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ABSTRACT. The Kalman Filter is one of the most commonly used methods in state and parameter
estimation problems in linear and nonlinear stochastic systems analysis. This paper deals with
further extensions of the existing Extended Kalman Filter (EKF) approach to study state and
parameter estimation problems of nonlinear system of stochastic differential equations. The main
focus in this paper is to reduce the magnitude of errors in the existing Kalman Filter schemes.
This is achieved by approximating the state conditional mean and covariances using a second degree
polynomials. In addition, the drift, diffusion and the observations are approximated using a multi-

dimensional extension of Sterling’s interpolation formula.
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1. Introduction

The Kalman Filter is a powerful and widely used technique in state and parameter
estimation problems. It is used for finding minimum mean squared error (MMSE)
estimation of linear state dynamic systems and observations [27]. Nonlinear state
dynamic and observations are estimated by employing the Extended Kalman Filter
(EKF) scheme [27]. Moreover, the EKF scheme deals with state and parameter
estimation of linearized version of both nonlinear state dynamic and observations [15].
It is well known [20] that the linearized Taylor scheme does not provide sufficiently
accurate representation. Moreover, due to its overly crude approximation, the scheme

generates problem in convergence [20].

Several other approaches have been made to find a better filter than the EKF
scheme. Unlike the usual EKF approach, Magnus [20], Tor Steinar [30] and Luo [16]
propose a new set of estimators which are based on polynomial approximations of
the nonlinear transformations using the Stirling’s interpolation formula. Under this
scheme, derivatives of rate functions are avoided due to interpolation approximation
formula. As discussed in [20], the Stirling’s interpolation formula accommodates easy

implementation of the filters and enables state estimation when the derivatives are
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not smooth. It has been remarked that this approach provides a similar, or superior
performance than the existing EKF approach. Simon Julier [25, 26, 27] claims that
the EKF filtering strategy is difficult to implement, difficult to tune, and only reliable
for systems which are almost linear. This leads to the development of a new linear
state and covariance estimator using unscented transformation. The new scheme
was claimed to be superior than that of the EKF, and, in fact, the scheme generalizes
elegantly to the nonlinear system without the linear step required by the EKF scheme.
Higher filters have also been discussed by Jazwinski, [10], Maybeck, [21], and Madsen
etal [17].

Our main focus in this paper is to reduce the magnitude of error that occurs
during the estimation process of the EKF approach. This error is due to the overly
simplified approximation scheme. In the process of the error reduction, we modified
the Extended Kalman Filter scheme by incorporating second order polynomial ap-
proximation for the expected state variable and covariance. This scheme is applied to
study the state and parameter estimation problems of nonlinear system of stochastic
differential equation. The drift and diffusion part of the nonlinear differential equa-
tions are approximated using the Stirling’s interpolation formula [20]. This modified
approach estimates the parameters of a system of nonlinear stochastic differential
equation with lesser magnitude of error compared to the usual EKF approach [15].
Although the magnitude of error in the state and covariance of the EKF is reduced,
it is however important to note that our scheme is computationally too demand-
ing/computer intensive. An algorithm is developed to implement this scheme. The
extended Kalman filter approach is compared with the developed modified extended
Kalman filtering approach. The scheme is applied to Henry Hub natural gas data

and to estimate parameters. The details are exhibited in the graph.
The organization of this paper is as follows:

In Section 2, we present a modified EKF scheme. In section 3, we applied the
scheme to estimate the parameters for a stochastic dynamic model for Henry Hub

Natural gas.

2. Modified Extended Kalman Filter Approach

In this section, we present a modified Kalman filter parameter estimation scheme
for nonlinear stochastic dynamic systems. This is accomplished by approximating
the state estimator using a quadratic approximation. The Kalman Filter Approach
is modified by employing a second order approximation for state and state variance
predictions. To estimate the parameters, we minimized the likelihood function of the

prediction error of the measurement process. The approach is described below.
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We assume that a dynamic state x € R" and its observation data y € R" are

described by a general non-linear stochastic dynamic systems.

1) { de = f(x;0)dt + g(x; 0) AW (L), z(to) =z
y(t) = h(z;0) +v(1),
where 1z, is a stochastic initial condition satisfying E|xg|> < oo, f: R" x RF — R",
g:R"XRP — R4 h: R xRP — R” are continuous functions, W : ® — R is a d—
dimensional standard Wiener process on a filtered probability space (2, F, (F)i>0, P),
the filtration function (F);>o is right-continuous, and each F; with ¢t > 0 contains all
P-null sets in F, x is F; adapted process and non-anticipative, and v : it — R" is a
n-dimensional zero mean Gaussian white noise process independent of W, 6§ € O, the

parameter space.

Prior to presenting a procedure for the estimation of parameters, we define the

following terminologies and notations used throughout this work.

Define

(2'2) Kk = {ytl7yt27"'7ytk}7
as all observations of the data given up to time ;.
(2.3)

roa(t | ties) = E [(9(t) — 3t | tum)) () — (¢ | ten)” | Yoy

ria(t | te1) = E [(x(t) — 2(t | teer)) () — 4 | tr-1))" | Vit ]

raa(t | 1) = B |(2(t) = (¢ | ti1)) (2(8) = 3¢ | 1)) (0(8) = 9| 1)) %
(y(t) = §(t | 1) | Yien]

Moa(t | te—1) = E [(Y(8) = Y(t | te-0))(y(t) = §(¢ | tx-))(y(t) = 9(t | t—1))"
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(Y(t) = Yt | teoa)” | Vi |

oya(t | tio) = E |(Y() = Y(t | o)) (y(t) = 9t [ te-1)) | Vi |

where
(2.4)
y(t) = 3t | ti1) 0 N 0
Y(t)=Y(t | t_1) = 0 y(t) —Yét | te-1) 0
0 0 y(t) =3t | txn)

n2xn
Let #(tx | tx—1) be the a-priori state estimate at step k given the knowledge
of process Y;, |, and Z(ty | tx) be the posterior state estimate at step k given the
knowledge of process Y;,. The Extended Kalman Filter approach begins with the
goal of computing a-posterior state estimate Z(ty | tx) as a linearized approximation

of the form

25) {fwlm — Ao+ A(y(t) — it | ti).

P(ty | ty) = Bo.
It was shown in Jazwinski [10] that

Aoty [ tem1) = Z(tr | te-1),
(2.6) Aty |tir) = rialte | )7 (te | o),

Bo(te | the1) = Pty | tecr) — Ar(te | tio1)ro2(tr | tem1) AT (t | tre1),
where A; is the Kalman gain. Instead of approximating the conditional covariance
at an observation as a constant, Jazwinski [10] extended it to an approximation of

order one.

For the rest of this paper, for the sake of simplicity, we write f(z) = f(z;0),
g(z) = g(x;0), and h(z) = h(z;60). In this paper, we extend the approximate
equations for the conditional mean and covariance at an observation to that of order
two. To do this, we first state the Taylors series expansion of a vector value function

f about the vector y,

., oY) o, L) 5 5 5 5

(2.7) f(y) =1f(y) + Y=y + 555 diagly -3,y -3, .,y =9y —9),
dy 2 Oy

of  Ofh of1 ?h  9%h 0% f1

Oy1  Oy2 """ Oyn Oydy1 Oydy2 " Oydyn

ofs Of2 fz %fs  0%fa 0% f
where a(i;(y) _ |9 9y " Oum : 82f(g') _ | 9y0yr  Oydy2 "7 Oydyn ’

y . . . 8y .
Ofn Ofn Ofn fn  0%fn 02 fn
dy1 Oy2 T Oyn nxn Oyoy1 OyOya T OyOyn nxn?2

We note that 21 and Y(t) — Y(t | t4_1) are n x n block matrices whose entries

Oy?
. : . Pfly) -
are n-dimensional row vectors and column vectors, respectively. Moreover, ay(g' ) is
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referred to as Hessian matrix, and Y(¢) — Y(¢ | tx_1) is a diagonal matrix defined in
(2.4).

Following these definitions and notations, we define the a-posterior state estimate
Z(tx | ty) and a-posterior covariance estimate P(t | tx) as a quadratic approximation

of the form
(2.8) Tt [ te) = Ao + Ar(y(te) — 9(tk | tr-1))
+ Ag(Y(t) = Y(t | t-1))(y(tk) = G(tk | te))
P(ty | tx) = Bo + Ba(y(te) — 9(tx | t-1))(y(tx) — 4tk | te1))",
where Aj is an n X 1 matrix (column vector), A; is an n X n matrix, Ay is an n X n

block matrix whose entries are 1 X n matrix (row vector), By and Bj are square n X n

matrices.

In order to develop an algorithm for (¢ | tx) and P(tx | tx), we need to solve for
the A; and B; for i = 0,1, As. For this purpose, we need to evaluate each quantity
in equation (2.3). We use the multi-dimensional extension of Stirling’s interpolation
formula discussed in Magnus [20] and Luo [16] to approximate the state drift, diffusion

and the observation functions in equation (2.1) up to the second order.

Using the second-order polynomials, we define the multidimensional interpolation

formula as
flz) = f(2)+ Daf(3) + D%, f(2),
(2.9) g(r) = g(&)+ Da,g(®) + 3 Dmg()
h(z) = h(&)+ Dash(2) + 3D3,h(2),

where the operator Da,, and D3, are described in [20] and are defined by

)

(2.10)

D‘IH

_ 1 n n n
D2Am = 2 Z Axiéf, + Z Z Aprxq(:upap)(Mqéq) )
p=1

p=1 g=1
q7#p
where Az, ¢, and p, are defined by
Ax = r—1x,
(2.11) 5,f(2) = f(&+2e,) —f(2—2e,),

wpf(E) = 3 [f(2+4 2ep) +(2—%ey)],
and h > 0 is the step size, e, is the pth unit vector.



94 O. M. OTUNUGA AND G. S. LADDE

Using the Cholesky transformation, we transform x to a variable z which is

mutually uncorrelated. Following [20], we write
(2.12) oo

From (2.12), (2.9) reduces to
f(z) = f(2)+ Da.f(3) + L1D3.F(2),
(2.13) &(2) 2) + Da-8(2) + $D3.8(2),
h(z) = h(2)+ Da.h(2) + SDA.R(2).

Let o; represent the ith moment of an arbitrary element in Az. We shall use
the interpolation approximations (2.13) to evaluate the expressions in (2.3). For this

purpose, we prove the following Lemma.
Assumption B:

As discussed in Magnus [20], we assume Az to be iid Gaussian. Hence,
(214) 09;—1 = 0, 1€ N.

Lemma 2.1. Under the Assumption B, we have

— 2 2
roo(te | thet) = pzlup(s L h(2) 1p0,h(2)T 4h4 Za
4h4 Z 1pOptiqdq hﬁ‘pépﬂq(s R + R
q=1
pqgép

ity | tee1) = % st (,Up5p’~7'<2))T
p=1

Tl’g(tk ‘ tk—l) = Sx (D(tk ’ tk_l){hivﬁT}>1§i§n + f(tk | tk_l)T072(tk | tk_l){izi,ﬁT}
7’173(151C ‘ tkfl) = SIJ — 2SxE(tk | tkfl) — 2T1710<tk ’ tkfl)CT — 7”1710T0(tk ’ tkfl)
—SxD(tk | tk—l) ST < CT,

{R" k)
roo(te | the1) = Sz (Qij)i<i<n
12520
ro3(te [ te-1) = (Lij)i<i<n
13520

roalts | tie1) = E[AATAAT |V, ] —E[AATACT Y, ] —E[AATCAT Y, ]
+E [AATCCT | Y, | —E[ACTAAT | Y, ] +E[ACTACT Y, ]
+E [ACTCA"] —E [ACTCC" | Y, ]

oye(te | ti-1) = (Fi)icicn s

where

A = Da.h(3)+ D% h(2)+v
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C = 2h2252 (),

n 2 n
g2 I3 po(sy .y 94702 2705\ 527 (5
F = hQ;(Mpaph(z)) oo (2) + > (32h(2)) 2hs(2)

2 n n

O — 02 s o osT, .
it ey = (b )+ 2 S ke o

Z 1pOpiq qhzﬂp Ophglq B + R; 16 )

p,q=1
q#p 1<i<n

h = B(é) = iz(ﬁ(tk | th1)), ro2(ti | tie1) = ro2(tk | tk_l){ille}, and detailed
expressions for roa(ty | tk_l){hﬁT}, J(te | te—1), E(tg | tie1), D(tx | tk_l){iLjLT},
D(tr | th-1) g7 gy D | ter) g, iy @igr B [AATAAT | Y, |, E[AATACT | Y, ],
E [AATCAT | Y, ], E[AATCCT | Y, ], E[ACTAAT | Y, ], E[ACTACT | Y, ],
E[ACTCAT Y, ], E[ACTCCT |Y,, ], and L;; are given in Appendiz A.

4h4

Proof. The proof is given in Appendix B. O]

We can now use these values to solve for A;, B;, « = 0,1, and A,. The first step
in the algorithm is to solve for A;, B;, i = 0,1 and Ay in (2.8). For this purpose,
we use the following Lemma by following the description of the moment propagation

procedure across the observations described in Jazwinski [10].

Lemma 2.2. Under the assumptions in Lemma 2.1, we have

(2.15) Ao(ti | ti1) = riolte | the1) — Aa(te | tie1)ova(ti | teo1),
Aty | teer) = [7’1,1(7fk | ti—1) — Ao(tr | the1)r0,3(tk | tk—l)T} ro,2(tk | 1),
Aty | tee1) = Ta(ty | tr) Ty ' (e | the),

where

Ti(tr | tier) = 7mialte | teor) —mio(ts | teo1)oys(te | thot)
—r11(tk | tk—l)T(I%(tk | te1)r0,3(tk | the1)

To(ty | tio1) = Moa(ty | tio1) — oya(ty | teo1)oya(te | tho1)
—r0 5 (e | tre1)70a(tr | te1)ros(te | taos).

Proof. Proof is in Appendix C. O]



96

O. M. OTUNUGA AND G. S. LADDE

Remark 2.3. If A, =0, (2.2) reduces to

Ay = Z(tg | th1)

Ay = ity | o) roo(te | teer) ™

Now, we present a Lemma for finding By and Bj.

Lemma 2.4. Under the assumptions in Lemma 2.1, we have

(2.16) By =

where

N1 —

(NQ(tk ’ tk—1)T&%(tk | te—1) — N1(ty | tk—1)) [7“0,4(tk | tk—l)T’o_,%(tk | teo1)

—7o2(tk | tkfl)]_l
By = Ni(tg | tie1) — Bi(te | te—1)ro2(th | te—1),

E [(x(te) — 2 | te) (@(te) = 2t | )" | Y, _,]
P(ty | tier) — ria(ty | te1) AT — 12tk | th1)AS — Ayryqa(ty | te1)”
—Aoria(ty | ti1))" + (Bt | teor) — Ao)(B(ty | teor) — Ag)”

—(&(t | ti—1) — Ao)ro2(te | th1)
+Airos(ty | ti1)AT + Arros(ts | ti-1)

(R, hT}A2
T
(R, hT}A

—Agroa(t | te1) g, oy (E(k | te-1) — Ao)
+Agros(te | th1)Ar + As Moo (ty | th1)AS

Ny = E[(x(te) — 2t | ) (x(te) — 2tk | )" (y(te) — 9t | 1))

= To2+ (2
(

x
E ([(«(ty
— (@ (t
—Aily
+A1(y
x (y(tx
—E (=
x (y(tx
—E [
(t
|: 1

x (y(t

x (y

)

(t
(tr) — 9tx | tre

) —
) —

)
(
K~

y(t )— y(tk [ )" | Yo, ]

Ao)(x(tr) — Ag)" — (x(tr) — Ao)(y(tr) — §(tx | th1))" AT
Ao)(y(te) — 9te | te-1))" (Y (te) = Y(th | tr-1))" Ag
K) = 9t | 1)) (2(t) — Ao)"
Dy te) = gt | tr)) AT
Gt | tee1)) (wte) — 9t | tee1))" | Yo y)
(tr | ti-1) — Ao) (@ (tx | ti-1) — Ao) ro2

(
(

Ap)(
tr) — 2(te | tho1)) (y(te) — 9tk | te1))T AT (y(te) — Gtn | tro1))

Gt | tra))" | Vi
)

2t | tee1) — Ao)(y(te) — Gt | tem1)) AT (y(te) — §(tx | teo1))
k) — 9tk | tee1))" | Y]

y(te) — Gt | tee1))(@(te) — 2(tx | tro1))" (u(tn) — 9t | tror))
(tk | 7 1)) | }/;k71:|
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—E [As(y(te) =t | te-)) (@ (e | tio1) — Ao)" (y(te) — 9t | tr-1))
< (y(tr) = 9t | te-1))" | Yo, ]
E [Ai(y(tr) — 9(t | ti-0))(yte) = 9t | te1))" AT (y(tr) — 9(t | ti-1))
< (y(te) = 9t [ ti-1)" | Vi ]
and &(ty | ty) is given in equation (2.8).
Proof. The proof is shown in Appendix D. n
Remark 2.5. If B; = 0,and Ay = 0, then from (2.16) and Remark 2.3, we have
Ao = rio(te | teor) = 2(te | te1),
Ay = rialte | te)roa(te | tee) ™!
By = Ny =P, , — Airoa(ts | te1)AT.
Thus, the presented state and covariance algorithm includes the EKF scheme [22] as

a special case.

2.1. Posterior Prediction of State and Covariance of Nonlinear System. A
final step in the recursive algorithm is to predict the state #(¢;1; | t;) and state
variance P(t;41 | t;) at the time of the following measurement. Using equations (2.1),

the definition of P(t | tx_1) in (2.3), and (2.9),we have

(2.17)
Bt | 0) = 3t | ) + [HE(0 [ 0) + 35 Zé?f( (t | 1)) | A,
p=1
P(tk—f—l | tk) tk | tk Z,up f tk | tk TST + — ZS ep,up5 fT tk | tk

hQZﬂp N 2(t | tr)) Mp5fT (Z(tx | tr))

o3
g4 — 2%
Ah2 ;5 f( (te | te)) 5 fT (tr | tx))
+ 558 | ) Z (Gt | )
o2 M )
" 4_thqzl [Up(sp,uqdqf( (tk | tr))1pOphigdq fT (te | tr))

p#q
F0pltadoFE e | ) adydyf (2t | 01))]

+o3 Zﬂp b8 (2 (tk | 1)) p0p8T (2(tk | th)) + 8(2(t | 1)) (2(tk | i) -
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2h2 252 2 tk ’ tk g (é(tk ’ tk))

4h2 Z E(t | 1)) 0n8" (Z(t | 1h))

2 n

O- -~ 2 ~ A
+ o5 D [R8 | 60))58T (<t | )
=1
pp‘;q

+Np5p:uq6qg( (tk | tk)):up(sp:“qdqg ( (tk | tk))] At
2 n
o - -
+ 4}122 E , [/‘pépﬂqéqg (tr | tk)),uqaq:upépg (Z(tx | tk))]]Af

p,q=1
p#q

The one step prediction error
(218) Ay(/{?) = Yk — ]j(tk | tk—l)a

is assumed to be normal with mean 0 and variance ry,. Hence, for N independent
random observations, the Maximum Likelihood approach is equivalent to maximizing
|

219 L0) =33 [3A0 bt | i) Au(h) +log ] rate 01 1]

where O is the parameter space.

Remark 2.6. The presented predicted algorithm extends the algorithm generated
by the EKF approach in a systematic way. We further remark that the second
order estimation for nonlinear stochastic systems can be extended to higher order
estimation. The scheme is highly complex mathematical expressions. Further detailed

examination (applicability/computational, feasibility, etc.) is under investigation.

3. Some Results: Natural Gas

In this section, we give the parameter estimates for the stochastic differential
equation (2.1). We consider the nonlinear stochastic differential equation that was
developed for describing continuous time stochastic dynamic model of energy com-

modities log-spot price processes [23],
d[L'1 = [L(ZL’1 + /{0)(/432 — [L’1)dt + 5(/62 — xl)dWl(t), [L’l(to) = X10,
(31) d.TQ = ’Y(ZEQ + Iil)(.Tl - (L’g)dt + O'(IQ + :‘il)dWQ(t)7 .%'Q(to) = T02-
y() = =)+ o).
It follows from (3.1) that

f(x;0) = (M(fm + ko) (K2 — ZL’1)> e(r:0) — (5(/{2 — 1) 0 ) |

Y(z2 + K1) (21 — 22) 0 o(xe + K1)



SECOND ORDER STATE AND COVARIANCE ESTIMATION 99

and z = {z1, 12}, where p,7, ko, k1, k2,0,0 € R, v is a white noise, and W =
{Wr, WQ}T, Wy and Wy are independent Wiener processes. This model governs the
price for energy commodity at time t. x5(t) is the nonseasonal log of spot price at
a time ¢t and x; () describes a mean process of non-seasonal log spot price at time t.
The model (3.1) follows the principle of demand and supply processes which suggest
that the price of a energy commodity will remain within a given finite lower and upper
bounds k1 > 0 and ks > 0, respectively. In this case, ko characterizes the fixed cost,
(x1(t) + ko) (k2 — x1) characterizes the market potential for x1(¢) per unit of time at a
time ¢. We note that the first component of (3.1) has a unique non-zero equilibrium
ko. Moreover, we observe that whenever the price z; lies above ko, there is a tendency
for the price to fall and whenever the price is below ks, the price rises back. Hence,
Ky is the equilibrium of the first component of (3.1). Furthermore, o and v are the
rate of mean reversion for x; and x5 respectively, o and o are the volatility for x; and
To respectively.

We apply this model to the Henry-Hub natural gas data set [5]. We use the
Henry-Hub natural gas spot price data set [5] for the observation data for z;. We
generate observation data for x; from the forward price F'(t,T) at time ¢ of an energy

goods with maturity at time 7. We define the forward price as
(3.2) F(t,T) =Ep (zo(T)) .

By definition, x;(t) is the expected log-spot price, which in this case is the observation
data F(t,T). We use Henry-Hub natural gas observed future price at a time ¢ with
delivery time T'.

The existence and uniqueness of the solution of (3.1) is given in [23].

Remark 3.1. Using the techniques decribed in [13, 23], it follows that the solution

to the nonlinear system of stochastic differential equation (3.1) is given by:

-1
w(t) = |29 4 g 1 61(t,5)ds| 4 o

T10—hk2

(3.3) o .
za(t) = |24 4 [L Ga(t, s)ds| .

where

(3.4) { P1(t,to) = exp (k2 + ko) + 56%) (t —to) + 6 (Wi(t) — Wi(ty))]
' do(t,te) = exp [ S (=(@i(s) + k1) + 02) ds — o (Walt) — Wz(to))} ,

and ¢;, © = 1,2 are constants.

3.1. Algorithm. We describe the algorithm used in the computation of the estimates

for nonlinear log-spot price stochastic differential equation (3.1).
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Algorithm 1 Estimating parameters

Given initial parameters and initial predictions z(¢; | o) and P(t; | o),
for £ =1 to n do,
for j =0to 2 do,
for m =1 to 6 do,
Compute §(tx | tx—1) and 7., (tx | te-1)
Compute Z(ty | tx) and P(ty | tx) using equation (2.8),
Compute Z(tg41 | tx) and P(tx41 | ) using equation (2.17),
Compute e using (2.18),
end for
end for
end for
Return ey,.
Compute L(®) using equation (2.19),
0 = arg min L(©)
Return L.

Remark 3.2. We further remark that all codes are written in Matlab. To compute
the maximization argmin L(®) in the algorithm, we use the Nelder-Mead Simplex
Method developed in Matlab. Maximizing equation (2.19) is equivalent to minimizing

1 N

35 1O) =53 |3a0 (0radlte | ) Au(h) +10g] raat | 111 .

In this section, we present the calibration results of our model. The initial state
0.1182 0 )

0 0.22

Table 1 shows the parameter estimates of Henry Hub daily natural gas.

of the model is Zi'l(tl | to) = 123, jfg(tl | to) = 1456, P(tl ’ to) = (

TABLE 1. Estimated Parameters of (3.1) for Henry Hub daily natural

gas spot prices (20 run average)

1 y Ko K1 Ko ) o

1.6 1.78 69 .56 1.5 0.65 0.47

Table 1 shows the estimates of the parameters of (3.1). These parameters are derived by taking
the average of the estimated parameters of (3.1) for 20 runs.

Furthermore, we show some of the estimates of the simulations for the modified
EKF scheme compared with the usual EKF scheme.



SECOND ORDER STATE AND COVARIANCE ESTIMATION

TABLE 2. Estimates for the simulations using the modified extended
kalman filter (MEKF) and the usual EKF .

101

Data Modified EKF EKF Modified EKF Error EKF Error
t (days) Real data | Simulated data | Simulated data | Real — Simulated | Real — Simulated
20 2.6990 2.6739 2.6651 0.0251 0.0339
21 2.7590 2.6649 2.7232 0.0941 0.0358
22 2.6590 2.6523 2.6975 0.0067 -0.0385
23 2.7420 2.7544 2.6265 -0.0124 0.1155
24 2.5620 2.5809 2.5338 -0.0189 0.0282
25 2.4950 2.4836 2.4779 0.0114 0.0171
26 2.540 2.5379 2.6115 0.0021 -0.0715
27 2.5920 2.5948 2.6037 -0.0028 -0.0117
28 2.5700 2.5955 2.5451 -0.0255 0.0249
29 2.5410 2.6038 2.5701 -0.0628 -0.0291
30 2.6180 2.5844 2.6920 0.0336 -0.0740
31 2.5640 2.6071 2.6563 -0.0431 -0.0923
32 2.6670 2.6819 2.6118 -0.0149 0.0552
33 2.6330 2.6251 2.6613 0.0079 -0.0283
34 2.5150 2.5311 2.6376 -0.0161 -0.1226
35 2.5300 2.5104 2.6580 0.0196 -0.1280
255 9.8190 7.9849 4.6175 1.8341 5.2015
256 9.1280 8.1730 4.6536 0.9550 4.4744
257 8.7080 8.4447 4.7375 0.2633 3.9705
258 8.4720 8.6903 4.6959 -0.2183 3.7761
259 8.1030 9.3793 4.8368 -1.2763 3.2662
260 6.9090 6.5429 4.7359 0.3661 2.1731
261 7.1360 6.8047 4.8381 0.3313 2.2979
262 7.4590 6.6625 4.5907 0.7965 2.8683
263 7.4570 6.6334 4.5749 0.8236 2.8821
264 6.9460 6.5458 4.5208 0.4002 2.4252
265 7.1150 5.8724 4.6052 1.2426 2.5098
266 7.2700 5.7080 5.0362 1.5620 2.2338
267 7.2560 5.4032 4.9095 1.8528 2.3465
268 6.2930 5.3971 4.7343 0.8959 1.5587
269 6.2930 5.5606 5.0757 0.7324 1.2173
270 6.2930 5.6742 5.4394 0.6188 0.8536
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Data Modified EKF EKF Modified EKF Error EKF Error
t (days) Real data | Simulated data | Simulated data | Real — Simulated | Real — Simulated
315 5.4220 5.5496 5.6280 -0.1276 -0.2060
316 5.3880 5.2974 5.3527 0.0906 0.0353
317 5.4770 5.5581 5.1236 -0.0811 0.3534
318 5.5590 5.6172 5.6023 -0.0582 -0.0433
319 5.3850 5.5434 4.8462 -0.1584 0.5388
320 5.3810 5.5147 4.6067 -0.1337 0.7743
321 5.5160 5.3233 6.1508 0.1927 -0.6348
322 5.2480 5.5923 4.6280 -0.3443 0.6200
323 5.1480 5.1522 4.4990 -0.0042 0.6490
324 5.1010 5.2694 4.4632 -0.1684 0.6378
325 5.1280 5.0945 4.3613 0.0335 0.7667
326 5.1250 4.9006 4.3357 0.2244 0.7893
327 5.0780 4.6212 4.4024 0.4568 0.6756
328 4.9810 4.4826 4.4873 0.4984 0.4937
329 4.8910 4.3396 4.4108 0.5514 0.4802
330 4.8670 4.5609 4.5258 0.3061 0.3412
1040 5.4430 5.5370 5.3943 -0.0940 0.0487
1041 5.3930 5.3264 5.0916 0.0666 0.3014
1042 5.4380 5.1881 5.7584 0.2499 -0.3204
1043 5.3970 5.3663 5.7657 0.0307 -0.3687
1044 5.6430 5.5917 6.0480 0.0513 -0.4050
1045 5.5960 5.6060 5.8662 -0.0100 -0.2702
1046 5.7180 5.3299 5.6337 0.3881 0.0843
1047 5.6880 5.2528 5.1967 0.4352 0.4913
1048 5.7220 5.2462 5.0721 0.4758 0.6499
1049 5.6310 5.3174 4.8923 0.3136 0.7387
1050 5.5820 5.3509 5.0484 0.2311 0.5336
1051 5.5460 5.6582 4.9531 -0.1122 0.5929
1052 5.5300 5.8134 6.1617 -0.2834 -0.6317
1053 5.4290 5.7149 5.8370 -0.2859 -0.4080
1054 5.3360 5.5240 5.6794 -0.1880 -0.3434
1055 5.3950 5.4978 4.7768 -0.1028 0.6182

Table 2 shows the real data sets, estimated simulation results for the Modified EKF scheme and
the ordinary EKF scheme. Column 4 and 5 contains the estimation errors of both methods. The
estimated error is calculated by subtracting the simulated estimates from the real data set. We
further remark that all codes are written in Matlab. The optimization procedure is performed using

the Nelder-Mead Simplex Method developed in Matlab.
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FIGURE 1. Real and Simulated price for Natural gas data set using
Modified EKF scheme
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FIGURE 2. Real and Simulated price for Natural gas data set using
EKF scheme

Figure 1 (a) shows the graph of the real natural gas data set, Figure 1 (b) shows the simulated

price using Modified EKF scheme, and Figure 1 (c) shows the combination of the real, simulated
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and difference of the real and simulated price of the natural gas data set using the modified extended
Kalman filter second order estimation scheme.

Figure 2(a) shows the graph of the real natural gas data set, Figure 2 (b) shows the simulated
price the usual ordinary EKF scheme, and Figure 2 (¢) shows the combination of the real, simulated
and difference of the real and simulated price of the natural gas data set using the usual ordinary

EKF scheme.
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7 (a) j 1 (b)

Absolute error
Absolute error

0 L A 0 L
uf 200 400 600 800 1000 1200 a 200 400 600 800 1000 1200

time t (days) time 1 (days)

Absalute ermor comparisan

Modified EKF

(©) -

Absolute error

i VR K Lol UL
0 20 400 600 800 1000 1200
time t (days)

FIGURE 3. Absolute error for natural gas estimate

Figure 3 (a) shows the absolute error of the simulations of natural gas data set using the
modified extended Kalman filter scheme, Figure 3 (b) shows the absolute error of the simulations
of natural gas data set using the usual extended Kalman filter scheme, and Figure 3 (c) shows the

comparison of the absolute error for the modified and usual EKF scheme.

Remark 3.3. We note from Figures 1 and 2, it is clear that the presented scheme
is superior than the EKF approach. This shows that the modified extended Kalman
filter does in fact reduce the magnitude of error tremendously. Furthermore, the
modified extended Kalman filter scheme was able to capture the upward price spike
in the neighborhood of time ¢t = 250 days better than the EKF scheme. Both scheme
were not able to campture the upward spike around the time ¢ = 800 days. This might
be as a result of the kind of model we are using to describe the dynamics of the natural
gas data set. As mentioned earlier, the nonlinear stochastic differential equation (3.1)
was developed to describe continuous time stochastic dynamic for energy commodities
log-spot price processes [23]. We also mention that in [23], the volatility ¢ is not

treated as a constant. Rather, the volatility process o(t,z;) follows a continuous
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time-delay Garch model. o(t, z;) is a functional defined on [0, 7] x C[[—7, 0], R] into
R, z; is a segment of continuous function x defined by z;(0) = x(t+46), 0 € [—,0] for

t > 0.The upward spike in price at these region was due to the decline in production

of natural gas and the increase in demand for electricity generation. We will like to

also mention one disadvantage with this scheme. It is computational intensive.
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Appendix A. Expressions in Lemma 2.1
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where Al‘(tk) = x(tk) — Jﬁ(tk ‘ tkfl), Ay(tk) = y(tk) — :l)(tk ’ tkfl) and Mog(tk ‘ tkfl)

can be generated from 7o 4(ty | tx—1)

Appendix C. Proof of Lemma 2.2

Proof. From (2.2) and applying Baye’s rule, we have

(C.1)

Plate), y(te) | Y, ,) = P(x(te) [ Yo ) P(y(te) | Ye_,)-

O

Multiplying equation (C.1) by the product of two arbitrary functions s(z(tx))

and u(y(tx)), and taking the expectations, we have
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[ [s@uwpe.y v sy = [ [s@ut)Pe] v | v, Jdedy

-/ [ / s(2)P(x | i )de| u(y)Ply | Yiy)dy
— E[E[s(e(t)) | Ya] u(y(te)Ya,]

Hence,
(C.2) E [s(x(ty)u(y(te)) | Ve ] = E [E[s(x(ty)) | Vi u(y(te)) | i, ] -

Equation (C.2) provides a systematic feasible procedure for solving for A;, B;,
1=0,1, and A,.

Substituting s = z(t;) and u = 1, we have
(C.3) E[z(te) | Yo ,] =E [Efo(te) | Yol | Ye,] -
Hence

Elz(te) | Yo,] = E[E[z(t) | Yi]| Y ]
This implies that
Bty | temr) = E[2(t | te) | Ve, ]
= E [Ao + Ax(y(te) = 9t | te1)) + Ao (Y = V) (y(te) — 9tk | te1)) | YtH] :

Thus,

(C.4) rio(tr | thet) = Ao(te | teo1) + As(ty | teer)oya(te | teer),
where 11 o(tg | te_1) = @ (5 | ts_1). Substituting s = 2(t) and u = (y(ts) — §(tx | ter)),
we have

E [o(t) (y(t) — 0t | te1))T | Ve, ]

= E[E [o(tn) | Vi) (w(te) = 3t | t61))" | ]

=E[E[(Ao+ A (y(te) — 9(tx | te-1))

A (Y = V) (y(t) = 9t | 1)) (lt) = 90t | Be))”| Ve

k

Hence,
(C.5) rra(te | tre) = Ar(te | tee1)ro2(te | trer) + Aaty | teo1)rds(te | trer).
Lastly, substituting s = #(¢z) and u = (y(t) — 9t | tr1))” (Y — ¥)T, we have

E [:zc(tk)(y(tk) - g(tk; | tk—l))T(Y - Y)T | }/;fk—l:|

(C.6) A
—E [B[o(te) | Y] (wlt) — (0 | ) T(Y =97 | Vs, ]



SECOND ORDER STATE AND COVARIANCE ESTIMATION 125

Hence,

rio(te | teo1) = Aoty | tho1)ove(tr | tio1) + Ar(te | teo1)ros(tk | tr1)
+Ao(te | tre1) Mo2(tr | te—1)-

The result follows by solving the systems of linear equations (C.4), (C.5), (C.7). O

(C.7)

Appendix D. Proof of Lemma 2.4

Proof. First, we substitute s = (x(t,) — Z(tx | tr))(x(tr) — Z(tx | tx))? and u = 1 into
equation (C.2) and obtain

E [((te) — &(te | o)) (@(te) — 2(t [ )" | Vi,

E [E [(w(te) — (t | te))(@(te) — 2t [ t6)" | Yo ] | Yo, ]

E [Pty | )] -

Hence,
(D.1) Ny = By + Byroa(ty | te-1).
Lastly, substituting
s = (a(te) — 2t | o) (@(te) — 2(t | )"
w o= (y(te) = 9t [ o) (y(te) — Gt | th1))"
into equation (C.2)
(D.2) Ny = Boroa(ti | tk—1) + Biro..
The fifth and upper moments of y(tx) — §(tx | tx—1) is neglected in Ns.
E [(x(te) — &t | 1)) (w(te) = 9(t | ta))T AT (y(t) — Gtk | te1))
(y(te) — Gtx | tr1))" | Yie1]
can be generated from 7 3,
E [((t | ti-1) — Ao)(y(te) — G(tx | tr-1)) AT (y(tx) — §(tx | te-1))x
(y(te) = 9te | )" | V]
can be generated from 7y 3,
E [Ai(y(te) — 9(tn | treoa)) (@ (te) — @t [ 1)) (y(te) — 9(th | tro))
(y(tr) — 9tk | te—1))" | Y, _, ]
can be generated from 7 3,
E [Ay(y(te) = 9t | ti-1)) (@ (e | ter) — Ao) T (y(tk) — G(tx | te1)) X
(y(tr) = 9tk | te—1))" | Y, _, ]
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can be generated from 7y 3,
E [A(y(tx) = 9(t | te-2))(wte) = 90t | te1)) AT (y(tk) — 9(t | ti1))x
(y(tx) — 9t | te))" | Ytk,l}

can be generated from 7¢4, where r13, 793, and ro4 are defined in Appendix B.
The conclusion of the Lemma follows by solving the systems of equation (D.1) and

(D.2). 0



