Neural, Parallel, and Scientific Computations 23 (2015) 1-62
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ABSTRACT. Here we introduce some general interpolating neural network operators in the uni-
variate and multivariate cases. Initially we establish the interpolation property of the operators
on functions. Then we derive the approximation properties of these operators on functions. We
prove first the ordinary real quantitative pointwise and uniform convergences of these operators to
the unit. Smoothness of functions is taken into consideration and speed of convergence improves
dramatically. As extensions we consider also the fractional, fuzzy, fuzzy-fractional, fuzzy-random,
complex and iterated cases. Furthermore we give Voronovskaya type asymptotic-expansions at all

studied settings for the errors of related approximations.
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1. INTRODUCTION

This article is mainly inspired by the great article of D. Costarelli [27], where he
establishes interpolation and approximation properties of very specific neural network

operators.

We present here the general related theory of similar general neural network

operators. We expand to all possible directions.

The featured interpolation and approximation properties of our approximations

is something very rare.
We mention next in very brief the initial D. Costarelli [27] theory.

We consider C' ([a, b]) the space of all continuous functions f : [a,b] — R, a,b € R,
a < b. Let now o : R — [0, 1] the ramp function defined by

Oa SES _%7
(1) OR ('T) = 17 x> %7
T+ %, —% <z < %
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The ramp function is a sigmoidal function ¢ : R — R which is measurable with

lim o (z) = 0 and liril o(z) = 1. The last features arise in the theory of neu-

r——00

ral networks, where sigmoidal functions play the role of activation functions in the

networks, see [38].

In [27], the author introduces

1 1
(2) @R(:E):ZUR(QJ+§)—UR<:E—§), z € R.
The function ®g (z) has the properties: it is even, non-decreasing for x < 0 and
non-increasing for z > 0, supp (®r) C [—1,1]. Notice that &g (+1) = 0.
Thus for f : [a,b] — R a bounded and measurable function D. Costarelli [27],

defines the neural network interpolation operator

kz;f (z1) PR (%)

(3) F,(f,z):= — , € la,b],

> @ (M=)

k=0
where the x;’s are the uniform spaced nodes defined by z := a+kh, k =0,1,... n,
with h = =2,

For a bounded measurable function f he proves
(4) 15 (Do < Nl < 00,
where [[fll,, == sup |f (2)].

z€la,b]
He also proves

Theorem 1.1 ([27]). Let f : [a,b] — R a bounded measurable function and n € N.

Then
(5) E.(f,z;)=f(x;), i=0,1,...,n.
Theorem 1.2 ([27]). Let f € C ([a,b]). Then
(6) 172 (1) = fll < 4 (£222), wen
Above he uses
™) o1 (£.0) = swp 1£(@) = f )], 0<d<ba
lz—y|<d

and if 0 > b — a, wy (f,9) := wy (f,b — a), the first modulus of continuity.

D. Costarelli [27] gives also another specific example of interpolation neural net-

work operators with the same properties as the F, operators.
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Denote by

(s) M, (z) = (3_11)! (—1>i<5,> Cro-i) ", wer,

1=0 +

the B-spline of order s € N [25], where (), = max {z,0}, and supp (Ms) C [-%,%].

+
He defines [27] the sigmoidal functions

(9) o, (z) == / M (t)dt, = eR,
and the non-negative density functions:
1 1
(10) (IJS(at)::aMs<x+§)—0M3<x—§), reR, VseN

The functions ®, have the properties: even, non-decreasing for x < 0 and non-
increasing for > 0, supp (®,) C [—K,, K| = [—@,(SLZD] and O, (%) > 0.
Notice that ¢4 (+K;) = 0.

He [27] defines similarly the neural network operators
> (on) @, (K252
k=0
zn: (I)s (Ksn(:c—xk))
= b—a

where zj, :=a +kh, k=0,1,...,n, and h := =2

(11) F(f,x) = , Vaelalb],

Theorem 1.3 ([27]). Let f : [a,b] — R a bounded and measurable function, n € N.
Then

(12) F:(foxg)=f(zg), k=0,1,...,n, s€N,

the interpolation property.

In addition, for f € C ([a,b]) we have

2 b—a
m(x)l (f,T), Vn,SEN.

2

(13) 15 (f) = flloe <

Above the samples f (x)) can be viewed as the elements of the training set that
can be used to train the normalized neural networks F,, F?. According to [27],
the interpolation results show that the representation errors made by F,, F;? on the

elements of the training set are zero.

Furthermore the uniform approximation results, show the closeness property of
neural network operators to well estimate elements outside the training set.

So our general theory presented in this article is the natural and complete out-
growth of [27] in very general diverse settings.

Other books and articles that inspired our work are: [12], [16], [17], [18], [19],
[20], [21], [22], [23], [26], [36], [37].



4 G. A. ANASTASSIOU

The author was the first in 1997 to establish quantitative neural network approx-

imations, see [1], [2], [3], [5], etc.

2. MAIN RESULTS

2.1. Neural Networks: Univariate theory of Interpolation and Approxima-

tion. We need

Definition 2.1. Let B : R — R, , be a bell-shaped function of compact support

[—T,T], T > 0. We assume it is even, non-decreasing for z < 0 and non-increasing
for x > 0. Suppose also that B (0) =: B* > 0 is the global maximum of B. The

function B may have jump discontinuities and it is measurable. Assume further that

B(£T) = 0.

Examples for B can be the hat function

l+z, —-1<z<0,
Bx)=¢ 1—z, 0O0<z<l1,
0, elsewhere,

the function ®g, see (2), and the function ®;, see (10). Etc.

Definition 2.2. Let f : [a,b] — R, a,b € R, a < b, a bounded and measurable

function, n € N, h := b— ,vpi=a+kh, k=0,1,....n, x € [a,b)].
We define the interpolation neural network operator

> f (ox) B (M)

(14) H,(f,z) =" .

We make

Remark 2.3 (on H, (f,z)). We observe that

n

> 1 (o)) B (Lt

(15) (H, (f,2)] < =0 < fll < +o00.
Z B (Tn z— xk))
That is
(16) 1 (Dl < 11F ]
We make

Remark 2.4. Let x € [a,b], then x < & < x4, for some k € {0,1,...,n

|LL’—SL’]€‘ S h, ‘SL’—LL’k+1| S h.

— 1}, and



APPROXIMATION BY INTERPOLATING NEURAL NETWORK OPERATORS

Notice that B (T" L ) #0

@—T<Tn(z_xk)<T

b—a

n(z — xy)
1 —1l<—2 <1
(17) & < P <

S —h<z—x,<h
& |z — x| < h.
So when x € (xy, x41), for some k € {0,1,...,n — 1}, we get both
BGEQ;E»’BGEQLBﬂ»%Q
b—a b—a
When x = z, then

B(ﬂ%%%@):B@:B%w,

and

B <T" (:’;’“__ax’““)) = B(~T)=0.

When = x4, then

B(Tn%ﬁi;xw):lﬂT%:Q

and

b—a
Clearly for any x € [xy, xr41] we get that

B(Tn@ﬁi_x“ﬁ)::Bm):B*>O

(18) B(Z%?:ﬁﬁ)zo,bumi%hk+L
—Qa

We make

Remark 2.5. For = € [a,b] we notice that

o v S () S () e ()

where i € {0,1,...,n} is such that |z — z;| < %. Thus

Tn|x — ;] Tnh T
2 < = —.
(20) b—a ~2(b—a) 2

Therefore

o () 0 3).

where B (%) > 0.
Thus V (z) > B (%).
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Consequently it holds

(22) - <

We state the interpolation result
Theorem 2.6. Let f : [a,b] — R be a bounded and measurable function. Then
(23) H, (f,z;)=f(z;), i=0,1,...,n,
where x; := a + th, h := b_T“, n € N.

Proof. Let i € {0,1,...,n} be fixed. When k = i, we have that

(24) B (W) — B(0)=B" > 0.

But when k # ¢ we have
Tnlx; — x| _ Tnh
>

2 =T
(25) b—a “b—a ’
hence
Tn (x; — xy) Tn|z; — x|
< B2 oK) g (2T TR —0.
(26) O_B( — ) B( ) <B(T)=0

So we conclude that

2 5 <Tn§)x_—a:)3k)> :{ fZ ;:kk; }

forany ¢,k =0,1,...,n.
By (27) we derive that

7 B Tn(x;—x;) ' .
(28) Hn(f,xi):f( ) ( b >:f(‘“)B = f(x), i=0,1,....n,

proving the claim.

We state our first approximation result at Jackson speed of convergence %

Theorem 2.7. Let f € C ([a,b]). Then

2B* b—a
29 I, () = fl < gy (£257) wner
Proof. Let = € [a,b], we can write
> f(a) B (P
Hy (f2) = f (@) = = ~ f ()
Z B (Tngx—amk)>
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5 1 o) B (M) - p o) (£ 5 (25 )

- V@)
3 (F () = £ () B (T

(30) =

Therefore it holds

3 1 () = £ ()] B (T
[H (f,2) — f (@) < o

(31) e {Z £ @)~ £ (@) B (%)} — ().

Let now i € {0,1,...,n — 1} such that x; < x < x;,;. Hence

{ 2 i —tio5 (H)

k;ﬁz z—l—l

1 (@)~ f ()] B (%) +1f (@i41) = f ()| B (w)}

(32)
T (04w (1) B 4w (f1) BYY = ooy (£,h)
_B( ) + wy Wi _B(%)wl ) .
We derive for f € C ([a,b]) that it holds
2B* b—
(33) (1) = (0] < 3y <f, n@)j V€ fa,b].
The theorem now is proved. O

Taking into account the smoothness of f, we present the following high order

approximation result.
Theorem 2.8. Let f € CV ([a,b]), N €N, z € [a,b]. Then
i)
|Hn (f,2) = f ()]
QB* [ a)] o b—a\ (b—a)

[Hn (f) = flloo
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2B* [~ |[fV.. (b—a) w b—a\ (b—a)
(35) SB(%) ; 1 PR <f " n ) nNN! |7

ii1) Assume more that fU) (z) =0, j=1,..., N, where x € [a,b] is fived, we get

2B b—a\ (b—a)"
36 H, )
(36) () = 1@ < 5 e (1,257 ) S
a high speed ﬁ pointwise convergence, and
iv)

= L5 (i o)

2B* v b—a (b—a)"
(37) S BEY (fN’ " ) AVNT

Proof. Let f € CY ([a,b]), N € N. Then

Tp — t)N_l

(J ) Tk
(38) (1) Z f (g, — x)’ +/ (f(N) (t) — fV (2)) ﬁdt'

Hence it holds

o) B (P55 S~ 1)

V (z) ! (zx — )’ V (z)
B (T"Ef__mk)) - (o _t)N—l
C\ e ) W) () — p @) )y TR D
(39) s [ 0 - @)
Thus we can write
éf(xk) B (Tn(x am)
N ki() (rg — a?)j B (W)
- Z V (x)
> B (T"éij’"’) . v
(40) P B - s @)
Call
z_: B (Tnéx a:ck)>
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Also call

We distinguish the cases:

(i) Let x < xy, then
N-1

v (2, 7k) / |FN (@) = fN) ()] %dt
N
(43) < (f, 2~ 2) %
(i) Let x > xy, then
x —r -1
vl = | (700 = 1 (@) U
. PRDRY.
< [ 1019 ol
(& —a)"
(44 <o (10,0 - ) CI
We have found that
N
(45) 3 (@) <o (FO - ) E= L
Therefore it holds
) Rl B (e - ) P ),

Given that z < x < xp4q, for some k € {0,1,...,n— 1}, we get

—XL r—x N
e (T Yo (S, o — ) b
k) =

Vi(z)
. r—x N
B (Trezeen) 4y (500, o — ) el
+ Vi(z)
9B, (f(N), b=a) G-
(47) < w1 (f (7z)n ) nVN! .
2
We have proved that
2B* b—a (b B a)N
\ ) < (V) .
(48) IR, (x)] < B(%)wl (f " ) nNN!

Next we observe
o) B ()| el (M)
= <
V() - V()
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b—a b—a

Therefore we derive
n

> (w — o) B (i)

f9 (x) i=o 2B |f9 ()] (b= a)’
(50) ‘ < : . :
; j! V(z) B (%) ; g! nJ
Using (48) and (50) we derive (34)-(36).
Noticing that
kZO (vp — ) B (Lé:m) '
- B N
(51) e = H, (=2 z).
we derive (37).
The theorem is proved. O

We present a related Voronovskaya type asymptotic expansion for the error of

approximation.

Theorem 2.9. Let f € CV ([a,b]), N € N. Then

(52) H, (f,x) = f(2) =

where 0 < e < N, n € N.
If N =1, the sum above disappears.

Asymptotic expansion (52) implies

N=Loe() (o .
(53) nNE Hn(f,x)—f(x)—zf j!( )Hn ((._;p)],z>] — 0, as n — o0,

0<e<N.
When N =1, or fU) (2) =0, j=1,...,N —1, then

(54) nN"¢ [H, (f,xz) — f(x)] =0, asn — 00, 0 <& < N.

Proof. Let « € [a, b], then

N—

—_

@) (g : Tk . — )Vt
0 f j!( )(Ik—l’)]—i-/x F () (G ) (l}v _t)l)! dt.

(55) S (k)

j=

Let here i € {0,1,...,n — 1} such that z; <z < x;11.
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Hence we have

[ o) B (M) vt g0 (g

(56)

Thus it holds

> f () B (L)
H, (f.2) = ] (@) = =5 ~ f ()
«— Y (:c)kzio( o =) B (45
=T V(x)
$ (e ;
k=0 ¢ PN (zr — 1)
(57) +E / 70 1) S
Call
S5 (M) g
(58) R(z) := =2 a0 i ) (t)((’}v_t)l)' dt.
So that
N1 oeG) (o
(50) ()= £ @) = Y P, (=) ) = R(@)
Hence it holds
3 (L) | ,
=0 ¢ PN (zr — 1)
©)  IR@I S| [ @ S < ¢
But we find:
i) Let x; > x. Then

(61)

/x‘kf(N) (t) %dt S/x ‘f(N) (t)‘ (x(l}v__t)l) dt < Hf H

ii) Let o, < 2. Then

S(Ik—t

11
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N
N (z — )
62 < |, L=
So in either case we have proved
T N-1 N
Ny oy @ — 1) Ny T —
(63) /x F (@) Voo s IF e = —
Therefore we find
- Tn(x—x
> B (M) w— 2V
() < e Il
B (%) N!
2B* (b—a)"
64 < D] |
(64) = 5@ 1w
We have proved that
Y
(65) R <
where
(66) oo 28 1V (=)
B (3) N!
Hence we derive
1
(67) R@I=0(.x).
and
(68) [k (z)] =0o(1).
Letting 0 < ¢ < N, we obtain
R
(69) Bl vy,
(nN*E) n
as n — 00. So that
1
(70) |IR(z)] =0 (nN_e) , n€eN,
proving the claim. O

We need

Definition 2.10. Let v > 0, m = [v]| ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f(™=Y € AC ([a,b]), absolutely continuous
functions). We call left Caputo fractional derivative (see [28, pp. 49-52], [31], [39])
the function

(71) DY f (1) = =

"yl )
i A AR ARICE

V x € [a,b], where I is the gamma function I (v) := [~ e~ "*~1dt, v > 0.

0
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We set DO, f (x) = f(x),V x € [a,].

Lemma 2.11 ([8]). Let v > 0, v ¢ N, m = [v], f € C™ ([a,b]) and f™ ¢
Ly ([a,b]). Then D%, f (a) = 0.
Definition 2.12 (see also [9], [30], [31]). Let f € AC™ ([a,b]), m = [v], v > 0. The

right Caputo fractional derivative of order v > 0 is given by

(72) Dis )= p s [t oy
V x € [a,b]. We set DY f(z) = f(z).
Lemma 2.13 ([8]). Let f € C™ ' ([a,b]), f™ € Ly ([a,b]), m = [v], v > 0. Then
Dy f(b)=0.
Convention 2.14 ([8]). We assume that
DY, f(x)=0, forx < x,

*T0

(73) and
Dy _f(x) =0, for x > x,

for all x, gy € [a, b].

We present the related fractional approximation result

Theorem 2.15. Let 5 >0, N = [8], 3 ¢ N, f € ACN ([a,b]), f™) € Ly ([a,b]).

Then
i)
B* | =9 @) (b—a)
|H,, ( ,x)—f(x)lgB(%) 2j:1 i —
(b—a)” 5 , b b—a
™ F gy o (PR ) e (00 )H
and
ii)
B | = V) (0= a)
||Hn(f)—f||oo§B(%) 2; —
(b—a)’ D w ( 5 b__“) 1D w ( 5 b‘“)
(75) +F(5+1)n5 :cse[ali)b] (Dot n +:cse[a1:,)b] 1 Deet n = o

Proof. Let fixed x € [a,b] with z; < z < x;44, for some ¢ € {0,1,...,n —1}.
We have that

(76) D} f(x) =D =0.
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By Convention 2.14, D? f (z) = 0, for z < 2; D?_f(2) =0, for z > z, all z, 2 € [a, b].
From [28, p. 54], we get by the left Caputo fractional Taylor formula that

NoLorG) (o .

J

—_

(T w5 [ DA ) = DL @)

~—

for all x <z, <b.

Also from [9], using the right Caputo fractional Taylor formula we get

N=Lr() (o
o =12
(73) tg [ o0 (PP =D f @)

for all a < zj, < z.

Hence it holds
Flo) B(M52) 250 @

G B
B(Te) |
Ty — “(D? — D f(x
1) =y ) @) (L)~ DLf @)

all z <z, <b.

Also we have

f(zx) B W N6 (g B Tng::mk)
: V((:B) ) :Zf(;!( )(xk—x)Jg

—_

J=

Tn(z—y) .
s 4 <v & ) T (15) / (T =) (D2 (7) = DL f (@) dJ

all a <z, < .
Hence we derive
> o) B (I S (e a) B (e

(81) =t = : + Ry,
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Also it holds

> 7 () B ()

7

> (o — )’ B (T

k=0 N - f(j) (z) i
(83) ) i V) + Ry,
where
(e |
. k=0 — ) (DP D f(x
) =g [y (D1 ) - DL ) s

all a <z, < .

Consequently, by adding (81) and (83), we obtain

n

N=L£6) (o) > (v, — )’ B (ngmk))

() Ho(fr)—fx)=> T | YRRy
jz:; ]| Vv (l’) 1 2
Hence we find
Yot | [ 0 on — 2l B (g
() - f)] < Y L ],(I” AR IR+ R
j=1
- (b—a)’ B*
(50 Z RO s+ 1.
j=1 2

Next we estimate |Ry|, |Ral.

We have that
B (Tn(x T )
Z 1

1) V< S [ e 7 DL () - DL @] 4
> B(TEm)
s wy (DP f, (z, — x,— J) !
B ( Tnz= l‘k)
_ kzz;i-l <T ) 1 W (Dfxf, - —l’) (l’k —x)ﬁ
BT 10 5
Z B <T"(x xk))
(88) = = (2 — )7 wy (DC, f, z), — )

B(HT(B+1)

B2 G’ (b
—a a w 8 a
S e ()

15



16 G. A. ANASTASSIOU

We have proved that

B (b —a)’ 5, b—a
(90) |Ry| < 5 (%) r(G+1) n? w1 (D*xf, - ) )
Furthermore we observe that
> p (Tntean) .
=0 1 RN 3
o0 Il < Bt ([0 a0 DL ) - DLy ] )
i B (Tném_—x”) 5
iz a 1 5 (x — xy)
>~ B (Dx—fa €r — Ik) /6

B 1 @—aﬁ 5 ., b—a
SBOTEL) W (D -/ )

That is we have proved

B (b—a)’ b—a
(93) |RQ|§B(%)F(6H) — wl(Df_f, - )

Thus

So by using (86) and (94) we obtain (74), which implies (75).
Next we justify that the right hand side of (75) is finite.

We have

©) (D20 - =g (=) (s s <<
Hence
(96) D2 f ()] < I A b—a)"", z<t<b

“T(N-(+1) TS =T
Thus

f _

(97) ‘ .fHOO_FUV—ﬁH_‘_l)(b—CL)NB.
Similarly

N T
(98) Lf_f(ﬂzzf%%;%zﬁl/‘(z—-ﬂN;ﬁ_{ﬂN)@ﬁdz,:ﬂlafgtgzu
Hence
(99) DP f(t) -—ﬂﬁﬁﬂﬁ—wb—@N” a<t<uz

i “T(N-8+1) ST
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Thus

(100) HDf—fHoo < 1S

rvgey

Consequently (for 6 > 0)

w1 (Df—ﬁ 5) = sup ’Dg—f(zl) - Df_f(zz)’

21,22

|z1—22|<8
< swp {|DLf ()| +| DL s ()|} <2||D2s||
\21—1,722255
2|[f™|, N-g
Hence it holds
2| £ -
B8 00 _ \N-8
Therefore
2| £ .
3 - _ \N-8
(103) xselizl,)b}W1 (Dx_f, 5) < TIN—G+1) (b—a) < 400,
and, similarly, we get
(104) sup wy (D?, f,6) < M (b—a)"? < fo0.
z€[a,b] *x - T (N - 6 + 1)

The proof of the theorem now is complete.

17

O

Corollary 2.16 (to Theorem 2.15). All as in Theorem 2.15. Additionally assume

that f9) () =0,j=1,...,N — 1. Then

B* (b—a)ﬁ
(105) |H, (f,2) = f ()] < B(O)T(3+1)nf

‘ [wl (Df_f, e “) o (Dfxf, b‘—a)} .
n n

In the last we have the high speed of pointwise convergence at #

A fractional Voronovskaya type asymptotic expansion follows.

Theorem 2.17. Let 3 > 0, N =[], 8 ¢ N, f € ACY ([a,b]), f™) € Ly ([a,b]).

Then

(106) Hy (f,2) = f(x) =

where 0 < e < B, n e N.

If N =1, the sum above disappears.
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Asymptotic expansion (106) implies

N1 () (o .
(107) nf-e Hn(f,x)—f(:):)—zf j!( s ((._:p)],x>] 0.

asn — o0, 0 <e<g.

When N =1, or fO) (2) =0,j=1,...,N —1, then
(108) n" [H, (f,2) = f ()] = 0,
asn — 00, 0 <e<g.

Of great interest is the case f = %

Proof. From [28, p. 54], we get by the left Caputo fractional Taylor formula that

f(j) (93)
i

) 1 Tk
Ty — ) + —— / (zp — J) ' DP_f(J)dJ,

109)  S@=Y o

for all x <z, <b.

Also from [9], using the right Caputo fractional Taylor formula we get

0 (g . v .
o e =X P oy + o | ()" DL ()]
forall a <z, < z.
Hence
n(z—xy) 1 .. n(z—ay)
 FEB(E) mew p(e)
V(@) 2] V(@)

Tn(z—zy) o
B<V*(’;‘; >P(16) / (= ) DLF () dJ,

all x <z, <b.

Also we have

f(x) B w N1 o) (o B (Inta=a)
: V((x) );ﬂ;!( ) oy 2

B <Tn(:c—xk) )

b—

a 1 r . B—1 3
(12) b L U D)

all a <z, < z.
Hence = € [a, b] is fixed such that z; < z < x;44, for some i € {0,1,...,n — 1}.
Hence it holds
- B (Tn(x—mk)> B ' - Th — 1 J B (Tn(m—xk)>
Z f(xk) b—a N-1 f(]) (QU) k:zz;i-l( k ) b—a

k=i+1 .
(113) ) = i ) + Ry,
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where
n

Tn(x—xy)
2 B ( b-a ) 1

_ k=itl

(114) Rl :

all x <z, <b.
Also it holds

S o) B () ey gy 3 (o) B (T

k=0 _ f9 (@) =
(115) V) = 2 i V) + Ry,
where
_ k=0 ‘ 1 _ 01 pb
(116) R T e / (J = 2 DP_f () dJ,

all a <z, < .

Hence we get

v oy [ 0B ()
(117)  H, (f,z) — f(2) — Z f j!( ) | i=o o

J=1

- Rl +R2

Notice also that for any x € [a, b], by (97) and (100), we have

Dl g } < [EA

= m(b—a)]v_ﬁ =M,

(118) {HDffooo,

with M > 0.
That is we find

(119) Hy (f,2) = f(x) =

Notice that

k=i+1 B
Ry <M V) GESY (zr — )
M B (b—a)’
(120) < FOTG+) W
that is
* 8
(121) R MB* (b—a)

S ED TG
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Similarly we have

zi: B <Tn§):c—xk)>

L (- )
B () TL(6+1) F

M B (b—a)’

(122) < BTG+ P
Hence
(123) R, MB* (b—a)’

< .
S BOTET U
Therefore it holds

P
(124) By + Ro| < [Ra] + | R < —,
where
OMB* (b —a)”
(125) = (b=a)”
B(5H)T(B+1)
Thus
1
(126) |R1 + Ry| = O (m) ,
and
‘R1 + R2| = 0(1) .
Letting 0 < ¢ < 3, we derive
d
(127) M <2y,
(7= n
as n — 00. So that
1
(128) |R1—|—R2‘ :O(nﬁ—E) , n €N,
proving the claim. O

2.2. Neural Networks: Multivariate theory of Interpolation and Approxi-

mation. We need

Definition 2.18. Consider the d-dimensional bell-shaped function £ : R? — R,
(d € N) with the property for all i = 1,...,d, R 3t — E(x1,...,t,...,24) is a

bell-shaped function, as in Definition 2.1, where z = (z1,...,74) € R? is arbitrary.

d
More precisely here F is of compact support K := [[ [-T;,T;], T; > 0 and it may
i=1
have jump discontinuities there, also it holds
(129) E(xy,...,£T;,...,24) =0,

foranyi=1,...,d, all (zy,...,74) € R
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Furthermore assume that £ (0,...,0) =: E* > 0 is the global maximum of F,
also E is assumed to be measurable. That is F (z1,...,t,...,x4) in t is even, non-

decreasing for t < 0 and non-increasing for ¢ > 0.

Clearly it holds
(130) E(£ay, ..., txq) = E(|aa], ... [zdl) -

Also it is E(x1,...,0,...,2q4) = E*(x1,...,2i_1,%i11,...,x4) > 0, for all i =

d
1,...,d, for any (z1,...,2q) € [[ (-T3,T7).
i=1

d d d
Examples: [] (z:), [] @ (z1), [ ®, (1), ete.
i=1 i=1 i=1
d
Definition 2.19. Let f : [] [ai, b)) — R be a bounded and measurable function,
i=1

a; < b;, n € N, h; = %, Ty 1= a; + kihi, ki = 0,1,...0n, ¢ =1,...,d, v =
d

(zla"'azd) € H [a'labz]
1=1

Next we define the multivariate interpolation neural network operator:
M, (f,x):= M, (f,x1,...,2q)
L Tin(x1—z Tan|zqg—2x
Z .o Zof (Iklla e axkdd) FE < ! (bll_alkll) gee ey 4 (bdd_adkdd))
Z c Z E (Tln(;l__::kll)’ o Td”(bde_—aded))

Remark 2.20. Trivially we get that

(131) =

(132) | My, (f,2)] < [[flloo < o0,

and

(133) M ()l < fllee < o0

Remark 2.21. Let now zy,; < ; < T(k,41);, for all i = 1,...,d, for some (ky,. .., kq)

€{0,1,...,n—1}% Thus |z; — 21| < h; and }x, — IL”(/%H)Z" < hg foralli=1,...,d,
for some (ky,...,kg) € {0,1,...,n—1}<.

Remark 2.22. Notice next that be given (z1,...,z4) € R and

(134) p(Ar@=owy) Tt =2
bl — a1 bd — Qq
for some (ki,...,kq) € {0,1,...,n}¢, < simultaneously it holds

T; i Lhyi
_p < Tnmm m)

bi — Q;
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foralli=1,...,d, for some (ky,...,kq) € {0,1,...,n}¢, &

1 -1
(135) < —

<1,

foralli=1,...,d, for some (ky,...,kq) € {0,1,...,n}¢, &
—h; <zp — xR < hy,

foralli=1,...,d, for some (ky,..., k) € {0,1,...,n}, &

foralli=1,...,d, for some (ky,...,kg) € {0,1,...,n}%

d
Thus, when = € [] [k, T(k+1)i), for some (ki, ..., ka) € {0,1,...,n — 1}%, we
i=1
get that
(137) p(hnnzou)  Tanlra = 2w
bl — a1 bd — Qq

d
Remark 2.23. Notice that ([L’ € 1 [a, bl]>
i=1

- - Tln (LL’l — xkll) Tdn (LL’d — Tk d)
W .= E E E d
( bl — ay ’ ’ bd — Qq

kE1=0  kg=0

o - " Tln\:cl —LL’k11| Tdn\xd—xkdd|
IR
bl—al bd_ad

k=0  kg4=0

(138) > F Tin|zy — oy Tan |xg — Tpdl
= bl—al gee oy bd—ad ,

the last inequality is chosen for suitable x; and xzy,;, for all ¢ = 1,...,d, and for some
d hi
(k1,...,kg) €{0,1,...,n}% such that |z; — x4, < 3.
Thus
Tin |$z — Ty Tinh; T;

139 < —
( ) bi—ai _Q(bl—al) 2’

alli=1,...,d.
Therefore it holds

> Tin|xy — xpy1| Ton|wy — Tiyol Tan |xq — Tkydl
bl—al ’ bg—a,g Y bd—ad
S E Tl T2n|£L'2 — ZL’k22| Tdn |[L’d — xkdd|
sl a0 Yty
2 by — ao ba — aq

2 2 bd—ad




APPROXIMATION BY INTERPOLATING NEURAL NETWORK OPERATORS 23

Hence we have

1 1 )
TS} S — g |
k1=0 kq=0

Remark 2.24. Let all x; = x4, i = 1,...,d, for some (ki,...,kq) € {0,1,...,n}<
Then

(142) E (

Tln (S(Il — xlﬂl) Tdn (SL’d — S(ded)

AR

):E(O,...,O):E*>0.

by —a; by — aq

Let next ‘z;w — T(ki4j0)i| = hi, for some i € {1,...,d}, where j; > 1 integer, and

ki ki+j; € {0,1,... n}.

Then
(143) ‘ i (Rirtie) > M T;, forsomei=1,...,d.
bi — Q; bl — Q;
Hence
0<E Tin|zy — o5, L Tin |y 4y — Thsi ’”_7Tdn|wd — Thyd|
bl—al bi—ai bd—ad

gy  <p(Anmm ol g Tl sl
< e R T .

Therefore it holds
(145) E (Tln (T1 — Th1) Tin (T kitii — Thai) Tan (vq — :L"kdd)> o,

T— e T— e —
for any arbitrary (zy,...,2_1, Tit1, ..., 2q) € R
Let now x; = xy,;, for all i = 1,...,d, for some (ky,..., k) € {0,1,...,n}%
Then

(146) My, (f, Tpy1s - s Thgd) = f(@hs - Trga)

E*
proving the interpolation property of operators M,,.

= f (%11, . 7$kdd) )

Theorem 2.25. Operators M, possess the interpolation property over Ty, 1 =
1,...,d, k;=0,1,...,n.

Definition 2.26. Let f € C (ﬁ [ai,bi]) We call
i=1
(147) wi (f,h) =sup|f () = f (y)|

d
all z,y€ H [a‘hbi}:
i=1

2 =ylloo <h,

h > 0, the first multivariate modulus of continuity of f, above ||-|| _ is the max-norm.

Approximation result follows
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Theorem 2.27. For f € C (H [ai,bi]) we have

i=1

d g+ b—a
198) )~ Tl S gy (45 =,

(&,... &

where ||b — al| = iirllaxd{bi —a;}.

d
Proof. Let x € [] [a;,b;], we can write
i=1
(149)
Tin(z1—z 1 Tyn(xzg—z
Z o Z f (xkll’ Tt ’xkdd) E ( 1 (bll_alkl )7- “ey - (bdd—adkdd)

k1=0 kq=0

) o

|44 W

(150)
n n Tin(z1—z, Tyn(xq—x
klz::()"'kdzzjo(f(xklla---wrkdd)_f(xlw’-axd))E(%w”u%)

W

Therefore

M, (f,2) — f ()| < !

E(L,...,

)
(151) ><{Z---Z|f(xk11,...,xkdd)—f(xl,...,xd)

k1=0 kq=0

Tln (LL’l — Tk 1) Tdn (LL’d—SL’k d) 1
E . < < ———10
% ( bl—al ’ ’ bd—CLd _E(ﬁTd) *

(152) Z |f @ity Tga) — f (215000 2a)

all (k1,...,kq)€{0,1,..., n}d}
‘xz‘—xkiz“<hz‘7i=1 ----- d

< FE (Tﬂl(l’l —S(Ikll),.“ Tdn(xd—xkdd)) } S

N

b1 — ay ’ bd — aq
d
(indeed x belongs to a specific box [] [flm, x(kﬁl),})
i=1
21 |6 — all
(153) W1 (f, —,
EG.. %) "
proving the claim. O
Next we denote by fz := 9°f where a = (1,...,qq), ay € ZT, i =1,....,d,

9z
d

such that |a| :=> a;=j,j=1,...,N.
i=1
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High speed approximation using smoothness follows.

d
Theorem 2.28. Let f € CN (H [ai, ,]), N eN, and z € [] [a;,b;]. Then
1)

M, (fa)=f@) =Y D fda_(x) Mn(H('_xi)ai7$>
=\ | et ‘

2B |[b—all5 d" Ib—al
154 < ~ a = >
(154) SEB(Z. L) NNV ey

d
ii) assume more that f5 () =0, for all a : |a| = 1,..., N; where € [] [a;, bi]
i=1
1s fized, we obtain

| M, (f, ) = f ()]

2B 1o — a|| 5 @™ b —all,
1 < o) 7 Plleo
(155) - F ( e Q) NInN a%?i(Nw fa n ’

72

with high speed of pointwise convergence at ﬁ,
iii)
24 F*

(5 %)

| M, (f, ) = f(2)] <

(156) y Z(nb—mqnio) 5~ | Male)

i=1 al=i | T ol
=1

Jlb—alXar bl
NInN  &la=N & n ’

iv)

M (f) = flloo € 75—+
E(G. 5

(157) » Z(ﬂb—maﬂio) 5 | Ll

j=1 =i | ] !
i=1

Ib—all s a” 1b—alle | _.
NinN laz‘lwa fa n =2 ()
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d
Proof. Here f € CN (H la;, b ]), N e N. We call z = (Tpy1, - - - Thya). Set

(158) Gor, @) = fx+t(xp—2x)), 0<t<T,
lf[[au bi], x = (x1,...,74). Then

=1

(159

d J
0
ggck |:<Z Ty — T 8:):) f:l (Slfl‘i‘t(l’kll—l’l),...,xd—i‘t(l’kdd—l’d)),
i=1 g

(160) gmk |:<Z Thys — Ly ail> f:l ((L’),

and

By Taylor’s formula, we get

(161) [ (@1, 7Ikdd) = Gz, (1) = 5l + Ry (x,0),
j=0 ’
where
1 t1 tnN_1
(162) Ry (ax,0) = [ ( | ( [ 6 0 - o) ) dtN) ) .
0 0 0
Thus,
Tin(z1— Tyn(xg—xp
f(xkll,...,xkdd)E (%7---;%)
163
(163) 7
Tln(m—mk 1) Tdn(md—xk d))
j Fl— ..., ——
_ i d92(0) ( bi—a1 ba—aq
1l
Jj= J: w
Tin(z1— Tyn(xg—xp
E ( (bl_alkll)7.--7 2 <bdd_adkdd))

(164) + T Ry (x,0).
Therefore

(165) M, (f,z) - f (z)

n 7 i Tin(x1—x Tan(zg—xp
Sy gy (0)E< nln ) 2 (bdd_adkdd))

N
DI - s
le]
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where

n n Tln(ml—xk 1) Tdn(xd—mk d)
POREEDY E(Tall""’ibd—add
_ k1=0 kq=0

(166)  R":= Ry (21,0).

Consequently, we obtain

| M, (f, ) = f (@)

n n i Tin(x1—xp, 1 Tan(xg—x
N 1kz kz éﬂk) (0)‘E 1 (bll—alkl )"”’ d (bdd—adkdd))
<G IR
j:1]! E(L,... 1)
lb=all? d ’
o () (S 1]) @) e
167) <SS & B +|R"|
i BE. T
J .
94 7+ M1 0 1b = alll, .
(168) :—E(ﬁ iy Zﬁ (Z %> f () ( = + |R*|
2772 j=1 i=1 v

Next, we estimate |R*|.

For that, we observe
n n TlTL(:Bl—ZBk 1) Tdn(:vd—mk d)
kzo.”kzoE( T bd_add
* 1= d=
(169) |R*| < 7 (T1 E)

2 )

LA e sioin) - )a)

n n Tm(m—xk 1) Tdn(xd—l‘k d)
Sy E(ibl_all ,...,7bd_add

k=0 kg=0
= T,
BT, 5)
N
AV :
0 0 0 ; O
(1 +tn (g1 — 1), ..., g +EN (Tpya — 2a))

d N
(170) - (Z(:cm—xi)%> Fl @, xg)|din | - | dty

i=1

d * 1 t1 tN—1 _ N
e (L ()
E(Z,... ) \Uo 0 0 n
max w1< a,M>}dtN) ) dtl)
a:la|=N n

2'E" b~ allz, @¥ ( 3 Hb—a!loo).

NE (L. 1) niV &la|=N

(171)
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That is
21 Ib —a|| S d¥ 16— al
172 1 < > G
(7> |R‘_N!E(%,...,%) nN &:Iﬁ?:xjvwl f: n
The proof of the Theorem now is complete. O

About Multivariate Taylor formula and estimates (see [15, pp. 284-286])

d d
Let [][ai,bi]; d > 25 2z :== (21,...,24), o := (Xo1,...,T0a) € ][ [ai,b;]. We
i=1 =1
d d
consider the space of functions ACY ( [] [ai,bi]) with f : ] [ai, b:] — R be such
i=1 i=1
that all partial derivatives of order (N — 1) are coordinatewise absolutely continuous
d d
functions on [] [a;,b;], N € N. Also f € CV™! (H [a;, bl]) Each N order partial
i=1 i=1
derivative is denoted by fz := %, where @ := (ayq,...,0q), s € ZT, i =1,...,d

and |a| :== % o, = N. Consider g, (t) := f (zg +t (z — x0)), t > 0. Then
(173)

d J
. 0
ggj) (t) = <; (Zz _:L'Oi) a—L) f (1'01 +t(21 —1'01),...,£L'Qd—|—t(ZN —[L’Od)),

forall 7 =0,1,2,..., N.

We mention the following multivariate Taylor theorem.

Theorem 2.29. Under the above assumptions we have

— ¢ (0)
(174> f(Zlv"'7Zd):gZ (1)22 j' +RN (Z7O>7

Jj=0 ’
where

1 t1 tN—1
(175) Ry (2,0) == / </ (/ g™ (tn) dtN) ) dt,
0 0 0
or
1 ! N-1
(176) Ry (0) = =y / (1—0)"" g™ (6) do.
Notice that g, (0) = f (o).
We make

Remark 2.30. Assume here that
(177) | falloe n = max || fall,, < oo

|a|=N
Then

d P N
195 | e oy = (Z(zi—xo»a—%) f (o +t (= — 20))

=1 00,[0,1]
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d N
(178) < (Zm —m\) I fall s -

=1

that is

(179) 19| o o < (12 = oll,) ™ 152 < oo.

Hence we get by (176) that

|1,

NI

,[0,1]

(180) |Rn (2,0)] <
And it holds

(12 = oll,,) ™

(181) R (2,0)) < S

/5]l
oo, N ?

V z,z0 € [] [as, bil.

d
=1

1=

We will use decisively (181).

Next follows a multivariate Voronovskaya type asymptotic expansion

d

Theorem 2.31. Let f € ACY (H [ai,bi]>, deN—-{1}, N € N, with
i=1

(182) I fallsen = max || fall, < oo

laj=N

Then

(183) :0< ! ) 0<e<N

If N =1, the sum collapses.
The last (183) implies

n = (M, (f.x) = f (2)

asn — oo, 0 <e < N.

— 0,

29
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When N =1 or fs(x) =0, alla:|a|=j=1,...,N —1, then

(185) n" (M () (2) = f (2)] =0,

asn — 00, 0 <e < N.

Proof. We call x = (g1, .- ., Thya). Set

(186) gack(t) =flx+t(z,—1z), 0<t <1,

d
T e H [CLZ,bl] Then
=1

(187)

d J
. 0
g (t) = ( - 8—x> fl @+t (e — 1), 0a +t (Tppa — 2a))

1

and
9ay, (0) = [ ().

By Taylor’s formula, we get

=
where
1 ! _
(189) Ry (7y,0) == m/o (1—60)""" g (6) dob.
Here we denote by f5 := %, a = (ag,...,aq), @y € ZT, i = 1,...,d, such that

la] :== Zle a; = N. Thus

flzn) E (Tln(fl—wkll) Tdn(zd_mkdd)>

190 e i
(190) -
Tln(:cl—xk ) Tdn(xd_xk d)
Nz_lgu%) <O)E ( bi—ay e ba—aq ] )
2 W
Tln(:cl—xk ) TdTL(ﬂCd—l’k d)
E ( bi—a1 = [ bd—lld ‘ )

(191) + " Ru (22,0).

Therefore it holds
(192) M, (f,x) — f (z)

SR QIC) Tin(e1—on1) — Tan(ea—onga)
— 1 <klz=o . 'kdzzogmk (O)E< T T *
-y = - _r
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where
n n Tln(:cl—xk 1) TdTL(ﬂCd—l’k d))
. klz::O kdz::O ( b ba
Hence

(194) — R".

Notice that

n n Tln(ml—mk 1) Tdn(md—mk d)
S Z_ E( el ey e

1
1
N—1
N[ (1-0 > y
a:=(a1,...,aq), ozZEZ+ H Ozi!
i=1,0d, |d):= z a;=N \i=1

(195) (H (g, — xz)a) fa(x+0(xx —x))dob.

Hence it holds

L n Tm(m—xk 1) Tdn(l‘d—ﬂ% d)
STy E< bl_all ey bd_add

( 20 kg=0
(196) R < =
E( 5
Tp— T 2d p* b— N fallm
(197) (H k= Hll) ||fa||maXN < d|| a”oo ||f H ,N.
N! o0 E(Tl 7%) n N!
That is
. )
(198) I’ <
where
(199 2Bl el
EL . )N
That is

(200) R =0 (niN) ,
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and
(201) |IR*|=0(1).
And letting 0 < ¢ < N, we derive

|’ 0
202 < — =0,
o () =
as n — oo.

ILe.

. 1
(203) |R*| =0 el
The proof is completed. 0

2.3. Neural Networks Iterated Approximation and Interpolation. We make

Remark 2.32. Here F is assumed additionally to be continuous.

Let f € C (ﬁ [ai,bi]) We (see (138), (140)) proved that W > 0. Hence
i=1
M, (f)eC (ﬁ [a,-,bi]). Furthermore M, (f) — f € C (ﬁ [a,-,b,-]).
i=1 =1

We proved earlier (133) that
(204) Mo (f)lloo < [1f]lo0 < +o0.
Clearly then
(205) 15 (Nl = 1M (M (F)llo < 1Ma (e < M1l -
Therefore
(206) I (D < 1l YEEN.

Also we see that

(207) 1My (| < M7 (Dl < S IMa (Do < 1 Flloo -
Also it holds
(208) M,(1)=1, M¥(1)=1, VkeN.

Here M* are positive linear operators.

Call z = (zg1,- - -, Trya), we proved (146), that
(209) (M, (f)) (xx) = f () ,

the interpolation property of M,,.

Hence we get

(M () (2x) = (M (My () ()
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(by Theorem 2.25)

(210) = (My (f)) (zi) = [ (z1) ,
In general it holds
(211) (ME(f)) (xx) = f (zi), VEkEN,

proving interpolation of the operators MF¥.
Remark 2.33. Let r € N and M,, as above. We observe that
(212)  Myf—f=(Myf—M7f)+ (M f = M7 f)
(M2 f = M) e (MG f = My f) + (Mo f — ).

Then
My f = fllo < ||Myf = My7UF|| L+ || M= M2

M2 F = MR || e (| MEf = M S|+ M =l

= ||M; 7 (M f = )] o+ M7 (M f = )|+ | M7 (Mo f = 1)

(213) + o+ (M (M f = Olloo +HIIMaf = fllo ST IMaf = fll -
That is
(214) My f = flloo <7 IIMuf = fllo -

Conclusion 2.34. Thus, the speed of convergence to the unit operator of A is not

worse than of M,,.

Remark 2.35. Let mq,....,m, e N:m; <my <---<m,,r e N.

Let M,,, as above, i =1,...,7.

Then it holds

= [Mmr (Mmrq ( . 'Mmz (Mm1 (f)))) - M, (Mmrq ( Mmz (f)))}
(215) + [Mmr (Mmr 1 ( . 'Mma (Mmz (f)))) - Mmr (Mm -1 ( 'MM3 (f)))}
+ [Mmr (Mmrﬂ ( : 'Mm4 (Mma (f)))) - Mmr (Mm -1 ( 'Mm4 (f)))}

+ [Mo, (
(216) o+ [My, (M, (o M) (M f = )] + -+
+ [Mo, (
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Therefore
HMmr (Mmrﬂ ( . Mmz (Mm1 (f)))) - fHOO

(217) S HMmr (Mmrﬂ ( : 'Mmz)) (Mm1f - f)Hoo

+ || M, (M, 1(-- M) (M, f = )|

+ | Mo, (Mo, (- Miny)) (Mo f = )| +

+ || Mo, (M, 1f f)H + M, f = fll
(218) <My [ = flloo + 1Moy f = Fll oo + 1My f = fll
(219) o [ Mo f = S+ 1Mo f = Flloe = D 1Mo f = flloc

We have proved that
(220> HMmr (Mmrq ( e Mmz (Mm1 (f)))) - fHoo < Z HMmzf - f||oo
Using (214) we derive

d
Theorem 2.36. Let f € C (H [a;, Z]), r € N. Then

d % _
(221) IMEf - ] L)w (fu)

*TE(L,.., n

Proof. Also use of (148). O

21d
2

d
Theorem 2.37. Let f € CN (H [ai,bi]), N eN, reN. Then

i=1
(222) M5 f = flloe < 702 (n),

where @9 (n) is as in (157).
Proof. Use also of (157). O

Next we use (220).

Theorem 2.38. Let my,....m, € N : m; < myg < --- < m,, r €N, f &
d

C (H [ai,bi]). Then
i=1

(223) | My, (M, (. My, (M, (1)) =[], < Z@l (m;)

< r2d p* (f Hb—aHoo)
S — W1 s )
E(%,,%) my

Proof. Use also of (148). O

where ¢ as in (148).
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Theorem 2.39. Let my,....m, € N : m; < my < --- < m,, r €N, f &
d
CN (H [ai,bi]), N € N. Then

i=1

HMmr (Mmrﬂ (- My, (Mo, (f)))) - fHOO < Z:S@ (my)

2t (b - al 15l

m —
1 =3 H OAZ'!
i=1

b — a|| X a¥ 1b—all,
(224) + W&:I\%TE(NW1 .fom Tl 5

where vy as in (157).
Proof. Also use of (157). O

2.4. Complex Multivariate Neural Network Approximation and Interpola-

tion. We make

d

Remark 2.40. Let f : [] [ai, b;] — C with real and imaginary parts fi, fo : f =
i=1

fi+ifs, i =+/—i. Clearly f is continuous iff f; and fy are continuous.

d
Given that fi, fo € CN <H [ai,bi]), N € N, it holds
i=1

(225) fa(2) = fia(x) +ifaa(z),

where « indicates a partial derivative of any order and arrangement.
d
Let f € C’( la;, b ,C) the space of continuous functions f : [] [a;, b;] — C.

i=1

=

(2

a

Then f1, fo € C ( a;, bi]), and thus both are bounded, implying that f is bounded.

=1

We define
(226) ME (f,2) = My () + My (o), ¥ o € [ [l
We observe that a
@21) M (fa) — f @) < Mo (fu2) = i (@) + Mo (for2) = f2 ()],
and
(228) IME () = £l < 1M (1) = filao + 1M (£2) = foll

If f is bounded then fi, fy are also bounded.

For the interpolation property we assume that f is bounded and measurable.

Thus f1, fo are measurable.
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We have (for any (ky,..., kq) € {0,1,...,n}%)

ME (f, 1, Thga) = Mo (F1, Trgts - - - Trga) + 1My (for Thyts - - s Thyd)
= f1 (Tky1s- - -y Thya) + 0f2 (Thy1, - -+ Thoya)

(229) = [ (Tgy1, - - ,Ib"kdd) )

proving interpolation of MC.

d
Theorem 2.41. Let f € C <H [a;, bi] ), such that f = f1 +ifs, n € N. Then

i=1
I35 ) = e < g
E(33)
(230) [ (f H) o (ﬁ%)} |
Proof. By Theorem 2.27. O

d
Theorem 2.42. Let f : [] [ai,bi] — C, such that f = fi1 + ifs. Assume fi, fo €

i=1

d
CcN <H [ai,bi]), N eN, neN. Then

i=1

21 ¢
ME (f < T
| @< E(%..... %)
X1 (- al d ’
. [:7( o, ) [((Z ) )
j=1 i=1
<oy 16— afl @
+ (; 8%) 2 (x)) + NnN
(231)
X {Nngax w1 (fl,a, M) + max w (fz,a, M)H
a:la|l=N n a:la|l=N n
_ 2 - (nb—anJ) [fra (@) + | o (@)
E(2’ Td ]z:; gzjj ﬁOéZ'
i=1
(232)

b—a|™ aVv b— b—
+|| all [Nmaxwl (ha, | na||oo)+~nla}w1 (h@ | na||oo>”

NInN a:lal= a:lal=

Proof. By (156). 0O
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2.5. Fuzzy Fractional Mathematical Analysis Background. We need the fol-

lowing basic background

Definition 2.43 (see [41]). Let o : R — [0, 1] with the following properties:

(i) is normal, i.e., 3 zg € R; p(xo) = 1.

(i) g A+ (1 =N y) >min{p(x),pu(y)}, Vae,y e R,V A e[0,1] (pis called a
convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e. V zg € R and V € > 0, 3 neighborhood
V(o) : p(z) < plzo) +e, VeV (x).

(iv) The set supp (x) is compact in R (where supp(p) == {z € R : pu(z) > 0}).

We call p a fuzzy real number. Denote the set of all ;1 with R.

E.g. X{zo} € Rz, for any zy € R, where x(,,} is the characteristic function at z.

For 0 <r <1 and u € Rz define
] ={reR:p(r) >r}

and

(1 = {z eR: p(x) >0}
Then it is well known that for each r € [0,1], [¢]" is a closed and bounded interval
on R [33].

For u,v € Ry and A € R, we define uniquely the sum u @ v and the product A®u
by
[weo] = + ], Dou =AW, Vrel01],
where
[u]” + [v]" means the usual addition of two intervals (as substes of R) and

A [u]” means the usual product between a scalar and a subset of R (see, e.g. [41]).
Notice 1 ® v = w and it holds
UPV=0Du, A\Ou=u® A
If0<7r <ry<1then
[u]” € [u]™.
Actually [u]” = [u(_r),ugf)}, where v < uS:), u, uS:) eR,Vrel1].

For A > 0 one has )\ug) =(\® u)g), respectively.
Define D : Ry x R — Rz by

(r) (r)

D (u,v) := sup max{‘u@—v(_r) uy’ — vy

rel0,1]

3

Y

where

[v]" = [v(r),vf)} ; u,v € Ry.
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We have that D is a metric on Rz.
Then (Rg, D) is a complete metric space, see [41], [42].

Here ) stands for fuzzy summation and 0 := xqo; € Ry is the neural element

with respect to @, i.e.,
ud0=00u=u, VuecRg

Denote
D*(f,g)= sup D(f,g),

zeXCR
where f,g: X — Ry.

We mention

Definition 2.44. Let f : X C R — Rz, X interval, we define the (first) fuzzy

modulus of continuity of f by

w7 (£.0)x = s D(f(x).f(y), 6> 0.

z,y€eX, lz—y|<s

When g : X CR — R, we define

wi(g,0)x = sup  |g(z) —g(y)-
zyeX, lz—y|<d

We define by CY (R) the space of fuzzy uniformly continuous functions from
R — Ry, also Cx (R) is the space of fuzzy continuous functions on R, and C}, (R, Rz)

is the fuzzy continuous and bounded functions.

We mention

Proposition 2.45 ([7]). Let f € C¥ (X). Then w\™ (f,8), < oo, for any d > 0.
By [11, p. 129], we have that CY ([a,b]) = Cr ([a, b]), fuzzy continuous functions

on [a,b] C R.

Proposition 2.46 ([7]). It holds

timw (™ (£,6) = wi” (£,0)x =0,

iff f e C¥%(X).

Proposition 2.47 ([7]). Here [f]" = [fﬁr),fir)], r € [0,1]. Let f € Cz(R). Then
fj(;) are equicontinuous with respect to r € [0, 1] over R, respectively in =+.

Note 2.48. It is clear by Propositions 2.46, 2.47, that if f € CY(R), then fir) €
Cy (R) (uniformly continuous on R). Also if f € Cp (R, Rz) implies e q, (R)

(continuous and bounded functions on R).
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Proposition 2.49. Let f : R — Rz. Assume that wi (f,6), w1 (fﬁr), 5) , W1 ( J(:), 5)
X X
are finite for any § > 0, r € [0, 1], where X any interval of R.

Then
W:E]:) (f, 5))( = Sup max {W1 <f£r),5) , W1 ( _@,5) } .
re(0,1] X X
Proof. Similar to Proposition 14.15, [11, p. 246]. O
We need

Remark 2.50 ([4]). Here r € [0, 1], x(r),yi(r) eR,72=1,...,m € N. Suppose that

sup max (:L’E”,gf”) eR, fori=1,...,m.
rel0,1]
Then one sees easily that

(233) sup max (Z xgr), Zyi(r)> < Z sup max (SL’Z(-T), yl-(T)> .
=1 =1

ref0,1] 7 rel0,1]
We need

Definition 2.51. Let z,y € Rx. If there exists z € Ry : x = y @ z, then we call z
the H-difference on = and y, denoted x — y.

Definition 2.52 ([40]). Let T := [xo, 20 + ] C R, with § > 0. A function f: T —
Rz is H-difference at x € T if there exists an f' (z) € Rz such that the limits (with
respect to D)

St h) - f) L f(x)— f(z—h)
(234) hlir(l)lJr h ’ hlgtl)%r h

exist and are equal to f’(x).

We call f’ the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (v + h)— f (x), f (x) — f (x — h) exists

in Rz in a neighborhood of x.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by CX (R), N > 1, the space of all N-times continuously H-fuzzy
differentiable functions from R into Ry, similarly is defined C¥ ([a, b)), [a,b] C R.

We mention

Theorem 2.53 ([34]). Let f : R — Rz be H-fuzzy differentiable. Lett € R, 0 <r <
1. Clearly

FOr=[ro”.rof) cr
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Then (f (t))g) are differentiable and

(MY = (£), vrep].

Remark 2.54 ([6]). Let f € CX (R), N > 1. Then by Theorem 2.53 we obtain

o) = (r00)” (ra)”].

fori=0,1,2,..., N, and in particular we have that

N @ 7\ @
(f()):l: - ( 1(—“)> )
for any r € [0,1], all i =0,1,2,..., N.
Note 2.55 ([6]). Let f € C¥(R), N > 1. Then by Theorem 2.53 we have e

C"Y (R), for any r € [0,1].

Items 56-58 are valid also on |a, b].
By [11, p. 131], if f € Cx ([a,b]), then f is a fuzzy bounded function.

For the definition of general fuzzy integral we follow [35] next.

Definition 2.56. Let (2, %, 1) be a complete o-finite measure space. We call F :
Q2 — Ry measurable iff V closed B C R the function '~ (B) : Q — [0, 1] defined by

F™(B) (w) := supF (w) (z), all w € Q

zeB

is measurable, see [35].
Theorem 2.57 ([35]). For F': Q) — Ry,

F(w) = {(Fﬁ” (w), F" (w)) 0<r< 1},

the following are equivalent
(1) F is measurable,

(2)v rel0,1], ja FJ(:) are measurable.

Following [35], given that for each r € [0, 1], Fy), FJ(:) are integrable we have

that the parametrized representation

(235) {(/ Ffr)du,/ Ff)du) 0<r< 1}
A A

is a fuzzy real number for each A € X.

The last fact leads to
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Definition 2.58 ([35]). A measurable function F': Q@ — Ry,
F(w) = {(Fﬁ” (w), F" (w)) 10<r< 1}
is integrable if for each r € [0, 1], Fir) are integrable, or equivalently, if Fio) are
integrable.

In this case, the fuzzy integral of F' over A € ¥ is defined by

/qu = {(/ Fﬁ”du,/FPdu) \0931}.
A A A

By [35], F is integrable iff w — || (w)|| z is real-valued integrable.

Here denote
lull ;=D (uﬁ) , VueRs.

We need also

Theorem 2.59 ([35]). Let F,G : Q — Rz be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € %,

/(aF+bG)du:a/qu—|—b/Gdu;
A A A

(2) D (F,QG) is a real- valued integrable function and for each A € ¥,

D(/Aqu,/AGd,u) S/AD(F,G)d,u.
H/Aqu ]:S/AHFH}‘CZ,U“

Above p could be the Lebesgue measure, with all the basic properties valid here

In particular,

too.

Basically here we have

(236) [ /A qu]r = [ /A FMdy, /A Ff%ﬂ,

i.e.

()
(237) </ qu) = / Fj(f)du, Vrelo1].
A + A
We need

Definition 2.60 ([13]). Let f € Cx ([a,b]) (fuzzy continuous on [a,b] C R), v > 0.

We define the Fuzzy Fractional left Riemann-Liouville operator as

(238) T f (@) = —— / (-t O f(t)dt, z€lab],

I'(v)
JOf = f.
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Also, we define the Fuzzy Fractional right Riemann-Liouville operator as

239 17 1 b vl d b
(239) b_f<x>.—m@/x (t—2) o f(t)dt, z€lab],
I f=f
We need

Definition 2.61 ([13]). We define the Fuzzy Fractional left Caputo derivative, x €
[, b].
Let f € C%([a,b]), n = [v], v > 0 (]-] denotes the ceiling). We define

p(n / (z—t)"" o ™) dt
(e [ e o
m/ (=" (F) 7 0 dt) [0<r < 1}

(241) ﬁ /x (& — )" ( ﬁ”))(n) (1) dt) l0<r< 1} .

So, we get

(240) DYF f(z) :=

7@ = (o [ @0 (1) @

(242) ﬁ /j (z — )" (fi’“))(") () dt)] L 0<r<l.
That is
1)) = o=y [ =0 (1) e = (02 (1)) @),

see [10], [28].
L.e. we get that

(243) (D f @)y = (D% (A7) @)

YV x € [a,b], in short

(244) (D2 H)" = b, (f(’“)) . Vrelo1].
We need

Lemma 2.62 ([13]). D*7 f (x) is fuzzy continuous in x € [a,b].

We need
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Definition 2.63 ([13]). We define the Fuzzy Fractional right Caputo derivative,
x € [a,b].
Let f € C%([a,b]), n = [v], v > 0. We define

I'n—v)
= (_1)" ’ 7 n—v—1 ( ¢(n)\ (")
{ F(n—y)/x (¢ =) (f) 2 (@ dt,
1\ b
(245) F(( 1_)1/)/ (t_I)n—V—l (f("))i“) (1) dt) 0<r< 1}

- { (r((;l—)nu) /: =y (1)
U [ (1) i) o< <1}

That is

(71 @) 0 = p s [y (1) e = (0 (1)) )

see [9].

L.e. we get that

(246) (D7 f @)Y = (i (1)) @),
V x € [a,b], in short

(247) (yZ )" = by ( fj?) L Vrelol].
Clearly,

Dy (fﬁ’“)) <DV (ff)) , Vrelo].
We need

Lemma 2.64 ([13]). D¥” f (x) is fuzzy continuous in x € |a,b)].
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2.6. Fuzzy and Fuzzy-Fractional Univariate Neural Network Approxima-

tion and Interpolation. We give

Definition 2.65. Let f € Cx ([a,b]). We set

5w © B ()
(218) (HE () () = =

and we call it fuzzy interpolation univariate Neural Network operator.

Comment: We observe that

pars 7)
n Tn(z—ak)
N Tn(z—az)\ Tn(z—=)
) kzzof‘r) - <VI():::) ) >kZ_0fi’ - <vl<tc> )
on () o (. (1) ]
We have proved that
(250) (H7 (1)) = Ha (1)

V r € [0, 1], respectively.
Comment: We notice also that
(251)
((#7 (1) @) = (Ha (£2)) @) = £ (@), i=0,1,...,m, Y re[0,1].

Conclusion 2.66 (by [33], [35]).
(B (F) @) = f @), i=0,1,....m,
the interpolation property is true at fuzzy setting.
We make
Remark 2.67. Let f € Cr ([a,b]). We notice that
D ((Hy (f)) (x), f (z))
= sup max {|(H, () (@) = £ (2)

rel0,1]

(252) = sup max{‘ (Hn (f@)) (z) — 7 (2)

rel0,1]
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(hence £ € C ([a,b]))

2B* (r) b—a) < (r) b—a)}
— = Sup max\{w =7, , W ) =
s o (1055 o (055

(by Theorem 2.7 and Proposition 2.49)

(253) %w@ < [ “) .
2

We have proved that

Theorem 2.68. Let f € Cr([a,b]), z € [a,b]. Then

1)
(251) DH (1) ). o) < gromyed” (1257,
so that (H (f)) (z) EA f (), as n — oo, pointwise, and

2)
(255) R A (i

so that H” (f) D f, as n — oo, uniformly.

Taking into account fuzzy smoothness of f we give

Theorem 2.69. Let f € C¥ ([a,b]), N €N, x € [a,b]. Then
1)

(256) < 23%* {Z (b - C_’)]D (9 (2),5) + %w@ <f(N)’ b—_@) } ’

n

2) assume more that D (f9 (z),0) =0, j =1,...,N, where x € [a,b] is fived,

we get

F 2B* (b—a)N (F) N b—a
@51) D) @), ) < g o Ced” (19,551,

a fuzzy pointwise convergence at high speed ﬁ,

3)
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Proof. Here clearly f) € CN ([a, b)), ¥ r € [0,1]. Then
D ((H; (f)) (@), f (x))

= sup max {|(#7 (/)" (2) = 1) (2)].

ref0,1]

(259)
= sup max{ (Hn (fﬁr))) () — £ (x)

ref0,1]

(by (34)) 2B*
<

(b—ay ((fgv>)<r> b ) (b—a)"

j! ni n NInN 7

(b—_a)j Lo (( izv))(”,b—a) (b—a)"

n NlnhN

(19" (@)

2B* [ (b —a)

rel0,1]

(b—a)™ W\ @ b—a w\® b—a
e s e (1) 57 ) (A7)

2B* [~ b—af o~ (b—a) W b—a
~B(D) {Z jlnd D (f9(x),0) + NI wp’) (f( ) )}

2 j=1

proving theorem. O

The related fuzzy-fractional results follow.
Theorem 2.70. Let >0, N=[§], 3¢ N, f € C¥([a,b]), x € [a,b]. Then

D ((H () (@), f (x))

B [ =D (9 (2).0) (b - a)
5(3) o

(262) < 2

=

[y
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e () 522 o0 2]

Proof. We get that f" € ¥ ([a,0]), ¥ r € [0,1], and D?F f, DPF f are fuzzy contin-
(r)
uous on [a,b], V = € [a,b], so that (Dgff)i : (fof)jE € C(a,b]), ¥V x € [a,b], V

r € [0,1]. By (74) we get

B* N-1p (f(j) (z) 75) (b —a)’
BO & 4w
ool () 450 0 2]
proving the claim. O

Corollary 2.71 (to Theorem 2.70). Assume more that D (f%) (z),0) = 0, for j =
1,...,N —1, for a fixed = € [a,b]. Then

. B (b—a)’
D ((H; (f)) (), f(z)) < BTG+ 1)n?

(266) x {w@ ((ijff) b_Ta) + ol ((Dﬁff) )} ,

fuzzy pointwise convergence at high speed of #.

Theorem 2.72. Let 3 >0, N=[3], 8 &N, f € C¥ ([a,b]). Then

22D* 'N(b—'a)ij (b—a)’
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# ((poFe) o (%) b—a
(267) Lsél[lapb}wl ((fo) T) + sup wy ((fo ) T) < +o0.
Proof. We notice the following
(r)
(pZf), 0= (D (£7)) @
=Y N—p-1 ( p)\ V)
(268) s ] 0 (1) s
all a <t < .
Hence it holds
NG 1 N | [ o\
(075) 0] < - ﬁ)/t (s = 0" (1) (9)] as
)N
H D* (f™,0) N-5
(269) (N 5+1) ST -grn Y
a<t<uz.
Thus
() D* (f™,o _
(270) H(fof)i H < F(N(i—ﬁ—l—O)U(b a)N 0

(r)
(notice (fof)i (t) =0, for x <t <b),Vrel01l].

So that
(271) o ((2y) ,’5) < M (b—a)V 5.
Similarly we have
et )0

(272)

where x <t <b.

Thus
(000 0] < e [ = (1) 0] as
(273) - ! )/t (t_S)N—ﬁ—l‘(ﬂN))i" (3)‘615
FHE]J; e
(274) < D" (#7.9) b—a)NP, z<t<b.

=ST(N-5+1)
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So that
(T’ (f(N N) N-3
(275) (D) _ma)—a) ,
<t <hb.
(Notice (fof)(j:) (t)=0,fora<t<uz Vrel0l])
Thus
(r) D* (f™),0) N-B
(276) H (DI F); = T(N—F+1) (b—a)" ",
vV rel0,1].
Therefore
D* (f™,0) N-5
(277) D" ((Df),0) < TN-—grpl—a

We have proved that

D ((DZr).5) _ D (™8
(278) { ((Dﬁff) ’0) S m (b a) .

Next we see that

(279)
wi”) ((fof> b_Ta) = s D ((fo f) (21), (fof> (z2)>

21 —zg| <222

< s {D((Dr)(z0).5) + D (D7) (2).5) }

2 —2g|< 0
(280) <2D* ((fof) ,5) < lf];(_f—m (b—a)" P =y < 0.
Therefore it holds
(281) :csel[];zl,)b} w§f) <<fof) ’b—Ta) <y < o00.
Totally similar we get
(282) sup w( ((Dﬁff) ) <y < 0.

z€[a,b]

Using (262), (281), (282) we have established (267).

49
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d

2.7. Multivariate Fuzzy Analysis background. Let f,g : [] [a;,b)] — Rr. We
i=1

define the distance

(283) D*(f.g):= sup D(f(x),9(x)).
xeiﬁl[ai,bi}

d
Definition 2.73. Let f € C (H [ai,bi]>, d € N, we define (h > 0)
i=1

(284) Wi (.fa h) = sup |f($1a"'>$d) - f(zi?>$:i)| :

all z;,2€la;,bq, xi—m”gh, for i=1,...,d

d
For convenience call @ := [] [as, bi].
i=1
Definition 2.74. Let f : Q — Rz, we define the fuzzy modulus of continuity of f
by
(285) W (f.9)= sup D(f(x).f (). >0,

x7y€Q7‘x’L_yl|S57 for i=1,..., d

where x = (z1,...,24), ¥y = (Y1, - -, Ya)-

For f:@Q — Ry, we use

(286) =10, 10],
where I :Q >R,V r e [0, 1].
We need

Proposition 2.75. Let f : Q — Rz. Assume that wi (f,6), w (ﬁﬂ, 5)’ Wy (fJ(rr)’ 5)
are finite for any 6 > 0, r € [0, 1].

Then
(F) (r) (r)
287 w ,0) = sup max<wi | fL7,0),w O ¢
(287) P 0= sup maxfn (4.6) e (7. 0)}
Proof. By [11, p. 128]. O

We define C'x (Q) the space of fuzzy continuous functions on Q.

We mention
Proposition 2.76. Let f € Cr(Q). Then w%ﬁ) (f,0) < o0, for any § > 0.
Proof. By [11, p. 129]. O
Proposition 2.77. It holds
(288) limwy”™ (f,6) =@ (£,0) = 0,
iff f e Cr(Q).
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Proof. By [11, p. 129]. O

Proposition 2.78. Let f € Cz(Q). Then fir) are equicontinuous with respect to
r € [0,1] over @, respectively in +. Also f is a fuzzy bounded function.

Proof. By [11, pp. 131, 132]. O

We call C¥ (Q), N € N, the space of all N-times fuzzy continuously differentiable

functions from () into Rr.

Let f € C¥ (Q), denote f5 := O} where @ := (1, ...,qq), s €EZTi=1,....,d

9z

and

d
O<ldl=) <N, N>1.
i=1
Then by Theorem 2.53 we get that

(289) (7)==, vrel.,
and any @ : |a] < N. Here £ € C¥ (Q).

Notation 2.79. We denote

(s0(25)) e

(290) ::D(M,ﬁ) +D(M,ﬁ) +2D (M,ﬁ).

0x? x3 021015

In general we denote (j =1,...,N)

(;D@,a))v@

4! D f(xe,...,1q) ~
291 — ) p | L ) 9.
(291) (01’{1 oxy - - - O

Jilgal - g4

Let
fa(z)=o,foralla:|al=1,...,N,
for x € @ fixed.
The last implies D (fz (x),0) = 0, and by (291) we obtain

) (3:0(23)) ria| -

fory=1,...,N.
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2.8. Multivariate Fuzzy Neural Network Approximation and Interpolation.
d

d
Let f € Cr (H [ai,bi]), z € [] [as, bi], we define
i=1

=1

M7 (f,x2) = M (f,z1,...,24)

n* n* Tin(x1—z Tgn(xq—x)
kz_o...kz_of(xklh...,xkdd)@E(%7,.,7%>
(293) = ’

s n Tm(m—xk 1) Tdn(l‘d—ﬂ% d)
kZ"'2E<7b1—a11 ,...,7%_%‘1
1=

0 kg=0

the multivariate fuzzy neural network interpolation operator, V n € N.
Remark 2.80. We observe that

(M (f,2)]

M=
M=

Tin(x1—=x Tornla)—z
[f (xkll’ e ’zkdd)]r E ( : (b1l—a1k11) P : (I)dd—adkdd))

W

k1 0

0 ky

(294) =
NN [ )
—Z Z [f_ (Th1s s Tiga) [ ($k11>---,$kdd)]
k1=0  k4=0
E <T1n(1‘1—50k11> Tdn(l‘d—xkdd>)

b1—a1 R ba—aq
X
w
n n , FE >
:[Z"'Zf£)($k11,...,$kdd) IEV)’
k1=0 kq=0

(295) Z T Z f-&-r) (xk11> cee ’xkdd) = (>>)

k1=0  kg=0

(o () . (o (1) 0]

Hence it holds

(296) (7 ()Y = Mo (1))

V r € [0, 1], respectively.

Remark 2.81. Let (ky,...,kg) € {0,1,...,n}". Then
(297) (MF (f, 2001, 240)) ) = M,y ( fj;”)) (Tt - - - Ty
= fir) (Ty1s -y Tga), YV r€(0,1],
proving
(298) Mf(f,xkll,...,xkdd):f(xkll,...,xkdd),

the interpolation property.
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d
Remark 2.82. Let f € Cr (H i, b ]) Then

= sup max{
rel0,1]

(299)
= sup max{‘(M{ (f@)) (z) — f7 ()

rel0,1]

(we have fL € C <H [a;, Z]))
21
SUp MaX § —— 77~ W (fy ,u> ,
rel0,1] E(L,..., 2) n
24 p ~ b —all
(300) —u)1< ), e

2d 7+ » b —al @ 1o —all
301 = Sup max{w <f£),7oo swi | fo, /=
GO0 = Ty e w )T
(287) 2d L) (f, b — a||oo) .

n

We have proved

d
Theorem 2.83. Let f € Cr <H [a;, b ]) Then

) D )0, ) < g eed” (£ 5 )
and
(303) D (M (). ) £

We make

d
Remark 2.84. Let f € CF (H [ai,bi]), N € N, z € ] [ai, b] (so that e
i=1 =1
d
CN <H [al,bl]))

i=1
We get

0, (£7,2) = 12 @)

(156)  9df N1 b= alf d
T ) [Zj<> ((Z o

=1
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b — al|X d¥ @\ Ib—all

e e ( (A7)

24 [ Y1 (b - al’, 10
@) = pm Zﬁ(iw )3

9 2) |j=1 i=1 Oz;

o)
16— allog @ b= ally.
NN Gl ((fo‘) " n )]

(306) <E(T;(1_E*Td){ij,<b—a> (ZD< ))jfm]

1t j=1

1o — a5 d¥ 16— all,
+ NInN I\%\N Ja n '

We have proved

(r)

+

Theorem 2.85. Let f € C¥ (H [a;, Z]) NeN, ze H [a;,b;]. Then

=1 =1

D (M] (f

(«))
an < E(T;dE* {i <||b—a||] )

(So(2d) 10

1o — a5 @ 16— all,
* NnN I\%\N Ja n '

Corollary 2.86. (to Theorem 2.85) Additionally assume that fz(x) = o, for all
d
a:lal=1,...,N, where z € [] [a;, ;] is fixed.

i=1

[Then D (fz(x),0) =0, and [(iD(%jg))jf(x)] =0,7=1,...,N].

Hence
D (M (f) (x), f (x))
2/E* |lb—alldY [b—all,
(308) SEm Ty WY A (fT)

Corollary 2.87 (to Theorem 2.85). We get

_d
.,2

9 [+ N g ||b—a||ﬂ o Y
(309) < @) [Z]< (%OD /(@)

o0
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Jp—alfar (=l
NInN  &ja=n~ e n '

Corollary 2.88 (to Theorem 2.85). Case of N = 1. We derive

DO D) @) f @) < ZE el
(V7 (1) (@), @) < Pmm™—

» 2

d
of ) (OF lb=al
(310) X [;D (a )erze?i..}f P <3ﬂfz" n '

2.9. Fuzzy-Random Analysis background. Define

l)Z]Rf‘X]Rf‘—+IR+LJ{O}
by

[u) -

(311) D (u,v) :== sup max{‘u(_r) o)

rel0,1]

L

where [v]" = [ (_T), US:)} ;u,v € Re. We have that D is a metric on Rg. Then (Rz, D)
is a complete metric space, see [40], with the properties

Dudw,vdw) = D(u,v), Yuv,weRg,

D(koukov) = |k|D(u,v), YuveRsVEkeR,

Dudv,wde) < D(u,w)+ D (v,e), Y u,v,we€Rg.

d
Let U* : H la;,b;], d € N, f,g: U* — Rz be fuzzy real number valued functions.

The dlstancl; between f, g is defined by
D*(f,g) = sup D (f (z),g(x)).

zeU*

On Rz we define a partial order by ”<”: u,v € Rz, u < v iff ul” < o) and uS:) < vf),
vV rel0,1].

We need

Lemma 2.89 ([24]). For any a,b € R:a-b>0 and any u € Ry we have
(312) D(a®u,b®u) <|a—>bl-D(u,o0),
where 0 € Ry is defined by 0 := x{o}.

Lemma 2.90 ([24]). (i) If we denote 0 := X0y, then 0 € Ry is the neutral element
with respect to ®, i.e., ubo=0Pu=u, vV u € Rr.
(ii) With respect to o, none of u € Rr, u # 0 has opposite in Rx.
(ili) Let a,b e R:a-b >0, and any u € Ry, we have (a+b) Gu=a@ud b u.
For general a,b € R, the above property is false.
(iv) For any XA € R and any u,v € Rz, we have A® (u B v) =AOQud A O v.
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(v) For any A\, € R and u € Rr, we have A ® (u®u) = (A pu) © u.
(vi) If we denote ||ul| 7 := D (u,0), V u € R, then ||| has the properties of a usual

norm on Rg, i.e.,

[ullz =0 iff u=0, [AOullz=I[A-|ulx,

(313) lu@ollz < llullz+ vz Nullz = llvllz < D (u,0).

Notice that (Rz, @, ®) is not a linear space over R; and consequently (Rz, ||| )

is not a normed space.

As in Remark 4.4 [24] one can show easily that a sequence of operators of the

form

(314) Lo (f) (@) =Y f(wx,) @ wnp(z), neN,
k=0

(> denotes the fuzzy summation) where f : U* — Rz, xg, € U*, wy, i (x) real valued

weights, are linear over U*, i.e.,
(315) LaAofopog)(x) =20 L, (f) (@) & pno Ly (9) (z),

YA\ p€R any x € U*; f,g: U* — Rg. (Proof based on Lemma 2.90 (iv).)
We further need

Definition 2.91 (see also [32, Definition 13.16, p. 654]). Let (X, B, P) be a proba-
bility space. A fuzzy-random variable is a B-measurable mapping g : X — R (i.e.,

for any open set Z C Ry, in the topology of Rr generated by the metric D, we have
(316) g (Z2)={s€X;g(s) € Z} € B).

The set of all fuzzy-random variables is denoted by L£ (X, B, P). Let g,, g € L (X, B, P),
n € Nand 0 < ¢ < 4o0o0. We say g, () Jarmen g (s)if

n—-—+o0o

(317) lim D (gn (5),9(s)? P (ds) = 0.

n—-+00 X

Remark 2.92 (see [32, p. 654]). If f,g € Lx(X,B,P), let us denote F' : X —
R, U{0} by F(s) = D(f(s),g(s)), s € X. Here, F is B-measurable, because
F = GoH, where G (u,v) = D (u,v) is continuous on R xRz, and H : X — ReXRx,
H(s)=(f(s),g9(s)), s € X, is B-measurable. This shows that the above convergence

in g-mean makes sense.

Definition 2.93 (see [32, p. 654, Definition 13.17]). Let (7,7) be a topological
space. A mapping f : T — Lz (X, B, P) will be called fuzzy-random function (or
fuzzy-stochastic process) on T. We denote f (t)(s) = f (t,s), t €T, s € X.
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Remark 2.94 (see [32, p. 655]). Any usual fuzzy real function f : " — Rz can be
identified with the degenerate fuzzy-random function f (t,s) = f (t),Vte T, s € X.

Remark 2.95 (see [32, p. 655]). Fuzzy-random functions that coincide with proba-

bility one for each ¢t € T" will be considered equivalent.

Remark 2.96 (see [32, p. 655]). Let f,g: T — Lz (X,B,P). Then f&gand k® f

are defined pointwise, i.e.,

(f®g)(ts)=f(ts)Dygl(ts),

(ko f)t,s)=ko f(ts), teT,se X.
Definition 2.97 (see also [32, Definition 13.18, pp. 655-656]). For a fuzzy-random
function f : U* — Lz (X, B, P), d € N, we define the (first) fuzzy-random modulus

of continuity

O (£,6),

1

(318) = sup { ([ ot swsnras)

0<9,1<qg<o0.

BN ANIS U*7 Hx_yHll < 5}7

Definition 2.98 (as in [22]). Here 1 < ¢ < 4o00. Let f: U* — Lz (X, B, P), d € N,
be a fuzzy random function. We call f a (g-mean) uniformly continuous fuzzy random
function over U, iff Ve > 0 3 § > 0 :whenever |z — y[|,, <0, z,y € U, implies that

(319) /X (D(f (2,5), f (4, 5))" P(ds) < e.

We denote it as f € CZ; (U~).

Proposition 2.99 (as in [22)). Let f € Cp% (U*). Then o (1, §)4 < 00, any
6> 0.

Proposition 2.100 (as in [22]). Let f,g : U* — Lz (X,B,P), d € N, be fuzzy
random functions. It holds

(i) ng) (f,9)4 is nonnegative and nondecreasing in ¢ > 0.
(i) TmOy™ (£,8) 5, = &7 (£.0), = 0.3 f € O (U).

(iii) Q) (f.61 + 62) 0 < O (f.00) 0 + Q) (f.02) 10, 61,02 > 0.

(iv) Q) (f,6) 1, <O (£,6)10, 6> 0, n € N.

() Q7 (£,20) 0 < N (£,0) 0 < A+ D) QT (£,0) 10, A > 0,8 > 0, where
[-] is the ceilling of the number.

(vi) ) (f @ 9.0) 0 < O (£,0) 10 + A (9.0) 10, 6 > 0. Here f @ g is a fuzzy
random function.
(vii) ) (7, -)q is continuous on Ry, for f € Chn (U*).
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According to [29, p. 94] we have the following

Definition 2.101. Let (Y, 7) be a topological space, with its o-algebra of Borel sets
B := B (Y,T) generated by 7. If (X,S) is a measurable space, a function f: X — Y
is called measurable iff f~! (B) € S for all B € B.
By Theorem 4.1.6 of [29, p. 89] f as above is measurable iff
f(C)eSforall CeT.

We would need

Theorem 2.102 (see [29, p. 95]). Let (X,S) be a measurable space and (Y, d) be a
metric space. Let f,, be measurable functions from X intoY such that for all x € X,

fo(x) = f(z) inY. Then f is measurable. Le., lim f, = f is measurable.

We need also

Proposition 2.103. Let f, g be fuzzy random variables from § into Rz. Then
(i) Let ¢ € R, then ¢ ® f is a fuzzy random variable.

(i) f @ g is a fuzzy random variable.

2.10. Multivariate Fuzzy Random Neural Network Approximation and In-
terpolation. We need
Definition 2.104. Let here (X, B, P) be a probability space, s € X, n € N, f €
d d
Cg}z (H [ai,bi]), 1 <g<oo,and z € [] [ai, by
i=1 =1

We define
MnfR(f,x,s) = MfR(f,xl,...,xd,s)

T * n* T, — T —T
B 8 oo (D) Tnlen)

k1=0 kq=0
(320) == : n n Tin(z1—zp1) Tan(za=2ry4)
k1=0 kq=0

We make

Remark 2.105. Clearly here it holds
f (xkll? A 7xk‘dd> S) @ E*

M{R(f,xkll,...,l'kdd,S): Joe
= f(l’kll,...,l'kdd,s) ® 1
(321) - f (xk117 vy Thyds S) 5

proving the interpolation property of operators M7 .

We make
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d
Remark 2.106. Let f € C’g‘j% (H [ai,bi])
i=1

d
, 1 <g<oo,z € []|a,bi], n € N. We
i=1
observe that

59

D (MfR(f,[L',S),f({L’,S))
(322)

E Tln(ml—wk11) Tdn(md_mkdd)
ok L b1—ay T ba—aq
=D Z"'Zf(xklla---axkdms)@

w ’
k1=0  kg=0

fane )

(323)

D (Z"'Zf(l’kll,...,l’kdd,s)QE(M>/>),Z"'Zf(l',8)®E(>>)>
k1=0  kq=0 —

k1=0 kq=0 W
kz_:o o kz—:O g (>>)
S — C;/I/ D(f (ﬂjlﬂlw”7xkdd78)’f($78)).
So it holds

D (MrfR(fuva)vf(x?S))
(324)

b1—a1 rrr bg—aq

2% (el | Talno)

%4 D(f<xk11"""rkdd7s)7f(x78))'
Therefore we derive

(/X DI (MR (f,z,8), f(x,5))) P(ds))é

n n T1n(x1—:ck11) Tdn(:cd—xk d)
k‘z—:Ok‘z—:OE < b o bd_add )
< 1= d=
w
1
(325) X </ D (.f (xlﬂla cooy Thyd, S) ) f (1’, S)) P (d8)>
X
= (b - a)
" bl — a;
< 2'E o | § =
T B4, ! ’ n
La

We have proved the following approximation result.
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d

(2

Theorem 2.107. Let (X, B, P) probability space, f € ng’,% (
Then

(326) H ([ (O ) £ o) P

[aiabi]); 1 <g<oo.
1

Q=

d
bi — a;
2dE* Q(]__) f = ( )
T E((L D) ! ’ n ’
La
d
where © € [] [ai, b;], V n € N.
i=1
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