)]
and
(1) = lim p(z) (L kg (1) 7 325G, (1) = (= kg, (1) (1))
el (1= 30, w5 (1) X, (1 + g, (1)

Zk 1_kCrldi(1)
i=1 1+k77dim(l)

+=z .
Zi:l(l + nnTldi(l))
As can be seen, the expression of (); is very complex, and it only depends on

(D} ANam(1)}: {Gra, (1)} and {Cer, (1)} In particular, when 7,,4,(1) = 0,
Na;m(1) =0, (g, (1) = 0 and (., (1) = 0, we have @; = 0, and therefore Z;io fij =1

Proof of Theorem 3. Denote z,(t) by z(t) briefly in the following. Let D(z) =

> = djz77. It follows from (5.1) and (6.1) that S zam(t) =30, Z;:o Fijze (t —
j) + ds, and therefore

ZVCL’F szm t))

t=0 =1

t n T

ZZ Var zlt—j —i—ZZ Z flifleOU(Zl(t_i)vzl(t_.j>>

I=1 t=1 0<i#j<t

=0
T ot
+ Z Zzﬁﬂfl' Cov(z(t —j), zv(t — 7))

1<IAI<n t=0 j=0

T
+ Z Z fiifrjCov(z(t — 1), zp(t — j)).

1<I£l<n t=0 0<i#£j<

Note that

T T
ZZflear z(t—17)) Zflg ZVCL’F z(t)) < (Z fﬁ) (Z Var(zl(t))> :
=0 j=0 =0 =0

From (5.6) it follows that

Z Z fiifijCov(z(t — i), z(t — 7)) < ( Z flzfly> (Z Var(zcl(t))>,

t=1 0<i#j<t O<z;£]<T
T

Zz.fljfl’ Cov(z(t —j), 2v(t —j)) < Zfz]fw <ZCOU 2(t), v (t ))

t=0 j=0
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and

Z Z JiifuiCov(z(t — i), zp(t — 7))

=0 0<iAj<t
T
< < )3 f“fl,j> (Z Cov(a(t), zl/<t>>> .
0<iAj<T t=0
Thus, by (5.7) we have

k

Z Var (Z Zdim(t>> < Z (Z flj) (Z Var(zl(t))>

i=1

+ Z (ng) Zf/]) (ZCov(zl(t),zl/(t))>

1<i£U<n \j=0

=Z (Z flj>2_1_ (ivW(zl(w))

+ Z (Z fzy) <Z fzg) — 1] (Z Cov(zl(t),zl/(t)))
1<i2V<n L \j=0 =0 =0

=1 t=0 1<IAI'<n t=0
=33 |1- (Z f,j> (Z f/]>] (Z Cov(zl(t),zlr(t))>

and therefore

_ Zf:o V‘”"(Zf:l Za;m(t)) <1
Yo Var(X L, alt)

for T' > Tp. This completes the proof of Theorem 3.

BW(T)

Proof of Theorem 4. We omit the proof of Theorem 4 since it is the same as
that of Theorem 3.
Proof of Theorem 5. Since any two customer demands are unrelated and the

demands at different times are also unrelated, that is, Cov(z, (t — i), 2., (t —j)) =0
fori# 7,1 <1, 1" <n, it follows that

2 Var <Z zdim<t>> =D D D> fiVarlealt=0) =3 3 [5)_ Varz®).

i=1 =1 t=0 j=0 =1 j=0 t=0
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This implies that there is no bullwhip effect in the stable order policy for the competi-
tion (or horizontal collaboration) supply network when > > f2 < 1 (or 3222 ffj <1)
for 1 <1 < n, since

T k n T T—j
> Var (Z Zdim<t>> =D D S5 D Var(za ()

=1 j=0 =0

n

<303 VarCealt) = 3 Var (Z )

=1 t= =1
when 327 f2 <1 (or 3222 fli <1)forall<i<n.
Let >0 fiz > 1 (or 372, ffj > 1) for 1 <1 < n. Then there is a positive number
a > 1 such that Z]T:o ff; > afor T > Ty and 1 <1 <n. Note that

tX;VW (f: Zaum(t ) > (Z fzj) > Var(z(t

i=1 I=1 \j=0
n T 7j—1
=YD Y Var( (T - 1)
=1 j=1 t=0

Since > [y < o0 and Var(z,(t)) are bounded for 1 <1 <mn,t >0, it follows that

lim > 12] lflj Zg SVW’(%( —t)) _
Teo Y Yo Var(z (1)
for both 7", Y2 Var(z,(t)) < ocoand Y ' > 7  Var(z,(t)) = co. Thus,
] Zt o Var <Zz 1 Zd@m(t))
lim >aq
Teo Zt:o Var (3212, 7 (1))
That is Y1, Var(XrF, zam(t)) > S Var(S1, 2,(t)) for T > Ty. This means

that the bullwhip effect exists in the the competition (or horizontal collaboration)

supply network. This completes the proof of Theorem 5.
Proof of Lemma 2. Let ¢;; = fi;/gi,; and (z — 1)B,4, (2) = b Bisz7%. Note

that a;, j_1/a;,; = 1 as j — oo and (¢:)/(gs,)? — 0 as j — oo for i # iy. Hence

o P Bl s
lim J4i — i sz BisGini—s _ (9io = 1)Bras, (9io)

J=0 Gigj I Gioj

and giis/gi,; — 0 as j — oo for i #ip,0 < s < j. Since

B (2) LB 8
S = ey S

and

f: g ﬁcm (gio)
ZO - k )
=0 1 - Z —1 Qryd, (gi0>
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it follows that

k J / J /
. Zi:l ZS:O glishl,j—s . Gligs Qigs h’l ,J—s
lim ¢; = lim = lim

j—oo J—oo glo] j—oo s=0 Gigs aioj (glo)j 5

ﬁclm (glo)
= 1-1 0/ Mrid; @0 '
( / Gio) Brias, (9 )1 _ Z;?ZI rd; (Gio)

Proof of Theorem 6. Let
k
O‘di(z) = 1- adim(z), Oérl(Z) =1- Z Qryd, (Z)
j=1

ﬁl(z) = /6617’1(2) ﬁcm(Z’) ch()

Blz(z) = /Grld Z Z + Z/@Tld
J#i
ni(z) = Z [ (2) — aalz) —aq(2)], i€ Sj =12,
lESj+1

and

B (2) = Ben (2) L Brua(2) + s B (2) i )
1- Z;?:l[d’“ldj (Z) - d?“zdj (Z)] i=1 1 - &dim(z) + @dim(z>
It follows that

o0

Z[-]EIJ _ flj] v - /6017’1(2) +Bl(z) : ﬁrldi(z) +Bll(z) . ﬁcﬂ“z(z) Zk: ﬁrldi(z)

: an(2) — n(2) & ag(2) —ma(z)  anlz) & ag(2)

[ ( )aTl( )/6017‘1( ) _'_ 7ln ﬂcln 6rld

aTl( ) 777‘1( ) aTl Z Z ad
/Gcm i /612 Z /ﬁmd ( ) + Udi(z)] ﬁrldi(z)
"o P (2) = 14, (2) aq,(2)

( )aT’z(z) +ﬁcm 777’1 ﬁll +ﬁT’zd( ) (Z)
T an(2) = (2))an (2 Z —na(2)aa(z)

Without loss of generality, we assume that i; = ig, that is ¢;, = ¢;,- This means

Tl

that g, is a root of the equation (1 — 27")(aq, (2) — 74, (2)) = 0, and g;, is the
largest root in absolute value of the equations (1 — z71)(ag,(2) — n4,(2)) = 0 and
(1— 2", (2) =y (2)) =0fori #£idp, 1 <i<kand1<1<n. Let

alz) = ()QZEA)/)%% 7 ZWJ'

C]zz(z) _ ﬂll( ) ( )/ﬁnd qu”

ad() 77d
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and

(1 - 1/Z ﬁrld Z flzyz '

Since (1 —z7")ag, (2) and (1 — 27")(aq, (2) — 74, (2)) can be rewritten as

(1—z"Naq,(z) = (1—gi/2)ag, (2),
(1= 2" (ag, (2) =1, (2) = (1= gi/2)ag, (2),
where all roots of the equations a;io (z) =0 and agio (z) = 0 in absolute value are less

than |g;,|, and ¢; # 0, that is, ., (gs,) 7# 0 and ﬁrldio (gio), it follows that ¢ (g;,) < 00,
and

1Bi(9i)  Bria, (910) + Vol (g10) — ol (9:c)
Qio (Gio) = () < 00.

MOI‘GOVGI‘, Ql(gio) — 0 and QIio(gio) — 0 as |77d¢771(p)| — 0, |777“Ldj (p)| — 0, |<cm (p)| —0
and |Gp,q,(p)] — 0.

Note that
k oo J
ﬁcﬂ“z(z) /Grld‘(z)
a(z) —==> > qj-rfulz”’
an(7) 2 g5 " 22
Ber(2) (1= 1/2)Bras(2) _ o~ y
== > fuj-rgilz™’
an () (1—1/2)aq(?) ; kZ:O ’
and
ﬂcm( )6Tzd (Z> >, < i .
@i(z) X = Z[qui,j k(z fik—wgir)]277.
OKTZ(Z) Oédi(Z) j=0 k=0 k'=0
By Lemma 2 we have
. Zi—o C_Izj—kflk d QIy k. Clk Qigk
lim === = lim 2 = q(g;
j—00 flj ]_)OOZ Clj a’l()] (g 0)
lim Zi:o Jiij—kGiok — lim i fli,jfkk Qigk
g=o0 fig 3= C1j £ (Gig ) 7F iy,
ﬂcm (gio)
— 22 (1 —1/¢;.)Bra (gi) =1
Clarl(gio)( /g 0)6 ldzo(g())

and liquoo(Zizo fiij—kGix)/ fi; = 0 for i # iy. Therefore

lim Zizo Qlio,j—k(Z:fzo flio,k—k’gz’ok’) — lim 2]: Qlij—k CikQigk (Z:/:o flio,k—k’giok’)
Jmee fig j=00 L= (gi )78 C1jttiy; Ju
= Qiig (gi0>
j k
lim Ei:o Qli,j—k(zk/:o fli,k—k’gik’) —0

Jj—00 flj
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for i # iy. Thus, flj — fi; can be written as

(A.12) Jig = Jij = D iy,

where the number series {0;;, j > 0} satisfies
Y, & jllrgo Vi = q(Gio) + Qio (Gio) + @ (Gio) Qrio (Gio)-

Furthermore, for any fixed small positive number € < 1/3, by the definitions of ¢;(z)

and g;(z) we can choose small values of |Cor, (D)], |Gra, ()], [Maim ()| and [1,a,(p)]
such that || < e for j > 0. That is, we can set the order policy for horizontal

collaboration {n,a,, Naims Cryd; s Ceyry b using small values of |1,,a, (D)]s [a;m(P)], [Gra; (P)]
and |(,r, (p)| such that |9, < e for j > 0.

Next we consider the relation between flj and f;. Let

 Ban(2) + Bi(2) N Bran(2) + Bul2)
aTl(Z) - nTl(Z) i—1 adi(’z) - Udi(z)

(1= 27 (0, (2) = ma,(2))] " = Z%Z‘j,

u(z) = A(2)

(1= 27 (an (2) = (2))] ) = Z gz

and jy(2) = D2 w27, Since Ggm(2) — agm(2), dna;(2) — apa,(2), and so
Gij = 9ij» hij — Mg as [ngm(p)| — 0 and |n,,4;(p)| — 0, so that we can choose small
values of [7g,m(p)| and [n,,q,(p)| such that g; = a;;(g:)7, 7 > 0, satisfy the condition
(5.9), and therefore, fi; = &;3;;. Note that g;, = gi,. Similar to (A.10), the coefficient
series (5,7 > 0, can be written as

(A.13) puj = wii fij,
for j > 0, where the number series {w;;, j > 0} satisfies

wi = lim wy,

J—00

ch (gio)(l B "%l(gio)) + /ch (gio)'%l(gio) - 1+ Tj
= 7+ 5 A ’
l 1 - Z?zl "%j(g%) ]z:; /GCjT’j (gio) - /603'7’]' (gio)

where

31 [Brid, (9i0) + it Bria (930155 (i)
(/Brldio (9i0) + Zj;éio /éndj (9io)) (1 — Z?:l Kj (gio))'
Moreover, Bur, (gio) — 0, £;(gio) — 0 and &y(giy) — 0 as [Rgm(p)] — 0, M4, (P)] — 0,
|Cepr (p)] — 0 and |G,a;(p)| — 0, s0 w; — 0. Thus, we can take small values of |, (p)],
|Grudi (D)5 [Ma,m(p)] and |7,,a,(p)| such that |w;;| < € for j = 0.

T —
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Since

Z fiz7 = A(2) = N(2) + M(2) = N(2)

= Z fiiz™ + Z[ﬁj — fylz7 + Zuuz‘j,
Jj=0 j=0 =0
it follows from (A.10) and (A.11) that

JElj = fi; + Ui fi; +wljflj = (1+¢5) fij,

where €,; = ¥ + wy; + Vj;wi; and |g;] < 2e + €2 < 1. This is (5.12). Furthermore, by
(5.5) and (5.12) we have

Zf +Ql_1+zgl]flj

This implies (5.13). Finally, we have lim;_.. €;; = ¥ + w; + Yjw;. This completes the
proof of Theorem 6.

Proof of Theorem 7. By the Lagrange multiplier method, the equations (6.7)

and (6.8) can be written as

L(fi,- s s Ai de) = ZZfl Vi fp + M <CT—mel>+A2 <n—Zfl )

=1 I'=1
Let
aL / g / / /
a7, = 2 [Vufi+ Vil = Mg =Xl =0
L i=l+1
for 1 <1 < n. Hence,
(A.14) o= AV A
(A.15) o= MVt + AV - Z Vi Vil

i=l+1
for 1 <1 <n-—1 By (A.12) and (A.13) we see that f/ can be expressed as f; =
A1aq + Ao 3], where both a; and 3] are vector functions that depend only on p;, Vi 1
and Vj jy1,...V,, for I < j <n. Thus

fio= MV a4 2V = 3 VT Vel + AeB]

1=[+1

(A.16) =\ (Vll—lug -y v,l—lvh-a;) + Ay ( |7 U Z Vir %ﬁ)

i=l+1 i=l+1
for [ < j <mn. Multiplying the left-hand side of the f; above by the vectors 1 and g,
and by (6.8), we have

n = al)\1+b1)\2
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cr = oA + ba)g,

where ay, ag, by and by are defined in (6.10) and (6.11). Solving the above two equa-
tions, A\; and Ay become

blcT — nb2 nas — aiCr

A Ay =

ashy — a1by’ ashy — a1by’
Plugging A} and A} into (A.14), we obtain the optimal vector solutions f/, 1 <1 <n
n (6.8).

When Vj; =0 for [ #1’, we have

n n 2
asby — a1by = (Z vy Mz) <Z 1Vu_11/> - (Z Ml‘/}flll> y
=1 =1

where a; = by. Since V! is positive definite and yy; # c1 for 1 < [ < n, it follows
that

n

D (e + D)V aw +1) >0
=1

for any real number x. Note that

(S et 42 (zmv”—w) B S
=1 =1 =1

Z T + 1 SL’/M + 1) > 0.
=1

3

This implies that the quadratic discriminant satisfies

n 2 n n
1(Somar) (St ) (Satr) <o
=1

=1 =1
That is, asb; — a1by > 0. This completes the proof of Theorem 7.

Proof of Theorem 8. Let

afl tz;wt [Zfl#l — G

+Zzzvtfl w(t)fi| =0

=1 U'=1 t=0

for 1 <! < n. Hence

T
V(o) fi+ Y Vi) fj+
=0

j=l+1
for 1 <1 <n, and so

Zwtmf;] i) = > wieai(t) =

V'L + WFL =,
That is, Fip = C(V +W)™!
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